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Abstract

It is well known that the maximal possible length of a minimal zero-sum sequence S in
the group Z/nZ®7Z/nZ equals 2n— 1, and we investigate the structure of such sequences.
We say that some integer n > 2 has Property B, if every minimal zero-sum sequence S in
Z/nZ & 7Z/nZ with length 2n — 1 contains some element with multiplicity n — 1. If some
n > 2 has Property B, then the structure of such sequences is completely determined.
We conjecture that every n > 2 has Property B, and we compare Property B with several
other, already well-studied properties of zero-sum sequences in Z/nZ @ Z/nZ. Among
others, we show that if some integer n > 6 has Property B, then 2n has Property B.

1. INTRODUCTION

In 1961, P. Erdés, A. Ginzburg and A. Ziv proved that every sequence S in Z/nZ
with length |S| > 2n — 1 contains a zero-sum subsequence with length n [EGZ61]. Some
years later, P. Erdos (for the special group Z/pZ & 7. /pZ), H. Davenport (for general

finite abelian groups) and P.C. Baayen formulated the following problem (see [MOG67],
[VEBK67]).

Problem 1: For a finite abelian group G, determine the smallest integer [ € N such that
every sequence S in G with length |S| > [ contains a zero-sum subsequence.

In subsequent literature, the integer [ in Problem 1 has come to be known as the
Davenport constant of G, and we will denote it by D(G). J.E. Olson and D. Kruyswijk
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determined independently its precise value for p-groups and for groups with rank at most
two ([Ols69a], [Ols69b], [VEB69b]). In particular, we have D(Z/nZ & Z/nZ) = 2n — 1,
which implies the Theorem of Erdos-Ginzburg-Ziv. However, for general finite abelian
groups, even for groups with rank three or for groups of the form (Z/nZ)", D(G) is still
unknown (cf. [Gao00a], [GG03] [CFGS02] for recent developments).

The result of P. Erdos, A. Ginzburg and A. Ziv was also the starting point for much
recent research devoted to the more general problem of studying subsequences of given
sequences that have sum zero and satisfy some given additional property (see [Ham96],
[Car96b], [HOO98|, [GGH'02], [Tha02a], [Tha02b], [Sch01] and the literature cited
there). We give a precise formulation of some key questions of this type.

Problem 2: For a finite abelian group G, determine the smallest integer [ € N such that
every sequence S in G with length |S| > [ contains a zero-sum subsequence 7" such that

1. |T] < exp(@),
2. |T| = exp(G),
3. |7 =G

For general finite abelian groups only Problem 2.3 is solved (|G|+D(G) —1 is the required
integer (see [Car96a] and [Gao96a] ). For finite cyclic groups 2.1 is obvious and 2.2 (resp.
2.3) is answered by the Erdos-Ginzburg-Ziv-Theorem. Now, suppose G = Z/nZ @ Z/nZ
with n > 2. Then 3n—2 is the required integer in Problem 2.1 ([Ols69b], [GG99], Lemma
4.4). In 1983, A. Kemnitz conjectured that 4n — 3 is the required integer in Problem 2.2.
Recent progress on this topic was made by L. Ronyai and W. Gao, but the conjecture is
still open (see [Har73], [Kem83], [AD93], [Ron00], [GaoOla], [Els] and the literature cited
there).

Let us consider the inverse questions associated with Problem 1 and Problem 2. Let
G be a finite abelian group.

Problem 1*: Determine the structure of a sequence S with maximal length (i.e., |S| =
D(G) — 1) which has no zero-sum subsequence.

Problem 2*: Determine the structure of a sequence S with maximal length which has no
zero-sum subsequence 7" such that

L |T| < exp(G),
2. |T| = exp(G),
3. 7| = |G).

Let G = Z/nZ with n > 2. Then, obviously, a sequence S in G with maximal length
which contains no zero-sum subsequence has the form S = (a + nZ)"* for some a € Z
with ged{a,n} = 1. This answers Problem 1* and Problem 2*.1. The structure of a
sequence S in G with length |S| = 2n — k for "small” k£ > 2 which does not contain
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a zero-sum subsequence with length n was studied successfully by several authors (cf.
[BD92], [Car92], [FO96], [Car96b], [Gao97]).

Let G = Z/nZ @ Z/nZ with n > 2. Problem 2*.1 was first tackled by P. van Emde
Boas who asked for the structure of sequences S with length |S| = 3n — 3 which have no
zero-sum subsequences with length at most n. This was motivated by investigations of
Davenport’s constant for groups having rank three (see [vEB69b] and [Gao00a], Lemma
4.7). Problem 1* appears naturally in the theory of non-unique factorizations and it was
first addressed in [GG99]. Problem 2*.2 was first considered by W. Gao in [Gao00b].
All three problems (1%, 2*.1 2*.2) are open; there are conjectures which would provide
complete answers to these problems and some partial results supporting these conjectures
(cf. the discussion after Definition 3.2).

This paper concentrates on Problem 1* (for sequences in Z/nZ & Z/nZ). We say that
an integer n > 2 has Property B, if every minimal zero-sum sequence S in Z/nZ @ Z/nZ
with length |S| = D(G) contains some element with multiplicity n — 1 (cf. Theorem 4.3
for various characterizations of this Property). We conjecture that every integer n > 2
satisfies Property B. If this holds true, then, by Theorem 4.3, Problem 1* is completely
answered. We show that Property B is closely related to (usually stronger than) several
other already well-studied properties of sequences in Z/nZ & Z/nZ (cf. Theorems 5.3
and 6.2); after having introduced some additional terminology, we give a more detailed
preview of our results after Definition 3.2. Among these results, we show that if some
integer n > 6 has Property B, then 2n has Property B ( Theorem 8.1).

2. PRELIMINARIES

Let N denote the set of positive integers, P C N the set of prime numbers and let
No = NU {0}. For a prime p € P let v, : N — N denote the p-adic exponent whence
n = Hpepp"l’(") for every n € N. For a,b € Z we set

[a,b] ={z € Z|a <z <b}.

Throughout, all abelian groups will be written additively, and for n € N let C,, denote

the cyclic group with n elements. Let G be a finite abelian group. There are nq,...,n, €
N such that G = C,,, & ... ® C,,. where either r =ny = lor1 <mny |...|n,. Then
r = r(G) is the rank of the group and n, = exp(G) its exponent.

Elements ey, ..., e, € G are called independent, if every equation of the form Y |, m;e; =
0 with mq,...,m, € Z, implies that mie; = --- = m,e, = 0. We say that (eq,... ,e,)

is a basis of G, if ey, ...e, are independent and generate the group (equivalently, G =

i=1(ei)).

Let G = C, ® C,, with n > 2 and ej,e; € G. Then (e, ey) is a basis if and only if
(e1, eo are independent with ord(e;) = ord(es) = n) if and only if e;, e5 generate G.



Let (e, e2) be a basis of G. An endomorphism ¢ : G — G with

(plen e = enen)- (&) whore  abedez

is an automorphism if and only if (p(e1), p(e2)) is a basis which is equivalent to ged{ad —
be,n} = 1. Let f; € G with ord(f;) = n. Then there are a,c € Z with ged{a,c,n} =1
such that f; = ae; 4+ ces and there are b,d € Z with ad — bc = 1 mod n whence
(f1, f2 = bey + desy) is a basis of G.

Let F(G) denote the free abelian monoid with basis G. An element S € F(G) is called
a sequence in G and will be written in the form

l
S=1]o=]]9"" € F(G) whereall v,(S) e N.
=1

geG

For every g € G we call v (S) the multiplicity of g in S, and a sequence T' € F(G) is a
subsequence of S, if vy(T') < vy(S) for every g € G. The unit element 1 € F(G) is called
the empty sequence. We denote by

S| =1=73_,caVve(S) € N the length of S,

o(S) = Zlizl g = deGvg(S)g € G the sum of S,

supp(S) ={g: | i € [L,1]} ={g9 € G | v,(S) > 0} C G the support of S, and by
$(S) ={> icr9i | 0 # I C [1,1]} C G the set of sums of non-empty subsequences
of S.

The sequence S is called

o zero-sumfree, if 0 ¢ 3(5),

e a zero-sum sequence, if o(S) = 0,

e a minimal zero-sum sequence, if it is a zero-sum sequence and every proper zero-sum
subsequence is zero-sumfree,

e a short zero-sum sequence, if it is a zero-sum sequence with length |S| € [1, exp(G)].

Every group homomorphism ¢ : G — H extends in a canonical way to a homomor-
phism ¢ : F(G) — F(H) where (S) = [['_, ¢(g:) € F(H). Obviously, ¢(S) is a
zero-sum sequence if and only if o(5) € ker(¢). If ¢ : G — G is an automorphism, then
S is a (minimal) zero-sum sequence if and only if ¢(S) is a (minimal) zero-sum sequence.
Suppose G = C) . with r,m,n € N>o. If ¢ : G — G denotes the multiplication by n,

mn

then clearly we have ker(p) = {g € G| ng =0} = C] and ¢(G) =nG = C],.

Davenport’s constant D(G) of G is defined as the maximal length of a minimal zero-sum
sequence in G, equivalently this is the smallest integer [ € N such that every sequence
S € F(G) with |S| > [ contains a zero-sum subsequence. It is easy to see that 1 +
Yoy (ni—1) < D(G). J.E. Olson and D. Kruyiswijk proved independently that equality
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holds if r(G)) < 2 or G a p-group (see [Ols69a] and [vVEBGID]). If S € F(G) is zero-sumfree
with length |S| = D(G) — 1, then X(S) = G \ {0} whence G = (supp(5)).

We shall frequently use the fact that in a cyclic group G with n > 2 elements every
minimal zero-sum sequence S € F(G) with length |S| = n has the form S = g¢" for
some g € G with ord(g) = n, and that a sequence S € F(G) with length |S| =n —1is
zero-sumfree if and only if S = ¢"~! for some g € G with ord(g) = n.

3. SEQUENCES IN C,, & C,,

In this section we give a key definition of various well-studied properties of sequences
in Z/nZ & Z/nZ (Definition 3.2) and outline the program of the subsequent sections.
Then we prepare the main tools which will be used throughout the whole paper (Lemma
3.3 to Lemma 3.14). Among them Theorem 3.7 may be of its own interest.

Lemma 3.1. Letn > 2.

1. (Erdos-Ginzburg-Ziv-Theorem) Every sequence S € F(C,,) with |S| > 2n — 1
contains a zero-sum subsequence with length n.

2. Every sequence S € F(C, & C,) with |S| > 3n — 2 contains a short zero-sum
subsequence.

Proof. 1. see [EGZ61] and [AD93] for a variety of proofs.

2. See [GGY9], Lemma 4.4. O

Definition 3.2. Let G = C,, @ C,, with n > 2. We say that n has

e Property B, if every minimal zero-sum sequence S € F(G) with length |S| = 2n —1
contains some element with multiplicity n — 1.
e Property C, if every sequence S € F(G) with length |S| = 3n — 3 which contains

no short zero-sum subsequence has the form S = a" b7 ten!
distinct elements a, b, ¢ € G of order n.

with some pairwise

e Property D, if every sequence S € F(G) with length |S| = 4n — 4 which contains
no zero-sum subsequence of length n has the form S = a" 16" 1" ~1d"~! with some
pairwise distinct elements a, b, c,d € G of order n.

e Property E, if every sequence S € F(G) with length | S| = 4n—3 contains a zero-sum
subsequence of length n.

We say that Property B (resp. C, D, E) is multiplicative if the following holds: if two
integers m,n € N both satisfy Property B (resp. C, D, E), then so does their product
mn.



Let G = C,, & C,, with n > 2. It has been conjectured, that every integer n > 2
satisfies each of the above Properties. If n has Property B, then, as we shall see in
Theorem 4.3, this answers Problem 1* of the Introduction. If n has Property C, then by
Lemma 3.1.2 this answers Problem 2*.1. A. Kemnitz conjectured that n has Property E
(which answers Problem 2.2 of the Introduction) and if this holds true, then Property D
answers the associated inverse problem.

It is immediately clear that 2 satisfies each of these Properties whence whenever it is
convenient we restrict to integers n > 3. Lemma 3.3 states that Properties C, D and E
are multiplicative and that D implies C and E. The Properties C, D and E have been
verified for 2,3,5 and 7 ([vEB69b], [vEB69a], [Kem83|, [ST02]). Furthermore, E holds
true for various classes of composite numbers (cf. [Gao96b], [Gao03], [Gao01b], [Tha01]).
We are going to prove that 2,3,5 and 6 have Property B (Proposition 4.2), that (under
some weak additional assumption) Property B implies Property C and that if some n > 6
has Property B, then 2n has Property B (Theorem 8.1).

Lemma 3.3. Letn > 2.

1. The Properties C, D and E are multiplicative.
2. Property D implies Properties C' and F.

Proof. We set G = C,, ® C,,.

1. In [Gao0OOb] it is proved that Properties C and D are multiplicative. The fact
that Property E is multiplicative follows from a more general result of H. Harborth (cf.
[Har73], Hilfssatz 2). For convenience we provide a simple proof.

Let m,n € N be two integers satisfying Property E. We have to verify that every
sequence S € G = Cyp @ Cpyy, with |S| > 4mn — 3 has a zero-sum subsequence with
length mn Let ¢ : G — G denote the multiplication by n and let S be a sequence in GG
with length |S| = 4mn — 3. Since every sequence in p(G) = C,,, & C,,, with length 4m — 3
contains a zero-sum subsequence of length m and since

dmn — 3 = (4n — 4)m + (4m — 3)

there exist ¢ = 4n — 3 disjoint subsequences Si,...,S; of S with length |S;| = m such
that ©(S;) has sum zero in ¢(G) for every ¢ € [1,t]. Thus

is a sequence in ker(yp) = C,, @ C,,. Since n has Property E there exists some I C [1,]
with || = n such that J],.; 0(S;) is a zero-sum subsequence of T'. This implies that

S’ =[5 € F(G)
i€l
|S;| = mn.

is a zero-sum subsequence of S with length |S|=3".;
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2. Suppose that n satisfies Property D and that n > 3.

We first verify that n has Property C. Let S € F(G) be a sequence with length
|S| = 3n — 3 and suppose that S contains no short zero-sum subsequence. We consider
the sequence T'= 0""! - S. If T has a zero-sum subsequence 7" with |T’| = n, then
T' =0%. S with k € [0,n — 1] and S’ | S whence S’ is a short zero-sum subsequence of
S. Thus T has no zero-sum subsequence of length n, and the assertion follows.

Next we show that n satisfies Property E. Let S € F(G) with length |S| = 4n — 3
and assume to the contrary that S contains no zero-sum subsequence of length n. Let
g € supp(S). Then |¢g7!- S| =4n —4, and g~' - S contains no zero-sum subsequence of
length n whence g~ - S = a1 - b1 .c"1.d" ! for some a,b,c,d € G. Thus there is
some h € supp(S) with v, (S) > 2. After changing notation if necessary, we suppose that
v,(S) > 2 and that g = a. Thus a” is a zero-sum subsequence of S, a contradiction. [

Definition 3.4. Let G be a finite abelian group with exp(G) =n > 2. Let s(G) ( resp.
so(G)) denote the smallest integer [ € N such that every sequence S € F(G) with |S| > {
contains a zero-sum subsequence T with length |T'| = n ( resp. with length |T| = 0
mod n).

Hence, by definition, an integer n > 2 has Property E if and only if s(C, & C,,) = 4n—3.

Lemma 3.5. Let G be a finite abelian group with exp(G) =n > 2. Then
D(G) +n—1<s¢(G) <min{s(G),D(G & Cy,)}.

Proof. If S € F(G) is a zero-sumfree sequence with length |S| = D(G) — 1, then the
sequence 07! - S has no zero-sum subsequence with length divisible by n. Thus D(G) +
n—2=[0""1-5| <s(G). By definition we have sy(G) < s(G).

Suppose that G @ C,, = G @ (e) . In order to verify that so(G) < D(G @ C,,), let
S =TI, 9 € F(G) with | = D(G & C,,). Then the sequence [[._,(g; + €) € F(G & C,,)
contains a zero-sum subsequence T' with length |7| = 0 mod n, and whence the same is
true for S. O

Lemma 3.6. Let m,n € Nxy and suppose that so(Cp, ® Cy,) = 3m — 2, s(Cy, & Cyp) <
4m — 2 and that D(C3) = 3n — 2. Then so(Crn & Crpp) = 3mn — 2.

Proof. By Lemma 3.5 it remains to show that so(Cp @ Crpn) < 3mn — 2. Let S =
Hé=1 g; be a sequence in G = Cy,,, & Cp,,, with length | = 3mn — 2. We set H =
G ® Cpn = G (e) and S = [['_,(g: + ¢). Tt is sufficient to prove that S has a
non-empty zero-sum subsequence. Let ¢ : H — H denote the multiplication by n. Since
3mn —2 = (3n —4)m + (4m — 2) and s(C,, @ Cy,) < 4m — 2, there exist 3n — 3 disjoint
subsequences S, . .., S3,_3 of S with length m such that all ¢(S;) have sum zero. Since



(]

such that ¢(S3,_2) has sum zero and with |Ss,_s| € {m,2m}. Fori € [1,3n—2] we denote
by SH the subsequence of S corresponding to S; and obtain that o(S) € ker(y). Thus
[127% 0 (SH) is a sequence in ker(y) with length 3n —2 = D(C?). Therefore there exists
some () # I C [1,3n — 2] such that Y, ;0(SH) = 0 whence [],.; S/ is a non-empty
zero-sum subsequence of SH. O

TR S71-S| = 3m—2 = 50(C,,®C,y), there exists a subsequence Sy, o of [[27° S;71-S

Theorem 3.7. Let n € N with n > 2.

1. If n is divisible by at most two distinct primes, then so(C,, & C,,) = 3n — 2.
2. If Property E holds for all prime divisors of n, then so(C, & C,,) = 3n — 2.

Proof. 1. If n is a prime power, then the assertion follows from Lemma 3.5. If n is a
product of two prime powers, then by the previous case and by [Gao0la] the assumptions
of Lemma 3.6 are satisfied whence the assertion follows.

2. Suppose that n = H;“:lpfi with r, k1, ..., k. € N and primes py,...,p,. If Property
E holds for py, ..., p., then for every divisor 1 < d of n we have s(Cy ® Cy) = 4d — 3 by
Lemma 3.3.1. Using Lemma 3.6 we obtain the assertion by induction on r. O

Lemma 3.8. Let G =C,, & C,, withn > 2 and S € F(G) a minimal zero-sum sequence
with |S| = 2n — 1.

1. Then ord(g) = n for every g € supp(S).

2. Let n be prime. Then each two distinct elements in supp(S) are independent and
3 < |supp(9)| < n+ 1.

Proof. See [GG99], Proposition 6.3, Theorem 10.3 and Corollary 10.5. O

Lemma 3.9. Let G = C,®C, withn > 3 and e1,es € G distinct such that the sequence

e}~ 2eb~? does not contain a short zero-sum subsequence. Then (ey,es) is a basis of G.

Proof. Obviously, the assertion is true for n = 3. Suppose that n > 4. Since ord(e;) | n
and ord(e;) > n — 2 for i € [1,2], it follows that ord(e;) = ord(ez) = n. Thus it remains
to show that e;, es are independent. Let A\, Ay € [0,n — 1] such that Aje; + Ageq = 0.
We have to verify that \; = Ay = 0. Assume to the contrary, that \; + Ay > n. Then
M, do € [2,n — 1] and T = €™M - ™™ is a zero-sum subsequence of S with length
|T| = 2n — (A + A2) € [1,n — 1], a contradiction. Thus Ay + Xy < n. If \;y =n —1,
then Ao = 1, e = e and e is a short zero-sum subsequence of S, a contradiction. Thus
A1 < n—2, and similarly we obtain that Ay < n—2. Therefore T' = ei\l -6;\2 is a zero-sum
subsequence of S, which implies that A\; + Ao = |T'| = 0. O
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Lemma 3.10 (Moser-Scherk). Let G be a finite abelian group and S € F(G) a zero-
sumfree sequence. If S =i, Si, then [S(S)] > S0, I2(S))].

Proof. See [MS55]. O

Lemma 3.11. Let G = C,, ® C,,, with m > 2 and S € F(G) a zero-sum sequence with
|S| > tm for some t > 2. Then S may be written as a product of t non-empty zero-sum
subsequences and at least t — 2 of these sequences are short.

Proof. We proceed by induction on t. If ¢ = 2, then |S| > 2m > D(G) whence S
contains a zero-sum subsequence S; with |[S;| < 2m — 1 and the assertion follows. If
t > 3, then Lemma 3.1.2 implies that S contains a short zero-sum subsequence S;. Since
S;1S is a zero-sum sequence with [S;1S| > (¢ — 1)m, the assertion follows by induction
hypothesis. O

Lemma 3.12. Let G = C,, & C,, withm > 2 and S € F(G) a zero-sum sequence with
|S| = tm—1 for some t > 3 which cannot be written as a product of t non-empty zero-sum
subsequences.

1. Every short zero-sum subsequence of S has length m. In particular, we have 0 ¢

supp(.S).

2. S has a product decomposition of the form S = HZ;QO S, where Sy is a minimal zero-
sum sequence with length 2m — 1 and Sy, ..., S;_s are short zero sum sequences.

3. If S = th_:ll S, with zero-sum subsequences Sy, ... ,S;_1, then at most m — 1 of

these sequences are not short.

Proof. 1. Assume to the contrary that S contains a short zero-sum subsequence T with
|T| € [1,m—1]. Then |T~'S| > (t — 1)m whence Lemma 3.11 implies that 7-*S may be
written as a product of t — 1 non-empty zero-sum subsequences. Thus S may be written
as a product of £ non-empty zero-sum subsequences, a contradiction.

2. Applying Lemma 3.1.2 (¢t — 2)-times we see that S may be written in the form

t—2
S=5-]]S.
v=1

where Si,...,S;_o are zero-sum subsequences with length m. Thus Sy is a zero-sum
subsequence with [Sy| = 2m — 1. Since S is not a product of ¢ zero-sum subsequences, it
follows that Sy is minimal.

3. Assume to the contrary, that S = Hi_:ll S, where all S, are zero-sum subsequences
and S, ..., Sy, are not short. Then T' =[], S; is a zero-sum subsequence with length
|T'| > m(m+1). Thus by Lemma 3.11 7" may be written as a product of m + 1 zero-sum
subsequences whence S is a product of ¢ zero-sum subsequences, a contradiction. O
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Lemma 3.13. Let G = C,y,, @ Cyyy, with m,n € Nxo and ¢ : G — G the multiplication
by n. If (€, ¢€y) is a basis of ker(y), then there is a basis (e, e2) of G such that me; = ¢,
forie[1,2].

Proof. Suppose that G = Z/mnZ x Z/mnZ and ¢, = (a, + mnZ,b; + mnZ) with a},b; €
[0, mn—1]NmZ for i € [1,2] such that (e}, €)) is a basis of ker(p) = mZ/mnZ x mZ/mnZ.
For i € [1,2] we set a; = m~tal, by = m~', and ¢; = (a; + mnZ,b; + mnZ). Then

ord(e;) = ord(es) = mn and ey, e5 are independent whence (e, e2) is a basis of G. O

Lemma 3.14. Let G = Cy,, @ Cyy with m,n € Nso, ¢ : G — G the multiplication by n
and S € F(G) a minimal zero-sum sequence with length |S| = 2mn — 1.

1. ¢(S) is not a product of 2n zero-sum subsequences. FEvery short zero-sum subse-
quence of p(S) has length m and 0 ¢ supp(p(9)).

2. S has a product decomposition S = [[-ny> S, where |So| = 2m — 1, |S)| = ... =
|Sgn72| =m and O'(S()), . ,O’(Sanz) € ker(<p)

Proof. 1. Obviously, ¢(95) is a zero-sum sequence in nG with length ¢tm —1 where t = 2n.
Assume to the contrary, that ¢(S) can be written as a product of ¢ non-empty zero-sum
subsequences, say ¢(S) = [[._, #(S,). Then T = [['_, o(S,) is a sequence in ker(y).
Since t = 2n > D(ker(p)), T contains a proper zero-sum subsequence whence S contains
a proper zero-sum subsequence, a contradiction. The remaining assertions follow from
Lemma 3.12.1.

2. By 1. we may apply Lemma 3.12.2 to the sequence ¢(S) (with ¢t = 2n) whence the
assertion follows. O

4. SOME CHARACTERIZATIONS OF PROPERTY B

After some technical preparation we show that 2,3,4,5 and 6 satisfy Property B and
then we give some characterizations of Property B in Theorem 4.3.

Proposition 4.1. Let G = C,, ® C,, with n > 2.

1. If (e1,e2) is a basis of G and ay, ... ,a, € Z with >__ a, =1 mod n, then

(%) S=ert. H(ayel + e3)

v=1
is a minimal zero-sum sequence with |S| = D(G).

2. Let S € F(G) be a minimal zero-sum sequence with |S| = D(G) and e; € G with
Ve,(S) =n—1.
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(a) If (eq,€h) is a basis of G, then there exist some b € [0,n — 1] with ged{b,n} =1
and al, ... al, € [0,n —1] with > "_ a, =1 mod n such that

v=1"v —

n

S=ept. H(a:,el + beb).

v=1
(b) There exists a basis (e1,e2) of G such that S has the form (x).
(¢) If 9,9 € supp(5) \ {e1}, then g —g" € {er).

Proof. 1. Let S be a sequence of the form (). Then S has sum zero and length 2n —1 =
D(G). Let T be a non-empty zero-sum subsequence of S with e; | 7. Since e}™' is
zero-sumfree, there exists some i € [1,n]| such that (a;e; + e2) | 7. This implies that
[T-,(aie1 + es) divides T'. Thus S = T whence S is a minimal zero-sum sequence.

2. Suppose S = e/ ' [, g:.

a) Let (e, ey) be a basis of G. Then for every i € [1,n] we have
gi = ajer + b€l

with a},b; € [0,n — 1]. Since the sequence e}~ * - (ate;) € F({e1)) is not zero-sumfree, it
follows that b; # 0 for every ¢ € [1,n]. Assume to the contrary, that [\, beh € F((€}))
is not a minimal zero-sum sequence. Then there exists some () # I C [1,n] such that
[Lic; biey is a zero-sum sequence and hence

n—1 ! !
el
contains a zero-sum subsequence, a contradiction. Therefore, [];_; b€} is a minimal zero-

sum sequence and thus it follows that bie, = --- = b,el, whence by = --- = b, = b €
[1,n — 1]. Since G = (supp(.9)) , it follows that gcd{b,n} = 1.

b) Clearly, there exists some e}, € G such that (ey, €)) is a basis of G whence S has the
form described in 2. a). Then

=t (4

is a basis of G and for every v € [1,n] we obtain that
a,er + bely, = (a, — a})er + ea.

Since S is a zero-sum sequence, the required congruence is satisfied.

c¢) This follows immediately from b). O

Proposition 4.2. The integers 2,3,4,5 and 6 have Property B.

Remark: We have also verified that 7 has Property B, but we do not give this proof here.
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Proof. Let G = C, ® C,, with n > 2 and S = Hﬁzl g% a minimal zero-sum sequence
with length |S| = D(G) =2n— 1,k > -+ > k > 1, ¢1,...,q pairwise distinct and
|supp(S)| = I. We have to show that k; =n — 1.

This is obvious for n = 2. If n = 3, then Lemma 3.8 implies that [ € [3,4] whence
ke = 2.

Let n = 4. By Lemma 3.8 all elements in supp(S) have order 4, and clearly G has
exactly 12 elements of order 4. Assume to the contrary that k; < 2. If ky = 1, then [ =
1S| =7, T2, g is zero-sumfree and {—g;, g; | i € [1,6]} are the twelve elements of order
4 whence g; € {—g; | i € [1,6]} a contradiction. Thus k; = 2 and S = h?[[o_, h; with
ha, ..., h¢ € G not necessarily pairwise distinct. Since by Lemma 3.1.2 every sequence
in Cy & Cy \ {0} with length 4 contains a short zero-sum subsequence with length two,
every sequence S € F(G \ {0}) with |S| > 4 contains a subsequence S’ with |S"| = 2
and ord(c(S")) = 2. Thus after renumeration we may suppose that ord(hy + hz) = 2.
Then hy + hs + hg has order two and no proper subsum has order two. Considering the
sequence hy - hy - hs - hg we may suppose (after renumerating again) that ord(h; +hy) = 2.
Therefore we obtain that hy +hy € {hy + hy, ho+ hs, hy+ hs + hg} whence either hyhihohs
or hihshg is a zero-sum subsequence of S, a contradiction.

Let n = 5. Lemma 3.8 implies that [ € [3,6] whence k; > 2. Assume to the contrary
that k; € [2,3]. By Lemma 3.8 g; and g, are independent whence (g1, ¢g2) is a basis of G.

Case 1: k; = 3. Since |S| = 9 and [ < 6, it follows that ks > 2. If [ = 3, then
ky = ks =3 and 0 = o(S) = 3(g1 + g2 + g3) implies that 0 = g; + g2 + g3, a contradiction
to the fact that S is a minimal zero-sum sequence. Thus we have [ € [4,6]. Since for
every i € [3,1] the sequence g3g3g; is zero-sumfree, it follows that

gi € G\ ({0,91,92} UX(—(gi93)) )
= {292, 91 + 92, 91 + 292, g1 + 392, 91 + 4Go,
201 + 92,391 + 92,401 + 92,291 + 292,391 + 292,491 + 292}

We argue step by step that none of the following elements lies in supp(S): g1 + 2g2, 91 +
392, g1 + 492, 291 + 292, 391 + 292 and 4g; + 2g5. To exclude the remaining cases we decide
between ky = 2 and ky = 3 and obtain a contradiction to k; = 3.

Case 2: k; = 2. Since |S| = 9 and [ < 6, it follows that either (ki,...,k) =
(2,2,2,1,1,1) or (ki,... k) = (2,2,2,2,1) whence

3
1199195
=1

zero-sumfree. Since (g1, ¢2) is a basis of G, there are a,b,¢,d, e, f € [0,4] such that g3 =
agi +bgs, g1 = cg1 +dgs and g5 = eg1 + fgo. Then Lemma 3.8 implies that a, b, c,d, e, f €
[1,4]. Obviously, none of the pairs (a,b), (¢,d), (e, f) lies in {(4,4), (3,3),(3,4), (4,3)}.
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Since [[_, ¢? is zero-sumfree, it follows that (a,b) & {(2,4),(4,2),(2,2)}. Thus by sym-
metry it remains to consider the cases (a,b) € {(1,1),(1,2),(1,3),(1,4)(2,3)}. Discussing
these five possibilities we obtain a contradiction.

Let n = 6. We proceed in two steps. First we show that k; > 4 and then we verify
that k; # 4 whence k; = 5 follows.

Assertion 1: ky > 4. Let ¢ : G — G denote the multiplication by 2 whence p(G) =
2G = C3® (3 and ker(p) = Co® Ca. We set S = [[,c () Sn where p(5;) = RISl Since
by Lemma 3.14.1 every short zero-sum subsequence of ¢(S) € F(¢(G)) has length 3, we
have |Sy| = 0 and if |S,| > 0 for some h € ¢(G), then |S_,| = 0. Thus S = [[._, Sh,
with ¢ < 2]p(G) \ {0} =4 and |Sp,| > ... > [S,,| > 1.

Frequently we shall use the fact that S does not have a proper subsequence of the
form T' = T1'T,T5 with |T;| > 1 and o(7;) € ker(yp) for i € [1,3]: because D(ker(y)) =3
the sequence [[>_, o(T;) € F(ker(p)) is not zero-sumfree whence 737575 would not be
zero-sumfree.

In particular, S does not have disjoint subsequences 77, Ts, T3 where each T; has length
3 and divides some Sy, for some j € [1,¢]. This implies that |Sy,| < 2. From this we
obtain, because t < 4 and |S| = 11, that |Sy,| > 4.

Next we assert that
[supp(Sp, )| < 2.

Assume to the contrary, that there are pairwise distinct elements x,y, z such that zyz |
Sh,. Since |Sp,| > 4, there is some w € G such that wxyz | Sp,. Since D(¢(G)) = 5,
there exists a subsequence 1 # T of (wzyz)~S such that ¢(T) has sum zero whence
o(T) € ker(p) ={0,w+z+y,w+x+ 2z, w+y+ z}. Thus we obtain a proper zero-sum
subsequence of S, a contradiction.

If |Sph,| > 7, then |supp(Sk, )| < 2 implies that k1 > 4. Hence it remains to consider the
cases where | Sy, | € [4,6]. We assume to the contrary that k; < 4. Then |supp(Sp,)| = 2,
say supp(Sp,) = {«, 5}. We distinguish two cases.

Case 1: |S),| € {5,6}, say S, = a®3% or S, = @®3?. By Lemma 3.1.2 (applied to
the group ¢(G)) the sequence o ['_, Sy, contains a subsequence T3 with |T3| < 3 and
o(T3) € ker(p), and Lemma 3.14.1 implies that |T3] = 3.

We assert that there exists such a sequence T3 with v, (73) > 0. Assume to the contrary
that for all such sequences T3 we have v, (73) = 0. Then there is no 75 with |T3| = 3,
o(Ts) € ker(p), Ty | BT, Sh, and vg(T3) > 0. We show that there exist sequences
T1, T, such that TyT5T3 is a proper subsequence of S and o(7T1),0(T3) € ker(y), which
leads to a contradiction. If S, = a®3?, then we set T} = o® and Ty = (3*. Suppose
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Sy, = &®3%. Then T; 'S = o*B%y17273 contains a subsequence Tp with |T5| < 3 and
o(Ty) € ker(ip). Since v, (T) = vg(Tz) = 0 we obtain Ty = 717273 and we set T = o®.

Thus we have some sequence T3 = ayd € F(ker(p)). Clearly, 2a + (§ and 20 + « are
distinct non-zero elements of ker(y). If a+++d = 23+ a, then o?3?74 is a proper zero-
sum subsequence of S. Hence a+7v+9d # 23+« and similarly a++v 49 # 2a+ 3 whence
ker(o) \ {0} = {2a+ 3,20+ a,a+~y+d}. Since a # B but p(a+v+08) = p(B+v+9),
we have 8 +7+ 0 € {280+ a,2a + B}. If B+ v+ = 2a + 3, then a?(3%y4 is a proper
zero-sum subsequence of S whence we infer that 5+~ + 6 = 26+ a = 3« € ker(p) (note
that 2a = ¢(a) = p(8) = 28 = hy) whence a3 is a proper zero-sum subsequence of
S, a contradiction.

Case 2: |Sy,| = 4. First we suppose that |Sp,| = 4. If |supp(Sk,)| = 1, then we
obtain k; > 4. Assume that |supp(Sp,)| > 1. Arguing as for supp(Sy,) we obtain that
|supp(Sh,)| = 2, say supp(Sh,) = {7,0}. Then we may suppose without restriction that
S, € {a383,a*3%} and Sy, € {735,7?6%}. Thus we have either {3c, 2a+3} C ker()\{0}
or {2a + B, + 206} C ker(y) \ {0}; and similarly, either {3v,2y + d} C ker(¢) \ {0} or
{27+ 6,7+ 20} C ker(p) \ {0}. Therefore we obtain a proper zero-sum subsequence of
S, a contradiction.

Suppose that |Sp,| < 3. Since t < 4 and |Sp,| < 2, it follows that |Sy,| = 3 and
|Shs| = |Shs| = 2. Since |supp(Sp,)| = 2, Sp, has two (not disjoint) subsequences V, V"’
with [V| = |V'| =3 and o(V), (V') € ker(¢) \ {0} distinct. Thus for every subsequence
T of Sp,ShsSh, with o(T') € ker(p), we obtain o(T') = o(V) 4+ o (V’). Since D(p(G)) =5,
h3h2h, contains a zero-sum subsequence whence Sy, Sh,S,, contains a subsequence T'
such that ¢(T) | h3h3h, and o(T) € ker(p) \ {0}. Since ho, hs, hy € o(G) =2 C3 & C3 are
pairwise distinct, we have haohshy | ¢(T). Since o(T') has the same value for all such T,
we infer that

Sh2 = ’}/3, Shg = 52 and Sh4 = 62.

By Lemma 3.1.2 the sequence hih2h3h3 € F(p(G)) contains a short zero-sum subse-
quence whence S has a subsequence T3 such that |T3| = 3 and ¢(73) | h¥h3h2h3. 1If
Vi, (p(T3)) = 0, then ¢(73) = hihshy and we set 11,75 such that o(Ty) = ¢(T3) and
©(T1) = h3, which leads to a contradiction. If v, (¢(T3)) = 0, then o(T3) = hyhshy and
we set Ty, Ty such that o(Ty) = h? and ¢(T3) = ¢(T3), which leads to a contradiction.

Thus hihs | ¢(T3) and after a suitable renumeration we may suppose that o(73) =
hihahs. Since o(T3) € {a+v+9,8+v+ 6} C ker(p)\ {0} = {a(V),a(V"), 37}, we may
suppose that

a+y+de{a(V),a(V)}.

If Sp, = aB?, then {o(V),a(V")} = {a+ 26,38}, v+ 06 =28 or a+ v+ § = 33 whence
either v2623% or ayd3® is a proper zero-sum subsequence of S, a contradiction.
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If Sy, = a?B3?, then {o(V),0(V)} ={a+28,2a+ 8}, y+d=20o0ory+d=a+f

whence either 425232 or v25%a3 is a proper zero-sum subsequence of S, a contradiction.

If Sy, = &3, then {o(V),o(V")} = {3a,2a+ 3}, v+ 6 = 2a or v+ = a+ 3 whence

either 72620 or v20%a3 is a proper zero-sum subsequence of S, a contradiction.

Assertion 2: ki # 4. Assume to the contrary that ky = 4. Let e € G such that
(g1 = e1,e3) is a basis of G. Then

7
S = e‘l1 H(:Ciel + y;e2)

i=1
with z;,y; € [0,5] and (z;,y;) # (1,0) for all ¢ € [1,7]. Since S is a minimal zero-sum
sequence, it follows that for every O % I C [1,7]

(%) Zyz =0 mod 6 implies that sz =1 mod 6.
i€l iel
In particular, this implies that y;,...,y7; € [1,5]. Next we assert that for each two
distinct 4, j € [1,7] we have
(#) y; +y; Z0 mod 6.

Assume to the contrary, that this does not hold, say ys+y7; =0 mod 6. Then zg+2x7; =1
mod 6. Clearly, []._, yies is a zero-sum sequence and (%) implies that it is minimal. Thus
it follows that [[_; yiea = (ye2)* - (2yeq) for some y € [1,5] with ged{y,6} = 1 (cf. for
example [Ger90], Lemma 13). Thus y € {1,5} and without restriction we may suppose
that y =y; = ... = y4 = 1 and y5 = 2. Therefore we have

7
Hyi€2 = €5+ (22) - (yoe2) - (yrea).
i=1

Since y¢ + y; = 0 mod 6, it follows that {yg,yr} N[3,5] # 0, say y¢ € [3,5]. Since
for every I C [1,4] with |I| = 6 — yg we have |I| -1+ ys = 0 mod 6, (*) implies that
Te + Zie[ x; =1 mod 6 whence 1 = x5 = 3 = x4 = z. If yg¢ = 5, then y; = 1 whence
r7 = x, a contradiction to 4 = k; > ... > k; > 1. Thus ys € [3,4]. Then (x) implies that
z6+ (6 —yg)r =1 mod 6 and x7 + (6 — y7)r =1 mod 6 whence 2 = 24+ 7 mod 6, a
contradiction.

We consider the sequence

7
T = H ;€.
i=1

By (#x) it follows that vse,(T) < 1, Ve, (T)Vs5e,(T) = 0 and vae, (T)v4e, (T) = 0. Without
restriction we may suppose that vse,(T) = 0. If voe,(T) > 4, say y1 = ... = yy =
2, then by (%) we infer that z; = ... = x4 and 321 = 21 + 22 + 23 = 1 mod 6, a
contradiction. Thus vy, (T") < 3 and by a similar argument we obtain that vy, (T) < 3.
Since Vae, (T)Vae, (1) = 0, it follows that voe, (T") + vae, (1) < 3. This implies that

Ve, (T') > 3.



16

Suppose Vo, (T) =3,say y1 = yo =ys = land ys = ys = ys = 2. Since 1 +14+2+2=0
mod 6, (x) implies that x4 = x5 = x¢. Since ys + y5 + ys = 0 mod 6, () implies that
3ry = x4+ x5+ 26 =1 mod 6, a contradiction. Thus we get vo, (7)) < 2 and similarly
Vie, (T') < 2. Thus voe, (T') + vye, (T') < 2, which implies that
Ve, (T) > 4.

Suppose Ve, (T) = 4. If vo,(T) = 2, then 23:1 y; = 0 mod 6 implies that vy, (7) = 1,
a contradiction. If vy, (T") = 2, then Zzzl y; = 0 mod 6 implies that vo(T) = 1, a
contradiction. Thus Voe, (T) + Vae, (T) < 1 whence 7 = 327 vie, (T) < 6, a contradiction.
So we finally obtain that

Vo (T) 25, say T =e5- (ysea) - (yrea).
If y¢ € [2,5] and I C [1,5] with |I| = 6 — yg, then ys + |I|.1 = 0 mod 6 whence (%)

implies that ¢ 4+ > ,.; z; = 1 mod 6 whence z; = ... = x5, a contradiction to k; = 4.
Thus yg = 1 and similarly y7 = 1. Thus v,,(7") = 7 and (*) implies that z; = ... = 27, a
contradiction to4 =k > ... > k > 1. O

Theorem 4.3 (Characterization of Property B). Let G = C,, ® C,, with n > 2.
Then the following statements are equivalent:

1. Every sequence S € F(G) with length |S| = 3n — 3, which contains no zero-sum
subsequence of length greater than or equal to n, has a subsequence of the form
0"ta"=2 for some a € G.

2. Fvery zero-sumfree sequence S € F(G) with length |S| = 2n — 2 contains some
element with multiplicity at least n — 2.

3. Every minimal zero-sum sequence S € F(G) with length |S| = 2n—1 contains some
element with multiplicity n — 1.

4. For every minimal zero-sum sequence S € F(G) with length |S| = 2n — 1 there
exists some basis (€1, e2) of G and integers ay, ... ,a, € [0,n—1] with Y _ a, =1
mod n such that S = e ' T[_ (a,e1 + e2).

Proof. 1. = 2. Let S € F(G) be a zero-sumfree sequence with length |S| = 2n — 2.
Then the sequence 0"~1S contains no zero-sum subsequence of length greater than or
equal to n. By assumption there exists some a € G such that 0" !'a"2 divides 0"~ 1S
and the assertion follows.

2. = 3. Let S = [[{' ¢ € F(G) be a minimal zero-sum sequence. Then there
are a,b € G such that a2 | g5} ;- S and b" 2| a~! - S. Assume to the contrary that
vg(S) <n—1forall g € G. Then a # b and a"2b""? is a zero-sumfree subsequence of
S. By Lemma 3.9 (a,b) is a basis of G whence S has the form

S =a"" 2" % (z1a 4 y1b) - (w90 + yob) - (z30 + Y3b)

with all z;,y; € [0,n — 1]. Since S is a minimal zero-sum sequence, there exists some
i € [1,3] such that z;a + y;b € {a, b} and the assertion follows.
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3. = 4. This follows from Proposition 4.1.

4. = 1. Let S € F(G) be a sequence with length |S| = 3n — 3 containing no zero-sum
subsequence of length greater than or equal to n. Since |S| > D(G), S has a zero-sum
subsequence. Let T denote a maximal zero-sum subsequence of S. Then U = T-1S is
zero-sumfree whence in particular we have |U| < D(G)—1 = 2n—2. Therefore |T'| > n—1
whence |T'| = n—1 and |U| = 2n—2. Therefore —o(U)-U is a minimal zero-sum sequence
with length 2n — 1 whence by assumption there exists a basis (e, ez) of G such that

2n—2—r
U=¢el- H (xie1 + e2)
i=1
with r € {n — 1,n — 2} and all z; € [0,n — 1]. Then T has the form
n—1—k

T=0". H (uier + viez)
i=1
with & € [0,n — 1] and all u;,v; € [0,n — 1] such that (u;,v;) # (0,0). If K =n — 1, then
the assertion follows. Assume to the contrary, that £ <n — 1.

We first show that
(%) if0#AICl,n—1—k] and Zviegzo, then Zuielzo.
icl iel

Assume to the contrary, that 0 # 1 C [I,n—1—k}, Y .., v, =0 modnand ), ,u; #0
mod n. Let a € [1,n — 1] such that @ = >_,.; u; mod n. We construct a zero-sum
subsequence S” of S with length |S’| > n, which contradicts our assumption on S.
Suppose r =n — 1. If a < |I], then set S" = e [[,c;(user + viez), and if @ > |I|, then
set §' = THieI(uiel +v;e9) "€, Suppose r = n — 2. Since U is zero-sumfree, it follows
that > ", 2; =1 mod n whence

n
/ n—a—1
S’ =e] H u;eq + vies H xie1 + e)
1

el i=

is the required sequence.

Since T is a zero-sum sequence, there exists some J C [1,n — 1 — k] with |.J| > 2 such
that [ jes Vj€2 is a minimal zero-sum sequence in (e2). We assert that there exists some
() #£ I C J such that
(s 1<) v <n—|J|.

iel
This obviously holds in case |J| = 2. Suppose that |J| > 3. First we consider the case
that at least two of the v; are distinct, say J = [1,¢] with 3 <t <n—1—k and vy # v,.
Then Hf;i vies is zero-sumfree and Lemma 3.10 implies that

t—1 t—1

S([Jvie2)l = [S(viez - vae)| + Y [S(viea)| =3+ (t—3) =t =|J],

=1 =3
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whence (#x) holds. It remains to consider the case where there exists some v € [0,n — 1]
such that v; = v for all j € J. Then |J|vey = 0, ord(vey) < n, —ey & B((veg)l’I1) and
I2((vea)I=1))| = |J| — 1 whence (%) holds.

Let @ # I C J such that (sx) holds and let a = >, ; v;. For every Z C [1,2n — 2 —r|
with |Z] =n—alet b="bz € [I,n]suchthat b=, u;+> ., 2 modn. Ifr=n—-2
and for all such sets Z we have by = 1, then z; = ... = z,,, a contradiction to U zero-
sumfree. Thus in case r = n — 2 we may choose Z such that b =0, # 1. If r =n — 1,
we choose any subset Z. Then, in both cases,

S'=T. H(ujel + Ujeg)’l H(uiel + v;e) H(a:iel +ey) P
jeJ i€l i€z

is a zero-sum subsequence of S with length

(%)
S'l=n—-1—-|J|+|I|[+n—a+n—-b>n—-1—|J|+14+n—a > n,

a contradiction. O

5. PROPERTY B AND v(G)

The invariant v(G) (see Definition 5.1) was introduced by van Emde Boas in 1969.
It plays a key role in all investigations of Davenport’s constant of groups with rank
three (see [vEB69b] and also [Gao00a], section 5 where for groups G of rank two v(G) is
studied in detail). The relationship between zero-sum problems in finite abelian groups
and covering problems by proper cosets was recently investigated in [?]. The proof of the
inequalities in Proposition 5.2.1 is straightforward. Up to now there is known no group
G such that D(G) < v(G) + 2.

Definition 5.1. Let G be a finite abelian group. Let v(G) denote the smallest integer
[ € Ny such that for every zero-sumfree sequence S € F(G) with |S| > [ there exists a
subgroup H < G and some a € G'\ H such that G\ (X(S)U{0}) Ca+ H.

Proposition 5.2. Let G be a finite abelian group.

1. v(G)+1 < D(G) <v(G) +2.
2. If G is cyclic or a p-group, then D(G) = v(G) + 2.

Proof. 1. see [Gao00a|, Lemma 3.3.

2. see [VEB69D|, Proposition 1.19 and Theorem 2.8. O

Theorem 5.3. Let G = C,, ® C,, with n > 2. If n satisfies Property B, then D(G) =
v(G) + 2.
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Proof. 1f n € [2,3], then G is a p-group whence the assertion follows from Proposition
5.2.2. Suppose that n > 4. By Proposition 5.2.1 we have v(G) > D(G) — 2. Hence it
remains to show that for every zero-sum free sequence S € F(G) with |S| > D(G) —

there exists a subgroup H < G and some a € G\ H such that G\ (3(5S)U{0}) C a+ H.

Let S be such a sequence. If £(S) = G\ {0}, then the assertion is clear. Suppose that
there exists some b € G'\ {0} such that —b ¢ 3(S). Thus bS is a zero-sumfree sequence
of length D(G) —1 > |bS| > 1+ (D(G) —2) = 2n — 2 and hence there is some a € G, such
that a-b-.S is a minimal zero-sum sequence of length 2n — 1. By Proposition 4.1.2 there
exists a basis (e, ez) of G and ay, ..., a, € [0,n — 1] with >, a; =1 mod n such that

n

a-b-S= 61 H(aiel + 62).

=1

Hence, up to enumeration, there are the following three possibilities for S.

Case 1: S = e} ' [/ (aser +e2). We assert that G\ (B(S)U{0}) C —eq + (e1). Let
g € G\ (—ey + {(e1)). We have to verify that g € X(S) U {0}. There are A\; € [0,n — 1]
and Ay € [0,n — 2] such that g = A\je; + Ases, and obviously we have

A2
XS Z(am +€2) + (e1) C () U {0}

Case 2: S = e/ 2]/ (aie1 + e). We distinguish two subcases.

Case 2.1: a; = ... = a,_; = a. Clearly, we obtain 2(S)U{0} = =7 (ie1 + (aes +e2))
whence G\ (2(5) U{0}) C —ey + (ae; + e2).

Case 2.2: |{a1,... ,an_1}| > 2, say a; # as. We set a = 37" a; and assert that

n—2

U(z’el + <(l€1 — 62)) = G\ (—81 + <CL61 — 62)) C E(S) U {0}

=0

Let ¢ € [0,n—2] and X € [0,n—1]. We have to verify that there exists some A C [1,n—1]
with [A| = n — X and some 6 € [0, n — 2] such that

ie; + A(aep — eg) = Oeq + Z(ajel + e9).
jeA
If A\ =1, then A = [1,n — 1] and § = i fulfill the requirements. Suppose A > 1. We
choose some A C [2,n — 1] with 2 € Aand [A| =n— A Ifi+>  (a—a;) £Zn—1
mod n, then 6 € [0,n —2] with @ =i+ >\ (a—a;) mod n fulfills the requirements. If
i+ jeala—a;) =n—1 mod n, weset A" = (A\{2})U{1} whence i+, (a—a;) # n—1

mod n and there exists some # having the required properties.

Case 3: S = e} ?[[,(aie1 + e2) with n > 3. We distinguish two subcases.
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Case 3.1: There exist 7, j € [1,n] such that a; — a; > 2, say as — a7 > 2. We assert
that G\ (2(S)U{0}) C —e;+{0}. Let g € G\{0, —e;1}. We have to verify that g € ¥(.5).
Let A, Ay € [0,n—1] with g = Aje; + Ageg whence (Mg, A2) € {(0,0), (n—1,0)}. If Ay =0,
then g € X(ef?) C X(S) because Y1 (ae; + €2) = ;. Suppose that Ay € [1,n — 1].
We choose some A C [1,n] with |[A| =Xy, 1€ Aand 2 ¢ A. If A’ = (A\ {1}) U {2}, then

g €{D_ajer + ) +ier |i € [0,n =3} U{(D_ajer +ez) +ier [ i €[0,n— 3]} C B(S).

JEA JEN

Case 3.2: {a;,...,a,} = {a,a + 1} for some a € [0,n —2]. Then S = e} 3(ae; +
e2)"((a+1)e; + )" % for some k € [1,n — 1], and since ka + (n — k)(a+1) =1 mod n,
it follows that k = n — 1. We assert that G\ (—e; + (ae; + e2)) C X(S) U {0}. Since
obviously, /2 (ie; + (ae; + eg)) € %(S) U {0}, it remains to check that (n — 2)e; +
(aey + eg) C 3(S)U{0}. Let g = (n — 2)e; + A(aey + e2) with A € [0,n —1]. If A =0,
then ¢ = (n — 3)e; + (n — 1)(ae; + e2) + ((a + 1)es + e2) € X(S). If A > 0, then
g— ((a+1)es +ex) = (n—3)er + (X —1)(ae; + e3) € B(el?(ae; + e2)" ') whence the
assertion follows. O

6. PROPERTY B IMPLIES PROPERTY C

In this section we show that, under some additional weak condition, Property B implies
Property C. This was first done for prime numbers in [GG99]. For a € Z we denote by
|al,, the positive integer in [1, n] such that a = |a|, mod n.

Proposition 6.1. Let G = C, ® C,, withn > 2 and S = " 0" ' [[[5) & € F(G) a
sequence which does not contain a short zero-sum subsequence. If n satisfies Property B,
thenci =+ = Cp_1.

Proof. For n = 2 there is nothing to do. Suppose that n > 3 and let S be as above. Since
a # b, Lemma 3.9 implies that (e; = a,es = b) is a basis of G whence S has the form
n—1
§=ei ey [ [(wier + yiea)
i=1
with x;,y; € [1,n]. Since S has no short zero-sum subsequence, it follows that z;,y; €
[1,n — 1]. Furthermore, S has no zero-sum subsequence of length n or 2n > D(G) and
the same is true for
n—1
Sez = (61 — eg)"_IO"_l H(miel + (yz - 1)62).
i=1

Therefore
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is zero-sumfree whence [[/—] (x; + y; — 1)ey is zero-sumfree in (ey) = C,, which implies
that

Tt =-=Tp1+ Y1 modn.

Since for every i € [1,n — 1]

n—x;

n—y;
€1

e; Y(xier + yie2)

is a zero-sum subsequence of S of length 2n + 1 — (z; + ¥;), it follows that x; + y; < n.
Thus
1ty =" =Tp 1t Y1 =m

for some m € [2,n]. Since [/, (z;+y; — 1)ea = ((m — 1)eg)" ! is zero-sumfree, it follows
that ged{m — 1,n} = 1.

Ifm=2 thenzy =y, =+ =2,-1 = yp—1 = 1 and the assertion is proved.

Suppose m = n. If [],.; zse; is a zero-sum sequence for some () # I C [1,n — 1],
then the same is true for [[,.;v;eo and thus [[,.,(ze1 + yie2) would be a zero-sum
sequence. Since S contains no short zero-sum subsequence, H?:_ll x;e1 is zero-sumfree
whence 1 = -+ = x,,_1. Therefore y; = --- = y,,_1 and the assertion is proved.

It remains to consider the case where m € [3,n — 1]. Since gcd{m — 1,n} = 1, there
is a unique ¢ € [1,n] such that t(m —1) =1 mod n. Since m € [3,n — 1], it follows that
t € [2,n — 2] whence |[tm|,, =t + 1. Since t > 2, it suffices to show that for every subset
I C [1,n— 1] with |I| =t all x; with ¢ € I are equal.

Let I C [1,n — 1] with |I| =t and consider the sequence
S; = e?*@ie]fmlneg*@iewﬂn H($i€1 + yi€2) '
iel
Clearly, Sy is a zero-sum subsequence of S of length
1St =2n +t— | Bicrxi |n — | Bieryi |n
=2n +t— | Bierwi o — | tm — Sicrai |
) 2n4t—|tm =20 =1, [tm |,>] Bierwi |n
2+t —(n+ [ tm ) =n—1, | tm <] Dies® |n

Since S has no short zero-sum subsequence, we infer that |S;| = 2n — 1 and that Sy is a
minimal zero-sum sequence.

Since t <n —2 and {z;e; +y;es | i € I} N{e1,ea} =0, Property B implies that either
n— | Sierzi lno=n—1 or n—| Xy |=n—1.

Therefore by Proposition 4.1.2.a) either (y; = 1 foralli € I) or (z; =1 foralli e I). O
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Theorem 6.2. Let G = C,, & C,, with n > 2. Suppose that n satisfies Property B and
that every sequence S € F(G) with |S| > 3n — 2 has a zero-sum subsequence of length n
or 2n. Then n satisfies Property C.

Remark: If n has at most two distinct prime divisors or if Property E holds for all prime
divisors of n, then every sequence S € F(G) with |S| > 3n—2 has a zero-sum subsequence
of length n or 2n (see Theorem 3.7)

Proof. Since 2 satisfies Property C, we may suppose that n > 3. Let S € F(G) be a
sequence with length |S| = 3n — 3 which does not contain a short zero-sum subsequence.
By assumption the sequence 0.S contains a zero-sum subsequence of length n or 2n
whence S contains a zero-sum subsequence T of length |T'| € {n — 1,n,2n — 1,2n}.
Therefore |T| = 2n — 1 and T is a minimal zero-sum sequence. Hence by Property B
there is some b € G with "' | T' and thus

2n—2

S = bnil H C; .
=1

Since S has no zero-sum subsequence of length n or 2n, the same is true for

2n—2

Sb = On_l H (Ci — b)

=1

Therefore T[27 (i — b) is zero-sumfree and thus ¢[[>";*(¢; — b) is a minimal zero-
sum sequence where ¢ = — 32" %(¢; — b). Since n satisfies Property B, there are two
possiblities. If there is some g € G such that g"~' | [[2"; *(¢; —b), then b 1(g+b)"~1 | S

and the assertion follows from Proposition 6.1. Otherwise it follows that ¢*~2 divides

HZ;Q(Q —b), say ¢ = c¢; — b. Setting e; = ¢; = ¢+ b and ey = b we obtain that e} 2e) !

is a subsequence of S. By Lemma 3.9 (ey, e2) is a basis of G whence S has the form
_6711 2 n 1H x261+y162
i=1

with x;,y; € [1,n]. Setting

n

Sey = 0" Her — €2)" > [ [ (wier + (s — 1)ea)

i=1
and arguing as above we infer that

n

(e1 —e2)" 2 H($i€1 + (yi — 1)ea)

=1
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is zero-sumfiree. Since
2n—2 2n—2

0:C1—b+ Z(Ci—b>201+b+zci
=1

i=1
n

=erteat+ (n—2er+ Y (zier+yies) = (n—1)(e1 — e2) + > _(mie1 + yiea),
i=1 i=1

we obtain that

n

(e1 —ex)" H(Qiz‘(ﬁ —e2) + (zi +yi — 1)ea)

=1

is a minimal zero-sum sequence.

Clearly, (e; — eq,€2) is a basis of G whence [, (z; + y; — 1)ez is a minimal zero-sum
sequence in (ey) which implies that

L+ =--=x,+y, modn.
If for some i € [1,n] we have 7; = 1 and y; = n, then e} 'ef~! | S and the assertion
follows from Proposition 6.1. Suppose that all (z;,y;) # (I,n). If z; +y; > n+ 1 for
some ¢ € [1,n], then z; > 2 and

n—x; N—y;
el ey Yi(xier + yiea)

is a zero-sum subsequence of S with length 2n + 1 — (z; + y;) < n, a contradiction. Thus
1ty =" =Tp+Yp=m

for some m € [2,n]. Since [[;_,(z; +y; — 1)eq is a minimal zero-sum sequence, we infer
that ged{m — 1,n} = 1.

Suppose that m = n. There is some () # I C [1,n] such that X;c;z;e; = 0. This
implies that ¥X;c;yie2 = 0 whence [[..;(x;e1 +yiez) is a short zero-sum subsequence of .S,
a contradiction.

If m =2, thenz; =y; =...2, =y, = 1 whence [["_, (z;e1 + y;e2) is a short zero-sum
subsequence of S, a contradiction.

Therefore we obtain that m € [3,n — 1]. Let t € [2,n] such that {(m —1) =1 mod n
and I C [1,n] be a subset with |I| =t and X;c;z; Z 1 mod n. Then |X;crx;il, € [2,n],
and arguing as in Proposition 6.1 we infer that

Sr = e?imiaxi‘negﬁzmyi'n H(xi(ﬁ + yie2)
iel
is a minimal zero-sum subsequence of S with length |S;| = 2n — 1. As in Propositon 6.1
we argue that either all x; are equal to 1 or all y; are equal to 1.

Therefore, for every subset I C [1,n] with |I| =t we have:
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()
either (Z ;=1 modn) or (all z; are equal to1) or (all z; are equal to m — 1).
i€l

Assume to the contrary, that [{zi,...,x,}| > 3, say [{zn—2,Tn_1,2,}| = 3. Since
t—1 < n—3, it follows that [{z; +Y'_; 2; | n —2 < j < n}| = 3, a contradiction to (x).

Therefore, [\, z;e1 = (ze1)"(2'e1)? with z,2" € [1,n],  # 2/, v+ v = n and
0<ov<wu. Ifv<1,then u >n— 1 and Proposition 6.1 implies the assertion.

Assume to the contrary, that v > 2. If t > 3, one can choose uy € [2,u — 1] and
vo € [1,v — 1] such that ug + vy =t because t <n — 2 = u+ v — 2. However,

upx + vox’ # (ug — 1)z + (vg + 1)2’

which contradicts (x). Hence we have ¢ = 2, and (*) implies that x + 2’ = 1 mod n.
Thus x +  Z x+ 2’ =1 mod n whence (%) implies that x € {1, m — 1}. We argue in a
similar way for 2’ and obtain {z,2'} = {1,m — 1}. Therefore m =z + 2’ =1 mod n, a
contradiction to m € [3,n — 1]. O

7. ZERO-SUM SEQUENCES S IN C,, ® C,, WITH LENGTH |S| =tm — 1

Let G = Cn®Chypy with myn € Nso, ¢ : G — G the multiplication by n and S € F(G)
a minimal zero-sum sequence with length |S| = D(G) = tm — 1 where ¢t = 2n. Then by
Lemma 3.14 () is a zero-sum sequence in nG = C,, @ C,,, which is not a product of
t = 2n zero-sum subsequences. It is the aim of this section to determine the structure of
such sequences under the assumption that C,, & C,, has Property B.

Theorem 7.1. Let G = C,, ® C,, with m > 2. Suppose that m satisfies Property B and
that every sequence T € F(G) with |T| > 3m — 2 has a zero-sum subsequence of length
m or2m. Let S € F(G) be a zero-sum sequence with |S| = tm — 1 for some t > 3 which
cannot be written as a product of t non-empty zero-sum subsequences. Then there exists
a basis (e1,e2) of G such that either
(t—s)m
S =esmt. H (aye1 + e2)

v=1

where ay, ..., a4—sm € [0,m —1] and s € [1,t — 1] or
S = eilm : (bel + 62)52m_1 : 6§3m_1 . (b€1 + 262)
where b € [0,m — 1] with gcd{b,m} =1 and sy, so, 53 € N with s1 + so + s3 = t.

We are going to prove Theorem 7.1 by induction on ¢. Throughout this section, let all
notations be as in Theorem 7.1.
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Lemma 7.2. The assertion of Theorem 7.1 holds for t = 3.

Proof. Suppose that

l
S = Hgy”
v=1

where g1, ..., g € G are pairwise distinct and k; > ky > ... > k; > 1. Since S does not
contain three disjoint nonempty zero-sum subsequences, it follows that ks < m — 1. By
Lemma 3.12.1 every short zero-sum subsequence of S has length m. Suppose there is
some j € [1,l — 1] such that k; > m — 1 and kj;y > m — L.

We assert that either((g;, gj11) is a basis of G) or (k; = m—1 and (g1, g;)) is a basis of
(). This is obviously true for m = 2. Suppose that m > 3 and that (g;, g;+1) is not a basis
of G. Then by Lemma 3.9 g;-"’lg;’:fll contains a short zero-sum subsequence 7. Then
T-1S is a minimal zero-sum subsequence with length 2m — 1 containing some element g
with multiplicity m — 1, say g = ¢; with ¢ € [1,!] minimal. Note that g;g;+1 | T'S. If
g € supp(T~1S)\ {g}, then by Proposition 4.1(g, ¢’) is a basis of G whence the assertion
follows.

We distinguish several cases.

Case 1: ky < m — 1. By Lemma 3.12.2 S has a product decomposition of the form
S = 551 where Sy is a minimal zero-sum sequence with length 2m — 1 and Sy is a short
zero-sum sequence. Since m has Property B, Theorem 4.3 implies that there exists a
basis (e, e2) of G such that

S=ep - TJ(aves +e2) - [J(zoer + me2)
v=1 v=1

with all ,,v,,a, € [0,m —1] and > " ;a, =1 mod m. Let v € [1,m]. It remains to
verify that y, = 1. The sequence (z,e;+y,e2)"!-S contains a short zero-sum subsequence
W (clearly, W # []-,(ave1 + e3)) and W1 . S is a minimal zero-sum sequence with
length 2m — 1. Since max{v,(W~'-S)| g € G} =m —1 > ky, it follows that

m—2

Wil - S = 6;”71 . (a#el + 62) . (LL’V€1 + y,,eg) . H(U)\el + U)\GQ)

A=1
for some p € [1,m] and all uy,vy € [0,m — 1]. Since W' - S is a minimal zero-sum
sequence, Proposition 4.1.2.a) implies that y, =v; = ... = vy 9 = 1.

Case 2: ko =m — 1 and k3 < m — 1. Then (g = e1, g2 = €2) is a basis of G, and we
distinguish three subcases.

Case 2.1: k; > m + 1. The sequence
2m—kq
g;m .S = 67271*1 . €]fl_m . H (l’yel + yye2>

v=1
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is a minimal zero-sum sequence whence r; = - -+ = Z9,,—, = 1 by Proposition 4.1.

Case 2.2: k; = m. We have

S = 61171 ’ 6127171 ’ H(xuel + yl/e2)
v=1
with all z,,,y, € [0,m —1], > " 2, =0 mod m and >_" vy, =1 mod m, say y; # 1.
Since e; ™ - S is a minimal zero-sum sequence, it follows that z; = --- = x,,,. We verify
that x1 = 1 which implies the assertion. Since k3 < m — 1, Theorem 6.2 implies that
ey - (wie1 +yrea)~! - S contains a short zero-sum subsequence W, and clearly we have
|W|=m and €' { W. Then

WS =e - (zie; +y1es) -ea-T for some T e F(G)
is a minimal zero-sum sequence whence either v, (W™'-S) = m—1orv,,(W=1.5) = m—1.

Since y; # 1, Proposition 4.1 implies that v, (W™ -S)=m — 1 and z; = 1.

Case 2.3: k; =m — 1. We have

m—+1
S=ept.ept. H (xe1 + yyea)
v=1
with all z,,y, € [0,m—1], Zzzlxy = Z;njllyy =1 modm. fz, =00 = - =2, =
lory; =ys="+-+=Ymnsr1 = 1, then we are done. Assume to the contrary that this does

not hold. Then there are i < j with x; # 1 and z; # 1 and there are ¢/ < j' such that
yy # 1 and y; # 1, say 1 # 1 and y, # 1. Since k3 < m — 1, Theorem 6.2 implies
that S (z1e; +y1e2) ! (w2€1 + y2e2) "t contains a short zero-sum subsequence W. Then
|[W| = m and W~! .S is a minimal zero-sum subsequence with length 2m — 1 which
contains the sequence e - ey - (1€ + y1€2) - (x2€1 + y2e2). Since ky < -+ < kg <m — 1,
either vo,,(W™!-S)=m—1orv,,(W™'-S)=m—1. If v, (W !-8) =m — 1, then
Proposition 4.1 implies that y; = y» = 1, a contradiction. If v.,(W ™1 .S) =m — 1, then
Proposition 4.1 implies that x1 = x5 = 1, a contradiction.

Case 3: ks =m — 1 and k3 =m — 1. Then k; € [m — 1,m + 1]. We distinguish two
subcases.

Case 3.1: ky € {m,m + 1}. Then (g2 = €1, g3 = €2) is a basis of G. Thus
mA1—ky
S=ep el (aey + bey)*t - H (xye1 + yoe2)
v=1
where a,b and all x,,y, € [0,m —1]. If ky = m+ 1, then (m+ 1)a+(m—1) =0
mod m implies that a = 1, whence the assertion is proved. Suppose that k& = m. Then
ma—+x1+m—1=0 modmand mb+y; + m —1 =0 mod m whence x1 = y; = 1.
If a =1 or b =1, then the assertion follows. Suppose that both a and b are distinct to
1. The sequence (ae; 4 bey)™! - S contains a short zero-sum subsequence W and clearly
e 14 W and €)' { W. Thus W~ S is a minimal zero-sum sequence containing ey, e,
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and ae; + bey. Since a # 1 and b # 1, Proposition 4.1 implies that v, (W™ S) <m —1
for i € [1,2] whence vge, 1pe, (W' -S) =m —1 and e; — e5 € (ae; + bey). This implies
that b = m — a and ged{b,m} = 1. If ¢ € [0,m — 1] with —ac =1 mod m and

(f1, f2) = (e1,€2) - (é Z) :
then

S=f(fitef)" T 2+ cf)
has form 2 (with basis (fs, f1) and s; = 1).

Case 3.2: k; = m — 1. Then {g1, g2, g3} contains a basis {e;, e} C G. Therefore we
have

S=e el (aey + bea)™ - (w11 + yre) - (Tae1 + Yaes)
with a, b, x1, 22,1, y2 € [0,m—1] such that —1—a+z1+22 =0 mod m and —1—b+y, +

Yo =0 mod m. The sequence S - (z1€; + y1€2) ! contains a short zero-sum subsequence
W. Then W' .S is a minimal zero-sum sequence with contains the sequence
ey - ey (aey + bes) - (z1e1 + yre2).

If v, (W=1.S) = m — 1, then Proposition 4.1 implies that 1 = b = y; whence y, = 1 and
we are done. If v.,(W~!.5) = m—1, then Proposition 4.1 implies that 1 = a = x; whence
ry = 1 and we are done. Suppose that Vae, 1pe, (W™ S) = m — 1. Then Proposition 4.1
implies that e; — es € (ae; + beg) whence b = m — a and ged{b,m} = 1. Furthermore,
we have (1 —x1)e; —y1e2 = €1 — (x1 +y1€2) € (a(e; — ez)) which implies that y; =1 —x;
mod m. We deal with the sequence S - (z2e1 + y2e2)™! in a similar way. In the only
remaining case we have b=m —a, yy =1 —x; mod m and y» =1 — x5 mod m whence

S = 671”_1 . 65”_1 - (ae; — a62)m_1 “(z1e1 + (1 — x1)eq) - (z2e1 + (1 — x9)es)

If ¢ € [0,m — 1] such that —ac =1 mod m and
1
(f1: f2) = (e1, €2) - (0 Z) ,

then

S=fi"(ficf)" BT (A (U= ai)efe) - (fi+ (1= a2)cf)
has form 1 (with basis (fs, f1) and s = 1). O

Lemma 7.3. Suppose t > 4 and let T be a subsequence of S with length |T| = m + 1.
Then there exists a zero-sum sequence W with T | W | S and a basis (e1,e2) of G such
that

(8—s)m
W=emt. H (ayer + ez)
v=1
where s € [1,2] and ay, ..., a@—sm € [0,m — 1] or

W =€ (bey 4+ eg)™ ' - et (bey + 2e3)
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where b € [0,m — 1] with ged{b,m} = 1.

Proof. Since the sequence TS has length [T71S| = (¢t — 1)m — 2, Lemma 3.1.2 implies

that 7715 has t — 3 disjoint short zero-sum subsequences S, - - ,S;_3, and by Lemma
3.12 all of them have length m. Clearly, W = (S} -...-S;_3)"! - S does not contain
three disjoint non-empty zero-sum subsequences and has length |W| = 3m — 1. Now the
assertion follows from Lemma 7.2. 0

Proof of Theorem 7.1. The case t = 3 was handled in Lemma 7.2 whence we may suppose
that ¢ > 4. We distinguish three cases.

Case 1: |supp(S)| > 5. This implies that m > 3. If m = 3, then there is some g € G
such that {—g, g} C supp(S) whence S contains a nonempty zero-sum subsequence of
length 2, a contradiction to Lemma 3.12.1. So it follows that m > 4. Let T be a
subsequence of S with |T| = m + 1 and |supp(7)| > 5. By Lemma 7.3 there exist a
zero-sum sequence W with 7| W | S and a basis (ej, e3) of G such that

(3—s")m
W =em1t. H (aye; + ez)
v=1
with s’ € [1,2], a1, ..., a@_sym € [0,m—1], a1, as, az pairwise distinct and Z(V?’:_lsl)m a, =1
mod m. This implies that
(3—s")m l
S=eimt. H (a,e1 + es) - H(asyel + y,€9)
v=1 v=1

with all x,,y, € [0,m — 1].

Assume to the contrary that there exists some y, ¢ {0,1}, say y1 ¢ {0,1}. Then the
sequence

U=e1-(ar1e1 + e2) - (azer + e2) - (azer + e2) - (w1e1 + y1€2)

has length |U| =5 < m + 1 and |supp(U)| > 5. The sequence U~! - S contains (¢ — 3)
disjoint short zero-sum subsequences and let 7" denote their product. Then V =7T"!. S
has length 3m — 1, contains the sequence U and cannot be written as a product of three
proper zero-sum subsequences. Since |supp(V')| > [supp(U)| > 5, Lemma 7.2 implies
that there exists a basis (f1, f2) of G such that

2m
V=t T f + 1)

v=1
If we can verify that e; = fi, then (x1e1+y1e2) — (a1e1+€2) € (f1) whence (y; —1)es =0
and thus y; = 1 gives the required contradiction. Assume to the contrary that e; # fi.
Since aq, as,as are pairwise distinct, we may suppose that f; ¢ {aje; + ez, aze; + e}
whence (a; —az)e; € (f1) and e; — (a1e1 +e3) = (1 —aq)e; + ez € (f1). This implies that
f1 = z1€1 + z9e9 with ged{zo, m} = 1 whence a; = ay, a contradiction.
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Therefore y, € {0,1} for all v € [1,1]. If y, = 0, then (z,e1) €' is a short zero-sum
subsequence of S with length m — z, + 1 whence z,, = 1. Therefore (z,,v,) = (1,0) or
(xy,yy) = (z,,1) which implies that

‘S‘*SN
S=e] - H (aye1 + es)
v=1
for some s” > m —1. Since S is a zero-sum sequence, it follows that |[S|—s” =0 mod m
whence §” = sm — 1 for some s € [1,t — 1].

Case 2: |supp(S)| = 3. By Lemma 7.3 there exists a zero-sum subsequence W of S
and a basis (e, e3) of G such that

(3—s")m

W = eilm_l . H (aye1 + es)

v=1
with §' € [1,2] and a4, ..., a@_g)m € [0,m — 1]. Since 3 < |supp(W)| < [supp(S)| = 3, it
follows that supp(S) = supp(WW') whence
‘S‘_S//

S = efﬁ . H (aye1 + e3)
v=1
where all a, € [0,m — 1] and s” > m — 1. Since S is a zero-sum sequence, it follows that
|S| —s” =0 mod m whence s” = sm — 1 for some s € [1,t — 1].

Case 3: |supp(S)| = 4. This implies that m > 3. Let T" be a subsequence of S with
|T| = 4 and |supp(7T)| = 4. By Lemma 7.3 there exists a zero-sum sequence W with
T | W | S and a basis (e, e5) of G such that either

(3=s")m
W = e{lm_l . H (aye; + e2)
v=1
where s’ € [1,2] and a1, ..., a@3—sym € [0,m — 1] or

W =e" - (beg +ep)™ 1 el ™1 (bey + 2e5)

where b € [0, m — 1] with ged{b, m} = 1. Clearly we have supp(S) = supp(W). Hence in
the first case the assertion follows as in Case 2, and it remains to consider the case where

S =e]-(be; +e2)" - €3 - (bey + 2eq)?

withu>m,v>m—-1T,w>m—-—1,¢g>1landu+v+w+qg=tm—1.
Assume to the contrary that ¢ > 2. If b=m — 1 and
1 -1
(f1,f2) = (e1,€2) - <() 1 >7
then
S=fi-f3 - (fi+ f)" - (fi +2f)!
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whence we may suppose that b € [1,m —2]. If b =1 and

s = (e (1 o).
then

S=fy-(fi+f2)" i 2fH+ fo)!

whence we may suppose that b € [2,m — 2]. Thus there is some 0’ € [2, m — 2] such that
b'-b=—1 mod m whence

er - (bey +e2)" 72 el V"2 (bey + 2e,)?
is a short zero-sum subsequence of S with length m — 1, a contradiction.
Therefore we infer that ¢ = 1. We write u = uym-+ug, v = vim+vg and w = wym—+wy
with wug, v, wg € [0,m — 1] and set
M =el° - (bey + €2)" - €5 - (bey + 2e).

Clearly, we have |M| = ug+ vy +wo+ 1 < 3m —2 and |[M| = |S| = —1 mod m which
implies that |M| = 2m — 1 and M is a minimal zero-sum sequence. If uy = 0 then
v = wp = m — 1 and we are done. Assume to the contrary that ug € [1,m — 1]. The
sequence

N = 6?0 . (661 + 62)”0 . 61200+1
contains a zero-sum subsequence
1#£N =e¥ - (bey +ey)" e
Since M is a minimal zero-sum subsequence, it follows that w’ = wy + 1. If v/ > 1, then
e’ - (bey +e5)" L e 7L (bey 4 2e,)

is a proper zero-sum subsequence of M, a contradiction. Thus v" = 0 whence o(N’) =
0 =u'e; + (wo + 1)es. This implies that v’ = 0 and wy = m — 1. Since M is a zero-sum
sequence, it follows that vg = m — 1 and |M| = uy + vg + wo + 1 = 2m — 1 implies that
ug = 0, a contradiction. O

8. IF n HAS PROPERTY B, THEN 2n HAS PROPERTY B

It is the aim of this section to prove the following theorem.

Theorem 8.1. Let n € N with n > 6. If n satisfies Property B, then 2n satisfies
Property B.

We start with two lemmata, which rest on Lemmata 3.11 to 3.14. Let S € F(Cpp ®

Cinn), where m,n € N>o, be a minimal zero-sum sequence with length |S| = 2mn —1. A
product decomposition S = Hifoz S, having the properties described in Lemma 3.14.2



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A8 31

will be called a canonical product decomposition of S. If not stated otherwise, we always
numerate the sequences in such a way that |Sy| =2m — 1 and |S1| = ... = |San_2| = m.

Lemma 8.2. Let G = Cly,y, ® Cyyy with m,n € Nso, ¢ : G — G the multiplication by n
and S € F(G) a minimal zero-sum sequence with length |S| = 2mn — 1. Suppose that n
has Property B and let S = HZZBQ S, be a canonical product decomposition of S. Then

H?f:oz o(S,) is a minimal zero-sum sequence in ker(p) and there exists a basis (e1,es) of
G such that

2n—2 r
H o(S,) = (me))" - H(aimel + mey)"
v=0 =1
where r € [L,n], t; > ...>t.>1,>" ti=n,ay,...,a. €[0,n—1] and >_;_ tia; =1

mod n.

Proof. Clearly, [[2",°¢(S,) is a minimal zero-sum sequence in ker(p) = C, ® C,. By
Theorem 4.3 there exists a basis (€], €}) of ker(y) such that

2n—2 r

H O'(S,,) = €I1n_1 . H(aie’l + 6/2)ti

V=0 i=1
where r € [L,n], t; > ... > ¢ > 1, ti=n,a,...,a, €[0,n—1] and > t;a; =1
mod n. Thus the assertion follows from Lemma 3.13. O

Lemma 8.3. Let G = C,y,y, ® Cpyy with m,n € Nxo, ¢ : G — G the multiplication by n
and S € F(G) a minimal zero-sum sequence with length |S| = 2mn — 1. Suppose that n
has Property B and let S = H?,Zf S, be a canonical product decomposition such that in
all decompositions

2n—2 r

I o(5.) = (me))" =" - [ J(aimer + mea)",

v=0 i=1
derived in Lemma 8.2, t1 is minimal possible. Then we have

L. If(ty=n—1andn > m+3) or (t, <n—m—1), then for every subsequence T' of S
with o(T') € ker(p) and |T| = m, we have either o(T) = mey or o(T) = ame; +mes
for some a € [0,n — 1].

2. If (t; € [n—m,n —2] and n > 3m), then there exists some A € [0,2n — 2] such that
for every subsequence T of Sy'S with o(T) € ker(¢) and |T| = m, we have either
o(T) =mey or o(T) = ame; + mes for some a € [0,n — 1].

3. If n > 6 and m = 2, then for every subsequence T of S with o(T) € ker(p) and
|T| = 2, we have either o(T) = 2ey or o(T) = 2ae; + 2ey for some a € [0,n — 1].

Proof. Let T be a subsequence of S ( resp. of S5'S for some A € [0,2n —2]) with o(T) €
ker(y) and |T'| = m. Without restriction we may suppose that 7' ¢ {Si,... ,Sa,—2}. Let
I'y € [0,2n — 2] (resp. Ty € [0,2n — 2]\ {A\}) be a minimal subset such that 7" divides
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[Licr, Si- Weset 'y = [0,2n —2]\T'y, W = T~ [[,., Si and [ = |T';|. By the minimality
of I'y we obtain that [ = |I'y| < |T| = m. Furthermore, (W) is a zero-sum sequence
with length
W) =318 = T] > [Ty m—m = (L= 1)m.
i€l

By Lemma 3.11 W = W, - ... - W,_3 - W’ where (W), ..., p(W,_3) are short zero-sum
sequences (in case [ < 3 we have W' = W). Since S = [[;cp, Si - T - W and since by
Lemma 3.12.1 all short zero-sum sequences of ¢(S) have length m, p(Wy),... ,o(W;_3)
have length m.

Now we distinguish two cases. Firstly, we suppose that 0 ¢ I'y. Then 0 € T'y, |W| =
(I — 1)m and p(W') is a zero-sum sequence of length 2m. Hence W’ = W;_yW,_; where
©(W,_3) and ¢o(W,_1) are zero-sum sequences with length m. Secondly, we suppose that
0 € I'y. Then |W| =Im — 1 whence |W'| = |W| — (Il — 3)m = 3m — 1. Thus by Lemma
3.1.2 W' = W;_oW,_1 where ¢(W,_5) is a short zero-sum sequence of length m. Since
©(S) is not a product of 2n zero-sum subsequences, it follows that (W) is a minimal
zero-sum sequence of length 2m — 1.

Therefore in both cases

-1
S = HSi-T-HWZ-
=1

i€y i=

is a canonical product decomposition and

S = <H a(si)> o(T)o(Wh) - ... - o(Wi_y)

1€l

is a minimal zero-sum sequence in ker(p).

1. (i) Suppose that ¢t; =n — 1 and n > m + 3. By the minimality of ¢; there are two
distinct elements o, 3 € ker(p) each occuring exactly (n — 1)-times in the sequence S.
Assume to the contrary that {me;, ayme; + mes} # {a, }. If v € {mey, ayme; +mes} \
{a, B} then we infer that

20— 1= 5] 2 v, (5) + va(S) + vs(5)
>n—-1-T)+n-1)+n—-1)>Mnm—-1-—m)+ (2n—2)
>2n —1,

a contradiction. Therefore, {me;, ayme; + mes} = {a, B} and the assertion follows.

1. (ii) Suppose that t; < n —m — 1. Then every element distinct to me; occurs at
most

tbh+(l—-1)<n-m-1+(1-1)<n-2

times in S. Since n satisfies Property B, there is some element o occuring (n— 1)-times in
S whence aw = me;. Thus either o(T') = me; or, by Proposition 4.1, o(T") = ame; + mes
for some a € [0,n — 1].
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2. Suppose that t; € [n —m,n — 2] and n > 3m. First we discuss how to choose a
suitable A € [0,2n — 2]. Since Y7 tja; =1 modn, Y70 t; =nand t; < n—2, it
follows that there exists some j € [2,7] such that a; # a; +1 mod n, say j = r. Choose

A € [0,2n — 2] such that o(S)) = a,me; + mea.

Let T be a subsequence of Sy - S with o(T) € ker(p) and |T| = m. Since n satisfies
Property B and by the minimality of ¢;, there exist two elements «, # such that « occurs
(n — 1)-times and 3 occurs at least t; > n — m times in the sequence S. Assume to the
contrary, that {a, 8} # {me;,ayme; + mey}. Then we infer that

2n — 1 =8| 2 va(S) + v5(S) + min{vine, (), Va,me, +mes (5) }
>n—-1)4+(n—m) +min{n —1—1Tq|,t1 — |Tq|}

>(n—=1)+m-—m)+(n—m—|I)
= (1= 1)+ (= m) + (n — 2m)
>2n—1

a contradiction, since n > 3m. Thus we obtain that {«, 5} = {me;,ayme; + mey}.
Assume to the contrary that o = ayme; + mey and 3 = me;. Since

(a,3) = (mey, mes) - (af é)

and ged{a;-0—1,n} = 1, it follows that {a, 8} is a basis of ker(¢) = C,&C,,. Since o(S))
occurs in S, Proposition 4.1.2.a implies that there exist a,b € [0, n—1] with gcd{b,n} =1
and o(Sy) = aa + b3. Since 3 occurs in S, it follows that b = 1 and we obtain that

a,me; +mey = 0(S)) = aa + b3 = a(ayme; + mey) + me; = (aay + 1)mey + amey

whence a =1 mod n and a, = a; + 1 mod n, a contradiction. Thus a = me; whence
Proposition 4.1 implies that o(7") has the required form.

3. Suppose n > 6 and m = 2. If t; =n —1 or t; < n — 3, the assertion follows from 1.
Suppose that t; =n — 2. Then

2n—2
H o = (2e))" 1 (2a1e; + 2e9)" % - (2age1 + 2e3) - (2ase; + 2e)

where ay, ag, a3 € [0,n — 1], ay # a1 # as, and

(Ha ) Yo (Wy) = b8l - B
i€l

where by, by € ker(yp), B € F(ker(y)) with |B] <2 and t) > n —2. We set I'1 = {\, u}
whence TW; = S)S,,.

If 2¢; ¢ {0(S)),0(S,)}, then (2¢;)" % | S and the assertion follows by Proposition
4.1. If 2e; = o(Sy) = 0(S,) and o(T) # 2e;1, then (W) # 2ey, Voo, (S) =n —3 > 3
whence b; = 2eq, a contradiction to ¢} > n — 2. If, say, 0(Sy) = 2e1, 0(5,) = 2a,e1 + 2ey
for some ¢ € [1,3] and o(T) ¢ {2e1,2ae; + 2e5} for some a € [0,n — 1], then o(W;) ¢
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{2e1,2ae;+2e5} for any a € [0

,n—1] whence v, (S) = n—2, n—3 < Vog, e, 42¢,(S) < n—
, a contradiction to max{vy(9) |

g €ker(p)}=n—1.

N

Proof of Theorem 8.1. Let G = (s, & Cy, with n > 6 and suppose that n satisfies
Property B. Let S € F(G) be a minimal zero-sum sequence with length |S| = 4n — 1.
We have to show that S contains some element with multiplicity 2n — 1.

Let ¢ : G — G denote the multiplication by n. By Lemmata 3.14 and 8.2 (with m = 2)
S has a canonical product decomposition S = [[>*,?S, where |Sy| = 3, [Si| = ... =
|San—2| = 2, and there exists a basis (fi, fa) of G such that

2n—2 r

[[ o5 = @nr Jle2h +20)" € Flker(e))
i=1
where r € [L,n], t; > ... >t >1,>" t;=n,a,...,a, € [0,n—1] and > ta; =1
mod n. Suppose that ¢; is minimal possible under all decompositions of this type.

Let (eq, e2) be any basis of G such that 2e; = 2f; and 2es € 2f5+(2f1). A basis having
these properties will be called suitable. For i € [1,2] we denote by p; : G = (e1) ® (e3) —
(e;) the canonical projection, and we set nG = {0, a, 3,7} = Cy & Cs.

By Lemma 3.14.1 we have 0 ¢ supp(¢(S)) whence S has the form S = 5,555, where
©(S5) = 0%l for every § € {a, 3,7}. Clearly, if v € [1,2n—2], then S, divides S5 for some
0 €{a,B,7}, ¢(So) = afy and |Ss] =1 mod 2 for every 6 € {a, 3,7} Let k,l,m € Ny
such that |S,| =2k +1, |Sg| = 2[4+ 1 and |S,| = 2m + 1.

Lemma 8.3.3 implies that for every subsequence T" of S with o(T") € ker(p) and |T'| = 2
we have

(1) cither o(T)=2e; or o(T)=2ae; +2ey for some a € [0,n — 1].

Let 0 € {a, 3,7} and S5 = H‘ 5'(@61 + u;e9) with all x;,u; € [0,2n — 1]. We assert
that

(2) {ui i€ [1, S]]} = 2.

Assume to the contrary, that (2) does not hold. Then we may suppose without restriction
that [{uy, ug, us}| = 3. Then u;+usg, uy+ug and us+ug are pairwise distinct. However, (1)
implies that uy +us+2nZ, uy +us +2nZ, us +uz+2nZ € {2nZ,2+2nZ}, a contradiction.
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Therefore we obtain that

k1 ko
So = H($i€1 + ues) H($k1+i€1 + u’eQ) where ki > ko >0, ki + ko = 2k + 1,

i=1 i=1
l1 l2

S,B = H(yiel + ’062) H(ylﬁ_iel + U/€2) where ll Z lQ Z 07 ll + lg =2 + 1,

i=1 i=1
mi m2

S, = H(ziel + wey) H(zmlﬂ-el +w'es) where my > my >0, my +me =2m + 1,
i=1 i=1

and all x;, y;, z;, u, v/, v, 0", w,w" € [0,2n — 1]. Obviously, ki, [l; and m; are non-zero.

We assert that
(3) kg,lg,mg € {0,1}

Assume to the contrary that ko > 2. Then k; > ky > 2 and (1) implies that 2u +
2nZ,2u' + 2nZ € {2nZ,2 + 2nZ} whence u,u’ € {0,1,n,n + 1}. Since u # «/, it follows
that u + 4 € {1,n,n + 1,n + 2,2n + 1} whence v + v’ + 2nZ ¢ {2nZ,2 + 2nZ}, a
contradiction to (1). Similarly, we argue for [y and ms.

Assume to the contrary, that at least two elements of {k;,l;,m;} are equal to 1, say
l1 = my = 1. This implies that lo = my =0, ky =4n — 1 — (ks + 11 + lo + mq + ma) >
dn—4 > 2, and by (1) we have 2u+2nZ € {2nZ,2+2nZ}. The number of v € [0, 2n — 2]
for which py(S,) # (uez)? is at most two. If 2u = 0 mod 2n, then the multiplicity of
2¢; in the sequence [[27,%0(S,) is at least (2n — 1) —2 > n — 1, a contradiction. If
2u = 2 mod 2n, then the multiplicity of 2¢; in the sequence H?:OQ o(S,) is at most two,
a contradiction.

Next we assert that
(4) 2nZ € {2u+ 2nZ,2v + 2nZ, 2w + 2nZ} # {2nZ}.

Since for every v € [1,2n — 2] S, divides Ss for some 0 € {a, 3,7} and because of (3) ,
the number of v € [0,2n — 2] for which py(S,) ¢ {(ues)?, (ves)?, (weq)?} is at most four.
Since the number of v € [0, 2n — 2| for which ¢(S,) = 2e; equals to n — 1 > 5, it follows
that 2nZ € {2u + 2nZ,2v + 2nZ, 2w + 2nZ}.

If 2u = 2v = 2w = 0 mod 2n, then the number of v € [0, 2n—2] for which o(p2(S,)) =
265, is at most four, whence n < 4 a contradiction.

Thus (4) holds and (1) implies the following facts: (k1 > 2 = 2u + 2nZ € {2nZ,2 +
2nZ}), (b > 2 = 2v + 2nZ € {2nZ,2 + 2nZ}) and (my > 2 = 2w + 2nZ € {2nZ,2 +
2nZ}). Assume to the contrary, that k; > 2,1; > 2,my > 2 and that exactly two of the
values 2u, 2v, 2w are congruent to zero modulo 2n, say 2u = 2v =0 mod 2n and 2w = 2
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mod 2n. Since, by (1),

ky=0 or (ks=1landu+u =2 mod 2n)
lb=0 or (b=1landv+v =2 mod 2n)
me=0 or (my=1landw+w =0 mod 2n)

it follows that
ke =0 or (2u'=4 mod 2n)
lo=0 or (20'=4 mod 2n)
me=0 or (2w’ =-2 mod 2n)

whence 2u+20+2w+2nZ € {0,4} +{0,4} +{2, -2} +2nZ = {2,6, 10, —2} 4+ 2nZ where
u € {u,u'},v € {v,v'} and W € {w,w'}. Therefore 20(p2(Sy)) € {2,6,10, —2}e5. On the
other hand we have o(Sy) € {2f1,a;2f1 + 2f> | i € [1,r]} whence o(p2(Sy)) € {0,2e5}
and thus {0,4} + 2nZ N {2,6,10, —2} + 2nZ # (), a contradiction to 2n > 12.

Assume to the contrary that 1 € {kq,l1,mq}, say my = 1, and 2u = 2v mod 2n. If
2u = 2v = 2 mod 2n, then the number of v € [0,2n — 2] with ¢(S,) = 2¢; is at most
three, a contradiction. If 2u = 2v = 0 mod 2n, then the number of v € [0,2n — 2] for
which o(pa(S,)) = 2ey is at most four, a contradiction.

All these considerations show that we may suppose without restriction that k; > 2,
l1 >2,2u=0 mod 2n, 2v =2 mod 2n and (either 2w =2 mod 2n or my = 1).

Our next aim is to choose a special suitable basis (ey, €2). The number of v € [0, 2n —2]
with pa(S,) # (ues)? but o(pa(S,)) = 0 is at most three whence k; > 2(n — 1 — 3) =
2n — 8 > 4. Since 2u = 0 mod 2n, (1) implies that z; + z; = 2 mod 2n for each two
distinet 4,5 € [1,k1]. This implies that 1 = ... = 2, = x € [0,2n — 1]. Lemma 3.8.1
implies that 2n = ord(ze; + uey) whence ged{x,u,2n} = 1. Since (2xe;) occurs in the

sequence [[2";° (S,), it follows that 2ze, = 2¢; whence z € {1,n + 1}.

If u =0, then

(61,6) = (wer, e2) = (er, e2) (aor (1)>

is a basis of G with 2¢; = 2¢; for i € [1,2]. Suppose u = n. Then ged{z,n} = 1 whence
there are 2/, n’ € Z such that z2’ — nn’ =1 and

o1 €49 / / x n
(61,62) = (:pel +ney,ne; +x 62) = (61, 62) . (n x’)
is a basis of G with 267 = 2e; = 2f; and 26; € 2e5 + (2e1) € 2f5 + (2f1).

Thus (€1, €2) is a suitable basis and we may write all elements of S = 5,545, with
this new basis. We get new coordinates z;, y;, z;, u = 0, o, U, v, @ and w'. For simplicity
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of notation we omit all , write (e, e2) instead of (€7, €2) and so on. In new notation we
obtain that

ko

(5) S = 6’;1 : H(.Ik1+i€1 + U/GQ) . Sg : S,y.

i=1
We distinguish the cases m; > 2 and m; = 1.

Case 1: k1 > 2,11 > 2,m; > 2. Without restriction we suppose that I > msy. Recall
that u =0 and 2v = 2w = 2 mod 2n whence v,w € {1,n + 1}.

We assert that
(6) v =w.

Assume to the contrary that v # w. Since 2v = 2w = 2 mod 2n, it follows that
{v,w} = {1,n + 1}. Since v’ # u = 0, v # v/, w # w', (1) implies that (ky = 0
oru' =2), (I =0o0rv+v =0 mod2n) and (me = 0 or w+ w' = 0 mod 2n).
Thus if w € {u,u'}, v € {v,v'} and W € {w,w'}, thenu+7+w € {0,2} + v+ W €
{0, 2} +{v+w,v+w vV +w,v+w'} ={0,2} +{n+2,n,n—2} = {n—2,n,n+2,n+4}.
Thus o(p2(Sy)) € {n—2,n,n+2,n+4}ey. On the other hand we have o(p2(Sp)) € {0, 2es}
whence {0,2} +2nZ N {n —2,n,n+2,n+ 4} + 2nZ # 0, a contradiction to n > 6.

We distinguish six cases.

Case 1.1: ky =l = my = 0. Then [; +m; is even.

We have

Iy my

S = e]fl . H(yiel + veg) - H(ziel + ves).

i=1 i=1
Since S is a zero-sum sequence, it follows that (I;+mq)v =0 mod 2n whence l;+m; =0
mod 2n and l; + my = 2n. Thus k; = 2n — 1 and the assertion is proved.
Case 1.2: ky = 0,1, = my = 1. Then l; + m, is even.

Since v # V', w # w’ and 2v = 2w = 2 mod 2n, (1) implies that v +v' =w +w' =
mod 2n. Since v = w, we infer that either

(v=w=landv =w'=2n—-1) or (v=w=n+1land?v =w" =n-1).

Since S is a zero-sum sequence, we have [;v +mjw + v +w’ =0 mod 2n. Therefore we
obtain that (I + m1)v—2 =0 mod 2n, [; + m; =2 mod 2n and [, +m; € {2,2n+ 2}.
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Since k; = 4n — 1 — (I3 + my + ls + my), we have [y + my = 2n+ 2 and k; = 2n — 5.
Therefore we obtain that either
2n+2

= €1n b H (yie1 + €2) - (dreg — e3) - (daey — €3)

or
2n-+2

S =en? H (yier + (n+ 1)eg) - (diey + (n — 1)ey) - (daeg + (n — 1)es)
i=1

where in both cases dy = y;, 41 and dy = 2,41 € [0,2n — 1] whence d; # d.

We consider the first case. If T"is a non-empty proper subsequence of [[; ”+2(yi61 +

es) - (die; — e3) - (deey — e3) such that o(py(T')) = 0, then o(p1(T)) € {1,2,3,4}e;. This
implies that for every ¢ € {1,2} and every j € [1,2n + 2] we have d; + y; + 2nZ €
{1,2,3,4} + 2nZ. Since dy +ds +yj +y; +2nZ € {1,2,3,4} + 2nZ and n > 6, it follows
that d; + y; +2nZ € {1,2,3} + 2nZ. If d; + y; =3 mod 2n, then dy +y; =1 mod 2n
foralli € [1,2n+ 2]\ {j} whence y1 = ... =yj_1 = Yj11 = ... = Yons2 and (yre5 + 2)*"
is a zero-sum subsequence of S, a contradiction. The same

argument works for dy + ;.

Thus d; +y; + 2nZ € {1,2} + 2nZ for all i E [1 2] and all j € [1,2n + 2]. This implies
that [{y1,... ,Yons2}| < 2, say HQ";FQ Y = y1 y2 with hy > hy > 0. Since S is a minimal
zero-sum sequence, it follows that hy > 3. After a suitable renumeration we may suppose
that dy+y; =1 mod 2n. Then it follows that do +y; =2 mod 2n, d; +y2, =2 mod 2n
and dy + yo = 1 mod 2n whence 2y; = 3 — dy — dy = 2y, mod 2n. For i € [1,2] we
choose even h, € [0, h;] with A} + hl, = 2n. Then

!/

hl,
Riyr + hhys = Ry + = 5 2(2y1) = y1 (k) +hy) =0 mod 2n
whence (yie; + eg)hll - (yo€1 + 62)hl2 is a zero-sum subsequence of S, a contradiction.
Arguing in a similar way in the second case we obtain again a contradiction.

Case 1.3: ky = 0,1l =1, my = 0. Then [; + my is odd.

As in Case 1.2 we have v #£ v/,2v = 2 mod 2n and v + v = 0 mod 2n. Since S is

a zero-sum sequence, we have 0 = ljv + myw +v' = (I + my)v — v mod 2n whence
l{ +m; =1 mod 2n and thus [; + m; = 2n + 1. Therefore we obtain that either
2n+1

=" H yier + e2) - (dey — e)

or
2n+1

S = 23 H yier + (n+ 1)ea) - (dep + (n — 1)ey)

=1
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where d = y;, 41 € [0,2n — 1].

We consider the first case. If T is a non-empty proper subsequence of H?Zfl(yiel +

es) - (dey — e2) such that o(p2(7)) = 0, then o(p1(T)) € {1,2}e;. Thus d + y; + 2nZ €
{1,2} + 2nZ for every i € [1,2n + 1]. This implies that [{y1,... ,y2ns1}| = 2, and we
set Hfﬁfl Y = yi“yé” with hy + hy = 2n 4+ 1. Since S is a minimal zero-sum sequence,
it follows that hi, hy € [2,2n — 1]. After a suitable renumeration we may suppose that

d+ 1y = 1 mod 2n, and clearly we have hiy; + hoys +d = 3 mod 2n. Therefore,
d+ 1y, = 2 mod 2n, hiy; + hoys — y1 = 2 mod 2n, hiy; + hoys — yo = 1 mod 2n,
Yo — 1 = 1 mod 2n, hyy; + (2n — hy)ya =1 mod 2n, hi(y; —y2) =1 mod 2n whence

hi1 = —1 mod 2n. This implies that hy = 2n — 1 and the assertion is proved.

Arguing in a similar way in the second case we obtain again the assertion.

Case 1.4: ky =1y = mg = 1. Then [} + m; is even.

Since 0 =u # v and (u+ v =0 or u+u =2 mod 2n), it follows that v’ = 2. As in
Case 1.2 we infer that either

(v=w=1land v =w'=2n—-1) or (v=w=n+land?v' =w =n-1).
Since S is a zero-sum sequence, we have ljv+mjw+u'+v'+w’ =0 mod 2n, (l1+m)v =0

mod 2n and I} +my = 2n. Thus ky =4n — 1 — (I; + my + ko + Iy + m2) = 2n — 4 and

2n

S = el [ [(wier + vea) - (dier — ves) - (daey — ve) - (dzeq + 2e)

=1

where dy, dy, d3 € [0,2n—1] and d; # dy. Arguing as in Case 1.2 we obtain a contradiction.

Case 1.5: ky =15 =1,my = 0. Then l; + m, is odd.

As in Case 1.4 we conclude that ' = 2, v +9v' =0 mod 2n and either
v=w=1 or v=w=n+1.

Since S is a zero-sum sequence, we have v/ + L1v + mw +v' =24+ (I3 + my — 1)v =0
mod 2n whence l; + m; = 2n — 1 and
2n—1
S =" [ (wier + vea) - (dies — ves) - (daer + 2e5)
i=1
where d; = xy, 41 and dy = y;, 41 € [0,2n—1]. For every i € [1,2n—1] we have d; +y; = 1
mod 2n. This implies that y; = ... = y2,_1, and the assertion follows.

Case 1.6: ky = 1,15 = mo = 0. Then [; + mq is even.

As in Case 1.4. we conclude that v/ = 2. Since S is a zero-sum sequence, we infer
that (I; + mi)v+2 =0 mod 2n whence l; + m; = 2n — 2. This implies that k; = 2n, a
contradiction.
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Case 2: k1 > 2,11 >2,m; =1.

Since mq > my and my + my is odd, it follows that mo = 0. Recall that [; 4+ [, is odd
and that 2v =2 mod 2n whence v € {1,n + 1}. We distinguish four cases.

Case 2.1: ky = Iy, = 0. Then [; is odd.

We have
lh
S = elfl : H(yzﬁ + vez) - (z1€1 + wez),
i=1
p2(So) = 0 - (vey) - (wesa), a(p2(Sp)) € {0,2e3}, and since S is a zero-sum sequence, we
infer that [;v +w =0 mod 2n.

Firstly, we suppose that a(p2(Sp)) = 2e2. Then v+w =2 mod 2n and (I; —1)v+2=0
mod 2n. Thus it follows that [; +1 =0 mod 2n whence [; = 2n — 1. This implies that
ki1 = 2n — 1 and the assertion is proved.

Secondly, we suppose that o(p2(Sp)) = 0. Then v +w = 0 mod 2n, (I; — 1)v =0
mod 2n whence [; = 2n + 1 and k; = 2n — 3. Then zie; + yie; € {e1,2e;} for all
i € [1,2n + 1] and, after renumeration, [[-"7" i = y"y4? with hy, hy € [2,2n — 1] and
hy + hy = 2n + 1. Without restriction we suppose that z; +y; = 1 mod 2n. Then
21+ y2 = 2 mod 2n, hiyr + hays — y1 = 2 mod 2n, hiy; + hayo — 2 = 1 mod 2n,
yo—y1 =1 mod 2n, hiys +(2n—hy)ys =1 mod 2n and hq(y;3 —y2) =1 mod 2n. Thus
hi = —1 mod 2n, h; = 2n — 1 and the assertion is proved.

Case 2.2: ks =0 and I, = 1. Then [; is even.

Then v + ¢ = 0 mod 2n, and we have either ps(Sy) = 0 (veg) - (wey) or pa(Sy) =
0-(v'e2)-(weg). Since S is a zero-sum sequence, we have 0 = kyu+lv+v'+w = (L —1)v+w
mod 2n.

Case 2.2.1: pa(Sy) = 0- (vea) - (weq). Then v + w + 2nZ € {2nZ,2 + 2nZ}.

Firstly, we suppose that v +w =0 mod 2n. Then 0 = (I; — 2)v mod 2n, [} —2=0
mod 2n whence [; = 2n + 2. Therefore
2n—+2
S =e" " H (yie1 + vea) - (Yaniszer — veg) - (2161 — veg).
i=1

Since yon13 # 21, we may argue as in Case 1.2 and obtain a contradiction.

Secondly, we suppose that v +w =2 mod 2n. Thus v +w = 2 = 2v mod 2n whence
v = w. Thus we obtain that 0 = lyv mod 2n and [; = 2n. Therefore
2n

S =23 H(yiel + vey) - (Yanr1€1 — ves) - (2161 + vea).
=1
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Thus S has the same form as in the second part of Case 2.1 and the assertion follows.

Case 2.2.2: py(Sy) =0- (v'eq) - (wez). Then v' +w + 2nZ € {2nZ,2 + 2nZ}.

Firstly, we suppose that v +w = 0 mod 2n. Since v + v = 0 mod 2n, we obtain
v=w, [{,v =0 mod 2n and [; = 2n. Thus we come to a situation which we have already
discussed.

Secondly, we suppose that v'+w =2 mod 2n. Thus 20 =2 = w—v mod 2n, w = 3v
mod 2n, 0 = ([;4+2)v mod 2n, [; = 2n—2 which implies k1 = 4n—1—(l;+lo+mq+my) =
dn—1—(2n—2+1+1) =2n — 1 and the assertion is proved.

Case 2.3: ky =1 and [ = 0. Then [; is odd.

Since 0 = u # v/ and (u+u =0 or u+u' =2 mod 2n), it follows that v’ = 2. Since S
is a zero-sum sequence and 2v = 2 mod 2n, we infer that 0 = v/ +lv+w = ([; +2)v+w
mod 2n.

Case 2.3.1: pa(Sy) = 0- (vey) - (weg). Then v + w + 2nZ € {2nZ,2 + 2nZ}.

Firstly, we suppose that v +w =0 mod 2n. Then 0 = (I; + 1)v mod 2n, 0 =1; + 1
mod 2n and [y = 2n — 1. Then k; = 2n — 2 and
2n—1
S = eI (zp, 4161 + 2€9) - H (yie1 + vey) - (21 — ves).
i=1
Since S is a minimal zero-sum sequence, it follows that z; + y; = 1 mod 2n for every
i €[1,2n — 1] whence y; = ... = ya,_1 and the assertion is proved.

Secondly, we suppose that v +w =2 mod 2n. Thus v +w =2 = 2v mod 2n whence
v = w, and we obtain that (I; + 3)v =0 mod 2n, l; +3 =0 mod 2n and l; = 2n — 3.
Then k1 =4n — 1 — (ko + 1 + I + my + ms) = 2n, a contradiction.

Case 2.3.2: pa(Sp) = (2e9) - (vey) - (wey). Then 2+ v +w + 2nZ € {2nZ,2 + 2nZ}.

Firstly, we suppose that 2+v+w =2 mod 2n. Then (;+1)v =0 mod 2n, ;1 +1 =0
mod 2n and {; = 2n — 1. Then k; = 2n — 2 and
2n—1
S =" (zp, 4101 + 2e3) - H (yie1 + vey) - (21 — veg).
i=1

Now the assertion follows as in Case 2.3.1.

Secondly, we suppose that 2+v+w =0 mod 2n. Then w = —3v mod 2n, (I1—1)v =0
mod 2n and [y = 2n + 1. Then £k = 2n — 4 and

2n+1
S=ei" (e + 263) - H (yier + vez) - (2161 — 3ves).

=1
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Since S is a minimal zero-sum sequence, it follows that y; +zx, 11 + 21 +2nZ € {1,2,3} +
2nZ for every i € [1,2n+ 1] whence [{y1,... ,y2nt1}| < 3. Since S is a minimal zero-sum
sequence, it follows that [{y1,... ,yons1} > 1.

Suppose that [{y1,... ,yeni1}| = 2, say [[27 v = yi'yb> with hy, hy € [1,2n] and

hi+he = 2n+1. Since S is a minimal zero-sum sequence, we have hy, hy € [2,2n —1]. If
{h1,h2} = {2,2n—1}, then we are done. Assume to the contrary that hy, he € [3,2n—2].
Since 2z, + 3y1, 21 + 2y1 + Y2, 21 + Y1 + 2y2, 21 + 3y2 are congruent to 1,2 or 3 modulo 2n, it
follows that either 2y; = 2y, mod 2n or 3y; = 3y, mod 2n. On the other hand, we have
distinct ¢, j € {1, 2} such that y; —y; +2nZ = (y; + g, 11 +21) — (Yj + Thy 41+ 21) +2nZ €
{1,2} + 2nZ, a contradiction.

Suppose that [{y1,... ,y2ns1}| = 3, say Hf:fl Yy = yyl2yls with by, hy, hs € [1,2n—1]

and hi+ho+hs = 2n+1. After renumerating if necessary we obtain that xy, 11+214+y; =1
mod 2n for every i € {1,2,3} whence yo = y14+1 mod 2n and y3 = y;+2 mod 2n. Since
S is a minimal zero-sum sequence, we obtain that 21 +y,, + Yy, + ¥, +2nZ € {1, 2,3} +2nZ

for every subsequence ¥, y,,Y., of Hf;’f Yy, If hy > 3, then Y3, Yy, yiys and yiyoys are

subsequences of H?grl Y;, but their sums 3y1, 2y; +y2, 2y1 +y3 and y; +y2 +y3 are pairwise
incongruent modulo 2n, a contradiction. Thus h; < 2. Similarly, if A3 > 3, then then we
get sums 3ys, 2ys + y2, 2ys + y1 and y; + yo + y3 which are pairwise incongruent modulo
2n, a contradiction. Thus hq, hs € [1,2] and hy > 2n — 3 > 3. If h; > 2, then we get
sums 2y1 + Y2, 2y1 + Y3, Y1 + Y2 + y3, 3y2 which are pairwise incongruent modulo 2n, a
contradiction whence h; = 1. Similarly, we obtain that h3 = 1. Thus hy = 2n — 1 and

the assertion is proved.

Case 2.4: ky = I, = 1. Then [; is even.

As in Case 2.3 we have v/ = 2 = 20 mod 2n. Since v +9v' =0 mod 2n and S is a
zero-sum sequence, we infer that 0 = v’ + lLv+v +w = (I + 1)v + w mod 2n. Then

I

S = ellﬁ : ($k1+1€1 + 2?162) : H(yiel + U€2) ) (yzl+1€1 — 7162) : (3161 + wez)
=1

whence p2(Sp) has one of the following four forms: 0- (ves)- (wez),0- (—ves) - (wez), (262) -
(vea) - (weg), (262) - (—ves) - (weg). We distinguish four cases.

Case 2.4.1: py(Sy) = 0- (vey) - (wes). Then v +w + 2nZ € {0,2} + 2nZ.

Suppose v + w =0 mod 2n. Then l;v =0 mod 2n whence [; = 2n and

2n

S = e%"_‘l - (Ton—s€1 + 2vey) - H(yiel + ves) - (Yant1€1 — vea) - (2161 — veg).
=1

Since y9,11 # 21, this situation has already been discussed in Case 1.4.
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Suppose v + w = 2 mod 2n. Then v = w, 0 = (I; + 2)v mod 2n and [} = 2n — 2.
Thus

2n—2
S =" (wan_te1 + 20e3) - ] (wier + vea) - (Yan—re1 — ves) - (z1e1 + vey)
i=1
with 21 € {y1,... ,Yon_2}. Thuseither ys, 1+y; Z1 mod 2n or ys,_1+21 # 1 mod 2n,
and S has a proper zero-sum subsequence, a contradiction.

Case 2.4.2: py(Sy) =0 (—veg) - (wez). Then —v + w + 2nZ € {0,2} + 2nZ.
If v = w, then we obtain a contradiction as in the second part of Case 2.4.1.

Suppose that —v + w = 2 mod 2n. Then w = 3v mod 2n, 0 = (I; + 4)v mod 2n,
li=2n—4and k; =4n — 1 — (ky + l; + ls + my + my) = 2n, a contradiction.

Case 2.4.3: pa(Sp) = (2e3) - (vea) - (wez). Then 2+ v + w + 2nZ € {0,2} + 2nZ.
If 2+v+w=2 mod 2n, then we argue as in the first part of Case 2.4.1.

Suppose 2 +v +w = 0 mod 2n. Then w = —3v mod 2n, 0 = (I; — 2)v mod 2n,
[ =2n 4+ 2 and

2n+2
S = e%”_ﬁ (Top_se1 + 2vey) - H (yie1 + ves) - (Yonszer — ves) - (2161 — 3ves).

i=1
Since S is a minimal zero-sum sequence, it follows that [{y1,... ,yan+2}| > 1.

Suppose that [{y1,...,y2n12}| = 3. Then without restriction we may suppose that
Yonts + Yonso + 2nZ € {3,4,5} 4+ 2nZ. If {y1,... ,yons1}t| = 3, say [{v1,y2,93} = 3,
then 21 +y1 + Y4 + ys5, 21 + Y2 + ys + Y5, 21 + Y3 + Y4 + y5 are pairwise distinct whence
214yj+ystys+2nZ € {3, 4,5} +2nZ for some j € [1, 3] and yon13+21+Yont2+yj+ya+ys €
{6,7,8,9,10} 4+ 2nZ whence S contains a proper zero-sum subsequence, a contradiction.
Thus we may suppose that HZZZTI y; = y!yh? with hy, hy € [2,2n — 1]. Assume to the
contrary that hy, he € [3,2n —2]. If 3y1, 2y1 + yo, y1 + 2y are pairwise distinct, we obtain
a contradiction as before. Hence 2y; = 2y, mod 2n. Since 2[%] 4 2[22] = 2n, it follows

that 2[2]y; + 2[%2]y. = 2ny; =0 mod 2n whence (yie; + veg)Q[h_zl}) - (yae1 + U62)2[h72]) is
a zero-sum subsequence of S, a contradiction.

Suppose that |{y1,... ,yani2}| = 2, say Hfﬁf Y = y{“yé” with hy, hy € [3,2n — 1].

Assume to the contrary that hy, he € [4,2n—2]. Since y1 +Yont3+2nZ, Yo+ Yoni+3+2nZ €
[1,5]4+2nZ are distinct, we may suppose that yo,+3+y1+2nZ € [2,5]+2nZ. Then the four
numbers zy + 3y, 21 + 2y1 + Y2, 21 + Y1 + 29, 21 + 3y2 are congruent to 1,2 or 3 modulo 2n
(otherwise, the sum of one of these elements and yo,,+3 + 1 would not lie in [1, 5] modulo
2n). Thus 2y; = 2y, mod 2n or 3y; = 3y, mod 2n. If 2y; = 2y, mod 2n, we obtain
a contradiction as above. Suppose 3y; = 3y mod 2n. Then 3 | n, 3[4] + 3[22] = 3n,
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>

1

3%y + 3[2]y, = 2ny; = 0 mod 2n whence (y1eq + veo)?37) - (yae1 + ve2)3[h3_2]) is a
zero-sum subsequence of S, a contradiction.

Case 2.4.4: py(Sp) = (2e3) - (—vea) - (wez). Then 2 — v + w + 2nZ € {0,2} + 2nZ.

If 2—v+w=2 mod 2n, then v = w and we obtain a contradiction as in the second
part of Case 2.4.1.

Suppose that 2 —v+w =0 mod 2n. Then 0 =2v — v+ w = v+ w mod 2n and we
argue as in part one of Case 2.4.1.
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