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Abstract

Let ~(k,p) denote Waring’s number (mod p) and §(k,p) denote the £ Waring’s number
(mod p). We use sum-product estimates for [nA| and [nA — nA|, following the method of
Glibichuk and Konyagin, to estimate vy(k,p) and d(k,p). In particular, we obtain explicit
numerical constants in the Heilbronn upper bounds: v(k,p) < 83 k2, §(k,p) < 20 k'/? for
any positive k not divisible by (p — 1)/2.

1. Preliminaries

Let p be a prime and k a positive integer. The smallest s such that the congruence
a4+ 2f =6 (mod p) (1.1)
is solvable for all integers a is called Waring’s number (mod p), denoted ~(k, p). Similarly,
the smallest s such that
tab ok +. +28=a (mod p), (1.2)

is solvable for all a is denoted d(k,p). If d = (k,p — 1) then clearly v(d,p) = v(k,p) and so
we assume henceforth that k|p — 1. If A is the multiplicative subgroup of k-th powers in Zy
then we write

v(A,p) =~(k,p), (A, p) =0d(k,p).

Cauchy [4] established the uniform bound ~(k,p) < k with equality if £k = p — 1 or
(p — 1)/2, and many improvements to this bound have been made since then; see [6] for
references. Heilbronn [11] made the following conjectures: Let t = |A| = (p — 1) /k.
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I: For any € > 0, v(k,p) < k* for t > c..
I1: For t > 2, v(k,p) < k2.
The first conjecture was proved by Konyagin [13] and the second by Cipra and the authors
[6]. For t = 3,4,6 it was shown [6] that
V2k —1 < ~(k,p) < 2VE, (1.3)

and thus the exponent 1/2 is sharp. Indeed, the exact value of v(k,p) was determined for
these three cases. The purpose of this paper is to show how sum-product estimates can be
used to obtain explicit constants in the Heilbronn upper bounds.

Theorem 1.1. For t > 2 we have the uniform upper bound v(k,p) < 83 k'/2.

The proof of the theorem (Section 9) uses the sum-product method of Glibichuk and
Konyagin [9] for ¢ > 34 (Sections 6,7) and the lattice method of Bovey [3] for ¢ < 34 (Section
8). An explicit version of the first Heilbronn conjecture is given in Corollary 7.1. For delta

we obtain §(k, p) < 20 k'/2; Corollary 10.3. We also explore the relationship between (k, p)
and d(k,p) (Section 4) proving in particular,

v(k,p) < 2[logy(logy(p))] o (K, p).

Bovey [3] proved the weaker bound ~(k, p) < d(k, p)logp. We leave open the following

Question 1. Does there exist a constant C' such that vy(k,p) < C §(k,p)?

2. Sum-Product Estimates

For any subsets S, T' of Z,, let
S+T={s+t:seS,teT}, ST={st:seS,teT},

S—T={s—t:seSteT}, nS=S+S+---+85 (n— times).

Note that (nS)T" C n(ST). We let nST denote the latter, n(ST). If A is a multiplicative
subgroup of Z¥ then for any ¢, A* = A, nA® = nA and (nA)(mA) C nmA. The basic
strategy for bounding Waring’s number is to first obtain good lower bounds for |nA| and
then apply the following lemma to sets of the form nA, mA to obtain all of Z,.

Lemma 2.1. Let A, B be subsets of Z, and m a positive integer.
a) If0 ¢ A and | B||A]*% > p then mAB = L.
b) If |B||A| > 2p then 8AB = Z,.
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Part (a) was proven by Bourgain [1, Lemma 1] for the case m = 3. We prove the general
case in Section 3. Part (b) is due to Glibichuk and Konyagin [9, Lemma 2.1]. It follows from
(b) that if [nA| > \/2p (for a multiplicative group A) then (A4, p) < 8n?.

We shall make frequent use of the Cauchy-Davenport inequality,
S+ T| = min{|S| +[T'| = 1,p},
for any S,T C Z,, and its corollary

InS| > min{n(|S| — 1) + 1, p}.

Another key tool we need is Rusza’s triangle inequality (see, e.g., Nathanson [15, Lemma
7.4]).
1S +T| > |S|"4T — T)"2, (2.1)

for any S, T C Z,, and its corollary
[nS| > |S|7T]S — S| > |5 — S|t (2.2)
for any positive integer n.

In Section 5 we obtain lower bounds for |A— A| and |A+ A| using the method of Stepanov.
Next we obtain lower bounds for |nA — nA| (Section 6), followed by lower bounds for |nA|
(Section 7).

3. Proof of Lemma 2.1(a)

Let a € Z, and N denote the number of 2m-tuples (z1,...,Zm,Y1,...Ym) € Zim with
Y1 + - - + Tim¥Ym = a. We first note that

Z ZZGP(A(xy)) - Z Z Zep(/\(%yl—b?h))

NEZp |zEA yEB x1,22€A y1,y2€ B AeFy,

= p{(z1, 2, y1,y2) : ¥1,22 € A, y1,y2 € B, 2191 = T2y }| < p\AIQ\B!,

the last inequality following from the assumption that 0 ¢ A (and thus z1y; = zoys implies
y1 = 27 'way0.) Now,

pN = A"BI" +3 3> " e,(Mawys +++ + T — @) (3.1)

AA0 z, €Ay, €EB

= [A"|BI" + ) ey(—Aa) (Z > ep(kfcy)> : (3.2)

AF£0 r€A yeB
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By the Cauchy-Schwarz inequality, for \ # 0,

o\ 1/2

Z y(Azy)| < Z Zep Azy)| < |BJY? Z Zep(/\xy)

reAyeB yEB |z€A yeEB |z€A
o\ 1/2
<IBM" YD en(Aay) = |B|'2(p|A|)"7?,
yeF, |z€A
and so by the note above,
T (Zzepuw)) < (A1 3 ST ey
A#£0 r€A yeB AEZy |z€EA yEB

m m

< A3 B|Ep*.
We conclude from (3.2) that N is positive provided that

[A"|BI™ > |A]=+B| % p

yielding the result of the theorem.

4. Relations Between ~(k,p) and 6(k, p)

Theorem 4.1. Let A be the set of nonzero k-th powers in Z, with k|(p — 1), k # p — 1.
a) (k. p) <3 [log, (£222) | 6k, p).
b) y(k,p) < 3 (logy(d(k, p)) +4) 0(k, p).

c) v(k,p) <2 [logy(logy(p))] (K, p).

d) v(k,p) < (Pmin — 1)0(k,p), where puiy is the minimal prime divisor of | A|.

e) If |A| is even then §(k,p) = y(k,p). If |A] is odd, then é(k,p) = v(%,p).

Proof. a) Put Ay = AU {0}, § = d(k,p). Since §Ayg — 0Ay = Z, we obtain from (2.2)
10 A0] > |6Ag — A~V = pt= /¥ (4.1)

3logp
log |A|

for any positive integer j. Hence if j > log, ( ) we have |j5A0||A|% > p, and by Lemma

2.1(a), 3(j0Ao)A = Z,, that is, 3j0A¢ = Z,.

b) This follows from part (a) and the trivial bound (2|A| + 1)° > p, when |A] > 2.
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¢) If j > log,(logy(p)) then p'/? < 2 and so by (4.1) |[jdA| > p/2, and thus 2j6A = Z,,.

d) Let ¢ be the minimal prime divisor of |A|. Then A has a subgroup G of order ¢ and
Y sec:® = 0so that —1 is a sum of ¢ — 1 elements of A.

e) If |A] is even then —1 is a k-th power, and so y(k,p) = 0(k,p). If |A] is odd then k
must be even (for p # 2) and AU (—A) is the set of k/2-th powers. O

5. Lower Bounds for |A+ A| and |A — A]

We give two estimates for [A + A| and |A — A| with A a multiplicative subgroup of Z,, the
first effective when |A| > p?/? and the second when |A| < p?/3. Throughout this section
A+ A will denote either one of these two sets.

Theorem 5.1. If A is a multiplicative subgroup of Z;, then

2 -1
b
> _— .
A+ Al >p (1+ |A|3)

In particular |A + A| > L if |A] > p*/3.

Proof. Let N denote the number of solutions of the congruence x; + x5 = y; £ y» (mod p)
with x1, 22, y1,y2 € A, and N, the number of solutions of x; + 25 = a (mod p), z1, 22 € A,
for a € Z,. By the Cauchy-Schwarz inequality |A|> = >, N, < |A £ A|Y2N'/2. The lower
bound for |A + A| then follows from the estimate of Hua and Vandiver [12] and Weil [16],
N <B4 Al O

Theorem 5.2. (a) Let A be a multiplicative subgroup of Z; and o be a positive integer. If
4o(40—-2) < |A| < 755, then [AL£ Al > (o +1)|A|. (b) In particular, if A is a multiplicative
subgroup of 7 with |A| < p*?, we have

AL Al > 14] ( A+ 1+ 1) > LApr2,

The theorem is a refinement of a special case of Bourgain, Glibichuck and Konyagin [2,
Lemma 7] which gives [A — A| > §|A[*? for |A| < p"/2. The case ¢ = 1 is comparable
to what one obtains from the Cauchy-Davenport Theorem, [2A| > min{p, 2|A|}, for any
multiplicative subgroup A. If 0 is included there is the stronger result |24y| > min{p, 3|A| +
1}, for any multiplicative subgroup A with |A| > 2, where Ay = AU {0}; see [15, Theorem
2.8].

It is plain that the exponent 3/2 in the lower bound of the theorem cannot be improved
if we allow |A| to approach p?/? in size, but we are lead to ask the following questions.

Question 2. For |A| < p'/2 can the exponent 3/2 in the theorem be improved?
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Question 3. For |A| > p?/3 do we have A+ A D Zy, that is, y(A,p) < 27 (Note, 0 may
not be in A+ A even when |A| = 21.) It is known that y(A,p) < 2 for |A] > p*/%.

Proof of Theorem 5.2. We use the Stepanov method as developed by Heath-Brown and
Konyagin [10]. Let A be a multiplicative subgroup of Z, with ¢ = |A| and ¢ be a positive
integer. Suppose that 40(40 —2) < |A| < $£5. We proceed with a proof by contradiction.
Assume that |A £ A| < (o + 1)t. Write A+ A as a union of disjoint cosets of A in Z,

where the {0} is omitted if 0 ¢ A+ A. In particular,
|A+ Al = st +1 or st, (5.1)

and so s < .

For any coset Az; let
Nyj=H{zeA:xt1eAzx;} = |{(z,y) e Ax A:xLty=ua;}

Now for any x € A, v # F1, x £ 1 € Az, for some j and so

> Nj=t—1lort (5.2)
j=1

The next lemma is extracted from the proof of [14, Lemma 3.2].

Lemma 5.1. Let a, b, d be positive integers such that sad + %sd(d— 1) < ab? ab <t, th < p.
Then

Sy, < a—1+2tb—1)
: d
7=1

Proof. The lower case a, b, d in the lemma correspond to the upper case A, B, D in [14]. In
equation (3.11) of [14] we actually have sad + $sd(d — 1) < ab?® by summing over k in the
preceding line of their proof. O

We apply the lemma with a =4s, b =4s — 2, d = 8s — 5. Then
1
sad + §sd(d — 1) = 64s® — 645* + 153,

while
ab® = 64s® — 64s* + 16s,
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so the first hypothesis holds. Next, ab = 4s(4s—2) < 4o(40 —2) < t. Finally, since t <
we have tb < ;= (40 — 2) = p. Thus, by the lemma,

p
40—2

—t—1— ",

8s—5 8 —5H

the latter inequality following from 12s —6 < 4s(4s —2) < t. This contradicts the inequality
n (5.2).

For part (b) simply choose o = [2(v/+ 1 + 1)] and observe that ¢ < p*? implies ¢ <

p
4o—2" [

6. Lower Bounds for [nA —nA|, Part I

We follow the method of Glibichuk and Konyagin [9], which builds upon ideas in [2]. For
any subsets X,Y of Z, let

X—X_{[L’l—l‘g

v _Vy yl_yQ3$1,$2€X791,Q2EY,917'£92}.

The key lemma is
Lemma 6.1. [9, Lemma 3.2] For X,Y C Z, with |Y'| > 1 and 3= # Z, we have

2XY - 2XY + Y2 - Y?| > |X]||Y].

Proof. 1f X X v 7 Ly then there exist z1, 75 € X, y1,92 € Y such that ”“ ” +1¢ 5 XX But
then the mappmg from X x Y into 2XY —2XY + Y2 — Y? given by

(z,y) = (y1 — y2)v + (21 — 22 + Y1 — Y2)Y,

is clearly one-to-one and the lemma follows. O]

We also use the elementary

Lemma 6.2. Let A be a multiplicative subgroup of Z,, and X,Y be subsets of Z, such that
AX C X, AY CY. Then

‘ LE=XY =Y -1
|A]

Proof. 1f ¢ = (17 — x3)/(yh — y2) for some z1,20 € X, y3 # yo € Y, then ¢ = (ax; —
axs)/(ay; — ays) for any a € A. O
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For k € N| let
4k —1 4% 48
) bk: )
3 6
so that a1 =1, as =5, a3 =21, a4 =85, by =2, by =4, bg =12, by = 44, and for k > 1,

Qp =

ap+1 = 4ap + 1, bri1 = 8ag_1 + 4. (61)

Put

Theorem 6.1. Let A be a multiplicative subgroup of Zj,.
a) Fork > 1, |Ay > |A—=A||AFY if k=1 or |As1— A 1]|]A— Al <pl|A|
b) For k>3, |By| > |A— AY|A[F=3  if |Ap_o — Ap_o||24 — 2A| < p|A|.
Proof of Theorem 6.1. a) The statement is trivial for k¥ = 1. For k > 1, put X = A;_q,

Y = A. The hypothesis |[A;_1 — Ax_1||A— A| < p|A| implies, by Lemma 6.2, that 3=~ # Z,.
Noting that by relation (6.1)

2XY —2XY + Y2 —Y? =24, | — 24, 1+ A— A= (dap_1 + 1)A — (dap1 + 1)A = Ay,

we obtain |Ag| > |Ax—1||A| by Lemma 6.1. The theorem now follows by induction on k.

b) Put X = Ay_5, Y = A— A. Under the assumption of the theorem (X — X)/(Y —Y) #
Z,. Now, by relation (6.1), 2XY —2XY +Y? — Y? C (8ay_2 + 4)A — (8ay_2 + 4)A = By,
and so by Lemma 6.1 we have |By| > |Ax_2||A — A]. Part (b) follows from the bound in part
(a). O

Theorem 6.2. Let A be a multiplicative subgroup of Z,, and X be a positive real number such
that |A — A| > N A]Y/2.

a) For k> 1, |A,| > min{3/3p?/3 A|A|F+2}.
b) For k >3, | By| > min{3%"p*7 2| A|F}.
Proof. a) The result is immediate for & = 1 or |A| = 1, so we assume k > 2 and |A| >

2. If |Ag_1 — Apq]|A — A < p|A] the inequality follows from Theorem 6.1. Otherwise,
|Ag—1 — Ak—1| > p|A|/|]A — A|. Then

plAl p

|Ag| = |agA — ap Al > |dar—1A — dag_1A| > |Ap—1 — Ap—1| > A—A] = A A2

Also by the Cauchy-Davenport relation |Ax| > |As] = [5A — 5A| > 3|A — A] (for |A] > 1).
Thus |Ag]> > (p?/|A — A|)(3|A — A|) = 3p? and the result follows.
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b)We may assume |A| > 1. If |[Aj_o — Ap_2||2A — 2A| < p|A| the result follows from
Theorem 6.1. Assume that |Ag_o — Ag_o||2A — 24| > p|A|. Then

|B/€| = |bkA — bkAl Z |8ak_1A — 86Lk_a14| Z |326Lk_2A — 32ak_2A| Z |Ak_2 — Ak_2|

Al p
= DA 24| = [2A — 24P/A°

Also |Bg| > |124 — 12A| > 3|24 — 2A| and so |By|" > (p*/|24 — 2A3)33|24 — 2A3. O

Thus with \ = i (as given by Lemma 5.2) we have for any multiplicative subgroup A of
Ly,
A — 4] = min{}A]Y?, p/2)
BA — 34| > min{| A%, 2%/%)
|[pA — 5A| > min{i|A|5/2, 31/3p2/3)
124 — 12A| > min{L|A[?, 3%/ 7p*/7}
|21A — 21A| > min{%‘A’W?’ 31/3p2/3}
[44A — 44A] > min{:|AJ*, 33/TpY/7}
|85A — 85A| > miﬂ{i|A|9/2, 31/3p2/3}

The bound for |[A — A] is from Theorems 5.1 and 5.2. The bound for [3A — 3A| follows from
Lemma 6.1 when |A — A]?> < p|A| and from the Cauchy-Davenport inequality otherwise.
Further lower bounds on |[nA — nA| are given in Section 10.

7. Lower Bounds for |[nA|

For k € N, put my, = %4’”1 +k— 1?3 and ny, = %4“1 +k — %, so that m; = 2, my = 19,
ms = 84, ny = 7, Ng = 40, ns = 169.

Theorem 7.1. Suppose that A is a multiplicative subgroup of Z,, and X is a positive real
number such that |2A| > NA[P/? and |A — A| > M A|*/2. Then for any k € N,

a)  |miA| > min{\/2p, ai|AFT2},
b) |ngA| > min{4/2p, ﬁk|A|k+1},

58 44
where o = A3 3.4k ﬁk = \3 34F

Observing that 3A = Z, when |A| > p*? (see, e.g., [7]) and that by Theorem 5.2 we can
take A = 1/4 for |A| < p?/3 | we obtain in particular that for any multiplicative subgroup A
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of Z,
12A| > min{.25|A|*2, p/2}
[4A] > min{|A[*2, p7/*}
I7A| > min{.25| A, \/2p}
119A| > min{.125| A%, \/2p}
140A| > min{.177| A%, /2p}
84A| > min{.106|A|/?, \/2p}
1169A| > min{.163|A|*, \/2p}.
The estimate for [4A| comes from [4A| > |A|Y/2|3A — 3A|Y/2 > |A]P/? for |A — A|? < p|A|,
[4A| > |A — A|*/16 > (p|A|)'9/32 > p°/8, otherwise.

In comparison [9, Lemma 5.3] has [13A] > 2|A['3/7 for |A[]? < el |53A] > | A[2/7 for
|A]P < 2L |213A4] > 3| AP/ for |A]* < B2 ete.

Proof of Theorem 7.1. The inequalities |mgA| > %|A|k+% and |ngA| > L{A[FT! follow im-
mediately from the Cauchy-Davenport estimates of |m;A| and |nzA| for |A] < 5 and so we
assume |A| > 5.

We prove parts (a) and (b) simultaneously by induction on k. First note that the validity
of part (a) for k implies the validity of part (b) for k. If |myA| > +/2p then trivially
InkA| > /2p. Otherwise |myA| > a|A|¥"2. Then since nj, = my + aj41 we have by Rusza’s
inequality (2.1): [npA| > [meA|Y2|ag1 A — a1 A|Y? > mp AIV2| A V2

If |Ap — Ag||A — A] < p|A| then by Theorem 6.1 and the bound in part (a),
miA] > XSS AR A - APAP 2 gyl AP
If | Ay — Ap||A — A| > p|A] then, in particular, |2a;A — 2a, A| = |A), — Ag| > p*/?|A|Y/? and
|2a,A|*|A| > p. Thus
InkA| > 3(2a1A)| > |20, A[Y42a, A — 20, AP/t > |20, AV pPE AP/
_ (’2akA‘2|A‘)1/8‘A’1/4p3/8 > \A[1/4p1/2 > /2]?-

For k = 1 we have |m;A| = |2A] and so the inequality in (a) is trivial. Suppose the
theorem is true for k — 1. Note that for & > 2, my = ny_1 + by1 and so by inequality (2.1)

i Al > |y A2 (b A = brya A2 = [ 1 A2 B [V2. (7.1)

If |Aj—1 — Ap—1||2A — 24| < p|A]| then, by Theorem 6.1(b) and the induction assumption we
have

miA] > \STEET| A5 |A — A||Al7

> )\gfﬁﬂmvwé _ ak|A|k+%.
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If |Ap_1 — Ap_1||2A — 24| > p|A| then, in particular, |2a; 1A — 2a;_1 A| > p'/2|A|Y/? and
12a5,_1A|?|A]? > p. Thus

ImeA| > [4(2a,_14)| > 2051 A|Y3 2051 A — 2a,_1 A|7/® > |2ay,_1 A|Y/3pT/16| A7/
> (R AR IS A1 > | A2 2 3

1/(2k+1)
)=

a) If |A] > yp"/ @D then 8m2A = Z,.

O]

1/(2k+2)
Theorem 7.2. Put vy, = ( ) .

of Z; and k € N.

Let A be a multiplicative subgroup

?rgm| N
RIS

b) If |A| > 6,pY/ 3 +2) | then 8niA = Z,.

Proof. Under the given hypotheses, it follows from Theorem 7.1 that |m,A| > /2p and
|nkAl > +/2p, and so by Lemma 2.1 (b) the theorem follows. O

*.

Letting A = 1/4 we obtain the following for any multiplicative subgroup A of Z:
8A =17, for|Al >p"?
32A =17, for |A|>3.18p"3
3924 =7, for |A| > 2.38p"/*
2888A = 7, for |A| > 2.64p"/°
128004 = Z,, for |A| > 2p'/¢

564484 = 7,, for |A| > 2.11p"/7
228488A = 7, for |A| > 1.72p"/%.

The result for 84 is due to Glibichuk [8, Corollary 4]. Note that my < 1.00054"97+1 and
ny < 1.00013% for any k£ > 1. Define ¢; = ¢, =1 and

Vet if £ > 3is odd
Cyp =
‘ 6% if ¥ >4 is even

Then we obtain from Theorem 7.2 that for ¢ > 2,
|A| > ep/t = 57-472A=17, (7.2)

Corollary 7.1. For any prime p, £ > 2 and multiplicative subgroup A of Z, with

In4

cp't < JA| < e pt Y we have (A, p) < 14.25 pmTATee—1)

Proof. |A| > ¢p'/* and so 3% - 4YA = 7Z,. We also have (¢ — 1)In(|A|/c,-1) < Inp. Thus

A 57 | AR WAV D
Y(A,p) <54 U < 14.25p P, -
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8. Bovey’s Method for Small |A|.

For small |A| we use a method of Bovey to bound §(k,p) and ~y(k,p). Let t = |A| so that
tk = (p— 1) and put r = ¢(t). Let R be a primitive ¢-th root of one (mod p), that is,
a generator of the cyclic group A, and ®;(x) be the t-th cyclotomic polynomial over Q of
degree r and w be a primitive ¢-th root of unity over Q. In particular, ®,(R) =0 (mod p).
Let f : Z" — Z[w] be given by

f(zy,m0,...,0,) =21 + 20w + - - + 20" L.

Then f is a one-to-one Z-module homomorphism.

Consider the linear congruence

z1+ Rey+ Rz + -+ Rz, =0 (mod p). (8.1)
By the box principle, we know there is a nonzero solution of (8.1) in integers v; = (ay, as, - . ., a,)
with |a;] < PV < (p—DY", 1 <i<r. For2<i<rsetwv =f 1w f(v))). Then
vy, ..., v, form a set of linearly independent solutions of (8.1) and by [3, Lemma 3]

1 t
S(kp) < 5 3 Il
=1

t . .
where ||(z1,22,...,2)|1 = Y_._; |zi]. To determine the latter sum we start with the system
a + aw + + aw !
aw  + aw? + +  aw
aw?  + aw?® + + aw Tt
aw®  + aswt + + aw't?
aw*  + aw® + + a3
aw'™t 4+ aw” + ...+ aw??

and then reduce the higher powers of w to powers less than r using ®; or any other relation
that is convenient. Note that for 0 <7 <r — 1, w* occurs 7 + 1 times in the array, while for
r<i<2r—2, w occurs 2r — 1 — i times. If w' can be expressed as a sum/difference of w;
powers of w less than r then we will call w; the weight of w’ in the above system. We see

that
1 r 2r—2 ;
. . 1/r
) <3 (S w120 -

In passing from d(k, p) to v(k,p) we use the relation of Theorem 4.1 (d),
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where p,.in is the minimal prime divisor of ¢. To illustrate the method we consider a few
special cases.

Case 1. Suppose ¢ is a prime power ¢ so that r = ¢® — ¢® . Then w' ™" = 1 and
W= =320 Tt follows that w; = ¢ — 1 fori =r,...,7 +¢*" — 1 and that w; = 1
for i =r+¢* ', ..., 2r — 2. Thus

r r+q®71-1 2r—2
ZH— Z 2r—1—i)(g—1)+ Z 2r—1—49) ] (p—1DY" (8.3)
i=r4q>—1
and so
1 — oa— r 1 r
&hmgiwlm1@f—nm@ywm4»@—mv<#ﬂkv,

1 — o— T 1 T
(k) < (= 1)g" " (¢ (4g° — g +8) — (¢ = 2)) (p — 1)V < #77 EV".
In particular, for ¢t = 2%, we have §(k,p) < %(p —1)Y/7, and for prime t = ¢
8(k,p) < (2 =3t +25)(p — YYD y(k,p) < (¢t — 1) — 3t +2.5)(p — 1)V, (8.4)

Case 2. Suppose t = 2q where ¢ is a prime, so that r = ¢ — 1 and we have w? = —1,
wi™t = —1+4w— -+ w? 2 We obtain

Zuvzul (——3t+5)< e,

§(k,p) < (.25t2 — 1.5t +2.5)(p — 1)~ and ~(k, p) < (:25t% — 1.5t + 2.5)(p — 1)%/(=2),

Case 3. t =21, r = 12. We have w'?2 = o't — 0% + w® — Wl +w* —wd +w —1, and
w* = —w” — 1. Thus w'® = W't — W% + w8 — W — W8 + W’ — W3 +w? — 1 giving it a weight
of 9. w' to w!® each have weight 2, w!® weight 9, w?° weight 8, w?' and w?? each of weight
1. Altogether we get

S il € (141248 1149-1042(9 4 - +5)+9-4+8 -3+ 1(2-+1))p"/12 = 389p!/12,

0(k,p) < 194.5p"/1* and ~y(k, p) < 389p*/*2.

In a similar manner we obtain the following table of upper bounds for (k, p) and y(k, p).
The values for t = 3,4 and 6 were determined in [6]. The p’s appearing in the table may be
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replaced by (p — 1).

14

t k,p)  y(k.p) t  o(k,p) v(k,p)

2 (p—1)/2 (p—1)/2 21 194.5p'/12  389p!/12
3 20k 20k —1 22 90.5p'/10  90.5p!/10
4 2Vk—-1 2/k-1 23 462.5p/?%  10175p'/??
5 125pY7%  50pt/4 24 43p'/® 43p"/8

6  2V6k 2\/6k 25 327.5pY/20  1310pY/20
7 30.5pY/6  183p!/6 26 132.5pY/12  132.5p!/12
8 gp'/4 gpl/4 27 220.5pY/18  441p'/18
9  24p'/S 48p*/6 28 124.5pY12  124.5p'/12
10 12.5pY4  12.5p'/4 29 756.5p'/?%  21182p'/?®
11 90.5p/10  905pt/10 30 74p'/s 74p'/8

12 10.5p*  10.5p'/4 31 870.5p'/3%  26115p'/30
13 132.5pY12  1590p'/12 32 128pY/16  128pl/16
14 30.5pY6  30.5p'/6 33 583.5p/20  1167pY/%0
15 74p'/® 148p'/8 34 240.5pY16  240.5p'/16
16 32p'/8 32p'/8 35  1233p'/%*  4932pl/24
17 240.5p'/16  3848p!/16 36 97.5pY/12  97.5pl/12
18 24pl/6 24pt/6 37 1260.5p/36  45378p!/36
19 306.5p'/18 5517p/18 38 306.5p' /18 306.5p/18
20 51.5pY%  51.5p'/8

9. Proof of Theorem 1.1

Let t = |A] > 2. As noted in (1.3), for t = 3,4, v(k, p) < 2v/k and so we may assume ¢ > 5.
The inequality v(k,p) < [k/2] + 1 of S. Chowla, Mann and Strauss [5], implies the theorem
for £ < 27551 and so we assume k > 27551. The first step is to prove the theorem for ¢ < 34
using the table from the previous section. Suppose t is a prime. Then by (8.4),

V(kvp) < (t - 1)(t2 —3t+ 2,5)t1/(t_1)k1/(t—1) < 83 ]€1/27

provided that k > 106, ¢ < 34. For k < 10°, p < 4-107 < 22° and so by Theorem 4.1 (c),
~v(k,p) < 106(k,p). Thus we get the improved (for ¢ > 10) upper bound

Y(k,p) < 10(£ — 3t +2.5)81/ ¢ DRI/,

With the aid of a calculator one can check that the latter quantity is less than 83k'/? for
t <31 and k > 27552.

For nonprime values of ¢t < 34, we turn to the table in the previous section. We note that
if v(k,p) < C(p—1)"" then y(k,p) < 83 k'/? provided that k > (C/83)>/(r=2¢2/("=2) Using
the values of C' in the table one checks that the statement is valid for & > 27551.
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Finally, suppose that ¢t > 34 and that k > 27551. If t > cgp'/® we have by Theorem 7.2,
v(k,p) < 12800 < 83 k'/2. Next, assume t < cgp'/6 = 2p'/°. Say cpp'/* <t < ¢o_1p"/“Y for
some ¢ > 7. Then by Corollary 7.1, and noting that 2.102 > ¢; > ¢g > ¢g > ¢g... we have

v(k,p) < 14.25 p% <1425 (t + 1/]{)%]{1(1:_/17)

< 14.25 (34 + 1/27552) Wi/ i/ < 83 k49,

10. Lower Bounds for [nA —nA|, Part II

The lower bounds on |Ag| and | By| established in Section 6 were sufficient for yielding good
upper bounds on v(k,p). One can achieve slightly better upper bounds on §(k, p) by using
the following variant of Theorem 6.1.

Theorem 10.1. For any multiplicative subgroup A of Z,,

smin{|A]®, p+ 1}  for any A

3A — 3A| >
CL) ‘ | = {|A|2 fo,’,, |A| Spl/?’-

smin{|A — AJJA[*T, 22}

2

b) For k> 1, |Ay| > 1
) For k2 |H_LA—NMW1ﬂWW<pM.

ind 3 |A — Al2|A|k—3 ptl
o) For k>3, By > 4 "0 k||| St
|A— APJAJF2 for |A] < pre.

The theorem follows from a couple of lemmas of Glibichuk and Konyagin.
Lemma 10.1. /9, Corollary 3.5] For X,Y C Z, with |Y| > 1,

X[YIp-1)
XNV +p— 1

2XY —2XY +V? - Y? >

(Although their lemma is stated with a nonstrict inequality, the proof makes it clear that
it is strict.)

The following lemma is the same as Glibichuk and Konyagin [9, Lemma 5.1] applied to a
slightly different set Ay.

Lemma 10.2. Suppose A is a multiplicative subgroup of Z, with |A| > 5. For any k and
real number U with 0 < U < |A — A||A|*~! we have

5 U?
Al > U — - .
[A| 2 U 1p—1
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Proof. The proof is by induction on k, with £ = 1 being trivial. We use Lemma 10.1 with
X = A,_1,Y = A Noting that 2XY —2XY +Y?2 -Y2 =24, | — 24, +A— A=A, as

above, we obtain

[Ara[[Al(p — 1)
Al > 10.1
Al = |Ak_1||Al+p—1 (10.1)
and the proof proceeds identically as in [9]. O

Proof of Theorem 10.1. a) Put X =Y = Ain 10.1 to get |[3A—3A4| > Eiﬁp 11 If [A]? < p-—1
then |34 — 34| > 1|A[?, while if [A]* > p — 1 then [3A — 3A| > 3(p—1). If |A]® < p then

%| < |AJ]? < p and so Lemma 6.1 gives [3A — 3A| > |A]>.

b) Put U = min{|A—A||A[*~!, 21}, Then by Lemma 10.2, |Aj| > £ min{|A—A||A|*~1, 22},
provided that |A| > 5. For |A| = 1,2, 3,4 the inequality follows from the Cauchy-Davenport
bound |Ay| > min{p, 2a;(]A| — 1)+1} and |[A—A| =1,3,7,9 for |A] = 1,2, 3,4 respectively.

The second inequality is proven by induction on k, the case k£ = 1 being trivial. Suppose
the statement is true for k — 1 and let |[A[F*2 < p. Put X = 4, 1, YV = A If |[X — X| <
|A — A||AJ*7L, in which case | X — X||A — A|/|A| < p, we can apply Theorem 6.1 to get the
result. If | X — X| > |4 — A||A[*~! then since Ay, D X — X the result is immediate.

c¢) Suppose k > 3. If |A| = 1 the bound is trivial, so assume |A| > 1. Put X = A;_,,
Y =A— A Then

4k=2 1 4k=2 1
2XY —2XY +Y? - Y? :8TA—8TA+4A—4A:Bk,
and so by Lemma 10.1
| B;| > min [Aalld— 4] p+1
kIl Z 9 ) 9

and the result follows from the bound in part (b).

Suppose now that |A|*** < p. If |Aj_o— Aj_o| < |[A—A]*|A[*73, in which case | X — X||Y —
Y|/|A| < p, then the result follows from Theorem 6.1. Otherwise |Bg| > |Ag—2 — Ag—2o| >
|A — A]2|A|R3. O

Corollary 10.1. Let A be a multiplicative subgroup of Zy with |A] > 1 and A < 1 be a
positive real with |A — A| > | A[]3/2.

a) For k > 1 if |A] > (&)Y @HDpY @R+ then 2a A — 20, A = Z,,.

b) For k >3, if |A| > (55)"*p"/* then 2b,A — 20, A = Z,,.

Proof. a) As seen in (10.1), |A| > min {M p} Under the given hypotheses we have,
by Theorem 10.1,

. 1 3 +1
A4 2 min { AR ST >,
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for |A] > 5. Thus |Ax| > § and 24, = Z,. If [A| = 2,3, or 4 then the corollary follows

readily from the Cauchy-Davenport inequality, [2axA — 2a,A| > min{p, 4a,(|A| — 1) + 1}.
For |A| = 5 the conditions require k& > 3. Using the bound for 6(A,p) from the table in
Section 8 (t =5), we get

2k+1

5(A,p) < 12.5p* < 12.5(30/8)Y457 5 < 12574 < Z(4F — 1) = 24,

[GSIN )

b) Under the given hypothesis 2A?|A|* > £ and so by Theorem 10.1, |By| > £. Thus

2By = Z,. 0

Thus we obtain (with A = .25)

4A —4A =17, for |Al>./p

10A —10A =17, for |A]>2.58p*°
164 —16A =17, for |A]>3.18p"3
42A —42A =17, for |A| > 1.97p*"
88A — 884 =17, for |A|>2.56p'/*
170A — 170A =7, for |A| > 1.70p*/°
344A — 344A =7, for |A| > 2.12p"/°
6824 — 682A =7, for |A| > 1.54p* 1
1368A — 13684 = Z,, for |A| > 1.87p"/S.

The result for 4A — 4A is due to Glibichuk [8]. The result for 164 — 16A is obtained from
|A— Al > .25|A]3/2 > \/2p for |A] > 3.18p'/3 and thus 8(A — A)(A — A) = Z,.

Put
dp = (8/(3\)* for £ =3/2,5/2,7/2,.... (10.2)
Applying Corollary 10.1 (a) with k = ¢ — 1 we see that if |A| > dyp'/* then §(A,p) < 4ay, =
2(4% — 1) = 24° — 1. We deduce

Corollary 10.2. For any prime p and multiplicative group A with dgp'/* < |A| < dg_1p*/—V
for some half integer £ > 5/2, we have

5(A,p) < 8 p—1n<|Alf}3g_f>_

Corollary 10.3. For t > 2 we have the uniform upper bound, &(k,p) < 20k"/2.

Proof. For k < 1595 the result follows from &(k,p) < [k/2] + 1 < 20k'/2. Suppose that
k > 1595. We note that 6(k,p) < C(p — 1)V/" implies §(k,p) < 20k'/? provided that
k> (C/20)*/=2¢2/'=2)  Using the values of C' given in the table in Section 6 we see that
the latter holds for t < 29, k > 1595. Next, if ¢ > 1.70p*° then 6(k,p) < 340 < 20k'/? for
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k > 1595. Otherwise, dgp'/* <t < dy_p"/*~! for some half integer ¢ > 11/2. If 29 < ¢ < 50
then we can take A = .28 in the definition of d, (10.2) since
|A — A - 2t — 1 S 99
|A|3/2 — 3/2 T 503/2
and get dg/, = 1.6501.... Thus by Corollary 10.2

> 28,

5(]{;729) < g (29 + ﬁ)ln(291/nl%6502)kln(291/nl%6502) < 14k49.
Finally, if £ > 50 then we take A\ = .25, dg/, = 1.70, and get

(5<I€,p) < % (50 + ﬁ)ln@g}/i?o)kln(sgl/zll.m) < 14441
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