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Abstract
Let ¢(n) be the number-theoretic Euler’s function. It is well-known that the
sequence p(n)/n, n = 1,2,3,... has a singular asymptotic distribution function

go(z) (0 <z < 1). P. Erdds in 1946 found a sufficient condition on sequences of

intervals (km, km + Nim] (km, Ni tend to infinity with m), such that the sequence
) = #{ne(k)mvkm‘g\]/vm] 5 @(n)/n<a:}

of step distribution functions Fy,, k,.+n,.](® - , also
converges to go(z). In this note, a necessary and sufficient condition is given to
have such a convergence, and the Erdds result is refined by giving error terms.
Also, H. Davenport in 1933 gave an explicit construction of go(x). Using that,
we obtain go(x) < g(x) for every limit distribution function g(z) of Fij pynj(2).
Finally, applying a result of A. Schinzel and Y. Wang (1958) asserting the density

(k+2) @(k+3) (k+N) _ . _ .
of (i(kﬂ)’ :z(chrz)""’ w“(ok+N71)> , k=1,2,3,... in [0,400)V "1 we show that

such a limit distribution function g(x) can have the form g(z/a), where g(x) is an
arbitrary distribution function and « is a related suitable constant.

1. Introduction

»(n)

n=1,2,3,..., where ¢ denotes the classical Euler totient function. I. J. Schoeanrg
[19], [20] established, among other results, that this sequence has a continuous and
strictly increasing asymptotic distribution function (basic properties of distribution
functions can be found in [12, p. 53], [3, p. 138-157] and [21, p. 1-7]) and P. Erdds

[6] showed that this function is singular (i.e., the derivative exists almost everywhere

Many papers have been devoted to the study of the distribution of the sequence
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on [0,1] and is zero, see [21, p. 2-191]). Recall that the asymptotic distribution
function go(x) of p(n)/n, n=1,2,3..., is defined as

N
. 1 p(n
go(z) := lim N E €l0,z) <%> , forany z € [0,1],

N—o0
n=1

where cjg 4)(t) denotes the characteristic function of the subinterval [0, z) of [0, 1].
An explicit construction of go(x) can be found in B. A. Venkov [22]. For any interval
(k, k + N] define the step distribution function

1 n
Fepeny (@) = N Z €[o,z) <8051)> (z €[0,1)) and Fy k(1) = 1.
k<n<k+N

In this paper, convergence properties of F{y, 1.4 n,] are investigated for sequences of
intervals (kp,, km+ Np], m = 1,2,3, ... using and mixing mainly two methods. The
first one designed as the P. Erdos’s approach introduces a parameter ¢ to separate
the prime divisors of integers into those greater that ¢ and the others. The second
one associated to the name of H. Davenport, takes also his foundation from the
works of S. Ramanujan [16], P. Erdés [5, 8], B. A. Venkov [22], and many other
people, is related to the notion of primitive z-abundant number introduced about
the divisor function.
The initial source of this paper is the following result asserted by P. Erdés in [7]
without providing details of the proof: if
. logloglogk,,
lim ————— =
m—oo Nm

0

(for given increasing subsequences k,, and N, of integers) then

n}igloo Flgon kmt+No) (%) = go(z), for every x € [0,1]. (1)
As the Referee point out to the authors, a complete proof of (1) derives from the
work of Galambos and I. Kétai in [11] where the method of characteristic func-
tions is exploited in a somewhat more general setting. In the opposite direction,
P. Erd6s completed his theorem by constructing sequences k,, and N, such that
m % =  and the sequence of distribution functions F(; s, n,,] does
not converge in distribution to gg.

lim

In the sequel, for short, the index m will be omitted but keeping in mind that
N,, and k,, both go to infinity. In that case we write simply k, N — oo if the
constraints on these sequences are unambiguous.
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In Part 2, a necessary and sufficient condition to have (1) is given, that de-
pends on divisors d of n, d > N, with n € (k,k + N]. In Part 3, we analyze
the Erdos approach and improve his result by exhibiting some error terms. In
Part 4, examples of sequences of intervals (k,k + N| (k, N — o00) are given such
that limpy_ e % = 400 but (1) still holds. Next, in Part 5, we analyze
the H. Davenport’s method and find a necessary and sufficient condition such that
Fo e+ (x) converges to a given distribution function g(x) (as N — oo). Finally,
applying Schinzel-Wang’s Theorem [18] in Part 6, we show that asymptotic distri-
bution g(z) of Fiy j+n(x) (k, N — 00), can have the form g(z) = g (£) (= € [0,1]),
where g(z) is an arbitrary given distribution function and « is a related constant
depending on g(x).

2. A Necessary and Sufficient Condition

Theorem 1. For any two increasing sequences of natural numbers N,, and k,,, the
limit (1) holds if and only if for every positive integer s,

g Y Y a@=o,

™ ke <n<km-+Nm dd>‘Nm
"

where @y is given by ®s(1) :=1,

o= 11 ((-3) )

(p prime)
for any square-free integer d and ®4(d) := 0 otherwise.

Proof. By applying Wey!’s limit relation (see [21, p. 1-12, Th. 1.8.1.1]) we get (1)
if and only if, for all positive integers s,

_ e\ _ [
i, X () e
km <n<kpm—+Nm

Notice that ®4(-) is a multiplicative arithmetic function (i.e., ®5(1) = 1 and
O, (mn) = Ps(m)Py(n) if m, n are coprime integers). From a result of I. Schur, re-
ported by Schoenberg in [19], page 194 (see [4], page 214 and also a general theorem
of H. Delange ([2, Théoréme 2])) one has

s () 0035 000))- e
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Now we use the easy equality

> Pu(d) = (M)

n
d|n

S
to expand % Zk<n<k+N (@) . To this aim, we write

> e = Yo (S5 -[5))
k<n<k+N d|n d=1
- iszv@sﬁd”%:%“) (e {7

where |2| denotes the integer part of x and {z} the fractional part of . Since

(- {2y {3 am e o

d d C)1- {&} otherwise,

the summation up to k + N can be reduced to N to get

VS () - st S (- {5

k<n<k+N d=1 d=1
1
N<d<k+N
{51+

Let us prove that

N
D, Bd=) > ®(d)
N<d<k+N j=1 d|k+j
{g}Jr% >1 d>N
for any positive integers s, k and N by using the following lemma:

Lemma 2. Let d > N, then {%} + % > 1 if and only if there exists 1 < j < N
such that

dlk+j,

and in that case, j is unique.
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Proof. The unicity is clear due to d > N and k can be assumed non negative and
strictly less than d. Now the inequality {g} + % > 1 means that kK + N > d which
is equivalent to d |k + j for j = d — k with 1 < j < N as required. m|

Applying Lemma 2 in (4) we obtain the following basic equality:

Lz - Eegee() ()

k<n<k+N

=1
E B, (d) (5)
N s ’

k<n<k+N d>N,d|n

+

w(d)

Clearly, |®,(d)| < *4—, if d is square free, where w(d) denotes the number of
different primes which divide d and successively, from A. G. Postnikov [15, p. 361
363 or English trans. p. 264-266],

N
Yoleud)] < (1+logN), (6)
d=1

— | @, *(1+log N)*~?
d N
d=N+1
— O, (d 11 1\*
£ - (-33(-3)
—= . p P p
Consequently, Theorem 1 follows from (2), (5) and the above relations. O

Remark 3. Using (5) and
1 1 1 o(n)\”*
- o - D,(d) = — =
r Y Yewsy Se@-y ¥ (2
k<n<k+N k<n<k+N

we obtain

1 0, (d) (1+log N)®
e R ]

< dsN d=1
d|n

the error term being independent of k£ and thus, when the integer IV goes to infinity,
S

the left-hand side of this equality converges to ]_[p (1 — % + % (1 — %) ) uniformly

with respect to k.
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3. The Erdds Approach

For any positive integer n and real number ¢ > 2, set

n(t) := I_Ip7 n'(t) := I_Ip7 and P(t) := I_Ip7 (8)
p|n p|n p<t

where p are primes and the empty product is 1. P. Erdds in [7] proved the following
lemma but without any explicit error term and only for s = 1:

Lemma 4. For all positive integers k, N and for t = N, the equality

v S CH) R n () e () e

k<n<k+N

holds for all integers s > 1 and N > 2, the constant involved in the big O being
absolute.

Proof. As above, from the definition of ®,, we have for any t > 2

S o(0) -y Y e

k<n<k+N k<n<k+N d|n(t)

(157 - 13)

vt e ({f)-5)

d| P(t) d| P(t)

I
(]
i
s

Observe that

> e Y =T (1+2)

d|P(t) d|P(t) p<t

-1
and using the classical estimate (Hpgt (1 - 1—17) ) < (e7logt)(1 + c(logt)™2))

with an absolute constant ¢ > 0 (see [17] for explicit value of ¢) we get

11\ 1\ —5
[I(+,) = (-5 I0-))
< (3/4)ses(v+c(logt)_2)(1og £)° .
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In particular, there exists an integer ¢y > 2 (which is explicit, in fact ¢y = 286 works
well) such that

Z |Ds(d)| < 3°(logt)®.

d|P(t)

for any t >ty and s > 1.
Now, due to the multiplicativity of n +— ®4(n)/n,

>

d|P(t)
and from [15, p. 363, or English trans. p. 264 and p. 265] one has the quantitative

p<t

form of the above result of Schur

P 2o

where the constant involved by the big O is absolute and also (see (7))

3°(1 +log N)*~t

SCEBIEEEeR

p>N
Consequently, for all integers s > 1 and N > 2,
1 1 1\° 1 1 1\°
me336) 6
N p P P . p P P
3°(1 +log N)*—!

Taking into account all these bounds leads to (9).

In his work, Erdds used implicitly the following theorem:

Theorem 5. For every two increasing sequences of integers k., and N,, and for

1

t= N, if
. o(n/(t))
A I =
Ko <1 <Kgn+ Ny
then
Hm Fig,, b+ N, (T) = go(T)

m—00

holds for all x € [0, 1].
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Proof. We claim that for any integer s > 1, the assumption means that for all € in
(0,1] there exists an integer M, such that the inequality m > M, implies

#{neN; k, <n<ky,+N,andz] <1—¢c} <eN, (10)

e(n (1))

0 (t = N,,). This result is a consequence of the following elemen-

with x,, =
tary lemmas:

Lemma 6. Let y1...,yn be a finite sequence of nonnegative real numbers and
assume that

N
> yn <mmeN
n=1
for positive real numbers 1y and ns. Then
#{neN;1<n<Nandy, >mnt<mN.

The proof is straightforward.

The assumption of Theorem 5, by taking the logarithm, leads to

Z —slog (gp(n’(t))) <log(l —¢)log(l —e/2)Ny,

/
Forn <1< K+ Nom n'(t)

for m large enough. Consequently, (10) follows from Lemma 6 with N = N,,,
km < n < kpm 4 Ny, m = —log(l — §) and 72 = —log(1 —¢). This proves our
claim.

Now we assume m > Mj in order to have (10) and define
A(m,e) :={n e N; ky, <n <k, +Np:and z; <1—¢}.

Using

we obtain on one side

km+Nm

w2 () ey X () -t o

and, on the other side,

- . FmA N .
ey e S ey

m n=k,,+1 n=k,,+1
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Lemma 4 implies

proving Theorem 5. O

Notice that lim,, . o N—lm ka<n§km+Nm “"g:f/(g)) = 1is equivalent to the assump-

tion of Theorem 5. In other words,

Proposition 7. For any two increasing sequences of integers ky, and Ny, if

o (V)
2 Tumn <!

lim —
M k<n<km+Nm
then

im  Fg,, kn+N,.)(2) = go(z)

m— 00

holds for all x € [0, 1].

Remark 8. The converse of Theorem 5 is not true. In fact, replacing in Equa-
tion (11) the right-hand side by the following more accurate expression

t-aly T () -u-aly 2 ()
k<n<k+N ( ) ’ife"ixg(it};r ( )

1 t))\*
it may appear that simultaneously W%Enoo <N Z (gongf)))) ) = 0 and
k<n<k+N
neA(m,e)

o FATE)

m— o0 Nm

= ¢ with 6 > 0.

Finally, Erdés proved the following theorem but we give here a more readable
proof for the convenience of the reader.

Theorem 9. For any increasing sequences of integers ky, and Ny, such that

. logloglogk,,
lim —————— =

m—o0 Nm

0

one has
lim F, g 4n,.(@) = go(z)

m— 00

for all x € [0,1].
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Proof. The basic fact is that for ¢ = N the integers n’(t) such that k <n <k+ N
are pairwise relatively prime, because the interval (k,k + N] cannot contain two
different integers divisible by the same prime number p > N. Set

Mk Nt = J[ 2@ (12)
k<n<k+N

but use notation M’(t) for short and let * = x(k, N) be defined such that the
number of prime numbers p, N < p < z, is equal to w(M’(t)), where t = N. From
the classical Mertens’ formula

T (1 5) = iy (0 (i)

p<y

(see [14, p. 259, VII. 29] for example) we get

(M'(t)) 1 log N
S 2 1L (1-)) zags

N<p<lzx

for a constant ¢; > 0. Therefore, for any increasing sequences k,, and N,,, if
(%) L/ N converges to 1 then the corresponding sequence (%) 1/ N

also converges to 1. Having in mind the Landau inequalities

1 1
log2 < liminf = S " logp < li 25 ogp < 2log 2 13
og —lggg,}xz ogp_lmsupxz ogp < 2log (13)

r—00

p<z p<z

(see [13, p. 83]) we conclude there exist suitable absolute positive constants cg, c3

such that
ech(k,N)—C3N < H p

N<p<z(k,N)

and, after considering the obvious inequalities

[T p<E+1E+2)...(k+N)<(k+N",
N<p<z(k,N)

we obtain z(k, N) < c4N log(k + N) with ¢4 > 0.
log N, 1/Nm
£y
log(Np, log(km+Nm))

log Ny, 1/Nu, .
Togzlem N Nm)) , hence the corresponding sequence

Consequently, if the sequence ( converges to 1, the same

is true for the sequence (

(SO(JWM’;/(S)))1/Nm also converges to 1 and so, F(x, 1, +n,.](2) converges to go(z) for

all z € [0,1] by Theorem 5. The proof ends after noticing that

. 1 log N,
lim — (1 —0
im0 (% g gt )
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if, and only if,

. logloglogk,,
lim ————— =

m— o0 Nm

0.

O

Remark 10. Assume that P(¢) |k, where P(t) = [],.,p and t = N. As in (8), we
introduce for divisors d of n the integers

dit)=[]» and d(t) =[] ».

pld pld,
p<t p>t

Since d(t) |n, n = k+ j with j < N and d(t) | k, it follows that d(¢) < N. Hence, if
d > N one has d'(t) > 1. Therefore

dagd) = D Bld) DY B(d)

o dinty ]
() ()

‘ 2 ‘I’s(d)' <1- (ngé?)>

d>N
d|n

leading to

Thus, for all s =1,2,3,... one has
1 e )\ _
B DY ( W ) T
for a given subsequence of integers k,, and for N,,, with P(N,,) | k. By Theorem 1,

we may conclude (1), but in fact Proposition 7 gives the same conclusion without
such a constraint on k,,.

Notice that due to “D(I%I(g]\jfvf?) < ‘pgf'(g)) for k <n <k+ N (with M'(k,N,t) =

[Ix<n<rsn 7' (t) as above in (12)) one obtains

Corollary 11. If the sequence % converges to 1 for increasing se-

quences of integers ky, and Np,, then the sequence of distribution functions Fiy, . .. +N,.]
converges to the distribution function gg.

To end this section we prove the following quantitative version of Theorem 1.
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Theorem 12. For any positive integers k, N and s,
L p(n)\* L )y
LS s (20) - 35 (=)
Y Yew-5 X (B -2 (%
k<n<k+N d>N k<n<k+N n=1

(1+10gN)5)

+c9( o

and the constant in the big O can be chosen equal to 2.

Proof. Let t = N. Notice that

Z P,(d) = Z ®,(d) + Z ®4(d)

d>N d>N d | n(t)n’(t)
d|n d|n(t) a’(t)#1

and the second sum is equal to (“"ffép) ((“"E?,;g”) - 1) . Summing from k + 1
to k 4+ N gives

¥L Tew -y ¥ Ye@ry ¥ (20)

k<n<k+N d>N k<n<k+N dd|>(1;f) k<n<k+N

Loy () 15)

k<n<k+N n(t)

Now, successively

1 _ 1 e(n(t)\’
N 2 2 %) N ( n(t)
k<n<k+N d|n(t) k<n<k+N
1 1
- N ) ®s(d) + > ®y(d)
k<n<k+N d<N k<n<k+N d>N
d|n(t) d|n(t)
N N
%) 1 k k+ N
s ev o (G- )
d=1 d=1
1
+% > B(d)
k<n<kN  d>N

N s
-3 g ¥ Y e@ro( U

d=1 k<n<k+N d‘>1(\;)
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and after inserting

iéiﬁd) 5 (@)Sm((l%ogv)?

d=1 n=1

which can be obtained from (5) with k& = 0, we get

1 1 p(n(D))\* o= [p(n)\?
Y Y o yed =5 ¥ (5n) X (50)
k<n<k+N d‘ﬁff) k<n<k+N =

+o(7(“1;gms).

Inserting this equality in (15) gives (14). Finally, notice that the error term comes
from the bound (6) used twice. O

4. Examples

To show that his assumption in Theorem 3 is optimal, Erdés gave the following
example.

Example 13. Take ¢ large enough to write P(¢t) = Hp<tp as the product of N
numbers Ay, Ao, ..., Ay such that

(i) A;,i=1,..., N, are relatively prime,

(i) €29 < Lfori=1,...,N,

(iii) if p is the maximal prime in A;, then for A, = A;/p one has ‘p(ﬁ_;) > %

Part (iii) implies 251 > 1 and thus

() <I03)-<()

p<t

From that, applying (12), we find N < ¢ loglogt. By the Chinese remainder
theorem there exists kg < Aj ... Ay such that kg = —i(mod A;) for i =1,..., N.
Put k = ko + Ay... Ayn; then

e < Pt)=A;...Axn <k
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which implies ¢ < c3logk and loglogt < c4logloglog k. Thus

logloglog k 1 loglogt

N cicq loglogt’

Furthermore, for these k and N, the sequence of distribution functions Fij, ;4 n(2)
does not converge to go(x) due to (ii), that gives

N
1 ©(n) 1 on) 6 log N
¥ X w3 <y —mtoly )
k<n<k+N n=1

DN | =

Example 14. In Example 1, replace in (ii) the ratio 1/2 by 1/N and use the corre-
sponding definition of the A,, as above. Then, by the Chinese remainder theorem,
for every N we can find k such that A,k +n, n=1,..., N, and consequently

RCYEC SR

k<n<k+N

Now select sequences of such integers k and N, but with a distribution function
g(x) such that limg N oo Fii k4n](7) = g(z) ae. in [0,1]. With this construction
we obtain fol xdg(z) = 0. Therefore, g(x) is the Heaviside distribution function
(jump 1 at = = 0).

In the next example we construct sequences of integers k, N, for which (1) holds

but limy oo % = +00.

Example 15. For any integer N > 1, let = z(IN) be a real number, x > N,

that will be chosen later but very large with respect to N (like z(N) = e for
example). Let k := Hpgz p, (where p are primes), consider the interval (k, N + k]
and define M* :=[], <, ()P where y(z) is chosen such that M* has the same
number of prime divisors than the product M'(k,N,t) (t = N) defined in (12).
Presently, if a prime number p verifies p > N and p|k + j with j < N then p > z.
Thus, “9(1\1/\[{*) < ‘P(]\]/\[/[,,(g)) and to satisfy the assumption of Corollary 11 it suffices

that the ratio ‘pSWM:) = Hx<p<x+y(x) (1 - %) converges to 1 as x tends to infinity.

According to Mertens’ formula, this is equivalent to having

log (1 + @)
lim ———~ =0
z—00 log
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The inequalities

M <M= [ @) <E+NN <2k
k<n<k+N

lead to ) ologp <2N - _ logp and thus

z<p<az+y(

> logp< (2N +1)) logp. (17)

p<z+y(z) p<z

Using (13) in (17), we see that for any € > 0, there exists zo(¢) such that > zo(e)
implies

(log2 —e)(z +y(z)) < (2N +1)(2log2 + &)z,

so that @ < ¢N for a positive constant ¢. Therefore, (16) holds and conse-
quently (1) holds also, if we chose z = z(N) > eV. Since k(N) = <P =

eN
e1*(N) by taking 2(N) = e®  the limit

. logloglogk
e

holds as expected.

5. Davenport’s Approach

Let f : N — (0,1] be a multiplicative function. Assume that 0 < f(n) < 1 for
all n; it is useful to introduce for any x € (0,1) the increasing sequence ay(x) of
all integers a such that f(a) < z but f(d) > z for every divisor d of a, d # a. In
the case f(n) = n/o(n) (where o(n) is the sum of divisors of n) such an integer a
is classically called primitive z-abundant number. In 1933, H. Davenport [1] using
this notion proved that the sequence n/o(n) has a distribution function and found
an explicit construction of it. In addition he gave sufficient conditions for f to
have a distribution function. These conditions are easily verified for both sequences
n/o(n) and ¢(n)/n.

B.A. Venkov applied the same method in his paper [22] but for the sequence
of ratios %”). Following him, we introduce, for convenience, the definition of z-
numbers (also called primitive x-numbers in [15]), that is to say integers a > 0 such
that @ < z and for every d|a but d # a one has %d) > . We denote by A(z)
the set of all z-numbers ordered in increase magnitude i.e.,

a1(x) < az(x) < as(x) <---
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From now on, the sequence p1, p2, p3, . . . denotes the increasing sequence of all prime

numbers.

Remark 16. From the above definitions we get the following properties.

(i)
(i)

(vi)

(vii)

Every z-number is square-free.

Every square-free a is an z-number for some x. Concretely, if a = q1q2 ... gm
with ¢ < ¢ < -+ < g, all prime numbers, then a is x-number for every x

in the interval [H?;l (1 — %)71_[;1_11 (1 — é))

For every ¢ < j we have a;(z) { a;(x).

Let ps be the s-th prime number and choose = € {1 — é, 1). Then a1 (z) =
1

p1 = 2, az(x) = p2 = 3, ..., as(x) = ps. Furthermore, if < 1 — e
then for every j > s, the integer a;(z) cannot be a prime and p; { a;(x) for

i=1,2,...,s.

Proof. By (ii), prime numbers p1, po, ..., ps are z-numbers for z > 1 — pi. If
for some j we have p; < aj(z) < ps and p|a;(x), p prime, then p < p, and
a;(x) = p, since pq | a;(x) with ¢ > 1 contradicts (iii).

Now, z < 1— % implies that psy1 and any pg > ps are not x-numbers, and
by (iii) p; f a;(z) fori=1,...,s. ]

e [[In (1-2) 100 (1- ) then ar(@) = [Ty i
Proof. By contradiction. The integer a = []_, p; is an z-number, hence

a1(z) < a. Assume that a;(x) < a and let a1(z) = piy,pi, - - - Pi, With i3 <
ig < -+- < ik, then k < s. By definition,

k 1
hence [[;_, (1 ~
tion. a

For every positive integer n and every = € (0,1) we have

¢(n)

- <<= 3i € N(a;(z)|n).

Assume that 0 < z < 2’ < 1. Then for every z-number a;(x) there exists an
x'-number a;(z’) such that a;(z)|a;(z). This property follows from (vi) and
the fact that for n = a;(x) one has @ <al.
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(viii) Let [by,...,b;] denote the least common multiple of the integers by, ...,b;,
then the asymptotic density of the set

{n € Nyan(x)|n,a1(z) t nyaz(z) tn, ..., am-1(x) t n}

is given by

1 m

An(@) = =5+ 3

DS o
u=1 1<j1 <ja<-<ju<m [ajl (I), sy Agy, (‘T)7 am(x)]

(ix) Define
B,(x)={a€eN;a|nand 3ieN (a=a;(x))}. (18)

In this paper we have defined Fj, 4 nj(7) = % Zk<n§k+N Clo,z) (%")) but in

this part, due to the definition of z-number, we use cjg . in place of ¢jg ).
Applying (vi), we see that

Fom(e) = HEGh 4 NEBl) £0} 9)

(x) As suggested by (vi) and (ix) we have by B.A. Venkov [22] (see also H. Dav-
enport [1]) the following theorem:

The asymptotic distribution function go(x) of the sequence @,

n=1,2,3..., can be expressed by

go(@) =Y An(a). (20)

m=1

In fact, the right-hand side of (20) is the asymptotic density of all integers n
divisible by some xz-number.

Below we prove that the asymptotic distribution function g(z) in (1) cannot be
arbitrary. A similar result was known by Erdds for asymptotic averages (see [7],
Theorem 8). The proof combines Lemma 4 and (20).

Theorem 17. Assume thatlimy, oo Fii,, k.. +n,.1(x) = g(x) for allz € [0,1]. Then
go(x) < g(z) for all x € [0,1].
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Proof. Set

1
REk?k+N](gj) =

#{n € (k,k+ N]; Bn(z) # 0,3a € B, (x)(Vp(pprimeandpla = p < N))}
N K

(2) —
Ripem (@) =

#{n € (k,k+ NJ]; B,(z) # 0,Va € B,(x)(3p (pprime,plaandp > N))}
N

where B,,(z) is given in (18). By (19),
1
F(k,kJrN]( ) REk)kJ,-N]( )+REk)k+N]( ) (21)

The monotonicity of R(k ey (2) (2 € [0, 1]) follows from (vii) and then for the

distribution functions F 4 nj(z) and R! (k k+N]( x) we can apply Helly selection
principle to exhibit a subsequence of the intervals (K, km + Np), still denoted

(Km, km + Ny, such that for all 2 € (0,1) we have both lim,;, .o Fg,, k,n+N,,] (%) =

: 1
g(x) and lim,, oo ng) Fot-Non]
g™ (z). Therefore, we also have the limit

() = gM(x) for a suitable distribution function

lim R k 4N (8) = g (z) = g(z) — gV (x).

m—00

Now we prove the equality

9 (x) = go() (22)
for all x, that is to say
9(x) = go(x) + g (2). (23)
For the sequence SO(TZS&?)’ n € (k,k+ NJ, n(t) = p‘};[qp, where t = N, define

. #{n € (k,k + NJ; “"S{}iﬁ” <ux}
Flio e vy (2) 1= I :

By property (vi), if “"(" t)) < z, then there exists z-number a;(z) such that
ai(x) |n(t). Since n(t) |n 1t follows that a;(z)|n and furthermore for all prime num-
bers p, p|a;(z) implies p < ¢t (= N). Reciprocally, if a;(z)|n and for all prime
numbers p, p|a;(z) implies p < ¢, then a;(z) | n(t) and “0(7?())) < z. Thus

Flopen(z) = RE}C)HN]( )
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and consequently, F(k7k+N] (z) — g™ (z) too. By Erd6s’ Lemma 4

1 1
/ xsdg(l)(:n) = / x’dgo(x)
0 0

for s =1,2,3... and thus ¢! (x) = go(z) for z € (0,1) a.e. O

Theorem 18. For every distribution function g(x) such that

lim F, . k4N, (@) = g()

m—0o0

a.e. on [0,1] (with ky,, Ny, — 00), there exists a constant ¢1 such that

1 . 1 N e
/0 2*dg(z) < / rdgo(@) < P (24)

for every positive integer s.

Proof. The first inequality in (24) follows from Lemma 4, since (@) ) < (%) S.

Tt also follows from Theorem 17, because fol x*dg(z) < fol x°dgo(z) is equivalent to
fol r*Lg(x)dz > fol 2" Lgg(x)dz. The second inequality in (24) was proved by B.
A. Venkov [22, Theorem 3] in the form

1
lim (/ J;Sdgo(x)> logs =e™7,
S§— 00 O

where v is the Euler’s constant. O

Theorem 19. For every a € (0,1) there exists a sequence of intervals (kp,, km+Np]
(kms Ny — 00) such that F,, . 1n,.1(x) converges to a distribution function g(x)
with g(z) =1 fora <ax <1.

Proof. Let a € (0,1) be fixed and let ps be the greatest prime number p; verifying
(1 — p%) < «a. The a-numbers being square free, we can select a subsequence of

them ag, (@) < as, (@) < as;(a) < ... pairwise co-prime. By the Chinese remainder
theorem, there exists a positive integer k such that k¥ + i = 0 (mod as,(«)) for
t=1,...,N. Therefore

#{n € (k,k + NJ; Bp(a) # 0} = N

and thus, by (19),
Fi e (@) = 1.
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Remark 20. If 1 — 1% < , then readily 1 < go(2)+][;_,(1—p; ') since the second
term of this sum is the density of natural numbers coprime to p; - - - ps. So, inserting
g(x) from Theorem 19 and putting o = = gives

go(@) =1- ][ <1_%)>1_1Og(072%>

1
p<i—%

—1—z

for all # € (0,1). This inequality was first proved by B.A. Venkov [22]. He also
proved

(i) limzz; (1—go(z))log 1= =e.
(ii) limi;c; x loglog !Jo;(ﬂﬁ) =e 7.

(iii) Let p be a prime number. If 1 — 1—1) < x, then

L ;}(—D"(p— 1)"go (w(1 - %)) '

p

(iv) The function go(z) at every value = @, n=1,2,3,..., has an infinite left

derivative.

In fact, (i), (ii) and (iv) are another way to express results proved or suggested
by Erdés in [7] (Theorems 1 and 3).

The identity (21) can be rewritten as
F, = F, R} ~F, R
(kN (2) (0. (@) + ( (ki () = Flo,m) () + (ke ) (2)-
The equality (22) we have proved means

: (1) -
le\}IBOO (R(k,k+N] (z) - Flo.m (1‘)) =0 (25)

for every every € (0,1). In the next theorem we give a quantitative form of (25).
To this aim, we introduce

Ky(z) :={a €eN; Elm(azam(x)and Vp (p prime and p|la = p < N))},

ry(x) =

% f:l <_ {aﬁx) } - f(—l)" > {[ajl(x),...,i\;(x),am(x)] }> '

m= u=1 1<j1< - <Ju<m
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and
R(k,k+N} () =
1 [e%e] m—1
~ > > 14> (=1 > 1. (26)
m=1 {amk(z)}_‘—{aniv(z)}zl u=1 , 1<j1 < <ju<m

>1

Theorem 21. For every interval (k,k + N] and every x € (0,1), we have

Rgllc?k-',-N] (z) = Fon(z) =

Y > o

am (@ kn N am@ T o 121

m—1

+> (=1 > 1].(27)

u=1 1<j1 < <ju<m

N
{ faj; @) ajy am @] [ T Tagg @) mag, am @] }—

Proof. With an obvious meaning one has

#{n € (0, N];am(z)|n,a1(z) t n,az(z) tn,...,am—_1(z) t n}

Moreover,
Fom(@ = ﬂmvam(w ([ew)- 2 ool t)
- <am1<x> ‘Zm [aj<x>,1am<x>1 i )
S0 Gl Zlememt )

The restriction a,,(z) < N can be omitted, so that

Fo,n(x) = go(z) +rn(2). (28)
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Insert (28) in
NFpsn)(w) = (k+ N)Fopen) () — kF o1 ()

to obtain

((k+ N)rpgn () — kry(@))

1 ((‘ {]H(g} ’ {m]i@})
) { [%(ifaﬁx)] } i { [aj<x>,kam<x>1 }) T )

Fopsn () = go(w) +

go(z) +

2~ 2~
[M]8

S

|
A
~——~ 3

m

<.

and apply (3) to get

Fo kN (r) = go(z)+rn(z)+ R(k,HN] (x)

= Fon (@) + Rypsn (@),

where R(k,k+N] (2) has the form (26). Now, divide the summation defining R(k,k+N] (2)

into two parts, R(k’kJrN] (x) = RE}C?MFN] (x)+ RE?,HN] (x), where in REIIJIHN] (z) the

summation runs over the integers m such that every prime divisor of a,,(z) is less
or equal to N and in Rgi)k 4N (z), the summation runs over the rest of integers,
i.e., over integers m such that there exists a prime divisor of a,,(x) strictly greater
than N. Using the fact that if there exists a prime divisor p of a,,(z), p > N and
am (x)|k + u for an integer u, 1 < u < N, then a,,(z) cannot divide the other inte-
gers of the form k+u/, 1 <« < N, and the same property holds for [a;(z), anm, (x)],

[a;(x),a;(x), am(x)] and so on. By applying Lemma 2,

P(2)
R oy vy (@)

ZXN: i (1— > 1+ > 1—--->.

u=1 m=1 i<m 1<i<m
37, plam (o) p>N la (2),am ()] [F+u [y (@),a; (@) ,am (@)]|k+u

If ay () |k + u, the value of

(1— > 1+ > 1—--~> (29)

i<m I<i<m
laj(z),am (z)]lk+u lag(z),a;(2),am ()]|k+u
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is 0 or 1. More precisely, let a;, (z),a;,(x),...,a;, (x) be all z-numbers a;(z) such
that ¢ < m and a;(x) divides k + u. Then the number of i, i < m, for which
[a;(), am(x)] |k + w is s; the number of tuples (j,7), with 1 < j < i < m and
laj(z),a;(x),am(z)] |k +wuis s(s —1)/2, etc. Thus, the expression (29) in this case
has the form (1 —1)® and hence equals 0. If such a; (x ) do not exist, then the value

. (2 1
of (29) is 1. Thus R, v (2) = R{}, y (@) and Ry, (@) = RY) v (@) —

Fo,n (). O
Note that for R(k)k+N]( ) we can also apply Lemma 2 in the form:
k N . . S
p + 7 > 1, if and only if there exists j such that

1<j<Nyq (=N —d|N/d|) and d|k + j.

Remark 22. The following simple properties of Fj x4n7(2), 7n5(2), RS@?’HN] (x)
and R! (. k+N( z) hold.
(i) If for = € (0,1) one has a;(z) > k+ N then, by (19), Fy ryn(7) = Fo,n(2) =
0. Such a;(z) can be found by (v) in Remark 16.
(ii) A.S. Fajnlejb [10] (see also [15, p. 353 or English trans. p. 258]) proved that
Fo,ni(z) = go(x) + O (m) uniformly in = € [0,1]. Hence, by apply-
ing (28) we see that ry(z) = O (m) .

(iii) The expression (23) implies, for any subsequences of integers k and N,

k,Jl\i/Eloo Fipn)(x) = go(z) if and only if hm REk)k+N]( )=0

for every z € (0,1) and so, by Erdés’ Theorem 9,

. logloglog k
lim ————

— 0 imoli (2) —
ol N f()lmphes hm R(kk+N]( x) =0.

(iv) I [[,<nxp|k (p are primes) then by Theorem 21, ng)k-i-N]( ) = Fo,n(x).

(v) 1 [y p| K, then R,y oy n (@) = Fony(@) = By (@) = Flom (@)
because in Equatlon (27) the fractional parts verify, in the first sum under the
main summation,

B R b B Ced AR Tl

and similarly for the other terms.
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(vi) Define K3 (z) := #{m € N;a,,(z) < N} and assume that k verifies [,y p [ &.
Since for ap, () < N we have an, (z)|k + am(x), then the inequality

@) Ky (x)
Riprm (@) <1 - N

implies ¢ (z) < 1 — d(z), where d(z) is the lower asymptotic density of
z-numbers and we know that Rﬁ?HN] (z) converges to g (x).

6. Using the Schinzel-Wang Theorem

A. Schinzel and Y. Wang [18] proved that for every fixed integer N the (N — 1)-
dimensional sequence

k42 k k+ N
(@( + )7<P( +3)’,,., ¢(k+N) )’ k=1,2,3,... (30)
elk+1) ok +2) pk+N—-1)
is dense in [0, 00)¥ 1. Thus, for any given N-tuple (a1, s, ..., an_1) in [0,00)V 1

we can select an increasing sequence of integers k,,, such that the sequence of V-
tuples

(s@(km+2) @(km +3) @(km + N) )
@(km“‘l)"P(km‘FQ),“."P(km"‘N_l)

converges to (a1, as,...,an—_1). Using the factorization

ok+n)  @k+n) ek+n—-1) ok+2)pk+1)k+1

E+n  pk+n—1)pk+n—-2) ok+1) k+1 k+n

we can chose integers k., such that the sequence of ratios % converges, say
to «, hence
lim obm +1) @(km +2) o(km + N)
m=co\ km+1 " kn,+2 7 k,+N
= (o, a1, a1, ..., Q3 ... AN_1).

In the following we apply the above fact but for an infinite sequence oy, n =
1,2,3....
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Theorem 23. Let g(x) be an arbitrary distribution function. There exists o € (0, 1]
and a sequence of intervals (km, km + Np] such that the sequence of distribution
Junctions F, . . +n,.1(x) converges to a distribution function g(x) such that for
a.e. x €1[0,1) one has

Qs

) ifzel0,a),
9(x) = (31)
1 if © € [a, 1].

Proof. For an arbitrary distribution function g(z) there exists a sequence a,, n =
1,2,... in (0, 00) such that for every n = 1,2,3,... one has ayas ... a, € (0,1) and
the sequence

A1 ... p, n:1,2,...

has asymptotic distribution function g(x). Now, using density of (30), for an arbi-
trary sequence £(N) with £(IN) > 0 and e(N) converging to 0, there exist integers
k = k(N) such that

ok +2) p(k+3) ok +n)

— e Q1| < e(N 32
P Do t2) pthan—1 102 -onot| <e) (32)
for every n =2,..., N and
kE+1
—1 N).
\HN \<s<> (33)

From the sequence of pairs (k(N),N), N =1,2,3,..., select a subsequence (k’, N'),
k' = E(N'), such that

p(K' +1)

W — aas N — oo, (34)

for some « in (0,1]. Then, from (32), (33) and (34) there exists a sequence of
positive real numbers &’(N') that tends to 0 as N’ go to infinity along a subsequence
of integers such that

—aay...ap_1| <&'(N') (35)

forn=1,...,N'.
Now we use the following fact: let z, and y, in [0,1) for n = 1,2,..., N and
define on [0, 1] the step distribution functions

N
Fj(vl)( = Z Clo,x) (Tn), Fz(vz) : NZC[Ox) Yn)-
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By the triangular inequality,

1 N 1
1
/0 PV @) = FY @)]de < 5> /0 [ct0,0) () = fo,0) (yn)|da

n=1

1N
= N Zl |xn - yn| . (36)

Choose
e(K +n)
n= T and Yy, =aai...0n_1

for n = 1,...,N’. By construction of y,, the sequence of distribution functions

FJ(VQ,)(J)) converges to § (£) and from (35) and (36) the distribution function F](\,l,) (x),
that is to say Fij/ x4 n/(7), converges along a subsequence of integers N’ to g(z)
almost everywhere and so, g(x) satisfies (31). O

Remark 24. The value of o in (34) cannot be arbitrary. Applying (24) we see that

«@ 1 1
T
sy~ (& s s 1~ < s
/0 xdg(a)fa /0 xdg(x)_/o z*dgo(z),

for every positive integer s. Recall that for s = 1 we have the classical result

1
6
d = —
/0 v gO(x) 772

and more generally, we have (2). Consequently, with the distribution function

G(z) =22 on [0,1] and s = 1 we obtain a < % and the case where g(z) is the step

function with jump 1 at z = 1 gives the inequality a < %. It is worth comparing
with Theorem 19 in which « is arbitrary but g(z) is a special distribution function.
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