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Abstract
We give common generalizations of three formulae involving the number of relatively
prime subsets of {1,2,...,n} with some additional constraints. We also generalize

a fourth formula concerning the Euler-type function ®;, and investigate certain
related divisor-type, sum-of-divisors-type and gcd-sum-type functions.

1. Introduction

For a nonempty subset A of {1,2,...,n} let gcd(A) denote the ged of the elements
of A. Then A is said to be relatively prime if ged(A) = 1, i.e., the elements of
A are relatively prime. Let f(n) denote the number of relatively prime subsets of
{1,2,...,n}. Then

n

fo) =Y u(d) (2 1), nen, (1)

d=1

where p is the Mdébius function and N = {1,2,...}. A similar formula is valid
for the number fi(n) of relatively prime k-subsets (subsets with k elements) of
{1,2,...,n}. These functions were investigated by M. B. Nathanson [6].

Let Ry(n) denote the number of k-compositions of n such that the summands

are relatively prime, i.e., Rj(n) is the number of ordered k-tuples (a1, as, ..., ax) of
positive integers such that a; +as+ ...+ ar = n and ged(ag, as,...,ar) = 1. Then
n/d—1
Rk<n>=dzu<d>(k_1), nk N )
n

(see H. W. Gould [4], T. Shonhiwa [10]).
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Furthermore, let py(n) denote the number of partitions of n into k¥ summands
and consider the number pj(n) of partitions of n into k parts such that the parts
are relatively prime. Then

P(n) = Y upe(n/d), n.keN (3)

d|n

(see T. Shonhiwa [9]).

Also, consider the Euler-type functions ®(n) and ®(n), representing the number
of nonempty subsets A of {1,2,...,n} and k-subsets A of {1,2,...,n}, respectively,
such that ged(A) and n are coprime. Note that ®;(n) = ¢(n) is Euler’s function.
One has

Bi(n) = > uld) (”Iéd), n,k €N (4)

d|n

The functions ® and ®;, were defined and studied by M. B. Nathanson [6]. For
further properties and generalizations see also M. Ayad, O. Kihel [1, 2] and their
references.

It is the aim of the present paper to give common generalizations of formulae
(1), (2), (3), (4). We also consider certain related divisor-type, sum-of-divisors-type
and gcd-sum-type functions.

The definitions of our general arithmetical functions are given in Section 2. As-
suming a natural condition we give arithmetical identities and formulas for certain
formal series in Sections 3 and 4, respectively. In Section 5 we show that if two
additional conditions are fulfilled, then we have asymptotic formulae for the values
of these general functions. Finally, special cases and references to known results are
given in Section 6.

We remark that the asymptotic formulae for the values ®x(n), given by M. B.
Nathanson [6, Th. 4] are ambiguous. See Section 6, Case C of the present paper.

2. Arithmetical Functions

For k,n € N let {1,...,n}* = {(ay,...,ax) : a1,...,ar € N,1 < ay,...,ar < n}
be the set of all ordered k-tuples of positive integers < n. Let S = (S(n))nen be
a system of nonempty subsets S(n) of the set J,_,{1,...,n}*. If a = (a1,...,ax)
is a k-tuple in S(n) (where 1 < k < n) we denote by ged(a) the ged of the num-
bers ay,...,ar. Also, let ged(a,n) denote the ged of ged(a) and n (the ged of
A1y ..y Qg N).

Consider the following functions:
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(i) the function counting the number of all relatively prime k-tuples of S(n), i.e.,

fs(n) = #{a € S(n) : ged(a) = 1}, ()
(ii) the divisor-type function
7s(n) = #{a € S(n) : ged(a) | n}, (6)
(iii) the sum-of-divisors-type function
os(n)= Y  ged(a), (7)
a€S(n)
ged(a)ln

(iv) the Euler-type function attached to S, given by

ps(n) = #{a € S(n) : ged(a,n) = 1}, (8)
(v) the ged-sum-type function
Ps(n) = Z ged(a, n). (9)
a€S(n)

3. Arithmetical Identities

Ifa = (a1,...,ax) isa k-tuple and j € Nlet ja denote the k-tuple ja = (jai, ..., jag).
Assume in what follows that for every n € N, S(n) is an arbitrary nonempty subset
of Up_,{1,...,n}* such that the following condition is valid:

(Ch) Forany jeN,1<j<n,jac S(n)holdsif and only if a € S(|n/j]).

Theorem 1. Assuming condition (Cy), we have for any n € N,

Z fs(In/j]) = #S(n), (10)
fs(n) = Zu(j)#S(Ln/jJ) (11)

Proof. Grouping the k-tuples a = (ay,...,ar) € S(n) according to the values
ng(Q) = .j7 where 1 < .7 < n, ay = jb17 sy O = ]bk7 ng(b) = ng(bla e 7bk) = la
and using the given condition (C4),

#Sm) =" 3 1= 3 1= > 1= fs(ln/i))

j=1 a€S(n) j=1 jbeS(n) j=1be5(|n/5)) g=1
ged(a)=j ged(b)=1 ged(b)=1



INTEGERS: 10 (2010) 410

which proves (10). Now (11) follows at once by Mobius inversion. Alternatively,
for a direct proof of (11) we use the following property of the Mobius function:
2dn M(d) = 051 (Kronecker-delta) and obtain

ooy u(j)ZZn:M(j) ot

a€S(n) jlged(a) j=1 jbeS(n)

p(i) . 1= u()#S(In/i)).

J=1 beS(In/j)) J=1

n
O

Theorem 2. Let h be an arbitrary arithmetic function. Then, assuming condition
(Cy), we have for any n € N,

> h(ged(a)) =Y h(d)fs(n/d), (12)
a€S(n) d|n
ged(a)|n
(n) =Y fs(d),  os(n)=>_dfs(n/d). (13)
d|n d|n

Proof. If a € S(n), ged(a) = d | n, then a = db, where b € S(n/d) by condition
(C1) and ged(b) = 1. Hence

3 h(ged(a Zh > 1= nd)fs(n/d),

a€esS(n) beS(n/d) d|n
ged(a)|n ged(b)=1
which proves (12). For h(n) =1 and h(n) = n, respectively, we have (13). i

Theorem 3. Assuming (C1), we have for any n € N,

S 0s(d) = #5(n), (14)
d|n
=Y uld)#S(n/d). (15)
d|n

Proof. Similar to the proof of Theorem 1. We give the direct proof of (15):

oY wd =) @ Y1

a€S(n)d|(ged(a),n) dn dbeS(n)
=Y ud) Y 1= u(d)#S(n/d).
d|n beS(n/d) d|n
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Theorem 4. Assuming (C1), we have for every n € N,

n) =Y dés(n/d), (16)
d|n
= w(d)#S(n/d), (17)
d|n

(where @ is Euler’s function).

Proof. Grouping the k-tuples a € S(n) according to the values (ged(a),n) = d,
where a = jb, (ged(b),n/d) =1, we obtain (16) using condition (C}):

=>d > 1=) ds(n/d).

d|n beS(n) d|n
(ged(b),n/d)=1

Now using (16) and (15),

m =Y Sostd) =n Y LS @S =n 3 1D psim)
d|n

dln eld ejm=n

—n Y = L sim Z’“‘ nZ%#S( % 3 #5(m)
mén ej=~ ml=n ml=n

O

Note, that if #S5(n) is multiplicative in n, then the functions ¢s and Ps are also
multiplicative, while fs is, in general, not multiplicative, cf. Section 6, Case A.

4. Formal Series

Next we consider the formal power series of (fs(n))nen. Let

= Z #S(n)z", (18)

be the formal power series of (#S(n))nen.

Theorem 5. Assuming condition (C1), we have for any n € N,

[e%S)
> fsm
n=1

8

)(1 — ™) Fs(z"). (19)

n=1
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Proof. Using (11),

Zfs(n)xnzzz D#S(nfihe™ =D (s Z#S [n/j))x
n=1 n=1j=1 j=1 n=j

where the inner sum is

2j—-1 3j—1 45-1
E#S 2+ 3 #S@em + Y #5@3)a
n=2j n=3j
= 11_36 (#S(D)ad + #S(2)2% + #5(3)a® +...) = 11:3;] Fs(2).

O
Regarding the formal Lambert series of (¢s(n))nen we have the following formula.

Theorem 6. Assuming (C1), for every n € N we have

> ¢s(n)
n=1

Proof. Apply (14) and the following well-known result: If A and B are any arith-

metical functions such that ;, A(d) = B(n) (n € N), then S An) s =

1—zxm

Z?:l B(n)z". U

5. Asymptotic Formulae
Assume in this section that, in addition to condition (C}), the following also hold:

(Ca) the sequence (#5(n))nen is increasing;

(Cs) n#S(n)/#5(2n) — 0, as n — 0.

We show that under these conditions almost all sets in S(n) are relatively prime.
The proof of the next result is along the same lines as that of [6, Th. 2].

Theorem 7. Assuming conditions (Cy), (C2) and (Cs), for every n € N, n > 3,
we have

fs(n) = #5(n) = #5([n/2]) + R(fs)(n), (21)
where
—(n =2)#5(|n/3]) < R(fs)(n) < 0. (22)
Furthermore, fs(n) ~ #S(n), as n — oco.
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Proof. By (10) we have using condition (Cy),
#5(n) = fs(n)+fs(ln/2)+)_ fs(n/i]) < fs(m)+#S(In/2])+(n=2)#S(|n/3)).
=3

The numbers 2aq, . . ., 2ay, are not relatively prime for any k-tuple a = (aq, ..., ax),
and 2a € S(n) holds if and only if a € S(|n/2]) by (Ci). Hence

fs(n) < #5(n) — #5(n/2]).

Here #S(|n/2])/#S(n) — 0 and n#S(|n/3])/#S(n) — 0, as n — oo. This

follows from

n#S((n/2]) _ ,m#S(m)
#SGy o gsem) T
where m = |n/2], using conditions (C3) and (Cs). Therefore, fs(n)/#S(n) — 1,
as n — oo. o

Let g(n) denote the least prime divisor of n. The next two results are inspired
by [6, Th. 4].

Theorem 8. Assuming (C1), (C2) and (C3), we have for everyn € N, n > 1,

bs(n) = #S(n) — #5 (ﬁ) + R(6s)(n), (23)

where

Rl <o (|| ) <nws (|2 ]) e

for every € > 0, where 7(n) is the number of divisors of n. Furthermore, ¢s(n) ~
#S(n), as n — oo.

Proof. By (15) we have

¢s(n) = #S(n) + u(g(n))#S(n/q(n)) + > u(d)#S(n/d)
d|n
d>q(n)

= #5(n) —#5(n/q(n)) + R(¢s)(n),
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where by condition (Cs),

IR(6s)(n)] < |Z £5(n/d) < r(n)#S (MﬁJ) |

d>q(n)

Now, #5(n/q(n))/#5(n) — 0 and 7(n)#5([n/(q(n) +1)])/#5(n) — 0, as
n — oo. This is obtained by

n#S(n/q(n)) < 3m#S(m)

#5(n) T #5(2m)

where m = |n/2|, by conditions (C3) and (C3). Consequently, ¢s(n)/#S(n) — 1,

as n — oQ. O

— 0, n — o0,

Theorem 9. Assuming (C1), (C2) and (Cs), we have for everyn € N, n > 1,

Ps(n) = #5(n) + (g(n) — 1)#5 (q(”—n)) - R(Ps)(n), (25)
where
0 < R(Ps)(n) < n#S QM%D 7 (26)

and Ps(n) ~ #S(n), as n — oo.

Proof. Similar to the above, by (17) we have

Ps(n) = #5(n) + p(a(n)#S(n/q(n)) + Y (d)#S(n/d)
d|n
d>q(n)

= #5(n) + (q(n) — 1)#S5(n/q(n)) + R(Ps)(n),
where by (C2),

o< (P < #5 (| g | ) et =t (| i ])-

d|n

6. Special Cases

We now consider special cases for which condition (C4) is verified and the results
of Sections 3 and 4 can be applied. Furthermore, we indicate the cases for which
(C2) and (Cj3) also hold and the asymptotic results of Section 5 apply.
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Case A. § = S(k-tuples)

Let k € N be fixed and let S be the set of all ordered k-tuples, i.e., S(n) =
S(k-tuples)(n) := {1,...,n}* for all n € N. Then #S(k-tuples)(n) = n*, which is
multiplicative in n. Conditions (C4) and (C3) hold true, (C3) fails. Here

fS(k tuples) Z ,LL Ln/.? ne N> (27)

which is well-known (see [8 Th. 2], [12]). Note that for £k = 1, Equation (27

gives Zj u()n/j] = 1 (n € N). Furthermore, Jix(n) := @s(k-tuples)(N) =
> M(d )(n/d)* is the Jordan function, and Py (n) := Ps(k-tuples) (1) = > Pd Y(n/d)*
is the generalized Pillai function (see [11, 13]). Note that the functions J and Py

are multiplicative, while fs(r-tuples) is not multiplicative.
We point out that

FS(k tuples) Zn 1 — 3? k—i—l Z k ] ja (28)

where a(k, j) are the Eulerian numbers, representing the number of permutations
of {1,...,k} having j rises (see, e.g., [3, Section 6.5]). Therefore, by Theorems 5
and 6 we obtain

= L opm)(1-a") ¢
n __ - N o n(k—j
Z: fS(k—tuples)(n)aj T 1—=2 —~ (1 — gn)k+1 ZCL(]{?,]).’E ( j)7 (29)

0 n k
> AT = (e ket (30
n= 7=0

Formula (30) is given in [3, p. 199], and for k¥ = 1 we reobtain the familiar formula
Zn 1@( )# = (1—IVL)2

Case B. § = S(all k-tuples)

Let S be the system of all ordered k-tuples, where 1 < k < n; that is, S(n) =
S(all k-tuples)(n) := Up_,{1,...,n}* for all n € N. Then #S(all k-tuples)(n) =
n+n?+...+nk. Conditions (C;) and (C3) hold true and (C3) fails.
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Case C. § = S(k-sets)

Let k£ € N be fixed and let S be the system of all ordered k-tuples a = (a1, ..., ax)
such that ay,...,ar € N;1 < a1 < as < ... < ar < n; that is, S(n) is the
family of all sets with k elements from {1,...,n}, notation S(k-sets)(n). Then
#S(k-sets)(n) = (}). (C1) and (Cy) are valid, (C3) fails.

This is a special case investigated by M. B. Nathanson [6] (see Introduction).
Note that Theorems 7, 8, and 9, concerning asymptotic estimates, are not valid
now. It is trivial that ®4(n) < (7). In [6, Th. 4] it is stated that for n odd,
Pu(n) = () + (’)(n(mfj))) (for n even another similar result is also given). But
here n(L"f’D) ~ nF*1 while (Z) ~ n*, so this does not give any new information
on the size of & (n).

Using the formula z(z — 1) (x —n + 1) = Y_;_, s(n, k)z*, where s(n, k) are
the Stirling numbers of the first kind, we obtain from (4),

1 k

where Jm is the Jordan function (see Case A). It is well-known that > Jin(n) =

W L+ O(z™) for m > 2, and we obtain

> Bi(n m "+ O@ah), k> 2, (32)

n<z

giving the average order of ®(n).
As new results we also give the following ones:

S(k- sets) Z fS k- sets) Z Z M (Ld/j > n €N, (33)

d|n dln j=1

where for k =1 this is the usual divisor function 7(n) :=3_,,, 1,

Peti(n) = S dtn(n/a) = X o)) nen (34)
d|n d|n
Z fS(k—sets) (n)xn = 1 i - Z (l;(_)xn)k’ (35)
o
Z i (n 1 —n (1 — z)kt1” (36)

k

where (35) and (36) follow by the familiar formula Y>>, (})z™ = (Lt
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Also, by (34) and (32) we obtain

> Pateans ) = Gy e O, k22 @D

n<zc

where 1y (x) = 2* for k > 3 and 9o (x) = 2% log z.

Case D. S = S(sets)

Let S be the system of all ordered k-tuples (a1, ..., ax) such that ai,...,ar € N;1 <
a1 < ag < ...<a, <n,where 1l <k <mn;that is, S(n) is the family of all nonempty
subsets of {1,...,n}, notation S(sets)(n). Then #S(sets)(n) = 2™ — 1. All of (Cy),
(C3) and (C3) hold true. Hence the asymptotic estimates are valid.

This is the another special case studied by Nathanson [6]. We have the following
additional results:

PS(sets) (’I’L) = Z @(d)2n/d —n, néeN, (38)
d|
Nt n 1 < p(n)z™
Z fS(sets) (n)x = 1—2 Z 1 (_ opn’ (39)
n=1 n=1
d " T
ots = 4
7; ¢S(betb) (n) 1 — gn (1 — 1’)(1 — 2.%) ) ( O)

where (39) and (40) are obtained by > (2" — 1)a" = —%—5=. Note that
formula (39) is given, without proof, in [7, Item A085945|. Note also that 1 +
%PS(sets) (n) = %de ©(d)2™/? is exactly the number of circular permutations of
two distinct elements taken n at a time (repetitions allowed). As a consequence we
obtain that Ps(sets)(n) =0 (mod n) for any n € N.

Furthermore, ¢g(sets) (1) = Zdlny(dﬂ"/d (n € Nyn > 1), given in [6, Th. 3]. It
follows that ds(sets)(n) = 0 (mod n) for any n € N,n > 1, by a well-known result
(% > dln 1(d)2™/? represents the number of irreducible polynomials of degree n over
the field Z/27).

Case E. § = S(k-multisets)

Let k € N be fixed and let S be the system of all ordered k-tuples a = (aq,...,ax)
such that a1,...,ar € N;1 < a1 < ay < ... < ag < n; that is, S(n) is the family
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of all multisets with & elements from {1, ...,n}, denoted by S(k-multisets)(n). Now
#S (k-multisets)(n) = (”+Z_1). (C1) and (C2) are valid and (Cs) fails.
This is a special case investigated by Shonhiwa [8]. We have for n € N,

N (In/i]+ k-1
f -multisets (TL) = ( ) ) (41)
S(k-mul ) 32:31 A ( k )
(bS(k:-multisets) (’I’L) = Z /’L(d) (n/d _;k a 1) y (42)
d|n
PS(k: multlaets) Z SD (n/d ke 1) ) (43)

where (42) is given in [8, p. 70].

Here Fs(kmultisets) () = D opey ("H,:*l)x” = sy and obtain

> w1 )1 - e
;fs(k—multisets)(n)x “1_=x ; (1 —gn)ktl (44)

Case F. § = S(all multisets)

Take all nonempty multisubsets of {1,...,n}. Then we have #S(all multisets)(n)
=3 (”*Zﬁl) = (277) — 1. All of (Cy), (Cq), and (C3) hold true. Hence the
asymptotic results are also valid:

2n 4n
fS(multisets) (TL) ~ ¢S(multisets) (n) ~ PS(multisets) (TL) ~ (’I’L) ~ ﬁ? n — oo. (45)

Case G. § = S(k-compositions)

Let k € Nbe fixed and let S(n) = S(k-compositions)(n) := {(a1,...,ar) : a1,...,ar €
N, a1 + ...+ a, =n}. Then #S(k-compositions)(n) = (}_1). Condltlons (Cl) and
(C2) hold, while (C3) does not hold.

If @ € S(k-compositions)(n), then ged(a) | n, and hence ged(a,n) = ged(a)
and we obtain that fS(k—compositions) (n) = Rk(n) = (rbS(k—compositions) (77,) for any
n € N, where Ry(n) was given in the Introduction. Also, 7s(x-compositions) () =
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(Zj) In this case we have, from Theorems 4 and 6,

n/d—1
PS(k—compositions) (Tl) = Z @(d)< ]{; -1 )a nec N? (46)
d|n
> z" ak
= 4

(for (47), see [4, 10]).

Case H. § = S(all compositions)

Let S(n) = S(all compositions)(n) := U, <<, {(a1,...,ax) + a1,... a5 € Nyag +
...+ ag = n}. Then #S(all compositions)(n) = 2"~ 1. All of (C}), (Ca), (C3) are
valid. Hence, among others,

—1
fS(all compositions) (n) = ¢S(all compositions) (’I’L) ~ PS(all compositions) (n) ~ 2" , L — 00.

(48)

Case I. § = S(k-partitions)

Let kK € N,k > 2, be fixed and let S(n) = S(k-partitions) := {(a1,...,a5) : 1 <
a1 <ag <...<ap <n,a; +...+ a, = n}, where #S(k-partitions) = pi(n) is the
number of k-partitions of n.

Conditions (Cy) and (C3) are valid. Condition (C3) does not hold, since py(n) ~
%, as n — oo (see, e.g., [5, Chapter 4]).

Here fS(k—partitions) (n) = Di (n) = ¢S(k—partitions) (n)7 like in Case H, where Dx, (n)
is the function studied in [9], see Introduction. Note that p3(n) = (n? — 1)/12 for
any n = £1 (mod 6) (see [5, Chapter 4]). We obtain from (3) that for any n € N,

n > 1, such that 6 1 n,
_ _ 1 1
Ba(n) = 3 nld)psnfd) = = 3" pd)(n?/d ~1) = ho(n),  (49)
d|n d|n
where J2(n) = n? [, (21— 1/p?) is the Jordan function of order 2 (see Case A).
Similarly, from (17) we have for any n € N, such that 6 { n,

1

PS(3—partitions)(n) = ﬁ (P2 (TL) - TL) s (50)

where Py(n) =3, o(d)(n/d)? (see Case A).
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Case J. § = S(all partitions)

Let S(n) = S(all partitions) := Uzzl{(al,...,ak) 11 <a; <ay <. . < q; <

n,a1 + ...+ ar = n}. Here #S(all partitions) = p(n) is the number of unrestricted
partitions of n. Each of (Cy), (C3), and (C3) hold.
We have

fS(all partitions) (TL) = ¢S(all partitions) (’I’L)

NPa artitions)\1t) ~ p\n) ~ ——, N o, 51
S(all partit )() p() 4n\/§ - ()

where K = W\/m, by the result of Hardy and Ramanujan.

Finally, we note that one can consider other special cases too. Let, for example,
Sn) =Ui{(a1,...,ax) :1<ag1 <ax<...<ap <n,a1 +...+a; =n}, where
m is fixed, 1 < m < n. Then #S(n) is the number of partitions of n with at most
m summands. Conditions (C;) and (C2) hold, while (C5) does not hold.
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