#A18 INTEGERS 11 (2011)

THE (EXPONENTIAL) BIPARTITIONAL POLYNOMIALS AND
POLYNOMIAL SEQUENCES OF TRINOMIAL TYPE: PART 1

Miloud Mihoubi!
Université des Sciences et de la Technologie Houari Boumediene, Faculty of
Mathematics, El Alia, Bab Ezzouar, Algeria
mmihoubi@usthb.dz, miloudmihoubi®@gmail.com

Hacéne Belbachir?
Université des Sciences et de la Technologie Houari Boumediene, Faculty of
Mathematics, El Alia, Bab Ezzouar, Algeria
hbelbachir@usthb.dz, hacenebelbachir@gmail.com

Received: 3/29/10, Revised: 10/3/10, Accepted: 12/31/10, Published: 2/4/11

Abstract
The aim of this paper is to investigate and present the general properties of the
(exponential) bipartitional polynomials. After establishing relations between bipar-
titional polynomials and polynomial sequences of binomial and trinomial type, a
number of identities are deduced.

1. Introduction

For (m,n) € N? with N = {0,1,2,...}, the complete bipartitional polynomial

Am,n = Am,n (1'0,17 21,0,20,2, 21,1, 22,05 - - - axm,n)
with variables zg 1,%1,0,...,Zm, is defined by the sum
m!n! Zo.1\ ko1 sx1.0)\ kL0 x Em,n
App = Z ' (_") (_’> ( m,n) 7 (1)
]{70’1.]{1’0! e km,n! 0'1! 10! mln!

where the summation is carried out over all partitions of the bipartite number
(m,n), that is, over all nonnegative integers ko 1, k1,0, - -, km,n» which are solution
to the equations

m n n m

DD ki =my YD kg = (2)

i=1 j=0 j=1 i=0
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The partial bipartitional polynomial Ay, » kx = Amonk (0,15 - -, Tm,n) With variables
20,1, 21,05 - - - » Tm,n, Of degree k € N, is defined by the sum

m!n! To.1\ %01 /T1 0\ k10 Tonom \ Fm.n
T (o)™ ()" ()™
"ok Ko1'k1 0! k! \OI! 110! minl 3)

where the summation is carried out over all partitions of the bipartite number

(m,n) into k parts, that is, over all nonnegative integers ko 1, k1,0, - -, km,n which
are solution to the equations

m n n m m n
Zizki’j =m, Z‘jzki’j =n, szi’j = k, with the convention k070 =0.
i=1 j=0 Jj=1 =0 i=075=0

(4)
These polynomials were introduced in [1, pp. 454] with properties such as those
given in (5), (6), (7), (8) below. Indeed, for all real numbers «, 3,, we have

Am,n,k (57530,17 QyT1,0, ﬂQ’YmO,?v o 7amﬁn’yxm,n) =

ﬂmandAm,n,k (x0,17 Z1,05--- 7xm,n) y (5)
and
Am,n (OZ!EOJ, ﬁ‘rl,O» sy amﬁnmm,n) = am/BnAm,n (:I;O,lv 1,05 71'm,n) . (6)

Moreover, we can check that the exponential generating functions for A, , and
Ap,.n i are respectively provided by

t"u™ thyd
1+ Z Amm(xo)l,...)mﬁzexp Z x”ﬁ? ) (7)
m+n>1 i+j>1
and
™ 1 t*u!
Z Am,n,k‘ (1‘0’1, .. ) EF = E Z I'Z’jz—'? . (8)
m+n>k i+j>1

From the above definitions and properties, we attempt to present more proper-
ties and identities for the partial and complete bipartitional polynomials. We also
consider the connection between these polynomials and polynomials (fn, n (z)) of
trinomial type, defined by

xT

> fig () iy > fom (x)%m!ﬁ, with foo (2) = 1. (9)

“ il j! n!
4,70 m,n>0

For the investigation of polynomials of trinomial and multinomial type, we can refer
to [8].
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We use the notations A,k (T55) OF Amopnk (z1,5) for Amnk (o1, 21,0,...), and
Ao (z55) or Apn (21,7) for Ap n (20,1,...). Moreover, we represent respectively
by By i (x;) and By, (x;), the partial and complete Bell polynomials B, 1, (x1, 2, .. .)
and By, (z1, z2,...). Werecall that these polynomials are defined by their generating
functions

k
> AL T QR
S = (L)
n=k : T \m=1 :

1+ ZB" (x;) o] = eXp (me%> )
n=1 ’ m=1 ’

which admit the following explicit expressions:

n! T\ k1 fao\ k2
Buk (z5) = > wmr () G
kilka!--- \ 1! 2!
ki+ko+---=k, ki1+2ko+--=n

Bae)= Y e G ()

k1+2ka+3ks+--=n

0 and A, (z5;) = 0, and for m < 0 or

For m < 0 or n < 0, we set fn,n(x) =
= 0. For z € C, where C is the set of complex

n<0ork <0, weset Ap ni (i)
numbers, we set

T 1
(k) = Ex(x—1)~-~(x—k+1) for k=1,2,...,

(g) =1 and (i) =0 otherwise,

which gives (}) =0 for k >n, n € N.

2. Properties of Bipartitional Polynomials

In this section, we give some recurrence relations for the bipartitional polynomials
from which we deduce connections with Bell polynomials. In the following, we
consider a sequence (&, ) of real numbers with zg ¢ = 0.
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Theorem 1. We start with

i+j<m+n—k J

m\ (n
( ) < )ww m—in—jk—1 (Z1,7) = MAm i (®1.7),
z+J<m+n k+1 ‘7

m n
( )()]‘T7,j m—i,n—7j,k— 1(IIJ)*nAmnk(xIJ)
z+j<m+n k+1 J

and

Z(T) <;l> Z.xi,jAm i,n—yj (l’] J) mAm,n (xI,J> )

2]
m\ (n\ .
Z( . ) < .>J$i,jAm—i,n—j (z1,0) = nAmn (T1,7) .
—\ i ) \J
)
Proof. From (8), we obtain
k k—1
d 1 th 1 ARV " u®
—_— Tij——r = Tij 75— —
dx, s k! iél S0 g1 (k—1)! lél "4 g1 rl sl

m n
Z ( . ) ( .>:L'i,jAm—i,n—j,k—1 (‘TI,J) = kAm,n,k (xI,J)a
+1

= (") (T A ()
= , s R i ) (e 8)!

m+n>k—1

m\ (n " u™
Z < ) ( )Am—r,n—s,k—l (:EI,J) T
T S m: n.

m4n>r+s+k—1

we also have

tm n

dz,,s k! Z T Z dzx, s monk (Z10) m! n!
' i+j>1 m+n>k »

From these two expressions, we deduce that

d m\ (n
7Am,n,k (xl,J) = (T) ( )Am—r,n—s,k—l (xI,J) .

dz, s s

(15)

For a = 8 = 1, we take the derivatives on both sides of (5) with respect to v and,
by means of (15), we obtain (10). The same goes for identities (11) and (12). When
we sum over all possible values of k for both sides of each of the identities (11) and

(12), we obtain identities (13) and (14) respectively.

O
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The next theorem provides the link between the bipartitional polynomials and the
classical Bell polynomials.

Theorem 2. We have

i(?) Ajn—jk (x1,5) = Bk (i (‘Z) xm—i) : (16)

i=o i—0
Aok (x1,7) = Bni (%o,5), (17)
Apmok (x1,7) = Bk (xj0) (18)

and

3 ()i = (35D ). 0

Ao (z1.5) = Bn (20), (20)
Apmo(z1,7) = Bm (zj0) - (21)
Proof. From (8), if we set t = u, we obtain
i+j m+n
% Z KU”I;,T = Z Amon ke (T1.7) T;nwa

1,520 m4n>k

ie.

oo s S k s S

% (Z%Z (j) xi,s—i) = Z% Z <,:1) Am,s—m,kz (xI,J) ’

s=1"" i=0 s>k~ m=0
which, by identification, gives the identity (16). The identities (17) and (18) result
by setting respectivelly t = 0 and u = 0 in (8).
Summing over all possible values of k on both sides of each of the identities (16),
(17) and (18), we obtain identities (19), (20) and (21) respectively. O

For a sequence of real numbers (z,), we denote by A,, .k (xi+;) the quantity ob-
tained by replacing z; ; by ;4 in Ay, nk (25,7). The same goes for Ay, ,, (zi1;) .

Theorem 3. Let (x,,) be a sequence of real numbers. The following holds

Am,n,k (xi+j> = Bm+n,k (xj) ) (22)
Am,n (x7,+J) = Bern (:L']) ) (23)

. m+n\ (m+n+k\ " )
Amikon i (1Tig5) = ( ) ( ) B tnakok (G25), (24)

n n

m+n\/m+n+k
m m

—1
Apontiek (JTigj) = < ) B tntk,k (J2j) - (25)
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Proof. From (8), we get for z; ; = x;;; that

k
1 tu? t"u”
H Z Litj ﬁ = = Z Am,n,k (1711+j) ﬁ H;
" \itg>1 S min>k e
we also get
N k
1 t' u! 1 T s
= Zwiﬂﬁﬁ =7 ZQ(HU)
i+i>1 s>1
(t+u)°
=S B (o) E
s>k ’
t"mu”
— Z Bm+n,k (xj) %ﬁ
m+n>k o

By identification, we obtain (22). Identity (23) follows by summing over all possible
values of k on both sides of identity (22).We have

k k
1 . thud 1 T ol
it+j>1 s>1 itj=s
k
tk Ty d s
s>1
. k
1 t (t+u)®
Tk (t+u) gsms s!
. t+ u)r—k
= thBr,k (]xj) (T
r>k :
m4n—k
_ " un
= > MBm-&-n—kk‘(jx')_u_'
(m+") ' I m! !
m+n>k n

Then, by identification with (8) and making use of the symmetry of m, n, we obtain
(24) and (25). O

Note that, for Theorem 3, using the identities on partial and complete Bell
polynomials given in [3] and [4], we can deduce several identities for the partial and
complete bipartitional polynomials.
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3. Polynomial Sequences of Trinomial Type

We know that the sequences of binomial type have a strong relationship with the
partial and complete Bell polynomials. If (f, (z)) is a sequence of binomial type,
the sequence (h,, (z)) defined by hy, (z) := 3.5 fr (an + ) is also of binomial type.
For sequences (f, (x)) satisfying the property of convolution, the following is holds:

fa(@4+y) =200 () fr (@) fa—k (y) with fo (z) # 1.

Theorem 4. Let (fi.n () be a sequence of trinomial type and let a,b be real
numbers. Then the sequence (hum, ., (z)) defined by

X

hmn =
’ () am+bn+x

fmon (am 4+ bn + x) (26)

18 of trinomial type.

Proof. The definition of (fy,., (¢)), given in (9), states that

T

> (S005)§) =5 (Smee) m

=0 \ j=0 m=0

which can also be written as follows:
o0 un
Zul Zum — with u, (z) := mem (2) T
n=0
This implies that the sequence (u,, (z)) satisfies the property of convolution. Hence,

the sequence (Up, ()) given by

x
Un (z) = am+xum(am+x) P

u™
n!’

men aer:E)

tm

has the same property of convolution. We have <ZU2 (1) tl—:) = > Upn(x)

m!’

or similarly
m
m!

<Zvl - ) Zvn —' with vy, ( i o fm n (am + ) l

n=0 m=0

This implies that the sequence (v,, (z)) satisfies the property of convolution. More-
over, the sequence (V,, (z)) given by

oo

T x t
n = n b - m,n b )
Va () bn—|—xv (bn + ) 77;)am—l—bn—l—mf n (am+ n—i—x)m!

m
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(o] . ¥ (o]
has the same property of convolution. We have (Z Vi (1) 1;7) = > Val(z) %y,
3=0 n=0
or similarly
ttud " u” )

4,720 m,n>0

Consequently, the last identity shows that the sequence (A, (2)) is of trinomial
type. 0

Remark. From (9), we can verify that if a sequence (fy,,, (¢)) is of trinomial type,

then .
o @9 = 52 (7) (2) o 00 i .

i=04=0
If in (9) we set t = 0, we deduce that the sequence (f, (x)), defined by f, (z) :=
fon (), is of binomial type.

Theorem 5. Let (f, (z)) and (gn (x)) be two sequences of binomial type with
fo(z) = go (x) = 1. Then the sequences (Pm.n (z)) and (gm.n (z)) defined by

Pm.n (LII) = fm+n (.Z‘) 5

are sequences of trinomial type.

Proof. We have pg o (z) = go,0 () =1 and

™o 7)< [k
Z Prn (l‘) %F _ kak(' ) Z (m> tmuk—m

m,n>0 k>0 " m=0
k
t+u)
= D fi(@) Kl
k>0

[
=
N
S~—

=y
|+
RS
bl

Y @t = (@ ] (S

m,n>0 m>0 n>0

I
N
T
=
2%
g
By
=
3| S
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Remark. Let (f,, (2)) and (g, (z)) be two sequences of binomial type with fy (z) =
go (x) = 1. Then, from [3], the sequences (F,, (z)) and (G, (z)) defined by

F, (z) = mfn((cfa)ner),
and .

are of binomial type for all real numbers a, b, ¢, d. This implies, according to Theo-
rem 4, that, for all a, b, ¢, d, the sequences

xfm+n (am + bn + x)
am+bn+x

P (z) =

b

and
fm (em +bn+ x) g, (am + dn + x)

m,n = b
@ () @ (am +bn +z) cm+bn+x am+dn+x

)

are of trinomial type.

Example 6. We know that sequences (z"), (n!(?)) and (B, (x)) are of binomial
type, where B,, (z) is the single variable Bell polynomial. The sequences

|
x(an—kx)"*l, nle fan+x , T By (an + ),
an + x n an + x

are also of binomial type.
Combining these sequences, Theorem 5 states that the following sequences are also
of trinomial type:

n—1

2? (em+2)™ " (dn+z)" ",

22 (em+2)""" (dn+ =
dn+x ’

min! z? cm+z)\ [dn+x
" (em+ ) (dn + x) m n )’

22 (em+x)" "

dn+x
ml x? cm+x
“(em + ) (dn + )

(m+n)!<min)7
Bin (2).

n!
n

B, (dn+ ),

)Bn (dn+ ),

m
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Combining these sequences and using Theorem 4, we deduce that the following
sequences are of trinomial type:

n—1

U () =z (am +bn+ ) (cm + bn + )" am +dn+ )",

b (x)in'x(aeranrx) (em+bn+a)" ! (am+dn+x)
m,n =n: )

am+dn+x n
e () = mln! x(am+bn+x) em+bn+x\ fam+dn+x
AT (em 4 bn + ) (am + dn + ) m n ’
x (am +bn + z) (em + bn +2)™ "
dinn () = ( am—)k(dn—i—:c ) B, (am +dn + ),
b
em,n () = m! z(am +bn + ) em+bn+ By, (am +dn + ),
(em +bn + x) (am + dn + x) m

f (I)fw am+bn+z
o Cam+bn+zx m-4+n ’
x
Imn (T) = m3m+n (am+bn+x).

4. Bipartitional Polynomials and Polynomials of Binomial and Trinomial
Type

Roman [7, p. 82] proves that any polynomial sequence of binomial type (f, (z)),
with fo () = 1, is connected with the partial Bell polynomials

n

fn(2) = ZBn,k (Da=ofj (@) a* = B, (zDa=ofj (a)), n=>1. (27)
k=1

Similarly, we establish that any polynomial sequence of trinomial type (fm. » (z)),
with fo o () = 1, admits a connection with the partial bipartitional Bell polynomi-
als.

Theorem 7. Let (fum.n (z)) be a sequence of trinomial type. Then

m—+n

fm,n (LL') = Z Am,n,k (Da:Ofi,j (Oé)) xk = Am,,n (zDa:Ofi,j (Oz)), m+n Z 17 (28)
k=1

_ d
where Do—o = 75 ’a:O .
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Proof. Since Dq— fo,0 (o) = 0, then for x; j = Da—of; ; (o), we have

Fmogn m+n A e L Fmogm
> Ul 2 Amank (ig) 2t = Db > Ak (@) p— i)
m,n>0 k=0 k=0 m+n>k
k
ok i j
T t* u?
= ZF > Daofij (@) it
k=0 ,§>0
thul
= exp | 2Da=o Z fij (@) Tl
1,320 )
«
thul
= exp | 2Da=o | Y_ fi; (1) T
0,520 )
thul
= exp|xln Z fi; (1) T
0,320 )
. . xr
ARV
= Z fij (1) i
1,j>0
tmau”
= Z fmn (@@m-
m,n>0
Therefore, the desired identity follows by identification. O

Some identities related to these polynomials are given by the following theorem.

Theorem 8. Let (f,.n (z)) be a sequence of trinomial type. We have

L ficrio1(a(@E=1)+b(j 1) +x)
Aotk b (x” ai—-1)+b(G-1+z )

ke m+k\ (n+k\ fon (@am+bn+ kz)
- k k am + bn + kx

(29)

Proof. We have

Z Am,mk (iji—l,j—l (.T)) -

m! n!
m+n>k
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thu?

1

=7 > ijficao (@)
C\iti>1

k

thok t
== | 25
Pt il 4!

thyk " u”

=T z;ofm,n (kz) ooy B

m7n7

1 m+ k) (n+k)!
R Z( 7:! o Z! E f (k)

tm+k ’LL"+k
(m+Ek)! (n+k)!

m,n>0

=k! Z (Z) <Z> fm—k,n—k (kx) %m'%’r:a

m,n>k
which gives

m

A i1 @) =B (1) (1) o (), o=k (@0

To finish the proof, we substitute the trinomial type polynomials (A, , (z)) given
by (26), instead of (fm.n (z)), and replace m by m + k and n by n + k. O

Example 9. From relation (29), for r =i —1 and s=j — 1, we have

1. fmm (37) = (m + n)!(min)7

("2") (k) (ntk)! (amtom by,

= x(k:—l)! am+bn+kx m-+n

(r+1)(s+1)(r+3s)! rar+bs+x
Am+k,n+k,k ($ ar+bs+x ( r+s )

2. fm,n (IE) = Bm+n (SL’) )

Byys(ar+bs+x)\ _ _ (m+k)(n+k)! Bpyn(am+bntkz)
Am+k,n+k,k (l‘ (T + 1) (S + 1) ar+bs+x =z (k—1)!m!n! am+bn+kx :

3 fun (@) =22 ((c—a)m+z)" " ((d=b)n+z)""",
At kot b k (m (r+1)(s+1)(ar +bs+x) (cr + bs + q:)r_l (ar +ds + ac)s_1>

m—1
— 7l m-+k\ (n+k\ (am+bn+kz)(cm+bntkx)
klka (™) (") (am-+tdn+kz) " :

o mnlz? c—a)m+x d—b)n+x
4. fm,n (‘T) — ((c—a)m+z)((d—b)n+x) (( m )(( 7)z )’

(r+D)!(s+1)!(ar+bs+x) (cr+bs+a\ (ar+ds+x
Am+k,n+k,k (l‘ (cr+bs+z)(ar+ds+z) ( r )( s )

_ z(m+k)!(n+k)!(am+bn+kz) (cm—i—bn—&-kx) (am+dn+kx)
- (k=) (em+bn+kz)(am+dn+kx) m n .
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m-1 —b)n+z
5. frn (@) = nEUGEREDT (40,

z(r+1)(s+1)!(ar+bs+z)(cr+bs+x)* 2 +ds+
Am+k,n+kk( (r+1)(s+1)Y( )( ) (ar s 1)

(ar+ds+z) s

z(m+k)! (n+k)!(am+bn+kz)(cm+bn+kz)™ ™ 1 (am+dn+km)
(k—=1)!m!(am+dn+kz)

n

z2((c—a)m+z)™ ™
6. fon (2) = ZUZDMED" B (d—b)n + ),

r—1
Amtkntkk (w(rﬂ)(sﬂ)(El;ﬁ;:fgwrbsﬂ) B (ar + ds + x))

klkx(am+bn+kx) m-+k\ (n+k
= (amtdntkz)(cm+bntka)— = (") ("2") Ba (am + dn + kx)

2

_ x - +
T fn (2) = Sy () Ba (A= b)n + ),
z(s+1)(r+1)!(ar+bs+z) B (ar+ds+x) (cr+bs+z))

Am+k,n+k,k ( (er+bs+z)(ar+ds+z) r

z(m+k)!(n+k)!(am+bn+kz) B, (am+dn+kz) (cm+bn+km)
(E—1)!n!(cm+bn+kz)(am+dn+kx) m :

Theorem 10. Let (f,n () be a sequence of trinomial type. We have

Am%m’k( Jiz1(a (i1)+bj+x)>

a(t—1)+bj+z
B m+k\ fmn(am+bn+ kx)
—xk( k > am+bn+kr (31)
,fij_l(ai—l-b(j—l)—l-x)

A I

m,n+k,k (xj aZ+b(]71)+x
B n—+k\ fm.n (am+bn + kz)
—xk( k ) am + bn + kx (32)

Proof. Similarly to the proof in Theorem 8, we obtain
. m
At ifirs @) = (3 fnoon () 02 00,

Apnk (Gfij-1(2) = (Z) fmm—k (kx), m>0,n>k
It will be sufficient to use the trinomial type polynomials (A, ()) given in (26)
instead of (fm,n (z)) and replace m by m + k and n by n + k respectively. O
Example 11. From relations (31) and (32), we have the following:
L fon () = (m+n)!(,5,),
Atk ( (=1 (a(l 1)+bg+m)) _ _ka(m4n)! (m;rk) (am+bn+kr)’

a(z 1)+bj+z i+j am+bn+kx m+n

(i+5—1)! ai+b(j—1)+ _ _kx(m+n)! (n+k\ am+bntkx
Am ntk.k (irj ai+b(j—1 +z( it+j— 1 ) - am+bn+kx( k )( m+n )
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2. fm,n (37) = Bm+n (.’17) ’

.Bitj—1(a(i—1)+bj+x) | __ m~+k\ Bm+n(am+bn+kzx)
Am+k n,k (l’l a(i—1)+bj+z - CL’k( k ) am+bn+kx )

Bitio1 (@itbG=D+2) _ b ntk) Brusn(am-tbn-the)
Am7n+k7k (x] ai+b(j—1)+x - l‘k‘( k ) am+bn+kx

3 fum (@) =22 ((c—a)m+z)" " ((d=b)n+z)""",
Amton i (m (@(—1)+bj+a)(cli—1)+bj+a) 2(a(i—1)+dj+ :c)H)
= 2k("™%) (am + bn + kx) (em + bn + k)™ (am + dn + kz)" 1,
At ot (xj (@i+b(—1)+2)(ci+b(G—1)+2) 2 (ai+d(—1)+ :c)j_2>
=k (”;gk) (am + bn + kx) (cm + bn + kx)™ " (am + dn + k)"
22 (cfa)erm) ((dfb)n%»:c),

4. fm,n( ) m'n! ((e— a)m+w)((d7b)n+z)( m n
Am+k: n,k ( zil(j—1)!(a(i=1)+bjtz) (C(i—1)+bj+r a(i—1) +dJ+m))

(cG—1)Fbj+a)(ai—1)Tdj+z) i—1
— (m+k)!n! am+bn+kz (cm+bn+k:z) (am+dn+ka:)
- (k—1)! (em+bn+kxz)(am+dn+kx) m ’

z(i—1)15!(ai+b(j—1)+x) ci+b(j—1)+x a2+d 1 )tz
Atk ((ci+b(j—1)+z)(ai-i—d(j—l)-i—z) ( ]i ) ( j ))

m!(n+k)! am+bntkx (cm+bn+kac) (am+dn+kw)
(k—=1)! (em~+bn+kz)(am+dn+kx) m

m—1
5. funn () = mI U GEEERT (40 ),

zij!(a(i—1)+bj+x) a(i—1)+dj+=z

Am-thmh (<a<z>1)+dj+z><c<i71>+bj+z>2-i( j )>
_ z(m4E)!n!(am+bntkz)(cmtbntkz)™ ! (am+dn+kx>
- (k—1)!m!(am+dn+kzx) n ’

wilj(ai+b(j—1)+a) aitd(j—1)+a
Am’"*’“”“((awd(y 1)f)(citb(j— 1)+x)2*1( j-1 ))

_ zm!(n+k)!(am+bn+kz)(cm+bn+kz)™ ™ 1 (am-l—dn-i—k;t)
- (k—1)!n!(am+dn+kx) n

6. fonn (2) = ZUZHED B ((d—b)n +2),

. . . . - i—2
Apt (DR LI 2 B, (0 (6~ 1) + dj + )

= zk (m+k) (am+bn+frfl)+(zvzizz+k$)m B, (am + dn + kx),

Ao (BEHU=DEDEG10" p (05 4d (- 1) + 7))

m—1
= zk (n;ﬂrk) (am+bn+;ci)_~(g;rzi-2:+km) B, (am +dn+ k‘]:) .
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2

7. fmn (@) = Mg amars (o) Ba (d = b)n +2),

zil(a(i—1)+bj+x) B, (a(i—1)+dj+x) (c(i—1)+bj+x
Amthnk ( (c(i71)+bj+m)(a](i71)+dj+m) ( i71] ))

(m+k)!(am+-bntkx) cm+bn+kx
= Gt i @miain () Br (am + dn + kx)

w3 (ai+b(j—1)+2) Bj_1(aitd(—1)+z) (eitb(j—1)+
Am,nJrk,k( = (cz+bj(] 1)+z)(a7,—1i-d(J 1)J+z) (Cz (] ) x))

z(n+k)! (am+bnt+kx +bn+k
= = 1)'((cm+l2n(+km)(am+d)n+km) (TR By (am + dn 4 k)

Theorem 12. Let (f,n (x)) be a sequence of trinomial type. We have

x
14777’7 <az T b fz,g (al + bj)) mfmJ-L (am —+ bn + x) . (33)

Proof. From (28), we get

Am,n (xDaZOfi,j (Oé)) = fm,n (LU) P
which gives the desired identity by replacing fp,.. (z) by
T

hmon =—
(@) am+bn +x

given by (26). O

S (@m +bn+x).

Example 13. From relation (33), we have the following:

1. fomn () =(m+ n)!(min),

A (x(i.—kj).!(az:—&-lfj)) . (m+n)! ((am—kbn—&-m)).

ai+bj \ i+j am+bn + x m+n

2. fm,n (33) = Bmin (33) s

x . . x

3 fom @) =22 ((c—a)m+2)" " ((d=b)n+z)"",

A ( (@i + bg) (ei + b) ™ (ai + dj)? ™)
=2 (am+bn+z) (em+bn+2)"" " (am +dn+z)""".

_ 2 c—a)m+zx d—b)n+zx
4 fon (2) _m!n!((c—a)m+w)((d—b)n+x) (( 7)n )(( 7)1 ),

o s (1) (7 9)

(am + bn + x) em~+bn+x\ fam+dn+x
(em +bn + ) (am + dn + z) m n '

= xm!n!
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(G mt —b)n+x
3. f'm,n ($> :n'%((d brz + )7

A (xj'(ai—kbj) (ci+bj) " <ai—|—dj)>

ai+dj J

(am +bn + ) (em + bn+2)" " fam+dn+x
= zn! :
am+dn+x

n

2((c—a)m~+z)™*
6. frum () = ZUDEDT B ((d—b)n+2),

(m (ai + bj) (ci + bj) ™"
Am n . .
’ ai + dj

B; (ai + dj))

b m—1
:x(am+bn+m)(cm+ n+2) B, (am+dn+zx).
am+dn+x

2

T fn (2) = Mg () B (d = b)n + ),

o (ai 4 bg) ()
(m! Gt 0)) @i+ d)) B (ai + dj)

(am + bn + 33) (cm+bn+z

m(cm+bn+m)(am+dn+x) (am +dn +z)

Amn

)

Remark. For m = 0, identity (17) and Theorem 10 give Proposition 1 given in [3],
and identity (20) and Theorem 12 give Proposition 3 given in [3].
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