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Abstract
In this article, we present two infinite-dimensional matrices whose entries are recur-
sively defined, and show that the sequence of their principal minors form the Lucas
sequence; that is, (2,1,3,4,7,...). It is worth mentioning that to construct these
matrices we use nonhomogeneous recurrence relations.

1. Introduction

Given an arbitrary infinite matrix A, denote by d,, the nth principal minor of A,
which is defined as the determinant of the submatrix consisting of the entries in
its first n rows and columns. Actually, we shall be interested in the sequence of
principal minors (dy,ds,ds, .. .), especially, in the case that it forms the sequence
including Lucas numbers. There are scattered results in the literature showing that
there exist certain infinite families of matrices of this kind, for instance, see [2], [4]
and [5].

Let o = (ov)i>0 and B = (8;)i>0 be two arbitrary sequences. The convolution
of sequences « and 3, is the sequence v = (7;);>0, Where v; = Z;:O agfBi—k. The
convolution matriz of sequences o and [ is the infinite matrix A = (4; ;); ;>0 whose
first column, i.e., Cq(A), is @ and whose jth column (j = 1,2,...) is the convolution
of sequences C;_1(A) (the (j — 1)th column) and 5. In [6], the authors show that
any sequence can be represented in terms of principal minors associated with an
infinite matrix. In fact, they proved the following theorem:



INTEGERS: 11 (2011) 2
Theorem 1. (see [6]) Let A(co) be the following infinite matrix
Convolution sequence Convolution matrix
A(o0) = . ;
of ((—=1)'ai)i=0 and (B;)i0 of (Bi)izo and (&)izo

where By =1 and (&)i>o0 = (£0,1,0,0,...). Then, we have det A(n) = a1, where
A(n) is the n x n upper left corner matriz of A(c0).

Let L,, be the nth Lucas number, defined by
LO = 2, L1 =1 with Ln = Ln—l + Ln_g if n Z 2.
As an immediate consequence of Theorem 1 we have the following corollary.

Corollary 2. With the notation of Theorem 1, if a; = L;, i =0,1,2,..., then we
have det A(n) = Lp,—1, (n=1,2,3,...).

Let ¢ = (¢:)i>0 and ¢ = (1;);>0 be two sequences starting with a common first
term ¢p = Yo(:= ). Moreover, let Pg{f’c](oo) = [P; ;]ij>0 be an infinite matrix
with parameters a, b, ¢ associated with sequences ¢ and ¥, whose entries satisfy:

PO,OZ’-Y7 Pi,O:¢i and PO,j:¢i fOI‘ Z,]Zl,

and
P i=aP ;1 +bFP_1;_1+cP_1; fori,j > 1. (1)

In special cases, when [a,b,c] = [1,0,1] or [a,b,c] = [0, 1, 1], the matrix Pq[;l’f’c](oo)

is called a generalized Pascal triangle or a T-matriz, respectively (see [1], [3] and
[7)-

In [5], we proved the following theorem:

Theorem 3. Let A1, Ay, B1 and By be integers. Let o = (o;)i>0 and B8 = (8;)i>o0
be two integer sequences satisfy cg = Bo(:=y) and linear recurrences

a; = A1 + Asai_o and (B; = B18i—1+ B2fBi—o  forall i> 2.

Then we have:

(a) for any nonnegative integer n, det PE”;’” (n) = Ly, if and only if v, a1, P,

Ay, As, By and Bs satisfy one of the following conditions.
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Note that the recurrence relation (1) is homogeneous. Here, we will consider
a more general case. In fact, we will allow the recursion entries to depend on
nonhomogeneous recurrence relations:

P, j=aP; j—1+bP_1j-1+cPi_1,;+ f(i,7), 4,5>1,

where f is a function on N x N.
In this article, we will consider the following two infinite-dimensional matrices

2 3 4 5
-3 -4 -6 -9
—27 —37 51 —70

A(o0) = [Ai jlij>0 = ],
—-125 —-170 -231 -313

and

As a matter of fact, these matrices are constructed as follows:
The Matriz A(co). The first row and column is the sequence

(AO,j)jZO = (2,3,475,,. . .,A()’j =]+ 2,.. .),

and
(Aio)izo = (2,—3,-27,..., Ajg=4A;_1 o +i* —Ti—5,...),

respectively. The remaining entries A; ; are obtained from the nonhomogeneous
recurrence relation:

Aij=Aija+Ai; —20+74), ij=1
The Matriz B(co). The first row and column is the sequence
(Bo,j)j>0 = (2,1,3,—-1,7,-9,23,—41,...,By; = —By j—1 + 2By j_2,...),
and

(Bio)iso = (2,1,-2,-1,42,... ,B; o =3B;_10+ 533" —2i — 1)/2,...),
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respectively. The remaining entries B; ; are obtained from the nonhomogeneous
recurrence relation:

Bij=DBi_1;-1+ Bi_1; — 2i, i,j > 1.

We denote by A(n) (resp. B(n)) the submatrix of A(co) (resp. B(oo)) consisting
of the elements in its first n rows and columns. The main result of the paper is
essentially the following theorem:

Theorem 4. With the notation defined above, we have det A(n) = det B(n) =
Ly_;.

Our notation and terminology are standard. Given a matrix A, we denote by
Ri(A) and C;(A) the row i and the column j of A, respectively. By AT we denote
the transpose of A. We also denote the elementary row and column operations of
type three by O; ;(\) and O§7j()\), respectively, where i # j and A a scalar. So that

Rk(Oij(/\)A):{ Ri(A) + AR;(A) if k=i

Ry (A) if k#1i,
and
Ci(A0; ;(N) =
’ Cr(4) if k#i.
We recall that a matrix T(co) = [t; ;]i,j>0 is said to be Tdeplitz if ¢, ; = tx,

whenever ¢ — j = k — [. In the case that ¢ = (¢;);>0 and ¢ = (¢;);>0 are two
sequences with a common first term ¢y = 1, we denote by Ty ,(00) = [t ;)i j>0
the Téeplitz matrix with Co(Ty 4 (00))T = ¢ and Ro(Ty4(o0)) = 1b. Moreover, we
denote by T} ,(n) the submatrix of Tp 4 (00) consisting of the entries in its first n
rows and columns.

A lower Hessenberg matrix, H(n) = [h; jlo<ij<n—1, IS an n X n matrix where
hij =0 whenever j > i+ 1 and h; ;41 7 0 for some 4, 0 < i <n — 2, so we have
ho,o ho 1 0 0
hio hi hig 0
H(n) = ha g ha 1 ha,2 0
hn72,n71
hn-10 hp-11 ... hn—1m-2 hn_1n-1

2. Preliminaries

In order to prove the main results of this article, we need to state some technical
lemmas. We start with the following simple observation.
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Lemma 5. For all integers i > 3, there holds

(a) éo(nk(;)(k? — 5k —11) = 0.

®) ;210(1)'6(1’;1) (2k +3) = 0.

Proof. We only prove (a), and (b) goes similarly. Define the function f as follows:

o) = -2 = S ()

k=0
Then ‘
flz)=—i(1l—2)~t= kZ_O(—l)k (;) kaht
Moreover, if we take g(z) := 2 f(x), then an easy calculation shows that

i i i -
a) = (1= (1) = (1) ()
k=0
Putting x = 1, we conclude that

%

St (D) =0 S (=0t S

k=0 k=0
and the result follows. O

For an arbitrary sequence o = (0;);>0, the binomial and inverse binomial trans-
form of ¢ are the sequences & = (6;);>0 and & = (J;);>0 defined by

6; = i(l)”k(é) or and & = Z (;) Ok

k=0 k=0
Clearly, we have the following inverse relations

oi kijz()(—n“k (k) 55 = kZ:; (k) B, 2)

Let a = (a;)i>0, A = (Mi)i>0, # = (thi)i>0 and v = (v;);>0 be three (non)homogeneous
recurrence relations satisfying

ap=2, a; =—-3, and «a; =4a;_1+i2—-Ti—5 (i>2)
Ao = 2, A1 = 1, and A\, =3\;,_1+ 5(3i71 — 21— 1)/2 (Z > 2)
po =2, p1 =1, and p; = —pi1+2p-2 (i >2)
vo=—1, 11 = =17, 1o = =60, and v; =2y, 1 —50-273 (i >3).
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Then, we have

2,-3,-27,—125, —517, —2083, . ..)

£
v
[}

Il

2,1,-2,—1,42,301, 1478, 6219, .. .),

g

IV,

o
I

(
(
(2,1,3,—1,7,-9,23,—41,87,...),
(=1, -17,-60, —170, —440, . ..).

Solving these (non)homogeneous recurrence relations, we obtain

a; = (109 +39i —9i% — 55-22)/27, i > 0,
N = 5314 1)/2-3F 45 i >0,

wi = (b+(=2)1/3,i>0, and

vi = —5-2172(5i+2), i>2.

On the other hand, the binomial transform of the sequences «, A and p are:

& = (&)is0 = (2, -5, —19, =55, —165, .. .,;(—1) +k <k>o¢k, ).

A= (A)izo = (2,-1,-2, 6, 32, 104,..., ) (~1)"*F (k)’\’“"")'

k=0

fi= ()iso = (2,-1,3, =9, 27, —81,...72(—1)“’6 <k)“’“"")'
k=0

Throughout the rest of this article we fix the sequences a;, A\, i and v.

Lemma 6. With the notation defined above, we have

(a) for all positive integers i > 4, &; = 3&;—1.

(b) for all positive integers i > 4, &; — Z;C;% Oj—p—1 Ly +TL;_9 +2L;_1 + L; = 0.
(¢) for all positive integer i > 3, Ni—2\_1 —5-2i2 = 0,

(d) for all positive integer i > 1, ji; + (—3)"~"1 = 0.
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Proof. (a) Easy computations show that

G = Yo ()
= SiooDTF() + () ]ar (by Pascal’s rule)
= VoD an + s (F1 (s
= Yoo DTFGID aw = Siso (-1 (R
= Yioo(-

DR () (4ot + k% — Tk — 5) — &4

= A o (D)) a1+ g (D) (T (B = Th = 5) — di

= AT ()TN g 4 T ()R () (B = Bk — 11) — 4y
= dd; 1 + (1) o (=DR () (K% = 5k — 11) — &y

= 3&;_1, (Since ¢ > 4, we can apply Lemma 5(a))

as desired.
(b) For the sake of brevity, throughout the proof we will set

i—3
Vi — Z Qi 1Ly + 7L o +2L0; 1
k=0
and we will show that ®; = —L;. First of all, it is easy to verify that
dy = du—_o@s L+ TLy+2L3

= —165+55-24+19-1+7-3+2-4

= =7

= —Ly,

and )
b5 = a5-— Zk:o Qs_k Ly +T7L3 + 2Ly

= 4954 165-2+55-1+19-34+7-4+42-7
= -11
= —Ls.

Next, to prove the result, it suffices to show that

b, =P, 1+ (1%;2, i > 6.
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To do this, we see that
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D +P 0

as required.

Qi1 — ZZ_:% Qi ol +TLi 3+2L; 2

+hy_g — 22;50 Qi_p—s3Ly +TL;_4 +2L;_3

Qi1 — Gi—aLo — Shis Qim—oLy + TLig +2Li_o

+dhy_g — 22;41 Gi_p_oLp_1+TL;_4+2L; 3

Qi1 — Qg — 22;41 Gi—k—2(Lx + Li—1)

+7(Li—3+ Li—a) +2(Li—3 + Li—2)

Qi1 — Qg — 22;41 Gi_p_oLpy1 +TL;_o+2L;_4

i1 — Qg — 22;32 & 1Ly +TLi o +20;

Qi1 — 22;31 Gi_p_1Ly +TLi_o+2L; 4

3h_1 —

(I)ia

Z_:?()) Qi 1Ly +TL; o+ 2L0;

& — Z;% 1L +TL;_o +2L; 4

(by part (a))

(¢) Again, by easy computations we observe that

Ad

PO LI (AP

4

(—1)Xo + 3 (~1) [(

k=1

i—1
k—1

)+ (

i—1
k

)} Ar  (by Pascal’s rule)

(1)@x0+é§%(]Ji+k(;:ﬁ)Ak +£i%(])i+k(i;1)kk

(—1)+N + z (—1)FR(i73) (3ot +5(357 — 2k — 1)/2))
k=2

S ()

k=

0

i

(C1)* A 3 30 (—1) (Nt + 3 3 ()R (3R

4

k=2

—3 Y (<)) (24 1) — Ay

k

=2

k=2
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4 i1 ‘ ' i | |
- (_1)Z+1)\1+3k21(—1)l+k+1(z;1))\k+%kzl(_l)z+k+l(z;1)3k
i-1
-3 X (= 1)k (1) (2K 4+ 8) — Ay
k=
/i71 . .
— (“1)tIN —3(— )z+1)\0+3kz_:o(_1)z+k+1(z;1))\k

i—1 )
—%(—1)”1 _1_% Z (_1)i+k+1(z;1>3k
k=0

[

HEED = BT I+~ A

= 3\ +32 2(—1)t! i ("% )( 3)" —Xi—1 (since i >3 we can apply Lemma 5(b))
k=
= 2\io1+ 3(=1)(— ) =21 +5-272

which proves part (c¢).
(d) Finally, simple computations show that

fi = Shool— 1R ()
= LoD+ (-2)F)/3
= £ 3;:0<—1>i+’“(;>+§ ;:o<—1>i+’“(;)< 2)F
= (1) T (3)2F
= (-1,
as desired. O

Next, we prove the following identity

Lemma 7. For all positive integer i > 5, the following identity holds:

i—5
Li—17-Li_s+5Y (=2)"(5k + 12)L;_(k4q) — (—2)"° -5 =0.
k=0

Proof. For convenience, we put
W, =17 L;_5— 52 F(5k + 12)L;_(hyay + (—2)773 - 5.

First, we assume that ¢« = 5 or 6. In these cases, using easy computations we obtain

U5 =17- Ly —5(12- Ly) + (=2)? -5 =51 — 60 + 20 = 11 = Ls,



INTEGERS: 11 (2011)

and

W =17 Ly —5(12- Ly —2-17- L) + (—2) - 5 =68 — 10 — 40 = 18 = Lg.
Now, to prove the ¥; = L; (i > 7), it is enough to show that:

U, =0, 1+T, 5, (i>7).
To do this, we see that:

U, 1+W, 5 = 17-Li 4—5 ;Z:jz(z)k(ﬁ’)k +12)L;_(y5) + (—2)7* -5
17 Lis —5 22:;0(2)k(5k F12)Li_(hrg) + (—2)75 -5
17(Li—4 + Li—5) =5 22(2)’“(5’? +12) (Li—(k45) + Liz(k+6))
+5 - (—=2)"75(5(i — 6) + 12) Lo + (—2)" 5 - (=5)
17-Lig—5 ;g:jo(—2)’f(5k +12)Li_ s

—5-(=2)"5(5i — 18) + (—2)"=5 - (—5)
17-Li_3—5 if(—z)’f@k +12)L;— (jta)
k=0
+5(=2)"5(5i — 13) — 5(—2)"°(5i — 18) + (=2)" = - (—5)

1—5 .
17-Li—5 =5 > (=2)*(5k + 12)L;_(pya) + (=2)"72 - 5=,
k=0
as required.

O
3. Principal Minors of the Matrix A(oco)
In this section, we first introduce the following lower Hessenberg matrix

g |1 0 0

0
a
o)

H(n) = [hijlo<ij<n—1 = 2

: T(n—1)
&n—l nxn
where

T(n—1) = T(—2,-7,62,65,41,..),(~2,-1,0,0,0,..) (n = 1).

11
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The matrix H(6), for instance, is hence given by

2 1 0 0 0 0
-5 -2 -1 0 0 0
-19 -7 -2 =1 0 0
-5 =19 -7 -2 -1 0

-165 -5 -19 -7 -2 -1
—495 -165 =55 —-19 -7 =2

H(G) = [hitj]ogi,jgs =

6x6

Lemma 8. With the notation defined above, we have det H(n) = Ly,_1.

Proof. First, we apply the following row operations:

Hi(n) = (TL5 Osol=hia) ) H(m),
Hy(n) = (H;:;Oz‘,l(hi,z))ffl(m,
H3(n) = (H?:_lei,z(hi,z))))Hﬂn%
Hoa) = (TEZE Ounalhin)) Hslo).

As a matter of fact, step by step, the columns are “emptied” until finally the
following matrix is obtained:

hoo 1 0 0 0 0

hio 0 =1 0 0 0

hsop 0 0 -1 0 0
Hn—l(n) = h3’0 0 0 0 -1 0

hn2o 0 0 0 ~1

| fncio 00 0 0 - O]

Evidently l~1070 = a9 = 2 = Lg. Now, we claim that

iLi,O = 7Li, 1 § ) S n—1. (3)
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We proceed by induction on i. The cases i = 1,2, and 3 are trivial:

hio = hio—hig-2

= 5-(-2).2=-1=—1L,,
hoo = hoo—ho1-2+hys-(—1)

= 19 (-T)-24(=2) - (—1) = —3 = — L,
hso = hso—hs1-24hsa-(=1)+hss-(=3)

= 55— (=19)- 24 (=7)- (=1) 4 (=2) - (=3) = —4 = —Ls.

Assume now that ¢ > 4 and Eq. (3) is true for 1,2,...,¢ — 1, that is, ﬁk,() =
—Lg, 1 <k <i—1. We now prove that Eq. (3) is also true for i. In fact, by the
applied row operations and induction hypothesis, we have

hio = hio—hi1-2+ 22;31 {hii—k—1-(—Li)}
+(=7) - (=Li—2) + (=2) - (=Li-1)
= hio— ZZ_:%{hi,i—k—lLk} + 7L o+ 2L;

= & — Zi;%{difquk} +T7Li_9+2L; 1.

Now, using Lemma 6(b), we conclude that Bw = —L;, as claimed.
Evidently, det H(n) = det H,_1(n). The lemma follows now immediately, by
expanding the determinant along the last row of H, _1(n). m]

We are now in a position to prove the following proposition which is the first
main result of this article.

Proposition 9. Let [a; ;]; ;>0 be the sequence given by the recurrence
@i = aij-1+ai-1; —200+j), 4,5 =>1 (4)
and the initial conditions a; o = o; and ag; =1+ 2, ¢ > 0. Then, we have

det [CLZ'J'] = Ln—l- (5)

0<i,j<n—1
Proof. Let A(n) denote the matrix [a; j]o<i,j<n—1. First, we claim that
A(n) = L(n) - H(n) - U(n), (6)

where L(TL) = [Li,j]0§i7j<n with

0 if i<j
o={ () i 125
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(which is called the unipotent lower triangular matrix of order n), U(n) = L(n)T
and
a [1.0 0 0
aq
H(n)=| 02 ;
T(n—1)
Qn-1 nxn
where
T(n—1) =T(2,-7.65.85,64,),(~2,-1,0,0,0,-) (. — 1).

Evidently, the claimed factorization of A(n) immediately implies that
det A(n) = det H(n),

(7)

and we obtain Eq. (5) from Lemma 8.
Note that the entries of L(n) satisfying in the following recurrence
Lij=Li—1j-1+Li1j 1<4,j<n
(8)

Similarly, we have
Ui—1j-1+Uij—1, 1<4,5<n.

Uij =

In what follows, for convenience, we will let A = A(n), L = L(n), H = H(n)
Now, for the proof of the claimed factorization we compute the

and U = U(n).
(i,4)-entry of L - H - U, that is,
n—1ln—1
9)

(L-H-U)iy=> Y Li,H. U

r=0 s=0

In fact, so as to prove the theorem, we should establish
RO(LHU) = RO(A) = (233,"'an+ ]-)a

o On1),

C()(L -H - U) = Co(A) = (ao,ah

and
(L-H-U)jj=(L-H-U)j—1j-1+(L-H-U)i-1,; —2(i +j),

for1 <i,j<n-1.
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Let us do the required calculations. First, suppose that i = 0. Then, we have

(L-H-U)o,

and so Ro(L- H -U) =Ro(A) =

(2,3,...

LO,THr,sUs,j

J+2,
,n+1).

Next, assume that j = 0. In this case, we obtain

(L-H-U)yo

and hence we have Co(L-H -U) =

= Z Z 7 rHr,sUs,O
r=0 s=0
n—1
= Li,rHr,O
r=0
n—1 i
= Z:O (T)ar
= aj, (by Eq. (2))
CQ(A) = (Oé(),Oél, ey Oén_l).

Finally, we must establish Eq. (10). Now, let us assume that 1 < 4,5 <n — 1.

In this case we have

n—1ln—1
(L -H - U)i,j = Z Z Li,rHr,sUs,j
r=0 s=0
—1 n—1ln—1 (11)
= Z Lz T'HT”OUO,j + Z Z Lz 7Hr aU 8,7+
r=0 r=0 s=
n—1n—1
Let Q(i,j) := L;,H, sUs ;. Then, using Eq. (8), we obtain
r=0 s=1
) n—1n—1
Q) = X X LigHrs(Us—1,j-1+ Usj-1)
r=0 s=1
n—ln—1 n—1ln—1
= Lz ’I‘H’I‘SUS 1,7—1 + Z Z Lz ’I"H’I‘SU s,7—1
r=0 s=1 r=0 s=
1n-1 (12)

HM|

n—1

+ 2

Z errsUs 1,5— 1+(L H U)z] 1

n—1

lOHOS s—1,7—1 — Z L'LTHTOUO,] 1-
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n—1n—1
Again, let ©(4,7) := > > L; H, Us_1 j—1. Now, using Eq. (7), we have
r=1 s=1
o n—1ln—1
0(i,j) = > 3 (Licip—1 4 Li—1,7)Hy sUs—1,j1
r=1 s=1
n—1ln—1 n—1ln—1
= Licip—1HysUs—1 -1+ 32 32 Lic1,,HrsUs—1,j-1
r=1 s=1 r=1 s=1
n—1n—1 n—1
= > LiciraHrsUs—1j-1+ > Licip—1Hr1Ug i1
r=2 s=2 r=1
n—1 n—1ln—1
+ Li 1 oH1sUs—1j-1+ > > Li1,Hy Us—1j1
s=2 r=1 s=1
n—1ln—1 n—1
=3 Liv,1HUs—1-1+ > Lio1,—1Hr1Upj1
r=2 s=2 r=1
n—1 n—1ln—1
+ 2 LicioHi s Us 11+ 3 3 LicaoHy s (Usj — Us j1)
s=2 r=1 s=1
(by Eq. (8))
n—1ln—1 n—1
=> > Lisiy1Hr—15-1Us1j1+ > Licp—1Hr1Up j—1
r=2 s=2 r=1
n—1ln—1
+ Z Lz lOHlsUs 1,j— 1+ Z Z Lz ].THT‘SU,j
5= r=1 s=1
n—1n—1
- > > Lioa,H, sUs j1 (by the structure of H)
r=1 s=1
n—1ln—1
= Z Z Lz ].THT‘SU,j 1+ Z Lz 1,r— 1H’I‘1U0,j 1+ Z Lz IOHlsUs 1,57—1
r=1 s=1 =2
n—1n—1 n—1 n—1ln—1
+ > > Lii,HeUsj— > Lic1,HeoUoj — >0 > Lic1 2 HpsUs j—1
r=1 s=0 r=1 r=1 s=1

(note that Lz 1,n—1= Un_17j_1 = O)

— n—1n—1
= Z i—1,r— 1H7 IUO,] 1+ Z Lz 10H1 5U5 1,7—1 + Z Z Lz 17HT.5U.s,j
r=1 =2 r=0 s=0
_ZLz 10H(Js s,7 — ZLl 1,r TOUO]
n—1 n—1

= Z Li 1 1Hr1Ug -1+ Z Li 10H1 Us 1 j 1+ (L-H-U)i—1

- Z()Ll 10HOS s,j Z Lz 1,r T,OUO,j (by Eq (9))
s=

16
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After having substituted this in Eq. (12), we obtain
QO@,j) = (L-H-U)ija+(L-H-U)i-

n—1 n—1
+ > Lio1,—1H, 11U j—1+ > Li—1,0H1,sUs—1,5-1

r=1 s=2

n—1

_ZLz 10H05 s,7 — ZLZ 1,r ’I"OU0]

+ Z Li,oHo,sUs—l,j—l - Z Lin-HT',OUO,J’—l'

s=1 r=0

Finally, if this is substituted in Eq. (11) and the sums are put together, then we
obtain

(L-H-U)j = (L-T-U)j—rj+(L-T-U)ij-1+¥(,5),
where
n—1 n—1
\11(27]) = Z LZTHTOUO,j+ Z Lz 1,r— 1HT‘1UO,J 1+ Z Lz 10H1 sUs 1,5—1

_ZLz 10H09 EN ZLz 1,r TOUOj+ZLZOH09US 1,5—1

s=0 r=

n—1

- > LiyHy U j1.
r=0

But by an easy calculation one can show that

n—1
Z LiyH,oUo; — > LiyHyoUpj—1 = 0
r=0 r=0
n—1 n—1 )
Z Li—l,r—lHr,lUO,j—l - Z Li—l,rHr,oUo,j = -2
r=1 r=1
n—1 .
> LiioHUs—1jo1 = 1—7
s=2
n—1 .
> LicioHoUsy = 24
s=0
n—1
> LioHosUs—1;-1 = 1
s=1

and so
(i, j) = —2(i +j),

which completes the proof of proposition. m|
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4. Principal Minors of the Matrix B(oo)

In this section, we consider the following Hessenberg matrix:

Mo -1 0 0 0
A1 1 1 0 e 0
Ao -1
H(n) = [hijlo<ijen = | 3, Ao — A ;
: T(n—2)
L )\nfl >\n72 - )\nfl 1 nxn
where
T(n—=2) = Tuy,u,vz,),(~1,1,0,0,0,...) (1 — 2).
The matrix H(6), for instance, is hence given by
2 -1 0 0 0 0
11 1 0 0 0
-2 -1 -1 1 0 0
H(6) = [hijlo<ij<s = 6 -8 —17 -1 1 0
32 —26 —-60 -—17 -1 1
104 -72 -170 —-60 -—-17 -1 66

Lemma 10. With the notation defined above, we have det H(n) = Ly _1.

Proof. First, we apply the following row operations:
Hin) = (115 Osolhi) ) H(),
( 15 Oin (—hm)) Hi(n),

Hy(n) = (1% Oua(—his) ) Ha(n).

HQ(TL)

Hoa) = (T O s ) Husl)

In fact, step by step, the columns are “emptied” until finally the following matrix

hop  —=1 0 0 0 -+ 0

hi0 0100 - 0

ha,0 0010 - 0
Hn—l(n): hgﬁo 0 0 0 1 0

hn20 0 0 0 0 1

L hnio 00 00 - 0],
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is obtained. Evidently ilo,o = 5\0 =2 = L. Now, we claim that
hiop=(-1)"'L;; 1<i<n-1. (13)
We proceed by strong induction on i. The cases ¢ = 1,2 and 3 are trivial:
hio = hig+hii-2
= —-141-2=1=1,,
hoo = hoo+ho1-2—hys-(1)
= —24(-1)-24(-1)- (1) = -3 = —Lo,
hso = hso+hs1-2—hss-1—hssz-(=3)
= 64(=8)-2—(=17)- (1) — (1) - (=3) =4 = Ls,
54,0 = hao+ha1-2—hap-14+hsz-(=3)—hssa-4
= 324 (=26)-2—(—60)-1— (=17)-(=3) = (=1) -4 = -7 = —Ly.

Assume now that i > 5 and Eq. (13) is true for 1,2,...,i—1, that is, ilk,o =—Ly,
1 <k <i—1. We now prove that Eq. (13) is also true for 7. In fact, by the applied
row operations and induction hypothesis, we have

~ B . 1:_2 .
hio = —hii(=1)"72L;—y — hii—1(=1)"3L;_o — kZ i (=17 2L, i1y
=
hii-24hig
A _ i—2 _
= (~w)(~1)""?Lims —v1(=1)"PLis — 122 vie(=1)" 2L (o)

+hici—A) 2+ N

. ) ) 1—2
= (1) 2Ly 1T Ly (<1)72 Y 528 2(5k 4 2)(~1)F L ey

k=2
2- ;\i—l — /A\l ( by definition of Z/k)
. . ) i—2
= (DL £ 1) Ly +5(-1) 7 3 225k + 2)(-1) Ly

—5-2=2  (by Lemma 6(c))

= (-1)"{Li-1 —17Li—3 4+ 5 > (=2)"(5k + 12)L;_(j43) — 5 - (—2)" %}
k=0

= (=1)""?(Lij—1 — Li4+1)  (by Lemma 7)

= (—l)iilLi.
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as claimed.
Evidently, det H(n) = det H,—1(n). The lemma follows now immediately, by
expanding the determinant along the last row of H,_1(n). 0

We can now prove the following proposition which is the second main result of
this article.

Proposition 11. Let [a; ;]; j>0 be the sequence given by the recurrence
Qi ;= Qi—1j—1+ aj—1; — 21, 1,7 >1 (14)
and the initial conditions a; o = A\; and ag; = p;, ¢ > 0. Then, we have

det [a; ;] = Lp_1. 15
et [aiy] = Loy (15)

Proof. Let A(n) denote the matrix [a; jlo<i, j<n. First, we claim that

where L(TL) = [Li,j]0§i7j<n with

0 if i<j
LW’:{ () it i>j,

U(Tl) = L(?’l)T and B(n) = [Bi,j}()gi,j<n with Bi,O = 5\1‘, BQJ = /j"jv 3171 =1
By 1 =—1and

Bij=DBi_1j-1—Bij_1, 1<i,j<n, (i,7)#(1,1),(2,1). (17)

The matrix B(6), for instance, is given by

[ o =fo P 2 3 fla 1
A1 1 -2 5 —14
As -1 2 -4 9
B(6) = [Bijlo<i j<c = A
(6) = [Bi,jlo<i,j<s A3 _8 7 5 1
M =26 18 —11 6
A -T2 46 —28 17 |

In what follows, for convenience, we will let A = A(n), L = L(n), B = B(n)
and U = U(n). Now, for the proof of the claimed factorization we compute the
(i,4)-entry of L - B - U, that is,

n—1ln—1

(L-B-U)i; =YY LiyBr:Us;. (18)

r=0 s=0
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In fact, so as to prove the theorem, we should establish
Ro(L . B . U) = Ro(A) = (,U,(), /~L1; e 7,U,nfl)7

Co(L-B-U) = Co(A) = (Ao, Ats- -, An1),

and
(L-B-U);j=(L-B-U)j—1,j-1+(L-B-U);_1,; — 2i, (19)

for 1 <i,5 <n.
Let us do the required calculations. First, suppose that ¢ = 0. Then, we have

n—1n—1 n—1 n—1 ,.
AW
(L:BU)oj =YY LosBrsUsj =Y BosUsj = <5> fis = pj,  (by Eq. (2))
r=0 s=0 s=0 s=0

and so RO(L B U) = RO(A) = (:u07,u“17 s 7:LL7L—1)'
Next, assume that 7 = 0. In this case, we obtain

n—1n—1 n—1

(L-B- UzoZZLMBHUQOZLWBMZOXTA?;, (by Eq. (2))

r=0 s=0 r=0

and hence we have Co(L - B-U) = Co(A) = (Ao, AMy-- s An—1).
Finally, we must establish Eq. (19). Now, let us assume that 1 < 4,7 <n — 1.
In this case we have

n—1ln—1 n—1ln—1
(L-B-U)ij=Y.> LiyBr.Us; Z LivBro+ Y Y LisBrUsj  (20)
r=0 s=0 r=0 s=1
n—1ln—1
Let Q(i,7) := L; B, sUs ;. Then, using Egs. (8) and (18), we obtain
r=0 s=1
n—1n—1
Q(Zyj) = Z ZLZ’I’B’I‘S( s—1,j— 1+U,] 1)
r=0 s=1
n—1n—1 n—1ln—1
= Z Z Li,rBT',sUs—l,j—l + Z Z Li,T'BT,sUs,j—l
r=0 s=1 r= O s= (21)
—1n—1
= ZZLerreUe 1,5— 1+ZBOS s—1,j—1
r=1 s=1 s 1

+(L-B-U);j -1 — Z L; +Bo.
r=0
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n—1n—1
Again, let ©(4,7) := > > L; By sUs—1,j-1. Now, using Eq. (7), we have
r=1 s=1

o n—1n—1
G)(’La]) = (Lifl,rfl + Lifl,r)BT,sUstjfl
r=1 s=1
n—1n—1 n—1ln—1
= > > Lic1,1Br U114+ Y, > Lic1,BrsUs—1 -1
r=1 s=1 r=1 s=1
n—1n—1 n—1
= > Licipo1BrsUs—1 -1+ Y, Licir—1Bra
r=2 s=2 r—1
n—1 n—ln—1
+ Bl,sUsfl,jfl + Z Z Lifl,rBr,s(Us,j - Us,jfl) (by Eq (8))
s=2 r=1 s=1
n—1n—1
= > Licip—1 (Bro1,s-1 — Brs—1)Us—1,j—1
r=2 s=2
n—1 n—1
+ > Lici,1Bra+ Y BisUs—1-1
r=1 s=2
n—1ln— n—1ln—1
Z Z i—1, rBr sU s, — Z Z Lifl,rBr,sUs,jfl (by Eq (17>)
r=1 s=1 r=1 s=1
n—1n—1 n—1n—1
= > > LiveaBrasaUsaja— > > Licir1Br s 1Us 15
r=2 s=2 r=2 s=2
n—1 n—1
+ > Lici,—1Bri+ Y BisUso1 -1
r=1 s=2
n—1ln—1 n—1ln—1
+ Z Lifl,rBr,sUs,j - Z Z Lifl,rBr,sUs,jfl
r=1 s=1 r=1 s=1
n—1ln—1 n—1ln—1
= > Li1,BrsUsj—1— >, > Li—1,-1BysUs j—1
r=1 s=1 r=2 s=1
n—1
+ZL1 1,7 1BT,1+ZB1€€1J1
r=1 s=2
n—1n—1 —1n—1
+ Lifl,rBr,sUs,j Z Z Lz 1rBr SUS] 1
r=1 s=1 r=1 s=

note that Li—lm,—l = Un—l,j—l = 0)

n—1n—1 n—1

= *Z ZLz 1,r— 1B7'9U_] 1+ZL1 1,r— 1Br1+ZB1991,j1
r=2 s=1
n—1n—1

+ Z Z Li*l,rBr,sUs,j - Z BO,sUs,j - Z Lifl,rBr,O
r=0 s=0
n—1ln—1

= _Z ZLz 1,r— lBrsU,] 1+ZLZ 1,r— lBr1+ZBlssl,]1

r=2 s=

+(L -B- U)i—l,j - Z BO,sUs,j - Z Li_17rB7n70 (by Eq (18))
s=0

r=
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Now, for convenience, we put
1ne

n—1
r=2

=2 s=

1
Liflmler,sUs,jfl-
1

But then
o n—1ln—1
L(,j) = (Li,r - Li—lm)BT,sUS,j—l (by Eq. (7))
r=2 s=1
n—1n—1 n—1ln—1
= Z Z Li,rBr,sUs,j—l - Z Z Li—l,rBr,sUs,j—l
r=2 s=1 r=2 s= 1
n—1ln—1
= ZL BTSU,j 1_ZZL2TBTSU,] 1_ZL’LTBTO
r=0 s=0 r=0 s=0
n—1ln—1 1 n—1
- Lz 17B75U_] 1+Z ELZ 17B75U_] 1+ZL1 17B70
r=0 s=0 r=0 s=0

= (L -B- U)i,j—l - Z Li,lBl,sUs,j—l - Z Li,rBr,O - (L -B- U)i—l,j—l
s=0 r=2

n—1 n—1

+ 3 Li-11B1,Usjo1+ Y. Li—1,Bro (by Eq. (18)).
s=0 r=2

Therefore, we have

n—1

n—1
O(i,j) = —(L-B-U)ij-1+ Z L;i1B1,sUs j—1 + Z LiyBro+ (L-B-U)i—1,-1

_ZLZ 1lBlsUSj 1 — ZLz 1,r T0+ ZLZ 1,r— lBrl

s= O r=

+ Z By sUs—1,j-1+(L-B-U)i—1,j — Z By, Us j — Z Li—1,+Bro
s=2 s=0 r=1
After having substituted this in Eq. (21) and the sums are put together, then
we obtain
Qi,j) =(L-B-U)i1j-1+(L-B-U)i—1;+9(i,j)

where

n—1 n—1 n—1 n—1
t(i,j) = Z Li 1By sUs j—1 + Z L;+Bro — Z Li11B1,sUsj—1— > Li—1,Bro
r=2

S§=

n—1
+ZL1 Lr— 1BTI+ZB15 s—1,5— 1—2303 sj— > Lic10Bro
r=1 s=2 r=1

n—1 n—1

+ Z BO,sUs—l,j—l - Z Li,T’Br,O-
s=1 r=0
Finally, if this is substituted in Eq. (20), then we obtain

n—1
(L-B-U)i; = Y LiyBro+(L-B-U)i—1j-1+(L-B-U)i—1,;+9(,7),



INTEGERS: 11 (2011) 24

In the sequel, we will show that

n—1

Z Li,rBr,O + \P(Zv]) = —2i.
r=0

In fact, by easy calculations one can show that

n—1

n—1 n—1 n—1
> LiyBro— > Li—1Bro+ > Li—1y-1Bri— Y, Li—1,Bro
r=2 r=2 r=1 r=1

= nil{Li,r —Li_1,}Bro+ nil Li_1,—1Br1— nil Li1r-1Br_1p0
r=2 r=1 r=2
= 7:2::: Li1,—1Bro+ Li—1,0B1,1 + 7:2::: Li_1,-1{By1 — Br_10}
(by Eq. (7))
=L;_11B2o+ jZ: Li1,-1Bro+1+Li—11{B21— Bi,o}
n—1

- ;3 Li_1,-1Brp ( by Eq. (17))
==20-1)+1+0GE-D{-1-(-1)} =—-2i+ 3.
And also

n

S

—1 n—1 n—1
Li,lBl,sUs,j—l - Z Li—l,lBl,sUs,j—l + Z Bl,sUs—l,j—l
=0 s=0 s=2
n—1 n—1
= > BosUsj+ > BosUs—1,j-1
s=0 s=1
n—1 n—1
= > {Lis —Li—11}B1,sUsj—1+ Y Bis+1Usj—1 — Bo,oUo,;
s=0 s=1

n—1
+ > Bos{Us—1,j—1 — Us;}
s=1

n—1 n—1 n—1
=> B Usj1+ Y Bist1Usj—1—(2)(1) — > Bo,sUs,j-1
s=0 s=1 s=1

(by Egs. (7) and (8))

n—1 n—1
=B oUoj—1+ > {Bi1,s + B1,s+1}Us j—1 —2— > BosUs j—1
s=1 s=1

n—1 n—1
= (_1)<1) + Z BO,SUS,jfl - 2 - Z BO,sUs,j—l = —3
s=1 s=1

Hence, we conclude that

n—1

n—1 n—1
> LiyBro+%(i,j) =Y LisBro+(—2i+3) =3 Li,Bro=—2i,
r=0 r=0 r=0
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as desired.
Evidently, the claimed factorization of A(n) immediately implies that

det A(n) = det B(n).

Finally, we apply the following column operations:

Bi(n) = B[\ Oh i i1(3),

Ba(n) = Bi(n)[['2) O i ia(D),

Bs(n) = By(n)[['5) O i ia(D),
Bua(n) = Bus()Ty O snia(D).

Now, it is easy to see that B,_s(n) = H(n), which has already been introduced.
Moreover, since

det B(n) = det By(n) = ... = det B,,_2(n) = det H(n),
by Lemma 10 we conclude that det B(n) = L,,_1, which proves the proposition. O

Proof of Theorem 4. 1t is proved by Proposition 9 and Proposition 11. O

5. Conclusion

In this paper we have found two infinite-dimensional matrices whose entries are
recursively defined and the sequence of their principal minors form the Lucas se-
quence. These matrices are generated by nonhomogeneous recurrence relations. It
is not difficult to find other examples of matrices with the same property. The
following question, however, is not so obvious.

Problem. Is there an infinite family of infinite-dimensional matrices whose entries
are recursively defined and the sequence of their principal minors form the Lucas
sequence?
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