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Abstract

A set A of positive integers is relatively prime to n if gcd(AU{n}) = 1. Given positive integers
I <m <n,let ®([l,m],n) denote the number of nonempty subsets of {l,[+1,...,m} which
are relatively prime to n and let ®([l, m], n) denote the number of such subsets of cardinality
k. In this paper we give formulas for these functions for the case [ = 1. Intermediate
consequences include identities for the number of subsets of {1,2,...,n} with elements in
both {1,2,...,m} and {m,m + 1,...,n} which are relatively prime to n and the number
of such subsets having cardinality k. Some of our proofs use the Mébius inversion formula
extended to functions of several variables.

1. Introduction

Let k£ and [ < m < n denote positive integers, let [[,m] = {l,l +1,...,m}, and let [z]| be
the floor of . For nonnegative integers 0 < M < N we have the following basic identity for

binomial coeflicients:
Y\ (N+1 Q)
Z k] \k+1)

=k

.

Definition 1. Let ®([l,m],n) = #{A C [I,m] : A # 0, and ged(A U {n}) = 1} and
Or([l,m],n) =#{AC[l,m]: #A =k and ged(AU{n}) =1}.

Nathanson [2] found
(I)([lv n]v n) = Z M(d)Qn/da
dn
n (2)
() = ("),

dn
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El Bachraoui [1] obtained

®([m,nl,n) = p(d)2"" =" N u(d)20 0,
dn i=1 d|(i,n)
n/d\ (n—1)/d
O ([m,nl,n]) = ) u(d) - ()
dzn: (k> ;dm ( k—1 )

Nathanson-Orosz [3] simplified the latter two identities and found

Z“ (n/d (m=1)/d]

din

nfd - [(m— 3)
<I>k([m,n],n])=Zu(d)< . [(k Vi)

dn

2. Phi Functions for [1,m]

Our main goal is to give identities for the functions ®([1,m|,n) and ®x([1,m],n). We need
the following lemma.

Lemma 2. Let U([1,m],n) = #{A C [I,m] : m € A and gced(AU {n}) = 1} and
Ui([1,m],n) =#{AC[I,m]: me A, #A =k, and gcd(AU{n}) =1}. Then

(a) = Y p(d2m

d|(m,n)

B o = X ("),

d|(m,n)

Proof. (a) Let P(m) denote the set of subsets of [1,m] containing m and let P(m, d) be the
set of subsets A of [1,m] such that m € A and ged(A U {n}) = d. It is clear that the set
P(m) of cardinality 2™~! can be partitioned using the equivalence relation of having the same
gcd. Moreover, the mapping A +— ;liA is a one-to-one correspondence between the subsets of
P(m,d) and the set of subsets B of [1,m/d] such that m/d € B and ged(B U {n/d}) = 1.
Then #P(m,d) = V([1,m/d],n/d). Thus,

= Y #P(m.d)= > ({1, m/d],n/d),

d|(m,n) d|(m,n)

which by the M6bius inversion formula extended to multivariable functions [1, Theorem 2(c)]

is equivalent to
([ mln) = 3 pld)2n
d|(m,n)
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(b) Noting that the correspondence A +— éA defined above preserves the cardinality and
using an argument similar to the one in part (a), we obtain the following identity

(71?—_11) - d%ﬂ) U.([1,m/d],n/d)

which by the Mobius inversion formula [1, Theorem 2(c)| is equivalent to

vl = 3 (")

Theorem 3. We have

(a) ®([1,m],n) = p(d)2™/ 9,

dn

(b) ®u([L,m],n) =" uld (m/d).

dn

Proof. (a) Repeatedly applying Lemma 2(a) together with Equation (2) yield the following
identities:
O([1,m],n) = ®([1,m + 1],n) — ¥([1,m + 1], n)
= ®([1,m+2],n) — (¥([1,m+2],n) + ¥([1,m + 1],n))

= ni U([1,m+i],n)
_ ZM 2n/d g Z m+7, )/d—1
dln =1 d|(m+i,n)
- Z pu(d)2?® — Z u(d nzsn o(m-+i)/d-1
dln dln d\m+z
n/d
SIS S SR
d|n dln j=[m/d]+1
dln
- g
dln

(b) Similar to (a), repeatedly applying Lemma 2(b) together with Equation (2) we find

S (- 5 wa (),

din =1 d|(m+i,n)
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Then
oL -Eno  (1047)

_ dlznu(d) (néd) B lﬂznu(d)j [;i;ﬂ (J - D
(- £
s ()£ 0205 ()
=S () - () (7))
- ("),

where the next-to-last identity follows by (1). -

Corollary 4. Let U(m,n) be the number of nonempty subsets of [1,n] with elements in both
[1,m] and [m,n] which are relatively prime to n and let Uy(m,n) be the number of such sets
of cardinality k. Then

ZM 2n/d [(m=1)/d] 2n/d—[m/d})
dn

%M <(n/d> ([(m —kl)/d]> _ (n/d —k[m/d]» '

Proof. The are immediate from equations (2) and (3), Theorem 3, and the obvious facts that

U(m,n) = ®([1,n],n) — ®([1,m — 1],n) — ®([m + 1,n],n)

and

and
Ur(m,n) = ®x([1,n],n) — ®r([1,m — 1],n) — ®([m + 1,n],n).

3. Asymptotic Estimates
Theorem 5. Let p be the smallest prime divisor of n in the interval [1,m]. Then we have

the following inequalities:

(a) 0<2m—2mP _®([1,m],n) < m2m/?,
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®) o< (Zj) - ([mk/p]) — (1L ) < m([mk/p]).

Proof. (a) The number 2™ — 2[™/Fl of sets consisting of multiples of p in [1,m] is an upper
bound for ®([1,m],n). As to the lower bound we have

®([1,m],n) — (2 — 2Py =3 p(d)2m/ D < 2l
d
d‘>p

(b) The number (') — ([mk/ b ]) of sets consisting of multiples of p in [1, m] and having cardinality
k is an upper bound for ®4([1,m],n). As to the lower bound we find

ecmion= (2) - (") + (")

din
d>p

=(1)- (") -2 (")

m [m/p] [m/p]
> — — .
= ()= () ("
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