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Abstract

For sufficiently differentiable univariate functions f, g and their composite h = g(f) we
prove that

d"g(f(z)) _ <~ dh(a Z > )
Ry jk(2),
Cdf(x)r = da’
B 1 n+k—1 df(z)  d*f(x)
Pnj(z) - +Z+b E(j —1,by,... ,b,) dzbr dah
1—n+k k]v
b;>2

using combinatorial considerations (set partitions in particular). We also discuss the case
of multivariate f.

1. Introduction

Faa di Bruno’s formula, the chain rule of higher derivatives, can be given in a convenient
form as

k—i+1) (f(x))
o ZB R O

where the By, are the Bell polynomlals (see e.g., [3, Section 2]).

Our aim is to find rational functions Cj; such that

- Zok,i(f(x)>f/(l')a~" af(k_Hl)@))W'
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Setting h(z) = g(f(z)) (and taking care of the proper derivation variables), we can say
the Faa di Bruno formula expresses h¥)(z) as a linear combination of ¢ (f(z)), whilst
we try the reverse, to express ¢ (f(x)) as a linear combination of the h(¥(z).

The problem has been treated previously by Hess [1], of which there is a summary
review in [2]. The motivation of this paper is to give an alternative proof and additionally
to give some more insight into the combinatorial aspects of the problem.

Faa di Bruno’s formula, especially its multivariate form, admits a nice combinatorial
interpretation in terms of set partitions that are in a one-to-one relation with monomials
in the derivatives [5]. If, as a kind of inverse relation, we try to express the derivatives
d*g(f(z))/df (x)* in terms of d*g(f(x))/dx*, similar combinatorial relations hold, but the
partition structure is a bit more involved.

2. Set Partitions

We define 7, j 1, as the set of partitions of the set {1,... ,n+k —1} into one distinguished
block of length j — 1 > 0 and k blocks of length at least 2. Here the blocks are not
necessarily adjacent.

Let us examine the extreme cases.

n =j =k = 0: The empty set admits exactly one partition, namely the empty set

itself: mo00 = {{0}} = {{{}}}-

e j < 0: Since we would need the distinguished set to be of negative length, we get
Tnok = 0 unless we are partitioning the empty set, i.e., n = k = 0 which we already
considered.

e k < 0: Setting k = 0, for m, o we have to consider a partition of {1,... ,n — 1}
into one set of length j — 1 and no additional sets. So for n = 5 we get m,,0 =
{{{1,... ,n—1}}} and m, ;o = 0 else.

e j+k>n+1: We would have to partition {1,... ,n+ k — 1} into one set of j — 1
elements and k blocks that total to n — 5 + k& < 2k — 1 which is not possible since
these blocks are required to have length at least 2.

As more generic examples, consider

m11 = {{0,{1,2}}} and
T3,2,1 = {{{1}7 {27 3}}7 {{2}7 {17 3}}v {{3}7 {17 2}}}
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One of the key points of the proof is that the m, j, can be defined recursively in n.
We make a case distinction according to the set in which the new element n + k — 1 is
contained. (This section and the next are modeled closely after [4]).

1. This set may be the distinguished set of length j — 1. Removing it from this set,
we are left with a set partition from m,_1 j_1 .

2. The new element may be in a two-element set. In this case we have the choice of
n—+k—2 elements for the second member of that set. Removing this two-element set
from the partition we are left with a partition that is in one-to-one correspondence
with an element of 7, 1 (one set less, and the special set still has the same
length).

3. Finally, the new element may appear in a non-distinguished set of size > 3. The
old partition will then have been an element of m,_1 ;.

3. Derivative Monomials

As next step we introduce the map between set partitions and monomials. To a par-
tition m = {mo,... ,m} € m, k, where without loss of generality m is the special set
of cardinality j — 1, we associate the monomial f(™ := fUml f(mD ... f(mD — Setting
Rk = ZWGMM f™) . we use the recursive relations of 7, to derive a recursion for
Rn,j,k-

1. The partitions of m,_ j_1; correspond directly to the terms of R,_1 j_1x, so these
are terms of R, ;i as well (since there is change only in the special set that does
not affect the monomials).

2. A two-element set of the partition corresponds to a term f”(z), hence the terms
corresponding to this case are (n +k — 2) f"(x)Rp—1 j k-1

3. The term in this case is (d/dz)R,_1 ;. since derivation adds one summand for each
factor of a monomial with the differentiation increased by one for that factor. This
increase mirrors the addition of the new element to a set of the partition.

All in all, from these considerations we get

d
Rojk=Run1jax+n+k—2)f"Ry1 51+ %Rn—l,j,k' (1)
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4. Result

Theorem 1 For sufficiently differentiable univariate functions f,g and h =go f

Zh” ) ) Ry, 2)

k=0
1 n+k—1
A - - (b1) . £ ()
R"v]ak(x) - Z k! J _ 1’ bl7 L ’bk f (x) f (x)7
b1+ b=
=n+k—j,
b;>2

where Ry, o 5(x) := H‘(n =k = O), R, jo(x) = H‘(n = j) and R, ;i(x) := 0 else.

Proof. The proof is done by induction (again, compare [4]). To begin with, observe
that the R, ;; given in the statement is just the explicit version of the combinatorial
version given previously, and that the definitions of R, ; ¢, Ry 0% are compatible with the
combinatorial definition and the usual conventions about empty sets, sums and products.

Applying d/df (x) = 1/(df (x)/dx)-d/dzx to the equation gives (we use n* = n+1, j* =
J+LE =k+1)

S @) = 3R () §<—1>kf'<a:>—<”+’“>3n,j,k

j=0 k=0

£Y A nf(—l)’“(—n = k) ()T () R
j=0 k=1

30 D RITIERELEY () g
7=0 k=1

= Z @) T O jLh
7*=0 k=0
n* *J

—nr— d
+Zh(] Z ~1)*f'(2) k% n* 1k

—Zh” S (U P R

k*=0

In the last equation we made use of the recursion for R, .
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Note that we did indeed not introduce any additional terms when extending the
summation ranges (this follows from the discussion of the extreme cases of m, ;). E.g.,
in the second sum (where the factor (—n*—k*+2) appears ) we have additional summands
with j=n+1ork=—1or k=n—j+1. However, in all these cases the corresponding
partition is empty, hence R, ;i = 0.

To conclude the proof we need to check the induction start. For n = 0 we get
g(f(2)) = hO(2) f'(2)°(=1)°Ro0 = h(z),

which is a trivially true assertion (by usual conventions, e.g., f'(x)? = 1). For n > 0, the
j = 0 term is always zero by definition, so for n = 1 we get

g'(f()) =MD (@)(=1)°f'(2) """ Ripo = M (x)/ f'(2),

which is also true. Finally let us also check n = 2, where we have

2 2—j
g'(f(@) => hD (@) (=1)F () F Ry

j=1 k=0
h/ h/ h//

= f,((;g)l Roq0— f’((mx))?’ Roq1 + Wf))gRZQ,O

4 NM@)f'(x)  h'(z)

TP T

This ends the proof. O

Observe that if we take ¢ = f~!, i.e., the inverse function of f, we get the formula
for the higher derivatives of the inverse function (see e.g., [4]). Perhaps other choices of
g may lead to interesting special cases as well.

5. The Multivariate Case

Now we consider a function f in n variables, a function g in one variable and let h = g(f)
be their composite. We introduce the abbreviations

d' ok
gi = df(m)’g(f(x))’ hi = hi(z1,... ,z,) = 5

h(zy,. .., x,),

xlax,

and

8i1 +"‘+i7n

firim = flir o im} = DL - O1s
11 tm

f(xla"' >$m)'

Note the special cases go = g(f(z)) = h(z) = ho, and fy = f.
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For a set of partitions 7" we define

- Z H o .8, f{{{172}7{3}}7{{1,2,3}}} = fiof3 + fi23-

T€T o€T

Let 7, ; denote the set of all partitions of {1,... ,n} into j nonempty blocks. We point
out the special cases fr, = 1, f;,, = 0 for n > 0 which follow from 79, = {0} and
Tno = 0 for n > 0 and the usual conventions on empty sums and products.

With these notations the multivariate forward Faa di Bruno formula (see e.g., [5]) can
be written very concisely.

n &g ool f(x)
=Y, ( >~ ot ZHH@%)

J=0m TETy. j OET

To state the inverse case in a similar manner we need some further notation. We set

‘gn,k = H:L:k f’rmu 50 €.g.,
O30 = f1f3fs, Os3=FPf3fsfifs

Further set
Pk =W(n=Fk)+ Z (—1)|{i3k<i§n7i#u¢}| H fnul
{1, sun}= i=k+1

={k,... ,n—1},
u;<j

Theorem 2 The inverse multivariate Faa di Bruno formula is given by
- Pn,k
= E hy == 3
! k=0 kg”vk ¥

This is actually a simple corollary of the following formula for the inverse of a lower
triangular matrix.

Theorem 3 Let a;;, (1,7 =1,...,n) be the entries of a lower triangular matriz, denote
the entries of its inverse matriz by b, ; and define o, j :=1/(a;;---a;;). Then

bij = i ( i=7) Z H 1)t akvuk)v (4)
{uk}GHZ i k=j+1

where H; j is the set of all (ujy1, ... ,u;) that are permutations of (j,... ,i—1) and fulfill
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Proof. We use induction on ¢ — j to prove this where the base cases b;; = 1/a;; and
bii1 = —a;;—1/(a;—1,-1a;;) correctly coincide with the formulas.

Now since (b; ;) is the inverse of the lower triangular matrix (a; ;) we get the recursion

n 7
) = E i rbrj = E aikbrj <~
k=1 k=j
—1
@iy =W (i =) =D aib.
k=j

Using the induction hypothesis this equals

i—1
a;ibi Z Ot Z H J’F(Jk#k
k=3 {w}eHy ; lI=j+1
We will employ the following recursion for H; ;, the set of all admissible (w41, ... ,u;).
The recursion is also in i — j, so the initial values are H;; = (). Now observe that if u; = k
it is necessary that ug,y = k+1,... ,u;_1 =i — 1 because of the condition u; < t. The
remaining (w4, ... ,u) fulfill the conditions for Hy, ;, so

i—1

HJ:U{<h’k+1’k+2"" yi—2,i—1,k), he Hy;}.

Pt
(The elements of tHe union set are made up of these three components: h, a range of
integers and the final k, where the first two components might be empty.) It follows that

i—1 k
W(jntk
iibij = i1, E E T 11" Q1R+ H (=1) Uit )al,ul
Z k
= 04— 1,9 H e )al,u”
{UZ}EH'L i l ]+1
which gives the stated formula after division by a; ;. O

Returning to the Faa di Bruno formula, the forward case may be written as h =
Mg, where h = (hg,... ,h,)",9 = (go,... ,9,)" are the vectors of derivatives of h,g
respectively and M = (f;, )75 is a lower triangular matrix. So (4) applies and by
g = M~'h, equation (3) follows directly from (4).

To better illustrate the structure of the formulas we give examples for n = 3

93 _f1f2f3 72 f2f3 (f1fas + fofis + f3f12)

(f12(f1f23 + fafis + fafi2) — f1f2f123)

i f2 f3
hs

1
:(9 fn 2 <f72,1 ng,z - sz,sz3,1)v
3,3 3,1

)
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and for n =4
hy
g4 = 94 ,

- E(f‘r2,1f73,2f74,3 - f72,2f73,1f74,3 - fT2,1f73,3fT4,2 + f72,2f73,3f74,1)

2
f‘r4 3 4 ) (fT3,2fT4,3 - f'rs,3 fT4,2)

(this last formula has 45 terms in full notation, n = 5 has 363).

5.1. Remarks

There is a difference to the forward case, since the coefficients of the derivative monomials
are not only £1 but can assume other integer values. For instance, in g, the term
Jar, M = {1,2,3,4,12,123} appears with coefficient 42 since fy, is a term of f, , fr, , fr, ,
for {i,7,k} equal to {2,1,3} and {1,3,2}. This can be expressed by writing M in two
different tableaus built from the same blocks.

112

1
2
3

W

1
1 2 4 1 2

(IS

It would be interesting to find a general formula for the coefficients.

There is an alternative form for H;; that may be more convenient for generating
all possible {ux}. Any admissible {u;} is in one-to-one correspondence with strictly

monotone sequences: as discussed, u; < i and ug = k for k = u; +1,...,7 — 1. Set
ko = u;. Then also uy, < ko and again uy = k for k = ux, + 1,... kg — 1. We obtain a
strictly descending sequence kg = i, k1, ko, ... until ug, = j. Its length can range from 1

to i —j. On the other hand any such sequence gives rise to an admissible {uy} by setting
u; = ko, ug, = ki1 and ug = k for the remaining k. So

Hyj = {(Uj+17--- )i, uik = (i 1w < kY

= U U {{uk}‘ukt:kt+1,0§t<m, uk:kelse}

m=1 ko,...
1= k‘(]> >k‘m—]

= U U {{uk}‘ukt:k‘t_l,lgtgm, uk:kelse}.

m=1 ko,...,km
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As one of the referees pointed out, there is yet another, even simpler alternative view.
Observe that there is also a one-to one correspondence between H; ; and the subsets of
{j+1,...,i—1}. Given a set of H,; consider the subset of indices such that u, = s.
Conversely, given any subset, set us = s for all indices in this subset, the remaining
values of u, are uniquely determined by considerations as in the previous paragraph. As
a consequence of this we also immediately see that the size of H,; is 277771 if i > j and
0 for i < 74, (4,5) # (0,0).

Finally note that if some z; are identified, for example, f(x1,za, x3) = f(x1, 22, x2) =
f(z1,23,23) = f(x1,22), the formula will stay valid. In particular, formula (2) is the
special case f(x1,...,2,) = f(z,...,2) of (3). To obtain the proper multiplicity (i.e.,
the coefficients) of the occurring terms after identifications, possibly the enumeration
considerations of [5] can be applied here as well. However, as stated above, we do not
even know the coefficients of the general case; perhaps then this is a way to obtain these
unknown quantities.
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