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Abstract

We establish a general summation theorem, which expresses multiple convolutions in
closed forms. As examples, several interesting formulae regarding the numbers of Fi-
bonacci, Lucas and Pell are given.

0. Introduction

For m,n ∈ N0 with N0 being the set of non-negative integers, let σn(m) be the set of
(n + 1)-compositions of m− n given by

σn(m) = {k := (k0, k1, · · · , kn) | k0 + k1 + · · · + kn = m− n with each kı ∈ N0}.

Consider a sequence {wn}n∈N0 associated with the ordinary generating function

W (x) =
∑

n≥0

wnx
n ! wn = [xn] W (x)

where [xn]W (x) stands for the coefficient of xn in the formal power series W (x). This pa-
per will investigate the Ω-function with an extra indeterminate λ defined by the following

† The corresponding author: Xiaoyuan Wang (xiaoyuan.dlut@yahoo.com.cn)
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multiple convolution:

Ωm(λ, w) :=
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

wki . (1)

Then the main result of this paper may be stated as follows.

Theorem 1 (Multiple convolution formula).

Ωm(λ, w) = [xm]
W (λx)

1− xW (λx)
.

Proof. This theorem contains many summation formulae as special cases even though its
proof is almost a routine matter. In fact, we have

Ωm(λ, w) =
m∑

n=0

[xm−n] W n+1(λx) = [xm]
m∑

n=0

xn W n+1(λx)

= [xm]
W (λx)

{
1− xm+1Wm+1(λx)

}

1− xW (λx)
= [xm]

W (λx)

1− x W (λx)

which confirms the formula stated in the theorem. "

The purpose of this short paper is to show several interesting closed formulae from
Theorem 1 on multiple summations. The sequences of which we are concerned have
rational functions as their generating functions. In particular, the convolution formulae
involving Fibonacci numbers, Lucas numbers, and Pell numbers will be examined.

1. Fibonacci Numbers

Among the classical combinatorial sequences, Fibonacci numbers [4, §6.6] are well-known.
They are defined through the recurrence relation

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 for n ≥ 2 (2a)

and the ordinary generating function

F (x) :=
∑

n≥0

Fnx
n =

x

1− x− x2
. (2b)

Then we have the following decomposition into partial fractions:

F (λx)

1− xF (λx)
=

λx

1− λx− λx2 − λ2x2
=

λ√
4λ + 5λ2

{ 1

1− xα
− 1

1− xγ

}

where α and γ are given respectively by

α =
λ +

√
4λ + 5λ2

2
and γ =

λ−
√

4λ + 5λ2

2
. (3)
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According to Theorem 1, we get the multiple convolution formula

Ωm(λ, F ) =
λ√

4λ + 5λ2

(
αm − γm

)

which may explicitly be restated as the following proposition.

Proposition 2 (Multiple convolution formula on Fibonacci numbers).

m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

Fki =
λ√

4λ + 5λ2

(
αm − γm

)
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, F )

1 1
3

{
2m − (−1)m

}

2 1√
7

{
(1 +

√
7)m − (1−

√
7)m

}

3
√

3
19

{
(3+

√
57

2 )m − (3−
√

57
2 )m

}

4 1√
6

{
(2 + 2

√
6)m − (2− 2

√
6)m

}

5
√

5
29

{
(5+

√
145

2 )m − (5−
√

145
2 )m

}

6
√

3
17

{
(3 +

√
51)m − (3−

√
51)m

}

7
√

7
39

{
(7+

√
273

2 )m − (7−
√

273
2 )m

}

8
√

2
11

{
(4 + 2

√
22)m − (4− 2

√
22)m

}

9 3m+1

7

{
5m − (−2)m

}

In particular when m = 5, we can explicitly write down, from Proposition 2 specified
with λ = 1 and λ = 9, the following two numerical equalities

F5 + 2F1F3 + F 2
2 + F 3

1 = 11 and 95F5 + 2× 94F1F3 + 94F 2
2 + 93F 3

1 = 328779.

Observing that

F (x) + F (−x) =
x

1− x− x2
− x

1 + x− x2
=

2x2

1− 3x2 + x4

we derive the generating function of the Fibonacci numbers with even indices:

F e(x) :=
∑

n≥0

F2nx
n =

x

1− 3x + x2
.

According to the partial fraction decomposition

F e(λx)

1− xF e(λx)
=

λx

1− 3λx− λx2 + λ2x2

=
λ√

4λ + 5λ2

{ 1

1− x(λ + α)
− 1

1− x(λ + γ)

}
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we can similarly evaluate the multiple convolution

Ωm(λ, F e) =
λ√

4λ + 5λ2

{
(λ + α)m − (λ + γ)m

}

where the parameters λ and γ are defined in (3) as before. This reads explicitly as the
following summation formula.

Proposition 3 (Multiple convolution formula).
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

F2ki =
λ√

4λ + 5λ2

{
(λ + α)m − (λ + γ)m

}
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, F e)

1 3m−1

2 1√
7

{
(3 +

√
7)m − (3−

√
7)m

}

3
√

3
19

{
(9+

√
57

2 )m − (9−
√

57
2 )m

}

4 1√
6

{
(6 + 2

√
6)m − (6− 2

√
6)m

}

5
√

5
29

{
(15+

√
145

2 )m − (15−
√

145
2 )m

}

6
√

3
17

{
(9 +

√
51)m − (9−

√
51)m

}

7
√

7
39

{
(21+

√
273

2 )m − (21−
√

273
2 )m

}

8
√

2
11

{
(12 + 2

√
22)m − (12− 2

√
22)m

}

9 3m+1

7 {8m − 1}

In addition, when m = 4, we can explicitly write down, from Proposition 3 specified with
λ = 1 and λ = 9, the following two numerical equalities

F8 + 2F2F4 = 27 and 94F8 + 2× 93F2F4 = 142155.

Instead, noticing that

F (x)− F (−x) =
x

1− x− x2
+

x

1 + x− x2
=

2x(1− x2)

1− 3x2 + x4

we derive the generating function of the Fibonacci numbers with odd indices:

F o(x) :=
∑

n≥0

F1+2nx
n =

1− x

1− 3x + x2
.

Taking into account the partial fraction decomposition

F o(λx)

1− xF o(λx)
=

1− λx

1− x− 3λx + λx2 + λ2x2

=
1√

1 + 2λ + 5λ2

{ α̂− λ

1− xα̂
− γ̂ − λ

1− xγ̂

}
,



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 7 (2007), #A51 5

where α̂ and γ̂ are given respectively by

α̂ =
1 + 3λ +

√
1 + 2λ + 5λ2

2
and γ̂ =

1 + 3λ−
√

1 + 2λ + 5λ2

2
, (4)

the corresponding multiple convolution has the following closed form:

Ωm(λ, F o) =
1√

1 + 2λ + 5λ2

{
(α̂− λ) α̂m − (γ̂ − λ) γ̂m

}
.

We state it explicitly as the following proposition.

Proposition 4 (Multiple convolution formula).

m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

F1+2ki =
1√

1 + 2λ + 5λ2

{
(α̂− λ) α̂m − (γ̂ − λ) γ̂m

}
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, F o)

1 1
2
√

2

{
(1 +

√
2)(2 +

√
2)m − (1−

√
2)(2−

√
2)m

}

2 1
5

{
1 + 4× 6m

}

3 1
2
√

13

{
(2 +

√
13)(5 +

√
13)m − (2−

√
13)(5−

√
13)m

}

4 1√
89

{
(5+

√
89

2 )(13+
√

89
2 )m − (5−

√
89

2 )(13−
√

89
2 )m

}

5 1
2
√

34

{
(3 +

√
34)(8 +

√
34)m − (3−

√
34)(8−

√
34)m

}

6 1√
193

{
(7+

√
193

2 )(19+
√

193
2 )m − (7−

√
193

2 )(19−
√

193
2 )m

}

7 1
2
√

65

{
(4 +

√
65)(11 +

√
65)m − (4−

√
65)(11−

√
65)m

}

8 1√
337

{
(9+

√
337

2 )(25+
√

337
2 )m − (9−

√
337

2 )(25−
√

337
2 )m

}

9 1
2
√

106

{
(5 +

√
106)(14 +

√
106)m − (5−

√
106)(14−

√
106)m

}

We point out the identity corresponding to λ = 2 has been proposed by Tauraso [6].
When m = 3, we can also explicitly write down, from Proposition 4 specified with λ = 2
and λ = 15, the following two numerical equalities:

23F7 + 23F1F5 + 22F 2
3 + 2× 3F 2

1 F3 + F 4
1 = 173,

153F7 + 2× 152F1F5 + 152F 2
3 + 3× 15F 2

1 F3 + F 4
1 = 47116.

2. Lucas Numbers

Lucas numbers (cf. [4, P 312]) are defined through the recurrence relation

L0 = 2, L1 = 1, Ln = Ln−1 + Ln−2 for n ≥ 2 (5a)
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and the ordinary generating function

L(x) :=
∑

n≥0

Lnx
n =

2− x

1− x− x2
. (5b)

Then we have the decomposition into partial fractions

L(λx)

1− xL(λx)
=

2− λx

1− 2x− λx + λx2 − λ2x2
=

1√
4 + 5λ2

{2µ− λ

1− xµ
− 2ν − λ

1− xν

}

where µ and ν are given respectively by

µ =
2 + λ +

√
4 + 5λ2

2
and ν =

2 + λ−
√

4 + 5λ2

2
. (6)

By means of Theorem 1, we obtain the following closed formula

Ωm(λ, L) =
1√

4 + 5λ2

{
(2µ− λ)µm − (2ν − λ)νm

}

which leads us consequently to the following proposition.

Proposition 5 (Multiple convolution formula on Lucas numbers).
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

Lki =
1√

4 + 5λ2

{
(2µ− λ)µm − (2ν − λ)νm

}
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, L)

1 5× 3m−1

2 1√
6

{
(
√

6 + 1)(2 +
√

6)m + (
√

6− 1)(2−
√

6)m
}

3 1
7{9× 6m + 5(−1)m}

4 1√
21

{
(
√

21 + 1)(3 +
√

21)m + (
√

21− 1)(3−
√

21)m
}

5 1√
129

{
(2 +

√
129)(7+

√
129

2 )m − (2−
√

129)(7−
√

129
2 )m

}

6 1√
46

{
(
√

46 + 1)(4 +
√

46)m + (
√

46− 1)(4−
√

46)m
}

7 1√
249

{
(2 +

√
249)(9+

√
249

2 )m − (2−
√

249)(9−
√

249
2 )m

}

8 2
9{5× 14m − (−4)m+1}

9 1√
409

{
(2 +

√
409)(11+

√
409

2 )m − (2−
√

409)(11−
√

409
2 )m

}

Noting that

L(x) + L(−x) =
2− x

1− x− x2
+

2 + x

1 + x− x2
=

4− 6x2

1− 3x2 + x4

we get the generating function of the Lucas numbers with even indices:

Le(x) :=
∑

n≥0

L2nx
n =

2− 3x

1− 3x + x2
.
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From the decomposition into partial fractions

Le(λx)

1− xLe(λx)
=

2− 3λx

1− 2x− 3λx + 3λx2 + λ2x2

=
1√

4 + 5λ2

{ 2µ− λ

1− x(λ + µ)
− 2ν − λ

1− x(λ + ν)

}

we can similarly evaluate the multiple convolution

Ωm(λ, Le) =
1√

4 + 5λ2

{
(2µ− λ)(λ + µ)m − (2ν − λ)(λ + ν)m

}

where the parameters µ and ν are defined as before. This reads explicitly as the following
summation formula.

Proposition 6 (Multiple convolution formula).
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

L2ki =
1√

4 + 5λ2

{
(2µ− λ)(λ + µ)m − (2ν − λ)(λ + ν)m

}
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, Le)

1 1
3{1 + 5× 4m}

2 1√
6

{
(
√

6 + 1)(4 +
√

6)m + (
√

6− 1)(4−
√

6)m
}

3 1
7{9

m+1 + 5× 2m}
4 1√

21

{
(
√

21 + 1)(7 +
√

21)m + (
√

21− 1)(7−
√

21)m
}

5 1√
129

{
(2 +

√
129)(17+

√
129

2 )m − (2−
√

129)(17−
√

129
2 )m

}

6 1√
46

{
(
√

46 + 1)(10 +
√

46)m + (
√

46− 1)(10−
√

46)m
}

7 1√
249

{
(2 +

√
249)(23+

√
249

2 )m − (2−
√

249)(23−
√

249
2 )m

}

8 2
9{5× 22m + 4m+1}

9 1√
409

{
(2 +

√
409)(29+

√
409

2 )m − (2−
√

409)(29−
√

409
2 )m

}

Moreover, observing that

L(x)− L(−x) =
2− x

1− x− x2
− 2 + x

1 + x− x2
=

2x(1 + x2)

1− 3x2 + x4

we derive the generating function of the Lucas numbers with odd indices:

Lo(x) :=
∑

n≥0

L1+2nx
n =

1 + x

1− 3x + x2
.

In view of the partial fraction decomposition

Lo(λx)

1− xLo(λx)
=

1 + λx

1− x− 3λx− λx2 + λ2x2

=
1√

1 + 10λ + 5λ2

{ µ̂ + λ

1− xµ̂
− ν̂ + λ

1− xν̂

}
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where µ̂ and ν̂ are given respectively by

µ̂ =
1 + 3λ +

√
1 + 10λ + 5λ2

2
and ν̂ =

1 + 3λ−
√

1 + 10λ + 5λ2

2
(7)

we can similarly evaluate the corresponding multiple convolution

Ωm(λ, Lo) =
1√

1 + 10λ + 5λ2

{
(µ̂ + λ) µ̂m − (ν̂ + λ) ν̂m

}

which leads us to the following proposition.

Proposition 7 (Multiple convolution formula).
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

L1+2ki =
1√

1 + 10λ + 5λ2

{
(µ̂ + λ) µ̂m − (ν̂ + λ) ν̂m

}
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, Lo)

1 5× 4m−1

2 1√
41

{
11+

√
41

2 (7+
√

41
2 )m − 11−

√
41

2 (7−
√

41
2 )m

}

3 1
2
√

19

{
(8 +

√
19)(5 +

√
19)m − (8−

√
19)(5−

√
19)m

}

4 1
11

{
16× 12m − 5

}

5 1
4
√

11

{
(13 + 2

√
11)(8 + 2

√
11)m − (13− 2

√
11)(8− 2

√
11)m

}

6 1√
241

{
31+

√
241

2 (19+
√

241
2 )m − 31−

√
241

2 (19−
√

241
2 )m

}

7 1
2
√

79

{
(18 +

√
79)(11 +

√
79)m − (18−

√
79)(11−

√
79)m

}

8 1√
401

{
41+

√
401

2 (25+
√

401
2 )m − 41−

√
401

2 (25−
√

401
2 )m

}

9 1
4
√

31

{
(23 + 2

√
31)(14 + 2

√
31)m − (23− 2

√
31)(14− 2

√
31)m

}

3. Pell Numbers

The Pell numbers (cf. Sloane [5, A000129]) are given by the recurrence relation

P0 = 1, P1 = 2, Pn = 2Pn−1 + Pn−2 for n ≥ 2 (8a)

with the following ordinary generating function

P (x) :=
∑

n≥0

Pnx
n =

1

1− 2x− x2
. (8b)

By means of the partial fraction decomposition

P (λx)

1− xP (λx)
=

1

1− x− 2λx− λ2x2
=

1√
1 + 4λ + 8λ2

{ ξ

1− xξ
− η

1− xη

}
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where ξ and η are given respectively by

ξ =
1 + 2λ +

√
1 + 4λ + 8λ2

2
and η =

1 + 2λ−
√

1 + 4λ + 8λ2

2
(9)

we get through Theorem 1 the following multiple convolution formula

Ωm(λ, P ) =
1√

1 + 4λ + 8λ2

(
ξm+1 − ηm+1

)
.

This reads explicitly as the following proposition.

Proposition 8 (Multiple convolution formula on Pell numbers).

m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

Pki =
1√

1 + 4λ + 8λ2

(
ξm+1 − ηm+1

)
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, P )

1 1√
13

{
(3+

√
13

2 )m+1 − (3−
√

13
2 )m+1

}

2 1√
41

{
(5+

√
41

2 )m+1 − (5−
√

41
2 )m+1

}

3 1√
85

{
(7+

√
85

2 )m+1 − (7−
√

85
2 )m+1

}

4 1√
145

{
(9+

√
145

2 )m+1 − (9−
√

145
2 )m+1

}

5 1√
221

{
(11+

√
221

2 )m+1 − (11−
√

221
2 )m+1

}

6 1√
313

{
(13+

√
313

2 )m+1 − (13−
√

313
2 )m+1

}

7 1√
421

{
(15+

√
421

2 )m+1 − (15−
√

421
2 )m+1

}

8 1√
545

{
(17+

√
545

2 )m+1 − (17−
√

545
2 )m+1

}

9 1√
685

{
(19+

√
685

2 )m+1 − (19−
√

685
2 )m+1

}

Observing that

P (x) + P (−x) =
1

1− 2x− x2
+

1

1 + 2x− x2
=

2− 2x2

1− 6x2 + x4

we derive the generating function of the Pell numbers with even indices:

P e(x) :=
∑

n≥0

P2nx
n =

1− x

1− 6x + x2
.

Taking into account the partial fraction decomposition

P e(λx)

1− xP e(λx)
=

1− λx

1− x− 6λx + λx2 + λ2x2

=
1√

1 + 8λ + 32λ2

{ ξ̃ − λ

1− xξ̃
− η̃ − λ

1− xη̃

}
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where ξ̃ and η̃ are given respectively by

ξ̃ =
1 + 6λ +

√
1 + 8λ + 32λ2

2
and η̃ =

1 + 6λ−
√

1 + 8λ + 32λ2

2
(10)

we can similarly evaluate the multiple convolution

Ωm(λ, P e) =
1√

1 + 8λ + 32λ2

{
(ξ̃ − λ)ξ̃m − (η̃ − λ)η̃m

}

which may explicitly be restated as the following summation formula.

Proposition 9 (Multiple convolution formula).
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

P2ki =
1√

1 + 8λ + 32λ2

{
(ξ̃ − λ)ξ̃m − (η̃ − λ)η̃m

}
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, P e)

1 1√
41

{
5+
√

41
2 (7+

√
41

2 )m − 5−
√

41
2 (7−

√
41

2 )m
}

2 1√
145

{
9+
√

145
2 (13+

√
145

2 )m − 9−
√

145
2 (13−

√
145

2 )m
}

3 1√
313

{
13+

√
313

2 (19+
√

313
2 )m − 13−

√
313

2 (19−
√

313
2 )m

}

4 1√
545

{
17+

√
545

2 (25+
√

545
2 )m − 17−

√
545

2 (25−
√

545
2 )m

}

5 1
29

{
4 + 25× 30m

}

6 1√
1201

{
25+

√
1201

2 (37+
√

1201
2 )m − 25−

√
1201

2 (37−
√

1201
2 )m

}

7 1
5
√

65

{
29+5

√
65

2 (43+5
√

65
2 )m − 29−5

√
65

2 (43−5
√

65
2 )m

}

8 1√
2113

{
33+

√
2113

2 (49+
√

2113
2 )m − 33−

√
2113

2 (49−
√

2113
2 )m

}

9 1√
2665

{
37+

√
2665

2 (55+
√

2665
2 )m − 37−

√
2665

2 (55−
√

2665
2 )m

}

In addition, noticing that

P (x)− P (−x) =
1

1− 2x− x2
− 1

1 + 2x− x2
=

4x

1− 6x2 + x4

we get the generating function of the Pell numbers with odd indices:

P o(x) :=
∑

n≥0

P1+2nx
n =

2

1− 6x + x2
.

Then we can similarly have the following partial fractions

P o(λx)

1− xP o(λx)
=

2

1− 2x− 6λx + λ2x2

=
1√

1 + 6λ + 8λ2

{ ξ̂

1− xξ̂
− η̂

1− xη̂

}

where ξ̂ and η̂ are given respectively by

ξ̂ = 1 + 3λ +
√

1 + 6λ + 8λ2 and η̂ = 1 + 3λ−
√

1 + 6λ + 8λ2. (11)



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 7 (2007), #A51 11

Hence, we have further the multiple convolution formula

Ωm(λ, P o) =
1√

1 + 6λ + 8λ2

(
ξ̂m+1 − η̂m+1

)

which leads us to the following proposition.

Proposition 10 (Multiple convolution formula).

m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

P1+2ki =
1√

1 + 6λ + 8λ2

(
ξ̂m+1 − η̂m+1

)
.

For λ ∈ N, the first nine examples are tabulated as follows:

λ Ωm(λ, P o)

1 1√
15

{
(4 +

√
15)m+1 − (4−

√
15)m+1

}

2 1
3
√

5

{
7 + 3

√
5)m+1 − (7− 3

√
5)m+1

}

3 1√
91

{
(10 +

√
91)m+1 − (10−

√
91)m+1

}

4 1
3
√

17

{
(13 + 3

√
17)m+1 − (13− 3

√
17)m+1

}

5 1√
231

{
(16 +

√
231)m+1 − (16−

√
231)m+1

}

6 1
5
√

13

{
(19 + 5

√
13)m+1 − (19− 5

√
13)m+1

}

7 1√
435

{
(22 +

√
435)m+1 − (22−

√
435)m+1

}

8 1√
561

{
(25 +

√
561)m+1 − (25−

√
561)m+1

}

9 1√
703

{
(28 +

√
703)m+1 − (28−

√
703)m+1

}

From the results displayed in this paper, we see that Theorem 1 contains many multi-
ple convolution identities as special cases. There exist numerous other sequences having
rational functions as their generating functions, or equivalently, satisfying linear recur-
rence relations of constant coefficients, which may serve to produce multiple convolution
formulae, for example, the Fibonacci polynomials appeared in [1, 2, 8, 9]. In particu-
lar, it is worthwhile mentioning that the two trigonometric sequences {sinnθ}n∈N0 and
{cosnθ}n∈N0 satisfy the same recurrence relation

Wn = 2 cos θ Wn−1 −Wn−2

with the following generating functions

∑

n≥0

xn sinnθ =
x sin θ

1− 2x cos θ + x2
,

∑

n≥0

xn cosnθ =
1− x cos θ

1− 2x cos θ + x2
.
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The multiple convolution formula corresponding to {sinnθ}n∈N0 reads as
m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

sin(kiθ) =
ρm − *m

2

√
λ sin θ

1− λ sin θ

where ρ and * are defined respectively by

ρ = λ cos θ +
√

λ sin θ(1− λ sin θ) and * = λ cos θ −
√

λ sin θ(1− λ sin θ).

Similarly, we have the convolution formula corresponding to {cosnθ}n∈N0

m∑

n=0

λm−n
∑

k∈σn(m)

n∏

i=0

cos(kiθ) =
(ρ̂− λ cos θ)ρ̂m − (*̂− λ cos θ)*̂m

√
1− 4λ2 sin2 θ

where ρ̂ and *̂ are defined respectively by

ρ̂ =
1 + 2λ cos θ +

√
1− 4λ2 sin2 θ

2
and *̂ =

1 + 2λ cos θ −
√

1− 4λ2 sin2 θ

2
.
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