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Abstract
In this paper, we prove the following result: Let A be an infinite set of positive
integers. For all positive integer n, let 7, denote the smallest element of A which
doesn’t divide n. Then we have

1 & > 1
li — = .
NiIEooNT;Tn 7Z;)lcm{ae./él\agn}

In the two particular cases when A is the set of all positive integers and when
A is the set of the prime numbers, we give a more precise result for the average
asymptotic behavior of (7,),,. Furthermore, we discuss the irrationality of the limit
of 7, (in the average sense) by applying a result of Erdés.

1. Introduction and Results

In Number Theory, it is frequent that a sequence of positive integers does not have
a regular asymptotic behavior but has a simple and regular asymptotic average

behavior. As examples, we can cite the following:
(i) The sequence (dy),~, where d,, denotes the number of divisors of n.
(ii) The sequence (o(n)),,,, where o(n) denotes the sum of divisors of n.

(iii) The Euler totient function (¢(n)),s,, where ¢(n) denotes the number of

positive integers, not exceeding n, that are relatively prime to n.

We refer the reader to [3] for many other examples.

In this paper, we give another type of sequence which we describe as follows:
Let a1 < ag < ... be an increasing sequence of positive integers which we denote
by A. For all positive integers n, let 7, denote the smallest element of A which

doesn’t divide n. Then, we shall prove the following theorem.
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Theorem 1 We have:

1 & > 1
li — =
Nirme;T7l glcm{a €Ala<n}
in both cases when the series on the right-hand side converges or diverges.

In the particular cases when A is the sequence of all positive integers and when it
is the sequence of the prime numbers, we refine the proof of Theorem 1 to obtain

the following more precise results:

Corollary 2 For all positive integers n, let e, denote the smallest positive integer

which doesn’t divide n. Then, we have

N

1 B (log N)?

N ;en =L+ 0N (NloglogN ’
where

1
ly = _ .
! %lcm(lﬂ,...,n)<+oo

Corollary 3 For all positive integers n, let q, denote the smallest prime number

which doesn’t divide n. Then, we have

N
1 (log N)?
SN gy =l + Oy [ 28 )
N;q 2+ N(NloglogN
where

62:22;<—|—oo.

nEN p prime, p < n

Further, by applying a result of Erdés [1], we derive a sufficient condition for the

average limit of (7;,),, to be an irrational number. We have the following.

Proposition 4 Let d(.A) denote the lower asymptotic density of A; that is,

1
d = liminf — .
) = o 13
acA
a<N
Suppose that d(A) > 1 —log2. Then the average limit of (7,),, is an irrational
number. In particular, the numbers ¢1 and o, appearing respectively in Corollaries

2 and 3, are irrational.
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2. The Proofs
2.1. Some Preparations and Preliminary Results

Throughout this paper, we let N* denote the set N\ {0} of all positive integers. For
a given real number x, we let |z] and (x) denote respectively the integer part and
the fractional part of x. Further, we adopt the natural convention that the least
common multiple and the product of the elements of an empty set are equal to 1.

We fix an increasing sequence of positive integers a; < ag < - - -, which we denote
by A, and for all positive integer n, we let 7,, denote the smallest element of A which
doesn’t divide n.

For all o € A, we let L(a) denote the positive integer defined by

_lem{ac A|a<a}
Clem{a€eA|a<al’

L(a):

We then let B denote the subset of A defined by
B:={a€ Al L(a) > 1}. (2)

We shall see later that B is just the set of the values of the sequence (7,),. We

begin with the following lemma.
Lemma 5 For all positive integer n, we have:
lem{a e A|a<n}=lem{be B |b<n}.

Proof. Let n > 1 and let aq, ..., a be the elements of A4 not exceeding n. By using

the following well-known property of the least common multiple:
lem(ay,...,ai,...,a;) =lem(lem(aq, ..., a;),a4i11,...,a) (fori=1,2,... k),

we remark that when a; ¢ B, we have L(a;) = 1 and then lem(aq,...,qa;) =
lem(aq,...,a;—1). So, each a; not belonging to B can be eliminated from the list
ai, - .. ,a, without changing the value of the least common multiple of that list. The
lemma follows. a

From Lemma 5, we derive another formula for L(a) (o € A). For all @ € A we

have
_lem{beB|b<a}

= ) 3
(@) lem{be B |b< a} )
The next lemma gives a useful characterization for the terms of the sequence

(Tn)p-

Lemma 6 For all positive integers n and all o € A, we have:

Tn = a <= Jk € Nk # 0 mod L(«) such that n =k -lem{be B | b < a}.
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Proof. Let n € N* and o € A. By the definition of the sequence (7,),,, the equality
T, = « amounts to saying that n is a multiple of each element a € A satisfying
a < « and that n is not a multiple of . Equivalently, 7, = « if and only if n is a
multiple of lem{a € A | a < a} without being a multiple of lem{a € A | a < a}.

So, it suffices to set k := to obtain the equivalence:

n
lem{a€A | a<a}

Tn = a <= 3k € N*,k # 0 mod L(a) such that n =k -lem{a € A | a < a}.
The lemma then follows from Lemma 5. |

Corollary 7 The sequence (7,),, takes its values in the set B. Besides, any element
of B is taken by (7,),, infinitely often.

Proof. Let a € A. If a ¢ B, then we have L(«) = 1 and thus there is no k € N*
such that £ 0 mod (L(«)). It follows, according to Lemma 6, that o cannot be
a value of (7,),,.
Next, if o € B, then L(«) > 2 and thus there are infinitely many & € N* such that
k #£ 0 mod (L(«)). This implies (according to Lemma 6) that there are infinitely
many n € N* satisfying 7,, = o. The corollary is proved. |

Actually, given o € B, Lemma 6 even gives an estimation for the number of
solutions of the equation 7, = « in an interval [1,z] (z € RT). For z > 0 and
«a € B, define

olay)i=#{neN' n<z |7 =a}

Then, we have the following:

Corollary 8 Let o € B and x > 0. Then we have

B L(a) —1
~lem{be B|b<a}

oo ) X+ Co s
where |Coz| < 1. Furthermore, iflem{b € B | b < a} > z, then we have ¢(a;x) = 0.

Proof. Let a € B and = > 0. By Lemma 6, we have

X
. — * <
pla; ) #{kEN S e eB v <a]

and k # 0 mod (L(a))}

Lcm{b €B|b< a}J a {L(a).lem{b €B|b< a}J
lem{beB|b<a} L(a)lem{beB|b<a}

+ Ca,zs

where o 1= — <lcm{b€g ; b<a}>+<L(Q).lcm{§éB | b<a}>. So, it is clear that |cq,»| < 1.
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Next, we have

x x B L(a) -1
lem{be B|b<a} L(a)lem{beB|b<a} L(a)lem{beB|b< a}'x
L(a) -1

- lem{b € B | bgcv}'x7

by using (3). This confirms the first part of the corollary.

Now, if lem{b € B | b < a} > z, then none of the integers of the range [1,x]
is a multiple of lem{b € B | b < a}. It follows, according to Lemma 6, that the
equation 7, = « doesn’t have any solution in the range [1,z]. Hence p(«a,z) = 0.
This confirms the second part of the corollary and ends this proof. m|

Now, let by < by < ... be the elements of B. To prove our main result, we will

need some properties of the sequence (by),,. For simplicity, for all n > 1, let
L, = L(b,) > 2.

Then, by (3), we have:

Cdem{beB|b<b,}  lem(by,ba,....by,)
" lem{beB|b<b,} lem(by,by, ..., by 1)

which gives
lem(by, ba, ..., by) = Ly -lem(by, b, ..., by_1) (Vn > 1).
By iteration, we obtain for all n > 1:
lem(by, bay ..., by) = L1Loy--- L, > 2", (4)

For the simplicity of some formulas in what follows, it is useful to set by := 0 and
Lo := 1. Note that by € B. We have the two following lemmas:
Lemma 9 We have

> 1 _ i by — bx_1
= lem{a € A | a < n} Pt LiLy - Ly

Proof. According to Lemma 5, we have:

> e - 3 impes
neNlcm{a€A|a§n} neNlcm{b€B|b§n}

- 1
Z Z lem{be B|b<n}

k=1bi_1<n<bg
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B Z b — b1
— lem(by, bo, - .., bg—1)
= _— according to (4)).
DIy reeey (according to (4))
The lemma is proved. o

Lemma 10 Let v be a positive integer and N be an integer such that
lcrn(bl, bg, ey br—l) <N lCIIl(bl7 bg, ey b?")

Then, we have

N
1
N ZTn == Sl(N) + SQ(N)f(N7r)a
n=1
where
bi _bk 1 1
S1(N) = — L1L2 -+ Z L L SN =3 b

and f(N,r) is a function of N and r, satisfying |f(N,r)| < 1.

Proof. According to Corollaries 7 and 8, and to relation (4), we have

1 Y 1
NZTn - NZ >,
n=1 aeB 1<n<N,7,=«
- LS et
= % > ap(e; N)

acBB
lem{beB | b<a}<N

1 s
= N Zbks@(bk;N
= Zbk <L1 LkN—’_Ck’N) (where [cp n| < 1)

1
]; g <L1L2"'Lk1 L1L2 ) Z kCk,N -
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Then, the lemma follows by remarking that:

St ) - Bt )
P \LiLy-- Loy LoLe--- Ly SN\LiLyLior LiLe---Ly
"\ by — b
+
;Lle Ly
b by — by
- i +Z k k—1
LyLg--- Ly = Lily--- Ly

and by defining
2 k=1 bkChN
FN, ) = SN,
> k=1 bx

which satisfies |f(N,7)| < 1 (since |cx,n| < 1 for all & > 1). This completes the
proof. o

We will finally need two lemmas on the convergence of sequences and series.

Lemma 11 Let (l‘n)n21 be a real non-increasing sequence. Suppose that the series

>0 | @y converges. Then, we have

1
Ty =0 (—> (as n tends to infinity).
n

Lemma 12 Let (¢9n)nZl be a sequence of real numbers. Suppose that 8,, tends to 0

as n tends to infinity. Then the sequence with general term given by
1 n
k
a7 2 20
k=1

also tends to 0 as n tends to infinity.

Remark. Note that Lemma 12 is in fact a particular case of a more general theorem

in summability theory, called Silverman-Toeplitz theorem (see e.g., [2]).

2.2. Proofs of the Main Results

Proof of Theorem 1. Let N be a positive integer. Since (according to (4)) the
sequence (lem(by,ba,...,by)), increases and tends to infinity with n, N must lie

somewhere between two consecutive terms of this sequence. So, let » > 1 such that

lcm(bl,bg, .. ~7br—1) <N < 10m(b1,b2, R ;br)~
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Then, by using Lemma 10, we have

N
Z N) + Sa(N)f(N), ()
where
S S S e =
Si(N) = L1L2~~LT+;LL2 = (6)
1 T
Sa(N) = NZbk‘ (7)
k=1
and |f(N)| < 1.
Next, set

S :nzz:olcm{aEA|a§n}'

To prove Theorem 1, we distinguish two cases according to whether S converges
or diverges.
15 case: S < +oo. In this case, since the sequence (1/lem{a € A | a <n}), -, is
clearly non-increasing, then by Corollary 11, we have -

n
li =
n oo lem{a € A | a < n}

By specializing in this limit n to the integers by (k > 1), we obtain (according to
Lemma 5 and Formula (4)) that

lim

— =0. 8
k——+oo L1Lg---Lp_1 ( )

On the one hand, according to (8) and to Lemma 9, we have (because r tends to
infinity with N)

lim Sl(N):Z%:S (9)

N —+o00

and, on the other hand, we have

r

1
— Ny, <
NZ P = lem(by, ... by_1) P

3

br

Sa(N) = LiLy-- L,y

b =
k=1

IN

Z Qk*T (since L; > 2 for all ¢ > 1)
k=

1
:2_2
k=

kfl
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But by applying Lemma 12 for 0 := ﬁ which is seen (from (8)) to tend

to 0 as k tends to infinity, we have

1 < by
lim — ) 2"—— =0
T*l}wzloo 2" kX::l LyLy---Lp_q

So, it follows (because r tends to infinity with N) that

Nl—i>r—r&-1z>o SQ(N) =0. (10)

Finally, by inserting (9) and (10) into (5), we get

1 N
li ~ n = O,
N—lg-looanlT S

as required.
274 case: S = +oo. In this case, by using (5), we are going to bound from below
% 22;1 T, by an expression tending to infinity with V.

On the one hand, we have

br

N) = e
M) VPR D D wy resey y
r—1
b, b, — b,_ b — b
_ 1 +Z & — br—1
LyLy---Ly ~ InLg---Lyoy = LiLg---Lpy
r—1
b, by, — br—1
> o N T Ok 11
LiLy--- Ly ,;L1L2"'Lk 1 (11)

(because we obviously have b; < lem(by,...,b;) = L1Lo--- L;, for all i > 1).
On the other hand, we have

1 — r b
S N = — b < I A
(V) = G Y T
k=1 k=1
r—1
b’r L1L2Lk . ‘
B L1L2"'Lr—1+;L1L2~-~L,._1 (since b; < Ly Ly or all )
b?" r—1 1
= +
L1L2-.-LT71 ;Lk+1Lk+2"'Lr,1
b r—1 1
= ; ince L; > 2 for all i
- LiLy--- L4 T ; or—k—1 (since L; > 2 for all 7)
by
< + 2. (12)
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Tt follows, by inserting (11) and (12) into (5), that

1 N
FLm = SV +SNI)

S1(N) — S3(N)  (since [f(N)| < 1)

Ti:l br —bu—1
i LiLy- - L

v

Y

But since (according to Lemma 9) > 72, % = 5§ = 400, we conclude that

1 N
lim — = +o0.
Wl 2 = e

This completes the proof of the theorem. O

Proof of Corollary 2. In the situation of Corollary 2, A is the set of all positive
integers and then B is the set of the powers of prime numbers. We must repeat
the proof of Theorem 1 and give more precision to the two quantities ﬁ and
> h—y bi. First let us show that

b, ~log N (as N tends to infinity). (13)
By the definition of r, recall that
lem(by, ba, .., by_y) < N < lem(by, bs, ..., by). (14)

Next, by Lemma 5, we have (since A = N*):

lem(by, b, ..., b,) =lem(1,2,...,b,) ,
lcm<b17b27. .. 7br71> == 1cm(1,2,. .. ,brfl)

and by the prime number theorem (see, e.g., [3]), we have, on the one hand,
loglem(1,2,...,n) ~n (as n tends to infinity)
and, on the other hand (because B is the set of the powers of prime numbers),
by ~ bp_1 (as n tends to infinity).

Taking into account all these facts, we derive from (14) that effectively b, ~ log N,
confirming (13).
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Now, we are going to be precise the order of magnitude of ﬁ and >";_; by.
We have

b, b, by
= < AT
LiLy--- L, lem(by,ba,...,0,) N

(according to (14)).

It follows, according to (13), that

b, _ log N
L1L2-~-LT_O< N > (15)

Next, because B is the set of the powers of the prime numbers, we have

Y= Y= X (T r)= X 0 )

log by

e>1,p prime p prime 1<e<| Tog p ] p prime

p°<by, p<b, p<b,

Since for any prime number p, we have p%l < 2 and pllogbr/logp] < plogbr/logp —p,
it follows that

> bi < 2be7(by),
k=1

where 7 denotes the prime-counting function. But, by using again the prime number

theorem and (13), we have b,7(b,) = O(lo?zh) = O(S;gkg):,). Hence

~, _ . ((ogN)
kz_;le =0 <1og10gN> : (16)

It finally remains to insert (15) and (16) into (6) and (7) respectively to obtain
(according to (5) and to Lemma 9) that

N
) 1 1 (log N)?
1 — n = (0] .
Nir-ri—looNZT Z1(;111(1,2,...,n) * <N10glogN
n=1 neN

The corollary is proved. O

Proof of Corollary 3. In the situation of Corollary 3, A is the set of the prime
numbers and then B = A. So, for all n > 1, we have a,, = b,, = L,, = p,,, where p,,
denotes the n*" prime number. Consequently, we have (in the context of the proof
of Theorem 1)

pip2- - Pr—1 <N < pipa- - Dr. (17)

So, by the prime number theorem (see, e.g., [3]), we have

pr ~ log N (as N tends to infinity).
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From this last, it follows that

b, Dr

Dr . .
= <=~ — as N tends to infinity),
LiLy---Ly  pip2-pr N N ( v)
which gives
b, log N
=0 18
LyLy--- L, ( N ) (18)
and that
T T 2 2
P (log N) o
b, = ~ T~ N tends t finit;
; k ];pk STozp, ~ 2loglog N (as ends to infinity),

which gives

1 &, (log N)?
N;bk_O<N10glog]\7 ' (19)

To conclude, it suffices to insert (18) and (19) into (6) and (7) respectively and use
(5) and Lemma 9. The result of the corollary follows. O

Now, we are going to prove Proposition 4. To do so, we need the following result
of Erdds [1].

Theorem (Erd6s [1]) Let u; < ug < --- be an infinite sequence of positive inte-

gers. Set U := {uy,us,...} and suppose that
dU) >1—1log2=10.306...

Then, the real positive number

- 1
nz::llcm{uelzﬂugn}

1s irrational.

Proof of Proposition 4. The first part of Proposition 4 which concerns a general
set A is clearly an immediate consequence of the Main Theorem 1 and the above
theorem of Erdgs. Next, since the set N* of all positive integers has asymptotic
density 1 > 1 — log 2, the irrationality of the constant ¢; of Corollary 2 is a direct
application of the first part of the proposition. Now, let us prove the irrationality
of the constant ¢, appearing in Corollary 3. We must notice that this is not a direct
application of the first part of the proposition, because the set of the prime numbers

has asymptotic density 0 < 1 — log 2.
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Let F denote the set of square-free numbers, that is the set of all positive integers
which are a product of pairwise distinct prime numbers. It is known that F has
asymptotic density % > 1—log?2 (see, e.g., [3]). So, it follows by Erdés’ result that

the number

1
l3 =
’ %mm{feﬂfgn}

is irrational.

But we remark that for all n € N, we have:

lem{feF|f<n} = H p = lem{p prime | p < n},
p prime

p<n

which shows that actually /3 = ¢5. Consequently ¢ is an irrational number. This
completes the proof of the proposition. o
Remark. The irrationality of the constants ¢; and ¢y appearing in Corollaries 2
and 3 respectively can be shown by a more elementary way than that presented in

Erdés’ paper for the general case.
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