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Abstract
The Stern sequence (also known as Stern’s diatomic sequence) {s(n)}n>o is defined
by s(0) =0, s(1) =1, and for all n > 1 by

s(2n) = s(n), s(2n+1) =s(n)+s(n+1).

In a recent paper, Roland Bacher introduced the twisted Stern sequence {t(n)}n>0
given by the recurrences t(0) = 0, ¢(1) = 1, and for n > 1 by

t(2n) = —t(n),  t@2n+1) = —t(n) —t(n+1).

Bacher conjectured three identities concerning Stern’s sequence and its twist. In
this paper, we prove Bacher’s conjectures.

1. Introduction

The Stern sequence (also known as Stern’s diatomic sequence) {s(n)}n>o is defined
by s(0) =0, s(1) =1, and for all n > 1 by

s(2n) = s(n), s(2n+1) =s(n) + s(n + 1);

this is sequence A002487 in Sloane’s list. We denote by S(z) the generating function
of the Stern sequence; that is,

n=0

Stern’s sequence has been well studied and has many interesting properties (see
e.g., [3, 4, 5, 6] for details). One of the most interesting properties is that the
sequence {s(n + 1)/s(n)}n>1 is an enumeration of the positive reduced rationals
without repeats.
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Similarly, Bacher [1] introduced the twisted Stern sequence {t(n)}n>o0 given by
the recurrences t(0) =0, t(1) =1, and for n > 1 by

t(2n) = —t(n), t2n+1) = —t(n) —t(n+1).
Note that the sequence {t(n)},>0 starts
{t(n)}n>0 ={0,1,-1,0,1,1,0,-1,-1,-2,—-1,-1,0,1,1,2,1,3,2,3,1,2,1,...}.
We denote by T'(z) the generating function of the twisted Stern sequence; that is,
T(z) := Zt(n)z".
n>0

Towards describing the relationship between the Stern sequence and its twist,
Bacher [1] gave many results, and two conjectures. As the main contributions
of this article, we prove these conjectures, so we will state them as theorems (note
that we have modified some of the notation).

Theorem 1. There exists an integral sequence {u(n)}n>o such that for all e > 0
we have

D329+ n)2" = (=1)°S(2) Y u(n)z™ .

n=0 n=0

Note that in this theorem (as in the original conjecture), it is implicit that the
sequence {u(n)}n>o is defined by the relationship

satisfies
D (s 4 n) — s(2° + n))2" = G(z*)S(2)

n>=0
for all e € N. (ii) The series

Y onso(t(2+n) + (1 +n))z"

H(z):=— 50
satisfies
(DD (2 +n) +£(2° +n))2" = H(z*)S(2)
n=0
for all e € N.

These theorems were originally stated as Conjectures 1.3 and 3.2 in [1].
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2. Untwisting Bacher’s First Conjecture

In this section, we will prove Theorem 1, but first we note the following lemma,
which is a direct consequence of the definitions of the Stern sequence and its twist.
Lemma 3. The generating series S(z) = >_,5q8(n)z" and T(z) = 2, 5, t(n)2"
satisfy the functional equations

564 = (15252 56)

1) = (1) -29) (15557 )

respectively.

We prove here only the functional equation for T'(z). The functional equation
for the generating series of the Stern sequence is well-known; for details see, e.g.,
2, 3].

Proof of Lemma 3. This is a straightforward calculation using the definition of t(n).
Note that

T(z) = Z t(2n)2%" + Z #(2n + 1)22n+

n=0 n=0
== tn)Z" +t(1)z+ Y 20+ 1)z
n=1 n>1
= _T(ZQ) P Zt(n)z2n+1 _ Zt(n+ 1)22n+1
nzl n=1
= —T(Z2) +z— ZT(Z2) — 1 Z t(n + 1)22(n+1)
n>1
= —T(z2) + 2z — zT(Zz) _ 1 Z t(n—+ 1)Zz(n+1)
n=0

= —T(2%) + 2z — 2T(z%) — 27 'T(2%).

Solving for T'(2?) gives

which is the desired result. O

Since the proof of Theorem 1 is easiest for the case e = 1, and this case is
indicative of the proof for the general case, we present it here separately.
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Proof of Theorem 1 for e = 1. Recall that we define the sequence {u(n)},>0 by the
relationship

Since

we have that

T(2) 4+ 2% — 2 1 T(z 22—z 1
U(z) = ( ;3—2(2) T8 SEZ; + 2 S(2) (1)

Note that we are interested in a statement about the function U(2?). We will use
the functional equations for S(z) and T'(z) to examine this quantity via (1). Note
that equation (1) gives, sending z — 22 and using applying Lemma 3, that

1 T(z?) 24—22 1 1

U(ZQ) =5 e + ok 509) = 550 (22 —T(2) + (z —2) 14242 ))

Thus we have that

(-1)'S(2)U(2?) = _—61 (22 —T(2) —z— 2> =22+ 22 + 2" +2°)

z
1
=5 (T(2) —z+ 2> = 2" = 2°)
1
= Z t(n)z"
n=6
=) t3-2+n)z
n>0
which is exactly what we wanted to show. O

For the general case, complications arise in a few different places. The first is
concerning T(zQe). ‘We will build up the result with a sequence of lemmas to avoid
a long and calculation intensive proof of Theorem 1.

Lemma 4. For all e > 1 we have
e—1 2:271 e—1 ) e—1 ZQi
T*)=T S AR ) 2’ S
(Z ) (Z) EO (1 + 221 + Z21+1 > ]go z g 1 + 221 + Z27,+1

Proof. We give a proof by induction. Note that for e = 1, the right-hand side of
the desired equality is

T(z) <ﬁ> p <ﬁ) = (T(2) — 22) (H;—izz) = T(2?)
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where the last equality follows from Lemma 3.
Now suppose the identity holds for e — 1. Then, again using Lemma 3, we have

T(:*) =T((z%)* )

— i+1 e—2 e—2 i+1
2 9 i+l 722
i i - z i i
H 1+z2+1 2242 Z s \ 1422 g g2

Jj=0

—z g —22
-1 -2 () 11 <1++>
ol L

=7

e—1 ot e—1 e—1 ot
- —Z 27 —Z
—<T<Z>‘22>1_TO<W>‘QZZ H(ﬁ)
e—1 7221' e—1 iy e—1 7221'
O e | 22 )

i=0 j=0 =]
Hence, by induction, the identity is true for all e > 1. O

We will need the following result for our next lemma, which was originally given
as Theorem 1.4 of [1].

Theorem 5. (Bacher [1]) For all e > 1, we have
e—1 g (—1) 3.2¢
1 )= e 232 )2
E)( e Z(1+z2€);::0( e
The following lemma is similar to the comment made in Remark 1.5 of [1].

Lemma 6. For all e > 1, we have that

3.2¢ k—1
Dot =z +Z DR ) [T+ +22),
n=0 =0

Proof. Let e > 1. Using the defining relation ¢(2n) = —t(n) (for n > 1) we have
that
#(3-29) = (=1)4(3) = 0,
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and so we have

3.2¢ e—1 3.2F+1
Zt(n)z” =222+ Z Z t(n)z
n=0 k=0n=3.2k
e—13.2%
— 2—22 +Zzt<3' 2k +n>zn+3-2k
k=0n=0
3.2k

fzfz2+2232 Z (3-2F 4 n)2m.
n=0

Applying Theorem 5 with e replaced by k, we have that

& el k-1
Sotn)en =z 22+ 30 AT R ) [T+ 22T,
n=0 k=0 o
which after some trivial term arrangement gives the result. 0

Lemma 7. For all e > 1, we have

3-2¢ e—1 j—1 ) ) e—1 ) i
Stz =22y (<1 [Ta+2"+22") = (-0 - D [[+27 +227),
n=0 j=0 i=0 i=0

Proof. This lemma is again proved by induction, using the result of the previous
lemma. Note that in view of the previous lemma, by subtracting the first term on
the right—hand side of the desired equality, it is enough to show that for all e > 1,
we have

e—1
2—22—|—Z(—1)k (z‘“k A2 ) zH 1—|—z 221“)
k=0
e—1 -
= (% - JJa+22 +22). (2
=0
If e = 1, then the left-hand side of (2) is
=224 (A2 —r=—2 -2+ 24+ P,

and the right-hand side of (2) is
(D222 = 1)1+ 2+ 2%) = —2— 22+ 24 + 27,

so that (2) holds for e = 1.
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Now suppose that (2) holds for e — 1. Then
e—1 . . k—1 ) -
”— 2’2+ Z(_l)k (24-2 + 2327 2) p H(]- + 221 +221 )
k=0 i=0

e
= (-1t (z4'2871 482 2) z H(l + 2%+ leH)
k—1

+z—22+z (42k 3'2k—2)zH(1+22i+22i+1)

=0

+1

_ (_1)6—1 (24.2671 +2 3.9¢—1 )ZH 1_'_22 Ty )

e—2

— (DT D [+ 22T,

i=0
Factoring out the product, we thus have that

e—1
z— 22+ z:(—l)’C (24' 232" )zH 1—|—z 221+1)
k=0
ez2 i i+1 1 1 1
=(-1)° H(l +22 422 ) (— (z4‘267 + 2377 — 2) 24 2(22 - 1))

=0

e—2
_1)62 H(l + 221 n 221+1) . (24'2%1 i 23‘2671 B 22.25,1 B 1)

ez [T+ +227) T D)+ 42

e—1
= (-1 ) JJa+2 + 227,

i=0
so that by induction, (2) holds for all e > 1

With these lemmas in place we are in position to prove Theorem 1.

Proof of Theorem 1. We start by restating (1); that is

CT(2)+22—2z 1 T(2) 22—z 1
U = =550 256 T A SE
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Replacing z with 22, we have that
2e+1 _ Z2e 1

z3:2¢ ) S(22%)

1 T
2320 8

U(z*) =

(=2)
(2%%)
- 1 T(ZT) ZTH—1 — 226 ol i it+1

32¢ 3.2 201
z 23222 18(z) b

where we have used the functional equation for S(z) to give the last equality. Using
Lemma 4 and the functional equation for S(z), we have that

e -1 2 —1 oi 1 2t
(%) _ (TON5 (i) 25550 2 15 ()

5(z%) 5(z)
()
=0
o ET(Z) e 2z i jj_l i it1
= (-1 gy~ (-1 S(z)j;)(*l) E}(lJer +227). (3)

Applying this to the expression for U(22") we have, multiplying by (—1)¢S(2), that

e—1 j—1 _ »
(-1)S(2)U(2*) = 23% T(z) — 2z Z(—l)j H (1 + 22 + 27 )
7=0 i=0
F(—1)%2(22 — 1) 1:[ (1 +22 22“1)> .
i=0

Now by Lemma 7, this reduces to

3.2
(=1)°S()U(z¥) = 231_26 (T(z) - Z t(n)z") = Z t(3-2°+n)z",

which proves the theorem. O

3. Untwisting Bacher’s Second Conjecture

In this section, we will prove Theorem 2. For ease of reading we have separated the
proofs of the two parts of Theorem 2.
To prove Theorem 2(i) we will need the following lemma.
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Lemma 8. For all k > 0 we have that

k—1 2k 2k 1
2l (1 +2% + 22”1) => s(n)"+ Y s(2" - n)z" 2"
i=0 n=1 n=1

Proof. Again, we prove this by induction. Note that for kK = 0, the product and the
right—-most sum are both empty; thus they are equal to 1 and 0, respectively. Since

the theorem is true for £ = 0. To use some nonempty terms, we consider the case
k = 1. Then we have

1-1 2! 2'—1
2] (1 + 2% + 221“) =242 4+25=> s(n)"+ Y s(2' - n)z"+2
=0 n=1 n=1

so the theorem holds for k£ = 1.
Now suppose the theorem holds for £ — 1. Then

k—1
z H(l + 2% + 221+1)
=0

(1+z +z ) H(1+z 2 1)
i=0
2k: 1 2k 1 -1
_ (1_~_sz*1+22’€) Z )" + Z (2k1 n+2’H
n=1
ok—1 ok—1_1q
-z D @ T Y s
n=1 n=1 =

= Y1+ X,

where ¥; and X, represent the triplets of sums from the previous line (we have
grouped the last sums in triplets since we will deal with them that way). Note that
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2k—1 2k 1 -1

¥ = s(n)2" 4+ s(2F 1) Z )+ s(2F ! —n)) PRk

2k
= s(n)z" + s(2k)22k + Z s(2F 1 4 n),z”Jr2k_1
n=1

2k

= Z s(n)z",

n=

1

10

where we have used the fact that s(2n) = s(n) and for n € [0,27] the identity
s(27 +n) = s(27 —n) + s(n) (see, e.g., [1, Theorem 1.2(i)] for details). Similarly,

since 2871 —n = 2F — (n 4+ 2F71) and

52" =) +s(n) = 52" +n) = 5(2° + 1) — s(n) = 5(2° —n)

(see Proposition 3.1(i) and Theorem 1.2(i) of [1]), we have that

o2k—1_1
Yy = Z (S(Qkfl 777,) +s(n)) Zn+2’“ +5(2k71)23~2k—1
n=1
2k=1_1
k—1 k
+ Z 2k 1y nt2i e
- 2k_1
— Z n+2 —I—S(Qk 1) 3-2 + Z S(Qk
n=1 n=2k-1_1
2k 1 .
= Z s(2F —n)z"+2
n=1
Thus
2k 2k 1 .
Y143, = Zs(n)z" + Z s(2F — n)2"t?
n=1 n=1

and by induction the lemma is proved.

—-n

)Zn+2’”'

O

Proof of Theorem 2(i). We denote as before the generating series of the Stern se-
quence by S(z). Splitting up the sum in the definition of G(z) we see that

G(:) = 51— 2) -~ 55

so that using the functional equation for S(z) we have

e 1 e 1
ooy _ 4 ey L
G(Z ) - Z2e+1 (1 Z ) 2265(226)
_ L gy L MLt 422
g2t 22 22°-18(2) '
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This gives

G(z*)S(2) = % <<1 —27)8(2) — 2 f[(l +2% + Z2"“>> ' (4)

=0

We use the previous lemma to deal with the right—hand side of (4); that is, the
previous lemma gives that

e—1
(1-22)8(2) -2 [J(1+2% +227)
=0
2¢ 2¢-1
= Z s(n)z" — Z s(n)z" — Z s(n)z"t% — Z 5(2¢ —n)z"t%
n>1 n=1 n>1 n=1
21
= Z s(n)z" — E s(n)z" 2" — Z (s(n) + s(2° —n))z"%
n>2¢+1 n>2¢ n=1
201
= Z 5(2¢ +n)2" Y — Z s(n)z"t% — Z 5(2¢ 4 n)z"
n>1 n>=2¢ n=1
=3 520! 4 )22 Z $(2¢ +n)z" 2
nz0 n=0

Dividing the last line by 22 gives the desired result. This proves the theorem. [

The proof of the second part of the theorem follows similarly. We will use the
following lemma.

Lemma 9. Bacher [1]) For n satisfying 1 < n < 2¢ we have that
(i) t(2°T +n) +¢(2° +n) = (—1)*Tts(n),
(i) £(2° +n) = (=1)°(s(2° — n) — s(n)),
(iii) £(2¢F! + n) = (=1)%+15(2° — n).

Proof. Parts (i) and (ii) are given in Proposition 3.1 and Theorem 1.2 of [1], respec-
tively. Part (iii) follows easily from (i) and (ii).
Note that (i) gives that

t(2°T £ n) = (=1)Ts(n) — £(2° + n),
which by (ii) becomes

t(2°T 4n) = (=1)“Ts(n)+ (1) Ts(2°—n) — (=1)“T's(n) = (-1)°"'s(2°—n). O
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Proof of Theorem 2(ii). We denote as before the generating series of the Stern se-
quence by S(z). Splitting up the sum in the definition of H(z) we see that

1 14z T(2)
25(z) 22 S(z)’

T(z>")
S(229)
we have done this in the proof of Theorem 1, in (3), and so we use this expression

here. Thus, applying the functional equation for S(z), we have that

Since we will need to consider H (ZQE), we will need to compute . Fortunately

- 25)_Hf;3 (1422 +22") e (L2 T6)
“)= 2271 -1G(2) 22t ) S(2)
Sl 22 & T i gibl
+(-1) ( p— >S(Z) T (e 22,
7=0 =0
so that
1 e—1 N
_q\e+l 2¢ _ 2¢ (e 2 2i+1
(~D)HE)S() = <<1+z JT(z) - ( 1>zg(1+z +227)
e—1 j—1 §
—22(1 + 2%) (—1)jH(1+z2+22 )
§=0 i=0
An application of Lemma 7 gives
1 e-1 ) i+
1)e+l 2¢ 2¢ _(_1\e 2¢ 2i+1
(~D)H(E)S(:) = (<1+ )T(=) = (-1) zg(uz +227)
3.2¢
—(1+42%) Z t(n)z"
n=0

—(=1)%z(z2* —=1)(1 +2%) e_l—[l (1 4224 22i+1>>

=0

1
= et (61 +62+63+63),

where we have used the G, to indicate the terms in the previous line.
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Note that
3.2°
G +63=(1+2%) (T(z) - Zt(n)z")
n=0
= (142%) ) t(3-2° 4 n)2"t5*
n>1
= Y@t )t e ST (20 )t
n>2¢41 n>2e+141
so that S 46
% = Z t(2° £ n)2" + Z t(2°+n)z".
nz2e41 nz2e+141

Using Lemma 8, we have

e—1

62+64 1 e+1 i i1

St = e (D = (e - ) ST (14 22
=0

1)t e [ = .
= (2% .2 +1 (Z S(n)Zn + Z S(2e _ n)Zn+2
z
n=1

n=1

= (—1)°H! (Z s(n)z" + Z_ 5(2¢ — n)z”+26> )

n=1

Using the proceeding lemma and the fact that ¢(2¢71) + ¢(2¢) = 0, so that we can
add in a zero term, we have that

2°¢ 2¢—1
w =D (2T 4 n) + 127+ n))2" + Y 2T 4 n)2
n=1 n=1
2¢ 2etl 1
- z:(t(QeJrl +n)+t(2°+n))2" + Z t(2° 4+ n)z"
n=1 n=2¢
9e getl_q
= 2:(25(2EJrl +n)+t(2°+n))" + Z t(2°+n)z"
n=0 n=2¢
2¢ ¢t _q
- Z t(2° 4 n)2" + Z t(2° 4+ n)z".
n=0 n=0

Putting together these results gives
et1 2¢ 1
(=) H(2" )S(2) = ZaerT (61 + 62+ 63 + G3)
= Z t(2°T 4+ n)2" + Z t(2°+n)z",
n>=0 n>=0

which proves the theorem. O
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