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Abstract

The aim of this paper is to introduce the notion of a pair of conjugate sequences in a Fibonacci-
Lucas sense. New identities are generated by means of such sequences (including separate
derivations for Fibonacci and Lucas numbers) and by means of Lucas and Vieta-Lucas poly-
nomials.

1. Introduction

The paper, which is a follow-up of [17], is still focused on analyzing the notion of a pair of
sequences {x,} and {y,} that are conjugate in a Fibonacci-Lucas sense (Sections 2 and 4).
A number of identities are derived for such pairs of conjugate sequences (see Lemma 7).

In Section 3, by means of Lucas and Vieta-Lucas polynomials, some identities (Lemma 9)
are presented for sequences {z,} defined by recurrence formula (zg,z; € C):

Znio = A Zps1 + 2, n € Ny := NU{0},
and for auxiliary sequences (§p,, = 2,):
gk,nzzn-l—k‘l’(_l)kzn—ka k=1,...,n, neN.
In Section 5 the decompositions of some special symmetric polynomials of three, four,
and five variables are given on the grounds of Vieta-Lucas polynomials. Finally, in Section 6

the decompositions of the polynomials discussed in Section 5 are applied to generate the cor-
responding identities for the pairs of conjugate sequences in a Fibonacci-Lucas sense. Special
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cases of such identities for Fibonacci and Lucas numbers are discussed separately ((6.42)-
(6.45)).

Several publications were concerned with identities for the sums of the powers of Fi-
bonacci and Lucas numbers (see [7, 8, 9, 10, 11, 17| and references therein). However, it
should be emphasized that the research tasks undertaken in this paper are substantively
different from those already discussed elsewhere.

2. Conjugate Sequences
Let us assume that the elements of sequences {x,} and {y,} are determined by means of
the same recurrence relation:

Tng1 = @Tn +0Tn 1, Yns1 = AYn +byn1, nEN, (2.1)

where b = £1, a # 0, a®> +4b > 0. First our objective is to find some adjoint-conditions —
connecting elements of sequences {z,} and {y,}. These conditions are derived from the
following identities for Fibonacci and Lucas numbers:

anl + Fn+1 = Ln;
L1+ Ln+1 =5F,.
Lemma 1 If there exists A € R and ng € N such that x,, # 0,
Yn = Tn—1 T Tn+1, for n="ny— 17”0_'_17

and
Azy = Yp-1 + Ynt1, for n=ny,

then, A =2+ 2b+ a?.
Proof. We have

Axno = Ynp—1 + Yno+1 = Tny—2 + ano + Lno+2
Tpo—2 + abrpy_1 + (2 4+ b+ a®)x,, = (24 2b + a*)xy,

so A =2+ 2b+ a’. O

Lemma 2 Let o, € C, aff # 0, z,, = ua”™ +vp", y, = Ca" + 6", n € Ny. If |a| # |3
and identities:

Yn = Tp—1 + Tpi1
{ (2 + 2b + (12)$n = Yn—1 + Yn+1 (22)
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hold for every n € N, then the following identities are satisfied:
yo = (a7 +a)ua” + (87 + ) v "
1ol 1 g1 (2.3)
24 2b+ a? 2+42b+a?
for every n € N.

Proof. We have

Un = Tno1 + Ty = v +ua™ 0" 0 = u(aT +a)a” +o(B70 + B)6"
O]

Corollary 3 If b= —1 then by (2.2) we obtain: ax, = y,, for alln € N.

Definition 4 Sequences {z,}5°, and {y,}>2,, defined by the same relation

Tyl = ATy + Ty and  Ypy1 = aYp + Yn—1,

are called conjugate sequences in a Fibonacci-Lucas sense (with parameter a) if the following
conditions are satisfied:
Yn = Tp—1 + Tnt1,
(4 + az)xn = Yn—1 + Yn+1,
for every n € N.

Remark 5 Ifa =1, then a = (1++/5)/2, 8 = (1-+/5)/2. Additionally, if x, = ua™+v3",
yn = Ca" 4+ £0", n € Ny and identities (2.2) hold, then

Yn = Voua" — V503" and z, = ?ua” — ?vﬁ”, n € Np.

In the language of conjugate sequences, we may recapitulate the discussion to this point
as follows:

Lemma 6 If elements of two sequences {x,} and {y,} are conjugates in a Fibonacci-Lucas
sense with parameter a and x, = ua"+v3", n € Ny, where a, 3 are roots of the characteristic
equation X?> —aX — 1 =0, then

aff = —1,

atal=—-pB+ ) =a-pF=4Va2+4
and, consequently, we obtain
Yo = EVa? + 4(ua™ —vp"), néeN,

1
n——ii uoz”—vﬂ”, n € N.
Y 3 ( )
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Proof. We note that
(a — B)* + 4aB = (a + B)?

ie.,

a—0F==+Va®+4

and
at+a ' +8+87" = (a+B)(af+1)(af) ! =0.

O

Lemma 7 Let us assume that the elements of sequences {x,} and {y,} are conjugates in
a Fibonacci-Lucas sense with parameter a, or, more precisely, let us assume that the following

conditions are satisfied:

Tpt1l = ATy + Tp_1, Ynt+1 = QYn + Yn—1,

Yn = Tp—1 + Tni1
and
(0@® +4)Tp = Yn-1 + Yn11-
Then, the following identities hold:
Zn + aznis = (a* + 1) 2n49,
Znaa F CZnia + 2p = azpis + (L4 0)znge + 2

= (> + 1+ C)2ppo + aZny1 + 2n

= (a® + 2+ ¢)2pso
for every ¢ € C and z € {x,y},
(CL2 + 4)xn+2 + Yn—-1 = Yn+3 + Yn+1 + Yn—1 = (CL2 + 3)yn+1a
Yn+2 + X1 = Tn+3 + Tp+1 + Tp_1 = (a2 + S)In-l—la
Tn + Tpta + ATpys = (CL2 + 1)5(771—1—4 + aTpy3 + Tp
= (a® + Dapra + (@® + Dy

= (&2 + 1)yn+37

Tpta — Tp = Tpid + Tngo — (Tnto + Tn) = Ynts — Ynt1 = QYnt2,

(2.4)

(2.5)

(2.6)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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2
Tp + ATpts5 = A Ypt3 + Ty,

Yn + Ynta + QYpys = (a2 + 1)yn+4 + AYn+3 + Yn
= (0> 4 D¢nra + (6" + 1)yns2
= (a* + 1) (a* +4)zpys,

Yn+a = Yn = Yntda + Yns2 — (Ynt2 + Yn) =
= (@ +4) (713 — Tpp1) = a(a® +4)2, 40
Yn + aYnis = a*(a® + 4)Tpis + Ynro-
However, we have
Zn 4 Zngo + Znsa + Znge + A(Zngs + Znar) = (@ +1)(@° + 4) 244
and
Zngs — 22n4a + 2p = a2 (a® 4+ 4) 2p44

for every z € {x,y}.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

In the next section some generalizations of some of the identities from Lemma 7 will be

presented.

3. Lucas and Vieta-Lucas Polynomials

Let us set
Q,(z) == 2T,(z/2)

and
W, () == (—i)"Q,(ix)

for every n =0,1,2, ..., where T,,(x) means the n-th Chebyshev polynomial of the first kind.
We note that the polynomials €, (z), called Vieta-Lucas polynomials (see [6, 15]), satisfy the

following recurrence relations:
Qo(x) = 2, O (x) = =z,

Qpro(z) = 2 Qeyr () — Qe(2), ke N.
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Table 1: Triangle of the coefficients of polynomials W, (z)

1 x  x? x3 xt x° 20 a8 x?
W0<$>
W1<l’> 1
><
Wa(z) 2\ ><1 Legende:
>, < b
Wi(z) | 2 4 1 <
N o< N o< a
Ws(x) 5 5 1 AN
SN L o X L < a+b
Ws(z) | 2 9 6 1
N N
W (z) 7 14 7 1
SN < N0 < X <
W) |20 16 20 =8 1
Wy (z) 9 30 27 9 1

Hence, we obtain
() = 2 — 2, Q3(z) = 2° — 3z, Qu(r) = 2 — da® + 2,
Qs(z) = 2° — 52® + 5, Qs(z) = 2° — 62* + 92 — 2,
Qr(z) = 2" — T2° + 142° — Tz, etc.
Similarly, we have
Wo(z) =2, Wi(z) =z,
Wn+2<x> = an+1($) + Wn(x):
which generate the so-called Lucas polynomials [1, 2, 3, 4, 6]):
Wa(z) = 2% + 2, Ws(z) = 2° + 3u, Wy(x) = 2" + 42* + 2,
Ws(x) = 2° + 52° + 52,  We(x) = 2° + 62* + 927 + 2,
Wo(z) = 2" + 72° + 1423 + T, ete.

Lemma 8 We have

k
1
coeff[2?; Way(z)] = k*,  coeff[2®; Wayi1 ()] = Z I = G k(k+1)(2k+1),
I=1

coeff[a*; War(z)] = ) (k= D)1 = % k2 (k2 — 1),

=1

2y
Walr) =2 o= g )
=0

(3.19)
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2y Wai(x) = Was(z) — 2, (3.20)
and
2y Wap(x) = Wassa(x). (3.21)

The polynomials W,,(z), n € N, enable the description of many fundamental identities,
involving the elements of the sequence {z,}3%; determined by the following one-parameter
recurrence relation:

29,21 € C and Zni2 = A Zpi1 + Zn, n € Ny. (3.22)
Additionally, let us assume that &,,, := 2, and
Ekn = Zntk T (—1)’“ Zn—k
for every k=1,2,... ,n— 1.

Some of the identities are generalized forms of the identities from Lemma 7 (especially
identities (2.4)—(2.8) and (2.17)—(2.18)). All the identities presented below seem to be orig-
inal.

Lemma 9 The following identities hold true

Skr1n = Ak + Sk—1,n; (3.23)
§k+1,n = sz—s(a)gs-i-l,n + Wk—s—l(a)gs,na s=1 S ka (3'24)
Ern = Wi(a)2y, (3.25)

S S 1
z_: Zn—2r = (z; WZT(Q)) Zn = EW25+1 (a)zna (326)

s s s
E (zn+27‘—1 - Zn—27"+1) = ( E zn+27~—1) - ( E zn—27“+1) =

r=1 r=1 t=1

— (; WQH(a)) Zp = %(Wgs(a) -2). (3.27)

Proof. First, we note that

Zn42kt1 — Zn—2k—1 = AZpyok T Znr2k—1 — (Zn—2k+1 - aZn—Qk)
= a(Zntok + Zn—2k) + Zni2k—1 — Zn—2k+1,

Zntok + Zn—2k = A(Znt2k—1 — Zn—2k+1) T Znt2k—2 T Zn—2k+2;
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i.e., that
gk—&—l,n - afk,n + fk—l,n = Wl (a)gk,n + WO(a)fk—l,n-

Now, suppose that for some s € Ny, s < k we have

€k+1,n = kas(a)gerl,n + kasfl(a)fs,n-

Hence, we get

£k+1,n = kas(al> (afs,n + gsfl,n) + kasfl(a)fs,n
= Wk—s—l(a)fs,n + Wk—s(a)fs—l,n-

This leads to

Ekr1n = Wi(a)é1n + Wi_1(a)on
= (aWy(a) + Wi_1(a))z, = Wii(a)z,.

Corollary 10 We have

Zngs — 22naa + 220 — 2254 + 2n_g = a*(a® + 4)Wy(a)z,,
Zop + (—1)* 29 = Wi(a)zp,
azoppr + 2(—=1)" 20 = Wi (a) zpar — Wi(a)z,

2s

a Z 2ok = Wasi1(a)zas,
=0

s

GZZ%H = Wei1(a)zsi1 + ((—1)° = 1)z,
=0

2s—1 s—1
CL( 2ok — Z2l> = (Was(a) — 2)za5-1,
k= 0

s =

4s

a Z 2, = Wasy1(a)zas + Was—1(a)zas-1,
k=0
S S a
akz:; Wi(a)zx = a; 2ok + 5((—1)S — 1)z

f Wsn(a)zs —azo for s € 2N,
| Wi(a)zs_1 —azs — 2azp for s € 2N — 1.

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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4. Some Generalizations of Conjugate Sequences Concept

Let us assume that the sequences {z,} and {y,} are determined by the same recurrence
equations (2.1). The following result is a response to an attempt to substitute conditions (2.2)
by some other conditions connecting the elements of the sequences {z,,} and {y,}.

Lemma 11 Let A, B,C,D,a, 3 € C, |a| # |B|. Let us assume that there exist u,v € C so
that for every n € N the following identities are satisfied:

z, = Aa" + BF" (4.35)
Y = Ca" + Dj" (4.36)
Tp+ Tpy2 + Tpta + Tnte = U - Ynys (437)
and
Yn + Ynt2 T Ynta + Ynye = U Tpg3. (4.38)

If ABCD # 0 then —b = aff = £1. Moreover, if AC # 0 (resp. BD # 0) then

A -1 —1\2 _ C -1 —-1)2
uza(a—i—a (o + o) — 2] and U—Z(a—i—a (o + o) — 2]
(resp., u=5(B+ BB+ ~2] and v=F(B+6 B+ —-2])

Proof. The following four identities from (4.37) and (4.38) can be generated:

(Ariy = A%S=5 =G,
Bty = B = uD, (130)
Ottty = Camar = v, |
| Dy = DS+ = uB.
Hence
A(O/l_—af)Q = uvA and A(M)Q = uvB.
a—a” B=pt

If ABCD # 0 then
ot — a4 2 54—@_4 2
(a—a*) :(ﬁ—ﬁ*)’

Arataltad=%@+p+8"+57)

ie.,
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or

(@+a P —2a+a )+ ((B+8)°—28+57") =

=((a+a™)E@+8))((a+aVPF@B+8 N a+a)+(B+67")-2),

while 5
Buvars = (34 07 = 4( + 657+ 8 = =352t = 25 1] <o
Therefore
a+at=%(F+57),
ie.,

a2+ (B+ 5 a+1=0,
which implies for plus sign
(a+B)(a+51) =0 1ie, af=-1

and for minus sign
(@=B)a=p71)=0, ie, af=1
(since o] # |B]).

Corollary 12 If ABC'D # 0 and a8 =1 then

atal=at+f=0"+p

and

AD = BC.

10

So, sequences {x,} and {y,} are linearly dependent; or, more precisely, we have x, = %yn,

n € N.

Corollary 13 If ABCD # 0 and a3 = —1 then
atal=a-f=—("+p)

and
AD + BC =0.

Moreover, we have

B
Tp + Tpyo = 5(5 - a>yn+1 and Yn T Ynt+2 = (ﬁ - a)$n+1;

B
or
T, + x2+2 = (8- @)2yn+1 and Yn + Ynt2 = x;H

where x}, == B(8 — &)z, n € N.

In the sequel if B(B — «) = D or D(f — «) = B then sequences {x,} and {y,} are

conjugates in a Fibonacci-Lucas sense with parameter a = o+ (3.
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Proof. We have

T + Tngz = A1+ a%)a” + B(1 + §%)5"
BC

— _fa(a +a a" + BA(B+ 76"

B

= 2(8-)[Ca™ 4+ DF] = (5~ )y

5. Decompositions of Some Special Polynomials of Many Variables

In this section an attempt is made at decomposing some symmetric polynomials of 3, 4, and 5
variables into factors (such decompositions may easily be generalized to polynomials of 6 or
even more variables). The decompositions are derived by means of modified Chebyshev
polynomials Q,(x) (Vieta-Lucas polynomials).

Lemma 14 The following identities hold

(3)

Py (@Y, 2) = (x+y+2)"— (z+y)"— (x+2)"— (y+ 2)"+ 2"+ y"+ 2"
n—1
Y+ x2+ Yz (xy+ xz+y2)Y
+ Fyn(zyz, o4 y+ 2,2y, 0+ y, 02, 5+ 2,y2, y+ z)} (5.40)

(in the following formulas, the compact form of the respective identities is given)

(0, for n <2,
6ryz, for n =3,
12xyz(x+ y+ 2), for n =4,
10xyz[ r+y+z 2—a:y—xz—yz}, for n =25,
30zyz(z+ y+ 2) [(x+ y+ 2)?— wy— vz — yz], for n =06,
Tryz [6(z+ y+ 2)'— I(zy+ z2+ y2) (x4 y+ 2)?

— +2(zy+ x2+ y2)? — wyz(z+ y+ z)}, for n=7,
S56xyz(z+ y+ 2) [((m+ y+ 2)?— wy— w2 — yz)2
—1wyz(z+ y+ 2)], for n =3,
18zyz [4(z+ y+ 2)5— 10(zy+ z2+ yz) (z+ y+ 2)*
+8(wy+ w2t y2)*(+ y+ 2)*— (ay+ xz+ yz)?
—dayz(z+ y+ 2)° + wyz (zy(z+ y)+ zz(z+ 2)
[ Hyz(y+ 2)) + L(ay2)?], for n=09.
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Moreover, we have

F3,n('ryzv'r+ y+ 271331737‘1‘ 3/71327$+ zuy27y+ Z) =

(0, for n <6,
—zyz(x+ y+ 2), for n=17,
—Tzyz(z+ y+ 2)?, for n =28,
—8xyz(r+ y+ 2)>+ 2wyz (:By(x—l— Y)

tzz(z+ 2)+ yz(y+ 2)) + L (zyz)?, for n =9,

—15zyz(z+ y+ 2)*+ 9:pyz(xy(x—|— y)?
+xz(z+ 2)2+ yz(y+ 2)?) + 482%y* 22 (v + y+ z), for n =10,
—25zyz(x+ y+ 2)°+ 25zyz (zy(z+ y)?
+xz(z+ 2)3+ yz(y+ 2)%) — 3wyz (23 (y+ 2)?
P (a+ 2)2 4+ 22 (24 y)?) + 92(xy2)*x
X((x+y)+ (v+ 2)°+ (y+2)?)
[ +H117(zy2)? (24 y+ 2), for n=11,

and

77
F319 = —Exggfz?(x +y+ z)6

+552°y° 2% (zy(z + y)* + z2(z + 2)* + yz(y + 2)*)
33
— ?x2y2z2 (2 (z +y)* + 2722 (x + 2)° + 2% (y + 2)?)

6699
+4842%y" 2 (w4 y + 2)° = 31927y (wy + w2+ y2) (v +y + 2) + oyt

Remark 15 We note that xyz divides pgf) (x,y,z) for every n € N.

Lemma 16 We have

Py zu) = (@ +y+z+u) — (@ +y+2)" = (e +y+u)’ —

—(z+z4+u)"'—(y+z+u)"+(@z+y)" +(@+2)"+(@+uw)"+

(y+2)"++y+u)"+(z+u)" —a" —y" 2" —u" =
(z+y+z+u)"? B

Ty +rz+xu+ Yz + yu+ 2u

:nm—1nwu[

(xy + xz + 2u+ yz + yu + zu)'/?
+ F47n(:cyzu,x t+y+zt+u,xyz,r+y+z,ryu,xr+ Y+ u,rzu,

x+z+u,yzu,y+z+u)} = (5.41)
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(O,
24xyzu,

60zyzu(z+ y+ 2+ u), for
60zyzu[2(z+ y+ 2+ u)? —

—(zy+ 2+ ru+ yz+ yu+ Zu)], for n =6,
210zyzu(z+ y+ 2+ w) [(z+ y+ 2+ u)? —

—(zy+ 224 2ut yz+ yu+ 2u)], for n=17,
56zyzul6(x+ y+ 24 u)*— 9wy + xz+ zut

for n
for n
n

= +yz+ yu+ zu)(z+ y+ z+ u)? + 2(xy+ v+

\

and forn =9:

+au+ yz+ yu+ 2u)?— zyz(z+ y+ 2)—

—zyu(r+ y+ u)— zuz(z+ u+ 2)—

—yuz(y+ u+ z)— 3zyzu] =

= 28ryzul5(z+ y+ 2+ u)'+ 5(a?+ y + 22+ u?) x

x(z+ y+ 2+ u)? + 2(2%+ 2+ 22+ u?)?—

—30zyzu— 10zyz(z+ y+ 2) — 10xyu(x+ y+ u)—

—10zuz(z+ u+ z)— 10uyz(u+ y+ z)—

—4(2?y?+ 2P+ 2227+ YR+ P+ uPR?)], for n =3,

13

= 252zyzu(z+y+z+u) 2@ +y+z+u) —4(zy+az+zutyz+yutzu)(z+y+z+u)’+
+2(zy +az+au+yz+yu—+zu)’ —zyz(r +y+2)° —auz(r +u+2)° —zuy(z+u+y) —

where

—uyz(u+y+2)° — Rayuz(z +y+u+2)],

Fyin(zyzu, x4+ y+ z+ u, xyz, x+ y+ 2, xyu, o+ y+ u, r2u, t+ 2+ u, yzu, y+ 2+ u) =

(0 for n <7,
—zyz(x +y+ z) —ayu(x +y + u)—
—zuz(x +u+z) —yuz(y +u+ 2) — 3zyzu, for n=S3§,
—Izyz(z +y+ 2)? — Loyu(z 4+ y + u)?
—Truz(z +u+ 2)? — Iyuz(y + u+ 2)*—

—4Tzyuz(z +y +u+ 2) for n=09.

Remark 17 We note that xyzu divides p%)(x, y,z,u) for every n € N.
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Lemma 18 We have the following decompositions:

PN,y z,u,0) = (x+y+z+u+o)" —(z+y+z+u)" —(z+y+z+0)" —
—(@t+ytutv) —(@r+ztutv)" —(z+ytuto)"+(@+y+2)"+(@+y+u)"+
+@+y+to)"+@+ztu)" @+t z+0)" F@tuto)" +(y+z+u)" + (y+z+o)" +
+y+ut+o)"+z+ut+v)"—(z+y)" —(z+2)" —(r+uw)" —(z+v)" = (y+2)" —
—(y+uw)"—(y+v)"—z+u)" —z+0)" = (u+ )"+ 2" +y" + 2"+ U 0" =

(0 for n < 4,
Sleyzuv for n = 5,
g—::cyzuv(a:er—i-z—l—u—i—v) for n = 6,

o %!xyzuv [3(x +y+z+u+t U)Q_
—$2—y2—22—u2—02] _

= Doyzwl(z +y+ 2z +u+0)? + oy + o2+
+ru+ v+ yz +yu+ yv + zu+ zv +wv] forn =7,

6. Applications

6.1 Identities for the Powers of Elements of Conjugate Sequences

We now present some identities obtained by applying identity (5.40) to the elements of
sequences {z,} and {y,} satisfying (2.4)—(2.6).

a) For z = x4, y = —x,, 2 = —ay,+2 and odd powers only:
(0 for k=1,
3aT pYn+2Tn14 for k = 3,

2,2 _
k ok _ 540 Ynt2Tnta(TnTnis + @ yn+2) for k =5,
Tpya = Ly = Ypio0 = 9 9 9
7020 Yn42Tna(TnTpia + yn+2) for k=17,
1 2

gaxnyn+2xn+4 [5 (axnyn+2xn+4) -
2,2 \3 o
| —(@nTnga + Y2 ,)° for k = 9;
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b) for x = xy44, Yy = —Zp, 2 = aYnqa:

(2a)ky§+2 + xﬁ+4 + (_1)%;2 — (aYnt2 — xn)k — (2ayp42 + Jin)k =

(0 for k < 2,
—6aT,Ynt2Tn1a for k = 3,
—24a2xny721+2:vn+4 for k =4,
= —10az,yns2Tnia[Ta?Y2 o + TnTpid] for k =5,
—60a° T, Y2 o Tnra[30%Y2 o + Ty yd] for k =6,
1120w, 5 Tna[(3a%Y 5 + TaTnga)®+
N S T Y for k = §;
c) for x = xpi4, Yy =T, 2 = —aYpyio:

xfz+4 - (a2 + 2)kxﬁ+2 + 21%2 + (_a)kyﬁ-m — (Tn — ayn+2)k =

(0 for k < 2,
—6ax,Yn12Tnia for k = 3,
—24a22 Yp 12T 14 for k =4,

= —10a7,Yni2Tni4[972 — aYpi2Tnid] for k =5,

—60a22 Y1 2T n 1 a[PT2 — aYnioTnia] for k =6,
—112az3Yn 10T 1a[(527 — QYnyoTnra)®+

( +ar?yni9Tn 4] for k = §;

d) for z = x4, Yy = T, 2 = AYpio:

(2k - 1>(ayn+2 + xn)k - (an + ayn+2>k - (xn + 2ayn+2)k +
+x2+4+xﬁ+akyﬁ+2 =

(0 for k < 2,
6aL,YnroTnia for k = 3,
2402 Yn 4222 4 for k = 4,

=9 10aznYntoTnia[TT2 4 — ATnYn2] for k =5,

60aLnYn 1222, 4[24 — ATnYno] for k =6,
11202,y 4227 4[(375 14 — aTpYns2)’—

{ —aTnYnsotl 4] for k = 8;
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e) for = Ynia, Yy = —Yn, 2 = —a(a® + 4)x,,» and odd powers only:

Unia — Yo — (ala® +4) 2y, =

(0 for k=1,

3a(a® + 4)YnTnioYnia for k = 3,

_ 5a(a® + 4)ynTpioynia(@®(@® + 4)%22 L) + YnYnia) for k =5,

7“((12 + 4)ynxn+2yn+4(a2(a2 + 4)235721+2 + ynyn+4)2 for k=17,
9a(a® + 4)ynTp+2ynral(a®(@® + 4)%27% 5 + YnYn+a)’+

. +§(a(a2 + D) YnTns2Ynra)?] for k = 9;

f) for & = Ypia, Yy = —Yn, 2 = a(a® + 4)x, 10

(2a(a® +4)) 2k o+ yb oy + (=D yF — (a(a® + D) 2pso — ya)" —
— (2a(@® + ) znio + yp)* =

;

0 for k£ < 2,
—6a(a® + 4)YnTni2Ynta for k = 3,
—24a*(a® + 4)?yn @2 yYn+a for k =4,

—10(1(&2 + 4)ynxn+2yn+4 X
= X [7&2(&2 + 4)2‘1%—1-2 + ynyn+4] for k = 57
—60a”(a® + 4)*yn 27 aYnta X

x[3a%(a® + 4)%22 o + YnYnta) for k =6,
—112a%*(a* + 4)* Y22 L yYnra ¥

X[(Ba”(a® + 4)%@n 0 + Ynlnsa)+

+a?(a® + 4)%yn 22 | yYn-t4] for k = §;

g) for & = ynia, Y = Yn, 2 = —a(a® + 4) x40
yﬁ+4 - (a2 + 2)kyf;+2 + 2kyrk; +
+ (—a(a® +4)*xh = (yo — ala® + D) zpa0)" =

(

0 for k < 2,
—6&((12 + 4)ynxn+2yn+4 for k = 37
—24a(a® + 4) Y2 T p12Ynsa for k = 4,

—10a(a® 4+ 4)YpTpioYnsa X
= X [7y72z + CL(CL2 + 4)xn+2yn+4] for k = 57

_Goa(a2 + 4)y2$n+2yn+4 X
X [33/721 + (Z(CL2 + 4>xn+2yn+4] fOI' k= 6,
—112&(@2 + 4)y'r21xn+2yn+4x
X [(3%% + CL(CZQ + 4)xn+2yn+4)2+
+a(a® + 4)y2 n 1 2Yn 4] for k =T,

16
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h) for x = x,, y = ax,.1, 2 = ax,s:

k kK 2 K1k ko k k ok ko
Tpyg+a wy 3 — 14 (a”+ 1) g, —a"y, n +a" 2y +a, =

(0 for k < 2,
6422, Tyt 1Tnis for k = 3,
120220 p 41 Trg3Tnsa for k = 4,

- 1Oa21:nxn+1xn+3><

2
30G° T Tp11Tn 13T 14 ¥
X [a?

\
i) for @ =yn, y = aYnt1, 2 = AYny3:
Ynis+ayh s — (@ + D" + 1y, +
+ a’“yfiﬂ +yr—d*(a® + 4)kxfz+2 =
)
0
60 Y Yn+1Yn+3

12a2ynyn+1 Yn+-3Yn+4,

10a2ynyn+1yn+3 X
= X [2yi+4 - a(ynynJrl + yn+2yn+3)]7

30a2ynyn+1yn+3yn+4 X
X [y721+4 - a(ynyn—i-l + yn+2yn+3)]a

56a2ynyn+1yn+3yn+4 X
X[(Ynra = A(YnYnt1 + Yni2Ynts))?—
_%a2ynyn+1yn+3yn+4]

\

j) for x =2, 1, Yy = Tpi1, 2 = Ynao

2 _
X[227 4 — ATpTpi1 — QTpyoTpys] for k=5,

2 _ A
Ty g+ Tppolnis — QTpTyiq] for k = 6;

for k < 2,
for k =3,
for k =4,
for k =5,
for k =6,
for k = 8;

Unso (440" — (3 +a")" + Uiy + 25y =y — (@nsr + Yosa)" =

(

0
0L —1Tn41Yn+2
12(2 + 2b + a®) Ty 122 Yn2

1021 Tni1Yns2 X

30(4 + a*)Tp 12 Yni2X
x[(2a® + 7)x721+1 — Tn-1Ynt2)
56(&2 + 4)xn—1xi+1yn+2 X
x[((2a* + 7)xi+1 — Tp1Ynt2)’—
_%(4 + a2)xn71$?x+1yn+2]

for k < 2,
for k = 3,
for k = 4,

_ X[(2(4+a*)? — (34 a®)?)x2 | — Tp_1Yn42) for k =5,

for k =6,

for k =8§;

17



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 7 (2007), #A08 18

k) for z = bx,, y = Yn_1, 2 = Yn+1, b € C:
(then bz, + ypy1 = (b+ D)z + 2pyo and bz, + y,—1 = (b+ 1)z, + ,_2) we obtain

[(A+b+a*)* = (4+a®) + 02l +yb_ + oyl —
- (bxn + Z/n+1)k - (bxn + ynfl)k ==

;

0 for k < 2,
62 Y —1Yn+1 for k =3,
12b(4 + b+ a®) 22 Yp_1Yni1 for k = 4,
1002, Yn—1Yns1[(2(4 + b+ a?)*—

— —b(4 + a*))x = Yn-1Ynt1] for k =5,

30b(4 + b + a2)x%yn—1yn+1 X

X[((44 b+ a*)? — b4+ a*)x? — Yn_1Yns1] for k =6,
56b(4 + b+ a2)x727,yn—1yn+1 X

X[({(4+b+a%)? = b4+ a®)}ay—

~Yn-1Ynt1)” — 50(4 + b+ @®)2hyn_1Yns1]  for k=8;

\
1) for x = wy, y = bwyi2, 2 = Wyyq, where b € C and w € {z,y}:

wh o, + [(a® + 2+ b)F — (® +2)" + 0wl + wf -
— (bwpyo + wn)k - ((az + 2+ b)wpyo — wn)k =

;

0, for k < 2,
60w, Wy 1 oW 1 4, for k = 3,
12(a® 4 2 + b)bw, w2 ywn 4, for k = 4,
10bw, Wy 2wny4[(2(a* + 2 + b)*—
= _b(a2 + 2))w721+2 - wnwn+4]v for k = 5,

30b(a* + 2 + b)w, w2, ywy 14X

X[((a® +2+b)? — b(a® + 2))w2 5 — WyWn44), for k =6,
56b(a* + 2 + b)w, w2, ywy 14X

x[(((a® +2 4 b)* = b(a® + 2))wy 15 — Wnlnia)’—

—2b(a® + 2 + b)w,w? , ywp 4] for k = 8;
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m) for x = (a® 4+ 3)Tnis, Y = —Yni2, 2 = —Tp_1:

(az + 3)k[xfz+5 + akyZH - (_1)k fz+1] + (_yn+2>k + (_l’nfl)k -

- ((az + 3)Tnys — yn+2)k —( a® + 3)Tni5 — ajnfl)k =

,

0, for k < 2,
6(a® + 3)Tn—1Yn+2Tn+5, for k = 3,
12a(a® + 3)*Ty_1Yns2Yns3Tnis, for k = 4,

10(a® + 3)Tp_1Yni2Tnis ¥
x [2a%(a® + 3)2yg+3 — Tp_1Yniot
+(CL2 + 3)2xn+lxn+5]7 for k = 9,

30a(a® + 3)2Zy1YntoYnt3Tnis X
x[a*(a® + 3)*Yn 5 — Tp1Yniat
+(CL2 + 3)2xn+lxn+5]7 for k = 6,

56a(a® + 3)2Tp_1Yn+2Yn13Tnis X
x[(a*(a® + 3)*yn 5 — Tn—1Yn+2t
+(CL2 + 3)2xn+1xn+5)2_
—%a(a2 + 3)2 00 1YntoYni3Tnys] for k=8,

19

Below, the identities generated by (5.41) and the elements of sequences {z,} and {y,}

satisfying relations (2.4)—(2.6) will be given:

a) forx =z, Y==Tpo, 2Z=Tpio, U= Tpig

[(a® +2b+2)% —2(a® + 2b+ 1)F + (a® + 2b)" + 2"] 2%, +
+ 2%%1 + 2?JZ§+3 — (Ynt1 + Tnr2)® = Ynas + Tngo)* =

(0 for k < 3,
242,22 ) Tnta for k = 4,
60(a® + 2b + 2)x, 2 | )T ya for k =5,

=\ 60z,22 rnia[2((a® + 204 2)—
—(a* +2b+ 3)) a2 — TpTnia) for k = 6,
210(a? 4 2b + 2)z, 23 Ly ia [ ((a® + 20 + 2)2—
—2(a? 4+ 2b+ 1))al,, — T for k =7;



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 7 (2007), #A08

b) for x = w,, Y= wyi2, 2z2=Wy14, U= Wyie, W E {,y} respectively:

(a® + 4)faf  + (> + )% ((a® +2)F + Dak s+ (a® + D)Fal , —yf o —
— Y ((@®+2)F = (@ +3) = D)y + o) + (Yo + Ynre)® —
— [(a® +2)(a® + D) 2ps3 — Ynsa)® — [(@® +2)(a® + D) @pss — Yora]* =

(0 for k < 3,
24ynyn+2yn+4yn+6 for k = 4,
60(&2 + 2) (a2 + 4)ynyn+2xn+3yn+4yn+6 for k = 57

= 60ynyn+2yn+4yn+6[2(a2 + 2)2(6L2 + 4)21'721_’_3—

_(a2 + B)yn+2yn+6 - (CL2 + 4)xn+1yn+4 - ynyn-i-?] for k = 67
210(&2 + 2) (a2 + 4)ynyn+2xn+3yn+4yn+6 X

x[(a* +2)%(a® + 4)%x; 5 — (0% + 3)Yn+2Yn+o

—((12 + 4)xn+1yn+4 - ynyn+2] for k = 77

yfz—l—S + ((CLZ + Q)k + 1)3/24—3 + yfiﬂ - "Efz+6 - xfl +
+((@®+2)F = (® +3)F = 1) (2 g + 2 y0) + (20 + Tpie)” —
— ((@® + 2)yns3 = Tnra)® = ((@° + 2)Ynrs — Tnyo)" =

(0 for k < 3,
2420 Ty 0T naThte for k =4,
60(@2 + 2)xnxn+2«Tn—‘rllxn—i-ﬁyn+3 for k = 57

= { 602, Zps0TnaTns6[2(a® + 2)yn 5

—((I2 + 3)xn+2xn+6 — Yn+1Tnyq — xnxn+2] for k = 67
210(a® + 2)TpTps2Tns 4T 6Yn i3 X

x[(a® +2)*y; 5 — (¢° + 3)nt2Tnss
L —UYn41Tn4d — TpTnyo) for k=1.

6.2 Identities for Powers of Fibonacci and Lucas Numbers

20

Applications of identity (5.40) to generate some identities for Fibonacci and Lucas numbers

will now be presented.
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a) For x = F,, y = F41, 2 = Fypa:

2FY Lk —Fr s+ Fr+Fr =

(0 for k =1,2,
6F Fyys1 Fyso, for k = 3,
24FnFn+1Fn+2, for k =4,
10F, Fyy1 Fy o[ TF2, 5 — FyFpsi), for k =5,

= 60F,F, 1 F2,,[3F2,, — FFoil, for k = 6,
14F, Fy 1 Frpol(6F2,, — FoFp )2
—5F2 ,(F? 5+ F Foi)), for k=1,
112F, 1 F2,,[(3F2,, — FuFoit)*—
L —F,Fo F2), for k = 8;

b) for x = F,, y = Fi1, 2 = Fi3:

FTIf+4 (2" + 1)Ff+2 Lk+2+Fk+F+1+F7]f+3 =

;

0 for k=1,2,
6FnFn+1Fn+3, for k = 3,
12FnFn+1Fn+3Fn+47 for k = 4,
10FnFn+an+3X
— X[2F3+4 — Fn+2Fn+3 - FnFn+1], fOI‘ k - 5,
30FnFn+1Fn+3Fn+4x
X [F7%+4 — FojoFoys — FnFn-I-l]? for k =6,
56FnFn+1Fn+3Fn+4X
X [(F3+4 - FnFn+1 - Fn+2Fn+3)2_
L _%FnFn+an+3Fn+4]> fOI" k - 87

c) fore =F,, y=F,1, 2= F,4

Lk+3+Ff+4 QkFrlers (1+3k)F+2+Frlf+1+F7f:

(0 for k=1,2,
6F, Fri1Fnya, for k = 3,
12F, Fyot L Fosa, for k = 4,
10F, Fr1 Foya[2L 5 — FuFon — FryaFrydl

=\ =2, F1Fia[90L0n 46 — Lonyr — 16(—=1)"], for k =5,

BOFnFn+1Ln+3Fn+4 [L721+3 - FnFn+1 - Fn+2Fn+4]
= 6L, Fy1Lny3Fyia[4Llonye — Lonyn — 6(=1)"], for k =6,
56FnFn+an+3Fn+4[(L721+3 - FnFn-H - Fn+2Fn+4)2
_%FnFn+1Ln+3Fn+4] for k = 8;

21
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d) forx=F,, y=Fu2, 2= F,4:

Frg =Ly + (4 =3+ )Fy, — Ly + Fy =

(

0 for k=1,2,
6FnFn+2Fn+4, for k = 3,
48FnF3+2Fn+4, for k =4,

10FnFn+2Fn+4[29Fg+2 - FnFn+4]

- 2FnFn+2Fn+4[28L2n+4 — 51( 1)71]
= - 1OFnFn+2Fn+4[28F +2 + ( 1) ], fOI‘ k - 5,
120F, F2 +2Fn+4[13F§+2 — F,F, 4

— 24F, F2, ) Fyya[12Lo 44 — 19(—1)"]

— 120F, F2,,F, 4[12F2,, + (=1)"],  for k =6,
224F, F3+2Fn+4[(13F3+2 - FnFn+4)2_

—2F, F? ,F, 4 for k = 8;

e) for x =2F,, y = Fi0, 2 = Fu5:

Ff o —2FFF 4+ (6" — 5"+ )EE, — (B +3F,)F + 2FFF =

(0 for k=1,2,
12FnFn+2Fn+57 fOl” k - 3,
144FHF3+2F,1+5, for k =4,

o 2()F’nF’n—t-QF"rL—|-5 [72F3+2 - 4FnFn+4 - Fn+2Fn+5]

= 4FnFn+2Fn+5[71L2n+4 - 10F2n+5 - 112(-1)”], for k = 57
360F, F2, ,F, 5[36F2 , — AF,Fpiy — FpyoFpys)

= 360Fan+2Fn+5 [7L2n+4 - 2F2n+5 - 8(_1)n]7 for k = 6)

\
f) forx =F,, y = Foi3, 2= F 4

(Fot Foys)' = Fs + Fy + Fry — (2P 3N F, + Fy =

(0 for k=1,2,
6FnFn+3Fn+47 fOI‘ k’ - 3,
12F, Fpi3Fyra(Fp + Frss), for k = 4,

10FnFn+3Fn+4[2(Fn + Fn+5>2 - F2n+6 + 2(_1)71]’ for k = 57

30FnFn+3Fn+4(Fn + Fn+5) X
X[(Fn 4 Fuys)? = Fopye + 2(=1)", for k = 6;

22
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g) for x =2F,, y=F,i3, 2 = F4

Fyig+ Frs+ (5F0)" + 2F,)" — F s —
- (Fn + 2Fn+2)k - (Fn + 3Fn+2)k =

(0 for k =1, 2,
12FnFn+3Fn+47 for k = 3,
120FnFn+2Fn+3Fn+4, fOI‘ k - 4,
20}771}771—1—351714-4X

. X [Fg—&-Z - 2FnFn+5 - Fn+3Fn+4]
o = 4FnFn+3Fn+4X
X [45L2n+4 — 4L2n+3 — 79(-1)”], for k = 5,
300anF’n-i-2F;L-&-SF’n-&-AL><
X [25F3+2 — 2FnFn+5 — Fn+3Fn+4]
== 60FnF7H,2Fn+3Fn+4X
L X [20L2n+4 — 4L2n+3 — 29(-1)”], for k = 6,

h) for x = Ly, Yy = Ln+17 Z = Ln+2:

2kLﬁ+2 - 5k ) Fvlf+1 - LZ+3 + sz + sz+1 =

(0 for k=1,2,
6LnLn+1Ln+27 fOr k - 3,
= 24LnLn+1Lfl+2, for k =4,

10LnLn+1Ln+2 [7L121+2 - LnLn—l—l]a for k = 57
60Ly, Lys1 L2 5[3L% y — LyLyya], for k = 6;

\
i) forz=L,, y=Lyi1, 2= Lpys:

L2+4 - 5k ’ Frlf+2 - (2k + 1>L7]§+2 + LZ + L2+1 + Lk

n+3 —

(0 for k=1,2,
6LnLn+1Ln+3, fOl" k - 3,
12LnLn+1Ln+3Ln+4, for k = 47

- 10L, Ly 1Ly, 3%
X[2L2 , — LyyoLnys — LyLyya], for k=5,
3OLnLn+1 Ln+3Ln+4 X
X [L721+4 — LyioLlyis — LyLyyq], for k=6.

23

In the next step, identity (5.41) shall be applied to generate some selected identities for

Fibonacci and Lucas numbers.
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a) For x = F,, y = F,.41, 2 = F13, u = F, 15 we obtain the following identities:

qu+6 - qu+5 - (Qk + 1)Fylf+4 - (4k - 3k + 1)Frlf+3 + (Qk + 1)F7lf+2 -
- Ffﬂ —Ff + LZ+2 + Llri+4 + (Fo+ Fras)® — (Fy + Lyga)* =

(0 for k=1,2,3,
QAF, Fryoy FryysFlyes, for k = 4,
60F, Fy i1 Foss Fovs Foses for k = 5,
=\ 60F,Fy 1 FoysFyys(2F2, 6 — FoysFopa— (6.42)
—Foy3Fnyo — FopiF), for k = 6,
210F, i1 Foys s Foge(Fog—
. —Fosbna — FosFao — Fua B, for k =7,

where the following identity was utilized: F,11 + Fio5 = 3F,43 and L1 + L5 =
3Ln+3;

b) for x = Ln, Yy = Ln+1, Z = Ln+3, u = Ln+5i

Lﬁ+6 — Lﬁ+5 -2+ 1)sz+4 — (4F -3+ 1)Lﬁ+3 +(2F + 1)Lﬁ+2 -

= Loy = Ly + 55 F0 s + 5"y o+ (Lo ngs)® = (L 4 5Fa)" =
(0 for k=1,2,3,
24LnLn+1Ln+3Ln+5 for k = 4,
= GOLnLn+1Ln+3Ln+5Ln+6 for k = 57 (643)
GOLnLn+1Ln+3Ln+5 [2L72—L+6 - Ln+5Ln+4_
\ —Lypy3lpyo — Ln+an]7 for k = 6;

c) forx =F,, y=Foo, 2= Fhi4, u=F,¢

LZ+5 + <3k + 1)LZ+3 + Lﬁ-s—l - Ffr]f+6 - Ffr]f + (Sk - 4k - 1)(F7lf+4 + F:+2) +
+ (F + Fn+6>k — (2F 44+ 3Fn+2)k — (3Fnqa + 2Fn+2)k =

(0 for k=1,2,3,
24FnFn+2Fn+4Fn+6 for k = 4,
180FnFn+2Fn+4Fn+6Ln+3 fOl" k = 57

=\ 60F,FpyoF, aFy 61812, 4— (6.44)
_4Fn+2Fn+6 - Ln+1Fn+4 - FnFn—l—Z] for k = 6,
630FnFn+2Fn+4Fn+6Ln+3[9L727,+3_
—4F, 2 Fny6 — Lypp1 Fga — FFoyn] for k=71,
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d) fOI‘ xr = Ln, y = Ln+2’ z = Ln+4’ u = Ln+6:

(5Fn15)" + (15" + 55 g + (5F )" — Ly — (45 =38 + 1)L}, —
— (4 =3+ )Lk, — LY 4+ (6L,40 + 2L,01)" —
- (4Ln+2 + Ln+5)k - (4Ln+4 - LnJrl)k =

(0 for k =1,2,3,
24Ly LyoLnyalnye for k =4,
900L, LyyoLyialni6Frnys for k =5,
=\ 60F,F, o Fy aF, 6[18L2 4— (6.45)

_4Fn+2Fn+6 - Ln+1Fn+4 - FnFn—l—Q] for k = 6,

630FnFn+2Fn+4Fn+6Ln+3 [9L121+3_
—4Fn+2Fn+6 — Ln+1Fn+4 - FTLFTL+2] for k=17.
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