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Abstract

For certain choices of the coefficients a, b, ¢ the solutions of the Diophantine equation az*+by* =
cz? in Gaussian integers satisfy zy = 0.

1. Introduction

2 is called trivial if zg = 0 or 3o = 0.

The solution (xq, 4o, z0) of the equation az* 4 by* = cz
P. Fermat showed that the equation z* + y* = 22 has only trivial solutions in integers. D.
Hilbert [2] extended this result by showing that the equation x% + y* = 22 has only trivial
solutions in a larger domain, namely in the integers of Q(v/—1). In fact from his proof, it

follows that the equation z* — y* = 22 also has only trivial solutions. J. T. Cross [1] gave

a new proof for Hilbert’s result. We consider the following eight equations z* + my* = 22,
where m = 42", 0 < n < 3. The equations z* — 2y* = 22, y* 4+ 8y* = 22 have nontrivial
solutions in integers as shown by the solutions (3,2, 7), (1,1, 3), respectively. We will show that
the remaining six equations have only trivial solutions in the integers of the quadratic field
Q(v/—1). The m = %1 case is covered by Hilbert’s result, so we will deal only with four cases.
It is worthwhile to point out that the equation z* 4 2y* = 22 has nontrivial solution in Z[v/£2],

as the solution (1,+/£2,3) shows.

It is proved in [3], among various similar results, that the equation x* — py* = 22 has only

trivial solutions in integers, where p is a prime p = +3, -5 (mod 16). We will show that the

2 2% — p3y* = 22 have only trivial solutions in the Gaussian integers,

where pis a primep =3 (mod 8). We would like to point out that the equations x4 +py* = 22,

equations z* — py? = 2

r% + p?y* = 22 have nontrivial integer solutions when p = 3 as shown by the solutions (1,1, 2),

(2,1,5), respectively.
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It is shown in [4] (Theorem 117, p. 230), that the equation 2* — y* = pz? has only trivial
solutions in integers, where p is a prime p = 3 (mod 8). It is shown in [3] (p. 23) that the

4 _ py* = 22 has only trivial solutions in integers, where p is a prime p = +3, -5

equation T
(mod 16). Motivated by these results, we will show that the equations z* —y* = pz?, 24 —p?y* =

2% have only trivial solutions in Gaussian integers if p is a rational prime p =3 (mod 8).

We list the properties of Q(v/—1) which play part later. Let i = /=1 and w = 1 +4. The
ring of integers of Q(i) is Z[i] = {u + vi : u,v € Z} which is a unique factorization domain.
The units of Z[i] are 1, i, —1, —i. The norm of w is 2 and consequently w is a prime in Z[i].
The prime factorization of 2 is (—i)w?. We will use the ideals formed by the Gaussian integer
multiples of w™, 1 < n < 6. Note that w?, w*, W% are associates of 2, 4, 8, respectively, and so
they span the same ideals. We will prefer to use the terminology connected with congruences

instead of with ideals.

We will use the next observation several times. If o is an integer in Q(v/—1) and a = 1
(mod w), then a? = (mod w?) and a* =1 (mod w%). In order to verify the first claim,
write « in the form a = kw + 1, where k € Z[i] and compute o?. Since o? = k*w? + 2kw + 1,
it follows that a?> = 1 (mod w?). In order to verify the second claim write o in the form
a = kw? +1, k,1 € Z[i] and compute a.

ot = (kw®)* + 4(kw?)31 + 6(kw?)?1* + 4(kw?)1® + 14

This shows that a* =1* (mod w®). Since 0, 1, i, 1 + 4 form a complete set of representatives
modulo w? and since « = 1 (mod w) we can choose [ to be either 1 or i. Therefore a* = 1

(mod w?).

2. The equation z* — dy* = 22
Theorem 1. Let p be a rational prime p =3 (mod 8) and let d = p or d = p3. The equation

z* — dy* = 22 has only trivial solution in Z[i].

Proof. We divide the proof into 5 smaller steps.

4

1) If (20, vo, 20) is a nontrivial solution of the equation 2* — dy* = 22, then we may assume
Y Y y

that zq, yo, 2o are pairwise relatively primes.

Let (x0,y0,20) be a solution of the equation z* — dy* = 22.

N(x0)N(yo)N(z0) the height of the solution. Here N(u) is the norm of u. Choose a nontrivial

solution (zg, Yo, z0) such that the height of the solution is minimal.

We will call the quantity

Suppose first that x¢ and yg are not relatively prime. Let g be the greatest common divisor

of 29 and yo in Z[i]. As xg # 0, it follows that g # 0. Dividing 2§ — dyg = 22 by g* we get
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(20/9)* — d(yo/9)* = (20/9%)?. This equation holds in Q(i). The left hand side of the equation
is an element of Z[i]. Consequently the right hand side of the equation belongs to Z[i]. Thus,
(0/9,v0/9,20/g%) is also a nontrivial solution of the equation x* — dy* = 22 in Z[i]. Clearly
the height of this solution is smaller than the height of (xo, yo, 20). Hence, we may assume that
xo and yo are relatively prime in Z[i]. We claim that if there is a prime ¢ of Z[i] such that g|z
and ¢|zg, then g|yo. In order to verify the claim assume that ¢ is prime that divides zy and
2. From the equation z3 — dyg = 22 it follows that ¢?|dya. If d = p, then g|yo because p itself
is a prime in Z[i]. If d = p?, then it may be the case that ¢ = p. But in this case p?|z¢ and
p3|dyg so p?|23, therefore p?|2o; hence, p*|22 and since p*|z¢, it follows that p*|dys and we can

conclude that plyo.

This violates that xg and yo are relatively prime. Similarly, if ¢lyo and ¢|zp, then g¢|zg
violating again that x¢ and yg are relatively prime. Thus we may assume that xg, yg, 2o are

pairwise relatively prime.

(2) Let (z0,v0, 20) be a nontrivial solution of the equation z* — dy* = 22 in Z[i] such that
Zo, Yo, 20 are pairwise relatively prime. Note that at most one of zq, yg, 2o can be congruent
to 0 modulo w. We consider the following four cases. None of xg, yo, 2o is congruent to 0
modulo w and three cases depending on xg, Yo, 2o congruent to 0 modulo w respectively. Table

1 summarizes the cases.

To= | Yo= |20 =
case 1 1 1 1 (mod w)
case 2 0 1 1 (mod w)
case 3 1 0 1 (mod w)
case 4 1 1 0 (mod w)
Table 1

In case 1, the equation x§ — dys = 22 leads to the contradiction 1 —1 =1 (mod w). In
other words case 1 is merely the fact that “a sum of two odd numbers cannot be odd”, where
here, an odd number is a number which is not a multiple of w. We will use this fact several

times later without mentioning it explicitely.

In case 2, write the equation 2§ — dyg = 23 in the equivalent form dyj = (3 — 20) (23 + 20)
and compute the greatest common divisor of (z2 — 29) and (23 + z0). Let g be this greatest
common divisor. Then g|(z2 — 20), g|(z2 + 20) implies g|(223), g|(220). As g|(dyd), it follows
that g # 0. If ¢ is a prime divisor of g, then ¢ fw and so q|zo, ¢|z0. But this cannot happen

as xo and zo are relatively prime. Thus, ¢ = 1. The unique factorization property in Z[i| gives
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that there are elements a, b, A, B and a unit ¢ of Z[i] such that

x2 — 2 = ea’A, 2+ 20 =c "B

)

where
AB =d, a*bt = y;.

Further, A and B are relatively prime, and so we may assume that either A = 1, B = d, or

A =d, B =1. By addition, we get that
222 = ea*A+ e 1v*B

Let 29 = wlzy, t > 1,21 =1 (mod w). Writing z; in the form x; = kw + 1 and computing

2
$1,

22 = K2w? + 2kw + 1,
we get that 23 = w?(mw? + 1) with a suitable m € Z[i].

As alyg, it follows that @ = 1 (mod w). We then get that a* =1 (mod w®). Similarly,
b*=1 (mod w®).

We focus our attention on the equation
(—i)w?w? (mw? +1) = ca*A + 7 10*B

modulo w®. (We remind the reader that 2 = (—i)w?.) Let us first deal with the case when

A=dand B=1. If t =1, then the equation reduces to
—iw* =e(3) + 7! (mod ).

As € varies over the units of Z[i], we get the following contradictions.

wt = (1)(3) + (1) (mod w"),

If ¢t > 2, then the equation reduces to
0=¢(3)+ec ' (mod w®).

As e varies over the units of Z[i], we get the following contradictions.

0=(1)B)+(1) (mod w°),
0=())(3) + (=)  (modw®),
0= (~1)(3) + (~1) (mod &),
0=(—49)(3)+ (4) (mod w").
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The case when A = 1 and B = d can be settled in a similar way. This shows that case 2 is not

possible.

Next, we verify that case 4 is not possible either. We write zg in the form zg = wtz, t > 1,

z1 =1 (mod w). We focus our attention on the equation

s dyh = 2
modulo w?. Tt leads to the contradictions (1) — (3)(1) = w?, (1) — (3)(1) = 0 (mod w?)

corresponding tot =1 or ¢t > 2.

(3) In case 3, let (w1,w'yy, 21) be a solution of the equation z* — dy* = 22, where t > 1,

T =Y =21 = (mod w) and 1, y1, 21 are pairwise relatively prime. We will show that

In order to prove this claim, write z; in the form z; = kw? + 1, k,l € Z[i], and compute z?.
27 = K*w* + 2kw?l + 2.

From this it follows that 22 =12 (mod w?). Since the elements 0, 1, i, 1 + i form a complete
set of representatives modulo w?, and since 27 = 1 (mod w), we may choose [ to be 1, or i.
Consequently, 2% is congruent to 1 or —1 modulo w*. The equation x} — dwty} = 2% gives that

1=2? (modw'),andso z; =1 (mod w?).

(4) We will show that there are pairwise relatively prime elements xa, y2, 22 of Z[i], such

t

that 1o = y2 = 20 =1  (mod w) and (z2, w'~1ys, 20) is a solution of the equation x* —dy* = 22.

4t, 4 2
Y

1 = 2} in the form dwty] =

In order to verify the claim, write the equation x{ — dw
(22 — 21)(2? + 21), and compute the greatest common divisor of (2% — z1) and (2% + 21). Let
g be this greatest common divisor. As g|dw*y:, it follows that g # 0. Now g|(z? — 21),
g|(z? + z1) implies that g|2z%, g|2z1. If q is a prime divisor of g with ¢ fw, we then get q|z1,
q|z1. But we know that this is not the case as z; and z; are relatively prime. Thus, g = w?,
and 0 < s < 2 since g|2. By (3) 21 =1 (mod w?). This together with 22 = 1 (mod w?)
gives that (#2 — 21) =0 (mod w?), (23 + 21) =0 (mod w?). Therefore, g = w?. The unique

factorization property in Z[i] gives that there are relatively prime elements a,b € Z[i] such that
m% — 2z = wza, x% + 2, = W?b.

Let a = waj, b = w'by. So dwi'y} = w***4a;b;. By the unique factorization property in

Z[i], there are elements as, b2, A, B and a unit € in Z[i] for which

+2

22 — 2 = W' edl A, 23+ 2 = w27y B,

At=ut+v+4, ayby=vyi, AB=d.
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Here, ag, bo are prime to w, and A is prime to B. It follows that as =1 (mod w), bo =1
(mod w). We may choose A, B such that either A=d, B=1,or A= 1, B =d. By addition,
we get

222 = W27 1B3 B 4 W' eaj A.

After dividing by w?, we get
—ig? = We T DiB + w'caiA.

In the remaining part of the proof, we distinguish two cases depending on whether A = 1,
B=d,orA=d, B=1.

Let us deal with the case A = 1, B = d first. We distinguish two subcases depending on
whether u =0, v=4t —4,or v =0, u =4t — 4. When u =0, v = 4t — 4, we get

—iz? = w7 b3d + caj.
If 4t — 4 = 0, then this relation reduces to
—i=e'4+e (modw?).
But this is not possible as e + =0 (mod w?). Thus, 4t — 4 # 0. Now
—i=¢ (mod w?).
From this, it follows that e = +i. By multiplying it by —e we get
(ie)x? = w (e te)byd + (—€?)as3.

Note that ie is a square of an element of Z[i], say ie = 02. Thus (ag,w! " lbe,0m1), t > 2 is a

nontrivial solution of the equation z* — dy* = 22.

When v =0, u =4t — 4, we get
—iz} = e thyd + wteas.
If 4¢ — 4 = 0, then this reduces to
—i=e 4 (modw?).
But this is not possible as e7! + =0 (mod w?). Thus 4t — 4 # 0. Now

1

From this, it follows that € = 4+i. By multiplying it by e™", we get

(—ie™)at = (7*)bad + w' e e)a3.
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Note that —ie~! is a square of an element of Z[i], say —ie™! = o2

o%. Thus (w'™tag, by, 0x1),
t > 2 is a nontrivial solution of the equation 2* — dy* = 22. By (2), this is not possible. The

case A =d, B =1 can be settled in a similar way.

(5) Let (x0,%0,20) be a nontrivial solution of the equation z* — dy* = 22 in Z[i]. By (2),
there is a solution (z1,w'y;,21) with z1,y1,21 =1 (mod w), ¢ > 1. Choose a solution for
which ¢ is minimal. According to (4), there is a solution (x2,w!"tys, 22), where x9, 32,21 = 1

(mod w), t > 2. This contradicts the choice of ¢, and so completes the proof.

3. The equations z* — y* = pz? and 2* — p?y* = 22

Theorem 2. Let p be a rational prime p = 3 (mod 8). The equations % — y* = pz? and

x* — p?y* = 22 have only trivial solutions in Z[i].

Proof. We divide the proof into 11 steps. The first 3 steps deal with the equation z* —y* = pz2,

and the next 7 steps deal with the equation z* — p?y* = 22.

(1) If (z0, Yo, 20) is a nontrivial solution of the equation x* — y* = pz?, we may then assume

that zg, yo, zo are pairwise relatively prime.

Choose a nontrivial solution (xg, yo, 20) of the equation x% — y* = pz? with minimal height.
Suppose first that there is a prime ¢ in Z[i] such that q|zg, q|yo. From zg — yi = p2? it
follows that ¢*|pz2. If ¢ /lp, then ¢*|22. Now (z0/q)* — (v0/q)* = p(20/¢?)? shows that
(70/q, 40/, 20/q*) is a nontrivial solution of the equation z* — y* = pz2. The height of this
solution is smaller than the height of (zg,%0,20). This is a contradiction. If ¢|p, then ¢3|23.
Again we conclude that that ¢*|22 and then (z0/q,v0/q, 20/q*) is a nontrivial solution of the

4

equation x* — y* = pz2. The height again decreased. Thus we may assume that if (z0,yo, 20)

is a nontrivial solution of the equation z* — y* = pz?, then xy and vy, are relatively prime.

Next suppose that there is a prime ¢ in Z[i] such that ¢|zg, g|zo. It follows that g|yo. This

violates that xy and yo are relatively prime.

Finally suppose that there is a prime ¢ in Z[i] such that ¢|yo, q|z0. We get that g|xg. This

is a contradiction as xy and yg are relatively prime.

(2) Let (z0,v0, 20) be a nontrivial solution of the equation z* — y* = pz2 in Z[i] such that
Zo, Yo, 2o are pairwise relatively primes. Note that at most one of xq, 39, 20 can be congruent

to 0 modulo w. We consider the four cases summarized in Table 1.

We first show that case 1 is not possible. To do this, write 2z in the form zg = kw? + I,
k,1 € Z[i]. Computing 22, 22 = k?w?* + 2kw?l + % shows that 22 =12 (mod w?). As 0, 1, 4,

1+ is a complete set of representatives modulo w?, it follows that { can be chosen to be 1 or 3.
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From the equation zg — yg = p2z8, we get that 0 = 31> (mod w?*). But this is a contradiction
as [2 = +1.

We next show that case 3 is not possible either. Let yo = w'y;, where t > 1 and y; is prime

to w. Writing z in the form zq = kw? + 1, k,l € Z]i], from the equation x§ — wty? = p22, we

get that 1 = 312 (mod w?). In the case [ = 1, this leads to the contradiction 1 =3 (mod w?),
and so we left with the [ = i choice. Now writing 2z in the form 29 = rw* + s, r,s € Z[i] and

2

computing 232, 22 = r2w® + 2rwts + s? gives that 22 = 52  (mod w®). From zp =4 (mod w?),

it follows that we can choose s and s? in the way summarized by Table 2.

s i 24141 | 3¢ 2+ 31
s2 | =1 | 344 | -9 | =5+12¢

Table 2

From the equation x§ — wyf = 22, we get 1 + w?* = s? (mod w®). In the case t = 1, this

leads to the contradictions
1-4=-1 (mod w®), 1-4=3+4i (modw®).
In the case t > 2, we arrive at the contradictions
1=-1 (mod w®), 1=344i (mod w®).
(Note that Table 2 shows four possibilities but modulo w® = 8 there are only two posibilities.)

Finally, notice that multiplying the equation x§ — yg = pz2 by (—1) gives yg — x4 = p(iz0)?,

and so case 2 reduces to case 3.

(3) In case 4, let (21, y1,w'z1) be a solution of the equation 2% —y* = pz?, where t > 1, z; =
y1 =21 =1 (modw), and z1, y1, 21 are pairwise relatively primes. We will show that there
are pairwise relatively prime elements xa, Y2, 22 of Z[i] such that zo =y2 =20 =1 (mod w),

t—2 2

and either (w'=2wy, Yo, 20) or (22, w! 2ys, 20) is a solution of the equation x* — p?y* = 22.

In order to verify the claim, write the equation z{ — yf = pw?2? in the form pw?'z? =

(22 — y2)(2? + y?), and compute the greatest common divisor of (z? — y?) and (22 + y2). Let
g be this greatest common divisor. As g|pw?'2? it follows that d # 0. g|(2? — 3?), g|(2? + y?)
implies that g|2z%, g|2y?. If q is a prime divisor of g with ¢ fw, we then get q|x1, ¢ly:. But we
know that this is not the case as 1 and y; are relatively prime. Thus, ¢ = w® and 0 < s < 2

2

since g]2. As (22 —9?) = (23 +9y?) = 0 (mod w?), it follows that ¢ = w? The unique

factorization property in Z[i] gives that there are relatively prime elements a,b € Z[i] such that

2,2 2 2,2 2
i — Y] =w’a, ] +yi = wb.
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u+v+4

Let a = w'ay, b = w¥b;. So, pw?'2? = w a1b1. By the unique factorization property in

Zli], there are elements ag, b, as, bg and a unit € in Z[i] for which

2 2 ut2_ .2 2 2 v+2_—1;72
ry —Yy =w €ayasg, Ty + Yy =w € b2b37

2t =u+v+4, asbs = 23, asbs = p.

Here ag, by are prime to w. It follows that as = by =1 (mod w). By addition and subtraction,

we get
222 = w2 1b2bs + w"ea3as,

+2

2 = W27 1h2by — W' 2ea3as.

2y7 =

After dividing by w?, they give

N2 —1;2 2
(—i)z] = w’e "bsbs + w"eazas,

(—i)y? = w’e tb3bs — w'eazas.
By multiplying the two equations together and multiplying the result by €2, we get

—e?x?yl = w%b%bg — w2"a§a§.
We distinguish two cases depending on whether az = 1, b3 = p, or ag = p, b3 = 1. In the case
az = 1, b3 = p —e222y? = wPb3p? — w?aj we distinguish two subcases depending on whether
u=0,v=2t—4 oru=2t—4,v=0 Whenu=0,v=2t—4, we get —22y? = W 3b3p?—aj3.
Thus, (az,w!™2be,cx1y1), is a nontrivial solution of the equation x4 — p?y? = 22.
When u = 2t — 4, v = 0, we get —e2z3y? = bip® — W 8ai. Thus, (W' 2ag,be,cx1Y1), is a
nontrivial solution of the equation z* — p?y* = 22. The case az = p, b3 = 1 can be settled in a

similar way.

We now turn our attention to the equation z* — p?y* = 22.

2

(4) If (w0, Yo, 20) is a nontrivial solution of the equation z* — p?y* = 22, we may then assume

that zg, yo, zo are pairwise relatively prime.

Choose a nontrivial solution (g, o, 20) of the equation z* — p?y* = 2? with minimal height.
First suppose that x¢ and yg are not relatively prime. Let g be a greatest common divisor of x(
and yo in Z[i]. The left hand side of the equation (x¢/g9)* — p?(yo/9)* = (20/g*)? is an element
of Z[i] so the right hand side of the equation is an element of Z[i]. Therefore (z0/g,v0/9,20/9°)
is a nontrivial solution of z* — p?y* = 22. By the minimality of the height we may assume that

xo and yo are relatively prime.

Next suppose that there is a prime ¢ in Z[i] such that ¢|yo, ¢|zo. In this case we get ¢|zo.

This is a contradiction since xy and yg are relatively prime.
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Finally suppose that there is a prime ¢ in Z[i] such that q|xo, g|z0. It follows that ¢*|p®y;.
If qlyo, then ¢ and yo are not relatively prime. This is not the case so ¢ fyo. It follows that

q?|p?. Hence q and p are associates. Set zg = px1, 20 = pz1. From p*z; — p?ys = p?2; we get

Therefore (o, z1,421) is a nontrivial solution of the equation z* —p?y* = 22. By the minimality

of the height we may assume that xy and zy are relatively prime.

(5) Let (x0,%0,20) be a nontrivial solution of the equation z* — p?y* = 22 in Z[i] such that
Z0, Yo, 20 are pairwise relatively prime. We consider the four cases listed in Table 1. In case 1,

the equation zg — p?ys = 22 gives the contradiction 1 —1=1 (mod w).

(6) In case 2, multiply the equation x* — p?y* = 22 by (1) to get —z* + p?y* = (i2)?%. Let
(wi'z1,91,21) be a solution of the equation —x* + p?y* = 22, where t > 1, 2, =y = 2 = 1

(mod w) and z1, y1, 21 are pairwise relatively prime. We will show that z; =1 (mod w?).

In order to prove this claim, write z; in the form z; = kw? + 1, k,I € Z[i]. It follows that

22 =12 (mod w?), and we may choose | to be 1 or i. Consequently, z? is congruent to 1 or

—1 modulo w*. The equation —w*"x} + p?y} = 2? gives that 1 = 2? (mod w*), and so 2; =1

(mod w?).

(7) In case 2 let (w"z1,%1,21) be a solution of the equation —z* + p?y* = 22, where r > 1,
x1=y1 =2 =1 (modw) and z1, y1, 21 are pairwise relatively prime. We will show that

there are pairwise relatively prime elements zo, y2, 22 of Z[i] such that zo = yo = 20 = 1

4yt = 2,

r—1

(mod w) and (x2,w" 'yg, 22) is a solution of the equation z

4 _ y* = pz? corresponding

to cases 1-3. By step (2), no such solution exists, and so case 2 of equation z* — p?y* = 22 is

In short, case 2 leads to a nontrivial solution of the equation x

not possible.

4

From the equation w*x} = (py? — 21)(py? + z1), we can deduce that

(—i)pyt = w'e™ by + weas,

4t:u+v+4, a2b2:$il.

We distinguish two cases depending on whether u =0, v =4t —4, or u =4t —4, v =0. In
the case u = 0, v = 4t — 4, (—i)py? = w413 + ea3. If 4 — 4 = 0, then it reduces to
—i=e!'+e (mod w?). But this a contradiction as e +=0 (mod w?). The details are

given in Table 3.
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Table 3

Thus 4t —4 > 2, and —i = ¢ (mod w?). From this, it follows that ¢ = +i, that is, either

1 1

eE=14,e " =—i,0re=—i, ¢ =1 In the first case

(—i)pyt = w1 (—i)b3 + (i)a3,

2 At—4;4 4
by = w by — as,

4

and so (w'~1bs,as,y1) is a solution of the equation z* — y* = pz2. In the second case

(—i)pyt = w1 (0)b3 + (—i)a3,

2 _ At—4;4 4,
by = —w by + as;

4

hence (as,w! b, yy1) is a solution of the equation x* — y* = pz?. The case u = 4t —4, v = 0

can be settled in a similar way.

(8) In case 4, let (x1,y1,w'z1) be a solution of the equation z* — p?y* = 22, where t > 1,
r1=y1 =21 =1 (modw) and 1, y1, 21 are pairwise relatively prime. It follows that z; =1

(mod w?).

(9) In case 3, let (x1,w'y1, 21) be a solution of the equation x% —p?y* = 22, wherer > 1, 1, =
y1 =21 =1 (modw), and x1, y1, 21 are pairwise relatively prime. We will show that there
are pairwise relatively prime elements 3, Y2, 22 of Z[i] such that 2o = y2 =20 =1 (mod w),
"lag, Y2, 22), or (wg,w" ! 2

and either (w Yo, 22) is a solution of the equation z* — p?y* = 22.

Form the equation p?w*yf = (22 — 21)(2? + 21), we deduce again that

(—i)z] = w'e 1bybs + wcazas,

41}:’U,+’U+4, agbgzy%v a3b3 :p2'
As a3 and b3 are relatively prime, we may assume that there are two cases depending on whether
as =1, b3 = p?, or ag = p?, bs = 1. In the case az = 1, b3 = p?,

(—i)2? = w'e 1b3p® + wheas.

We distinguish two subcases depending on whether u = 0, v = 4t — 4, or u = 4t — 4, v = 0.
When u = 0, v = 4t — 4, we get (—i)z? = w47 1b3p? + caj. If 4t — 4 = 0, then this reduces
to —i =e¢ !+¢e (mod w?), which is not possible. Thus 4t —4 > 2 and (—i) = —e (mod w?).
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From this, it follows that € = +4, that is, either e =i, e 7! = —i or ¢ = —4, e~ ! = 4. In the first
case, we get
(—i)zi = Wt (=i)bp” + (i)az,

2 it
—ry = b2p +a2

Thus (az,w! 1hs,ix1), is a nontrivial solution of the equation x* — p?y* = 22. In the second

case, we get
(=2} = w2 (0)bop® + (—i)ay,

2 4t—4
r]=—w bgp +a2

Therefore (as,w! by, x1) is a nontrivial solution of the equation z* — p?y* =

When u = 4t —4, v = 0, we get (—i)z? = e 1bip? + w~*eal. If 4 —4 = 0, then this reduces

to —i=e 1 +e (mod w?), which is not possible. Thus 4t —4 > 2 and (—i) = ¢~ ! (mod w?).

From this, it follows that ¢ = 43, that is, either e =4, ¢! = —i, or ¢ = —i, e ! = —4. In the

first case, we get
(—i)at = (=i)bap® + w4 (i)as,

2 4t—4 4
as.

—2? = —byp® +w

Thus (w'~tag, bs,ixy) is a nontrivial solution of the equation x* — p?y* = 22. In the second

case, we get
(—i)zi = (0)bop® + w ™ (=i)a3,

2 4. 2 4t—4 4
:L'l:—b2p +w ag,

t— 4_ 2.4 _ 2

and so (w'~las, by, z1) is a nontrivial solution of the equation z* — p?y

The case when as = p?, b3 = 1 can be completed in a similar way.

(10) In case 4, let (z1,y1,w'21) be a solution of the equation z* — p?y* = 22, where t > 1,
x1 =y1 =21 =1 (modw), and z1, y1, 21 are pairwise relatively prime. We will show
that there are pairwise relatively prime elements xo, y2, 22 of Z[i] such that xo = ys = 20 =1

t—

(mod w) and either (w'=2x9, Yo, 22) or (72, w'~2ys, 22) is a solution of the equation z* —y* = pz2.

The conclusion of these steps is that in case 4 we end up with a nontrivial solution of the
equation z* — y* = pz? corresponding to one of cases 1-3. Since by step (2) this is not possible,

it follows that case 4 of equation z* — p?y* = 22 is not possible either.
2,2 = (32

From the equation w?'z7 — py?) (2% + py?), we can deduce that

(—i)2? = w'e 13 + wheal,

- 2 v _—132 u 2
(—i)pyy = w"e” by — weay,

2t=u+v+4, asbi = 23
By multiplying the first two equations above together and multiplying the result by 2, we get
vag o w2u 4

2,2 2
—Epny =W az-
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We distinguish two cases depending on whether u =0, v =2t — 4, or u =2t — 4, v = 0. When
u=0,v=2t—4, we get —2pr?y? = W 8b] — a3. Thus (az,w' 2by,ex1%1), is a nontrivial

solution of the equation z# — y* = p22.

When u = 2t — 4, v = 0, we get —&2pa?y? = b3 — w 8al. Thus, (W' 2ag, be,cx1Y1) is a

nontrivial solution of the equation z* — y* = pz2.

(11) Let (0, %0, 20) be a nontrivial solution of the equation z* — p?y* = 22 in Z[i]. By steps
(5), (7) and (10), cases 1, 2 and 4 are not possible, and so there is a solution (z1,w'y;, 21) with
x1,y1,21 =1 (mod w), t > 1. Choose a solution for which ¢ is minimal. According to step

=1 =1y, z), where

(9), there is a solution either of the form (w'~'xs,ya, 22), or of the form (zg,w
T2,Y2,22 =1 (mod w), t > 2. The first case is not possible. The second case contradicts the
choice of t, and so we conclude that the equation z* — p?y* = 2? has no nontrivial solutions in

Z[i].

By step (3), a nontrivial solution of the equation z* — y* = pz? leads to a nontrivial solution

2 4

of the equation z* — p?y* = 22. Thus the equation z* — y* = pz? does not have nontrivial

solutions in Z[i]. This completes the proof.

We may describe the combinatorial content of our argument in the following way. We
consider a directed graph I' whose vertices and edges are labeled. To a nontrivial solution

(70,0, 20) of the equation E : ax* + by* = cz?

, we assign a type T depending on the residues
of g, Yo, 20 modulo w. (There are only a limited number of possibilities for 7".) The nodes
of I are the pairs (E,T), where E is an equation and T is a possible solution type. We label
the node (E,T) impossible if the equation E has no nontrivial solution of type 7. We draw
an arrow from the node (E7,71) to the node (Es,T5) if a nontrivial solution of E; with type
Ty gives rise to a nontrivial solution of Fy with type T5. We label an arrow with a — sign
if a quantity associated with a solution decreases. If each path starting with a node (E,T;)
terminates at a node labeled impossible or eventually reaches (F,T;) again but the edges are

labeled with — signs, then the equation cannot have nontrivial solutions.

4. The equation z* + my* = 22

If (x0, Yo, 20) is a nontrivial solution either one of the equations

xt +dyt = 22 ot —dyt = 2% zt — 8yt = 22,

then (z0,wyo, 20) is a nontrivial solution one of the equations

4 4 2 4 4 2 4 4 2
Tt =y =2z, zt+ oyt =27 o+ 2y" =27,

respectively, as the first three equations can be written in the forms

ot =yt = 22 ottt = 22 ot 2wyt = 22,
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respectively. Thus, it will be enough to prove that the equation z* + 2y* = 22 has only trivial

solutions in Z[i].
Theorem 3. The equation x? + 2y* = 2? has only trivial solutions in Z[i].
Proof. We divide the proof into 5 steps.

(1) If (z0, Yo, 20) is a nontrivial solution of the equation x* 4 2y* = 22, then we may assume

that xq, Yo, 2o are pairwise relatively prime.

(1.a) Choose a nontrivial solution (xg,yo, z0) of the equation z* + 2y* = 22 with minimal
height. Suppose first that zg and yo are not relatively prime and let g be a greatest common
divisor of zg and 7. The left hand side of the equation (zo/q)* + 2(y0/9)* = (20/9%)? is
an element of Z[i] and so the right hand side of the equation is an element of Z[i]. Hence
(0/9,v0/9,20/g%) is a nontrivial solution of z* 4 2y* = 22. By the minimality of the height we

may assume that xg and o are relatively prime.

Assume next that there is a prime ¢ in Z[i] such that g|zg, ¢|z0. It follows that g|zo. This

is a contradiction since xg, yo are relatively prime.

Finally suppose there is a prime ¢ in Z[i] such that q|zo, g|z0. We get that ¢2|2yo. If qlyo
we get the contradiction that xog and yo are not relatively prime. Thus ¢ fyo and consequently
q?|2. We get that g is an associate of w. Set 19 = wz1, 20 = wz1. From wrf + 2yd = w222 we

get

4.4 2.4 2.2
w T — WYy = w2y,

ot~y = 2,
(—h)w?zy +yy = (=)=,

4 4 2
Yo + 227 = —iz].

Therefore (yo,x1,iz1) is a nontrivial solution of the equation x* + 2y* = i22.

(1.b) Pick a nontrivial solution of (zg,yo, 20) of the equation z* + 2y* = i2? with minimal
height. Using the argument we have seen in step (1.a) we may assume that 2y and yo are
relatively prime. The assumption that there is a prime ¢ with ¢|yo, g|zo gives the contradiction

that g and yy are not relatively prime.

Finally suppose that there is a prime ¢ such that g|zo, q|20. We get that ¢%|2y3. Here q|yo

leads to the contradiction that xo and yo are not relatively prime. Thus ¢*|2 and so ¢ and w
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2

are associates. Set ro = wxy, zg = wz1. From w493‘11 + 2y§ = tw z% we get

wiat —iw?yd = iw?2?,
Aok - igh = i3,
No2.4 4 .2
(—t)w z] — Yo = iz1,
207 — yy = i2°
yé — 22} = —iz.
Hence (yo,x1,i21) is a nontrivial solution of the equation x* — 2y* = i22.
(1.c) Choose a nontrivial solution (x¢,vo,20) of the equation z* — 2y* = i2? with minimal
height. As before we may assume that zg and yg are relatively prime. If there is a prime ¢ with

q|yo, q|zo0 we get the contradiction that z¢ and yo are not relatively prime.

Finally consider the case when there is a prime ¢ with g|zg, g|zo. It follows that ¢?|2yg3. If
qlyo, then we get that zg and yg are not relatively prime. This is not the case. So ¢?|2 and we
get that ¢ and w are associates. Setting r¢g = wz1, 20 = w21 from w? — 2yf = iw?2? we get

whr! +iwlys = w23,

2.4 4 5 2
wory +1yy = 12y,
N2 4 4 _ .2

(—i)w z] + Yo = 21,

yé + 233‘11 = zf.

Hence (yo, 1, 21) is a nontrivial solution of * +2y* = 22. The minimality of the height in (1.a)

gives that we may assume that xg, yo, 2o are relatively prime in (1.a).

(2) Let (w0, 0, 20) be a nontrivial solution of the equation % + 2y* = 22 in Z[i] such that
Zo, Yo, 20 are pairwise relatively prime. Note that at most one of xg, yg, 2o can be congruent

to 0 modulo w. We consider the four cases listed in Table 1.

In cases 2 and 4, the equation z§ +2y3 = 2% leads to the contradictions 0+0=1 (mod w)

and 1+0=0 (mod w), respectively.

We next show that case 1 is not possible either. To do this, write 2 in the form zy = kw? +1,
k,l € Z[i]. Computing 22, 22 = k*w? + 2kw?l + [? shows that 22 =2 (mod w?). As 0, 1, 4,
141 is a complete set of representatives modulo w?, it follows that I can be chosen to be 1 or i.
From the equation x§ +2y5 = 22 we get that 1+2 =12 (mod w*). In the case [ = 1 this leads
to the contradiction 1 +2 =1 (mod w?) and so we left with the choice | = i. Now writing
2o in the form zg = rw* + s, r, s € Z[i] and computing 22, 22 = r2w® + 2rw*s + s? gives that
22 =5 (mod w®). From zg =i (mod w?), it follows that we can choose s and s? in the way

summarized by Table 2. From the equation z¢ + 2y5 = 23, we get the contradictions

3=-1 (mod w®), 3=3+4i (mod w®).
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(3) In case 3, let (w1,w"y1,21) be a solution of the equation z# + 2y* = 22, where r > 1,
x1 =y =2 =1 (modw), and x1, y1, 21 are pairwise relatively prime. We will show that

z1=1 (mod w?).
In order to prove this claim, write z; in the form z; = kw? + 1, k,l € Z[i], and compute z2.
27 = k2w + 2kw?l + 12

From this, it follows that 22 =2 (mod w?) Since the elements 0, 1, i, 1 + i form a complete
set of representatives modulo w?, and since z; = 1 (mod w), we may choose [ to be 1 or i.
ar, 4

Yy

Consequently, z? is congruent to 1 or —1 modulo w*. The equation z{ + 2wy} = 22 gives that

1=2? (modw'),andso z; =1 (mod w?).

(4) We will show that there are pairwise relatively prime elements xs, Y2, 22 of Z[i], such that

To=ys =20=1 (mod w), and (z2,w" lya, 29) is a solution of the equation x4 + 2y* = 22.

In order to verify the claim, write the equation x} + 2w* "y} = 22 in the form 2wy} =

(21 — 22)(21 + 22), and compute the greatest common divisor of (27 — %) and (21 + 2%). Let g
be this greatest common divisor. As glw?y{, it follows that g # 0. Since g|(z1 —2%), g|(z1 +2%)
we get that g|22%, g|2z;. If ¢ is a prime divisor of g with ¢ Jw, we then get q|x1, q|z1. But we
know that this is not the case as ;1 and z; are relatively prime. Thus, ¢ = w® and 0 < s < 2
since g|2. By step (3) 21 =1 (mod w?). This together with 22 = 1 (mod w?), gives that
(21 —23) = (21 +23) =0 (mod w?). Therefore g = w?. The unique factorization property in

Z[i] implies that there are relatively prime elements a,b € Z[i] such that

2 — 13 = wa, 21 + 22 = Wb
Let a = w¥ay, b = w'by. So (—i)w* 2yt = Wt +4a1b;. By the unique factorization property

in Z[i], there are elements ag, by and units ¢, p in Z[i] for which

+ wv+2

21 — 27 = W' 2eaj, 2+t = b3,
dr+2=u+v+4, asby = yi, e = —t.

Here, ag, by are prime to w. It follows that as =bs =1 (mod w). By addition, we get
223 = Wby — w"ea;.

After dividing it by w?, we get

—i)z? = wlubl — wheal.
( ) 1 H0Og 2

We distinguish two cases depending on whether u =0, v =4r — 2, or v =0, u = 4r — 2. When
u=0,v=4r —2, we get

(—i)a? = w2 uby — caj.
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This reduces to (—i) = —e (mod w?). From this, it follows that ¢ = +i, that is, either ¢ = 4,
pw=—1,0r e =—i, u=1. In the first case, we get
(—i)at = w2 (=1)b3 — (i)ay,
2 = (it + o,
22 = 20" + ad.

Thus, (ag,w” by, 1) is a nontrivial solution of the equation x4+ 2y* = 22. In the second case,

we get
(—i)2i = w2 (=1)b3 — (i)as,
—2? = (=)W 1] + a3,
—z? = 20" 5 4 a5,

Therefore, (az,w" b, iz1) is a nontrivial solution of the equation z* + 2y* = 22.

When v =0, u = 4r — 2, we get

—)2? = ubd — Wi 2ead.
( ) 1 = HOg 2

This reduces to (—i) = i (mod w?). From this, it follows that p = £, that is, either e = —1,
pw=1,ore=1 u= —i. Inthe first case, we get
(=i)at = (i)by — " ~*(~1)aj,
—a = b+ (i,
—x7 = b3 + 2w a3,

2

Thus, (ba,w" las,iz1) is a nontrivial solution of the equation z* + 2y* = 22. In the second

case, we get
(=i)af = (=i)by — w'" a3,
2 _ 14 N2 dr—4 4
zi = by + (—i)w w™ "ay,
2 4 4r—4 4
l’l == b2 + 2(4&) r CL2,

and so (by,w" lag, 1) is a nontrivial solution of the equation x* + 2y* = 22.

(5) Let (z0,y0,20) be a nontrivial solution of the equation z* + 2y* = 22 in Z[i]. By
step (2), there is a solution (x1,w"y1,21) with z1,y1,21 = 1 (mod w), r > 1. Choose a

“lya, 29),

where x9,y2,20 =1 (mod w), r > 2. This contradicts the choice of r and so completes the

solution for which 7 is minimal. According to step (4), there is a solution (xg,w”

proof.
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