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Abstract
We consider a (—3)-expansion which makes use of the structure of the corresponding
Sturmian sequences, and study some basic properties.

1. Introduction

Since Renyi [15] first introduced the theory of S-expansion, many aspects of that
have been studied, such as the characterization of the admissible sequences and
the shift spaces [15, 14], the conditions for finite or periodic expansions [6], the
corresponding dynamical system [15, 14], and the self-similar tilings [1]. Recently,
Ito-Sadahiro [8] proposed a theory of 3-expansion with negative bases (we hence-
forth call it (—03)s-expansion), and studied those properties mentioned above. In
this paper we consider another notion of (—()-expansion, associated to the Stur-
mian sequence vg = {vg(n)}nez with rotation =1, It makes use of the fact that
the combinatorial composition of an element vg of the hull is equivalent to the ap-
proximation of § in terms of a certain family of interval division of [0,1). The main
feature is that the characterization of admissible sequences is simple and the shift
space is that of finite type (SFT), while it can only be defined for particular (
satisfying 32 = kB+ 1, k€ N :

k+Vk?+4
B=pk=——— k=12,...
2
For general § > 1, one has to consider an extended notion of (—()-expansion. As
for related works, Géra [7] considered the transformations given by piecewise linear

maps and computed the invariant densities. Dajani and Kalle [3] studied a family of
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transformations generating (—3)-expansions. Our (—f)-expansion belongs to this
family after some rescaling and translations.

This paper is organized as follows. In Section 2, we recall basic facts on the
Sturmian sequences. In Section 3, we consider the case k = 1 where = 5y = 7
is the golden number. We separate the discussion since § = 7 is the simplest
case to consider, and the definition of the embedding operation is slightly different
from the other cases. We define the (—7)-expansion and study the characterization
of the admissible sequence and of the shift space. In Section 4, we consider the
case of arbitrary 8 = [ (k € N), and study the same properties as well as the
invariant measure of the corresponding shift map. In Section 5, we introduce the
(—0)-expansion in an extended sense for general irrational 5 > 1. In Section 6,
we consider arbitrary (—/fj)-expansions and show that they can be transformed, by
successive application of local flips, to the (—fk)rs-expansion and that defined in
this paper. In the Appendix, we review the main results in Ito-Sadahiro’s paper [§]
to compare with those obtained here.

2. Sturmian Sequences

As a preliminary, we recall basic facts on Sturmian sequences. Let o € (0,1) N Q¢
and let

Uo(") = 1[17(1,1)(05” + 67 (HlOd 1))a
la—alan+6, (mod 1)), neZ, 6cT:=][0,1)

<
<~
—~

S
~

I

be the Sturmian sequences of rotation a. Let

Q:={vo(- —m)}mez

be the hull: the closure of the set {vo(- — m)}mez of translates of vy under the
topology of pointwise convergence. It is known that

Q = {vooer U{vo(- —m)}mez = {vhtoe U {vo(- — m)}mez.
Let a = [a1, ag, . ..], a, € N be the continued fraction expansion of . Let {s,,}°2
be the sequence of words defined recursively by

-1
s-1 = 1, s$0=0, s1=s55" "s_1

Spy1 = Sentlg, 1, n>1. (1)

Then the word {vg(n)}22; is equal to the limit r of {s,} in the sense that each
Sy, 18 the prefix of {vg(n)}52 ;. And the word {vo(—n)}32, (resp. {vj(—n)}2,) is
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equal to the limit I of {s2,} (resp. limit I’ of {s2,+1}) in the sense that each s,
(resp. San+1) is the suffix of {vo(—n)}52 (vesp. {v)(—n)}22,). That is,

r:= lim s,,
n—oo

l:= lim so9,, [I':= lim sg,1,
n—oo n—oo

vo=1Ir, vy =1Ir.

It is also known that [ = 7(10), I’ = 7(01) where T is the reflection of r. We recall
the results in [4]. The (n — 1,n)-partition of v € § is the non-overlapping covering
of the sequence {v(n)},cz by two words s,_1, Sy.

Lemma 1. ([4]) For any n >0, v € Q has the unique (n — 1, n)-partition.

Corollary 2. ([4]) Let n > 1. In the (n — 1,n)-partition of v € Q,
(1) sp—1 does not appear consecutively (s,—1 is always isolated), and
(2) sn always appears apy1 or (any1 + 1) times successively.

For instance, in the Fibonacci word (k = 1), vo = ...10110... has the unique
(0, 1)-partition ... s180815180 - . - where s is always isolated and s; appears at most
twice successively.

3. Golden Number Case

In this section, 3 = 7 is the golden number and o = 771. Then {s,}%, satisfies
the following recursion relation.

So = 0, S1 = 1,

Snil = SnSp_1, n>1. (2)

3.1. R, L-Construction of the Fibonacci Word

We recall a procedure discussed in [12] to construct combinatorially an element
of Q. By (2), one can consider the two operations R : S, — SpSn—1 = Spi1,
L: sy, Sp+18n = Snt2, to embed s, into s, (n < n’). They are the special cases
of the de-substitution[11]. We start at so or s; and the following argument shows
that successive application of operations R or L gives us an element v in €. Let
W := {R, L} be the set of operations and let (O1,0s,...) € W.

Case (1) O; = R: We put s; = 1 at 0 and let v(0) = 1. We add blocks sj’s to s;
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depending on whether O3 = R or Oy = L, as are shown in the following figures.

The dash s} in s9s) in the first figure means that this part in v is not determined
yet in the (1, 2)-partition (and the same for s} in the second figure). In fact, if this
s} was followed by sg, it would be covered by s in the (1,2)-partition.

Case (2) O; =L : We put s =0 at 0 and let v(0) = 0. Since sp is isolated in the
(0, 1)-partition by Corollary 2, its neighbor is uniquely determined as follows.

Hence we regard so s as the initial state and add blocks s;’s depending on whether
Os=Ror L.
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We continue this procedure. Set
kn:=n+#{l<n|O;=L}, n=12,...

After carrying out Oq,0s,...,0,, we have

/
Skn Sky—1

We then add blocks si’s depending on whether O,,;1 = R or L as follows.

Skn
l On+1 =R
| Sk, | Skn—1 | Sk,
| Sk, +1 s;n
Skn
On+1 =L l
| Skn+1 | sk | Skn+1
| Sk +2 Sk 11

By repeating this procedure, we obtain v € () for a given sequence of operations
(01,04,...) € W. In fact, if #{l| O, = L} = oo, we have a double-sided sequence
belonging to 2. Otherwise, O; = R for all but finitely many j’s and we obtain
a single-sided sequence which coincides with a translation of r := lim, .o s, =
{vo(n)}n>1. In this case we regard that {O,} € W corresponds to the following
two elements

7107 = vo(- + m)

7017 =vi(- +m)
for some m € N. Hence we have defined a correspondence ® : W — Q. Conversely,
for any v € Q we can construct corresponding sequence of operations (O1,Oa,...) €

W uniquely[12]: the inverse correspondence ®(:= (®)~1) : Q — W is a well-defined
map, which is two-to-one on Qg := {vo(- + m), v{(- + M) }m>1-

3.2. (—7)s-Expansion

Let \I/:T—>Qbethemap9€T£>v9 € Q). The composition map ® o ¥ : T
Q 2 W corresponds to a sequence of interval division of T [12] as is explained
below. We first decompose T into two intervals of ratio 1 : 7

T = [;Ulg:=[0,1-a)U[l—qa,l).
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Then they are the inverse images of the cylinder set
I = (®oU) 1 ({(01,0,,...) eW |01 =L})
Ig (@0 V) ' ({(01,02,...) € W|O1 = R}).

We further divide Iy, in the same ratio

I, = I Ulpg:=[0,0*)Ula* o?),

and we have
I, = (2oV) ' ({(01,04,...) € W|(01,0,) = (L, L)})
(@0 W) 1 ({(01,0,,...) € W[(01,02) = (L, R)}).

We similarly divide Iz and have the same consequence:

Irr

Ir = IgrrUlRp = [05272012) U [2042, 1)
Irp = (200) ' ({(01,0s,...) e W[(01,02) = (R, R)})
Ip, = (@O‘I/)_l({(Ol,Og,...)EW|(01702)=(R,L)}).

We repeat this procedure and define inductively the right-open half interval
10,.0,,...0,(C T) for a given sequence of operations (O1,0Os,...,0,) € {R,L}".
Suppose an interval Io, 0,,....0,_,(C [0,1)) is given by dividing its “parent” interval
10,,0,,...,0,_, at . We divide Ip, 0,,...,0,,_, into two intervals such that the ratio of
them is 7 : 1 from x, and let I, 0,.....0, 1.8 (resp. 10,,0,....0,_,.1) be the longer
(resp. shorter) interval. For instance, in the figure below, Io, 0,,..0, , = [a,b),
101702;‘“7071727071—1 = [x’ b)> IOI;OQ,~~~7O7L72;O7L71;R = [.%‘,C), and 101702;‘“7071727071—17[/ =
[c, b).

‘[01702,"»’07172

101,02 ----- On—2,0n_1
a T b
I01>027~~70n—17R IOl,OQ ..... Op_1,L
a T c b

The interval division to define Io, 0,,....0,

Then for any (P1, Pa,...,P,) € {R,L}" we have
Iphp%m’p = ((I)O\I/)il({(Ol,OQ,...,On) S W|Oj = Pj, j = 1,2,...,71}).

n
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Thus, constructing vy € Q by a sequence of operations (O1,03,...) € W is
equivalent to approximating 6 € [0, 1] by the corresponding sequence of intervals
{10,.0s....0, }n=1-

Remark 3. Let D_ := {—na (mod 1) |n > 1} be the set of division points. For
0 € D_, taking the sequence of intervals is equivalent to approximating 6 from
above and thus ¥(0) = vg(- — m) for some m > 1. If these intervals Io, 0,,..0.,
were left-open, it would be equivalent to approximating 6 from below and we would
have lim, o (0 — €) = v{(- — m).

We shall have a representation 6 = Z;io yj(—a)’ for given § € T using this
interval division. Let (PoW¥)(0) = (O1,03,...) € W be the corresponding sequence
of operations. We start from the point 1 + (—«) which divides T into I, and Ig.

(1) If O; = R, we add (—a)? to go to 1 + (—a) + (—a)? which divides I into
IRR and IRLo

(2) If O; = L, we add (—a)® to go to 1 + (—a) + (—«)?® which divides I, into
ILR and ILL~
We repeat this procedure. Set

_n+#H{k<n—-1|0r =L} (n>2)
Pr =01 (n=1)

then we have the expansion § = 1+ 3> | (—a)P». Equivalently, let {y;}52, be the
sequence obtained by applying the substitution R — 1, L + 10 to the sequence
(®oW)(@) = (01,0,...) € W. Then we have a power series expansion of § in
terms of (—a) = (=)~ !

0 =1+ y;(—a).
j=1

This definition is natural in the sense that this representation of 6 is related to the
combinatorial structure of the corresponding Sturmian sequence vg. However, if 6 €
D_ is in the set of division points, the characterization of the admissible sequences
would be complicated and, to be seen later, it would be impossible to define the shift
map. This is mainly because the intervals Ip, o0,,....0, are half-open. Therefore we
slightly modify the intervals Io, o,,....0, and consider the division of [0, 1] by another
family of intervals {Jo, 0,....0,|n € N,(01,02,...,0,) € {R,L}"} defined as
follows. The interior is the same: Jg5 o = I3, o, but the division points
always belong to the longer interval, that is, the one corresponding to O,, = R. For
instance,

n

T = JoUJr:=[0,1—a)U[l—a,1]
Jr JoLUJLr = [0,a4)U[a4,a2)
Jr = JrrUJgL = [a2,20¢2] U (2(127 1]
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Definition 4. ((—f)s-expansion) For a given 0 € [0,1], let (O1,04,...) € W be
the sequence of operations corresponding to the interval division {Jo, 0,....0, |7 €
N, (01,09,...,0,) € {R,L}"} to approximate 0. Let {y;}32; be the sequence
given by applying the substitution S defined by S : R+ 1, L — 10 to the sequence
(01,04, ...) € W. Then the power series expansion

9:1+Zy‘7‘(—a)j =1+Z:Uj(—7)_j (3)

of 6 in terms of (—«) is called the (—7)g-ezpansion of § € [0,1]. We write
ds(0, —7) = {y; 72

We always have y; = 1 in this expansion. By definition, we have infinitely many
Us in {y;}32,; indeed 0 is isolated, so that we do not have finite expansion.

Remark 5. (1) Since we adopt {Jo,.....0, } as the interval division, the tails of (® o
U)(0) for @ € D_ is always equal to RRL = (1,1, (10)), while LRL = (1,0, 1, (10))
does not appear!. (2) For §# € D_, the relation to the Sturmian sequence vy is not
simple anymore: some 6 € D_ corresponds to vg(- —m) while others to vy (- —m’).

Remark 6. It is possible to define the (47)-expansion by the method above.
To construct the corresponding intervals {ng,og,...,on |n € N,(01,04,...,0,) €
{R,L}"}, we divide J§, o, o, , into two intervals by the ratio 7 : 1 such that

the one closer to the origin is longer.

3.3. (—7)s-Admissibility

Definition 7. ((—7)s-admissibility) We say a sequence {y;}52, € {0,1}N is (=7)5-
admissible if and only if it corresponds to the (—7)g-expansion for some 6 € [0, 1].

This is a condition for the j > 2 part of the sequence {y;}32,, since we always
have y; = 1. The consideration in the former subsection gives us the following
characterization of (—7)g-admissible sequences.

Theorem 8. Let

X = {{y;j};2, €10, 1N 0 s isolated }
Y {{y;}52, € {0, 13N tail is equal to 10110 }.

Then we have {{y;}52, € {0, 1}N] {y;}52, is (—7)s-admissible } = X \ Y.

We end this subsection by a brief remark on the (—7)g-admissibility. The con-
dition that 0 is isolated is equivalent to

(010101 ...) =jex (Tn,Tny1,...) for any n > 2,

'L = LL... denotes the infinite repetition of L.
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where <., denotes the lexicographic order. This is similar to the case for the
(+7)-expansion, where the (47)-admissibility of {x,,}5°; is equivalent to

(T, Tnt1,---) Riex (101010...) for any n > 2 (4)

and that the tail is not equal to 10. Condition (4) is natural since (10) is the
(47)-expansion of 1 and z < y is equivalent to {x,} <jex {yn} in the B-expansion
(apart from some exceptional points). However, this is not the case for the (—7)g-
expansion. In fact, dg(771, —7) = (1) is the maximum in {0,1}Y in the lexico-
graphic order, while 77! € [0, 1] lies in the interior.

Thus we consider another ordering <;g, which was introduced in [8].

Definition 9. (IS-ordering) For two sequences {cx}52,, {di}$2, € {0,1}N, we
define the ordering <;g as follows.

(1) {end2y <rs {di}2 <5 {(~1)Fe )iy <iew (-1},
(2) {en}iy =is {1}y €5 {en)72y <rs {72y or {eie, = {7,

Since ds(0,—7) = (1,0,1,0,...) and ds(1,—7) = (1,1,0,1,...), it is reasonable
to expect that (—7)g-admissibility is equivalent to:

for any k‘22, (1,0,1,0,...)515 (dk,dk+1,...)jjs (071,0,1,...). (5)

However this equivalence is not true. In fact, 01, (resp. 10) is the maximum (resp.
the minimum) in {0, 1} in the IS-ordering so that the condition (5) imposes no
restriction on the sequences in {0,1}N. The reason is that we fix the expansion
for x € D~ so that we would not have a statement like (5). Nevertheless, since we
define the (—7)g-expansion by interval division, the IS-ordering <;¢ preserves the
order of 6.

Proposition 10. We have: § < 8 if and only if ds(0, —7) <15 ds(6', —7).

3.4. Shift Map

Let T_, s : [0,1] — [0, 1] be the shift map sending § = 1+ (—«) + 2212 yj(—a)’ to
0 =14 (—a)+ 3,7, yjr1(—a)’. By a direct computation,

—a 19 +1 (0 €]0,1—a))

T_;5(0) = {_a—le +a7t (fel-a,l)])

and we can rephrase the definition of the (—7)g-expansion as

O=1+(—a)+> yi(—a), yj=1p ay((T-rs)2(0), j=2.
j=2
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Remark 11. It is also possible to regard equation (3) as the (—7)g-expansion of
60— (14 (—a) €[-a?al: 0 —(1+(—a)) = > res Uk (—)". Under this point of
view, we translate T, g:

T ,5(0) = T ,s5(0+a%—a
= —a'0+alad), A=10,a], 6¢c[-a? ]
and the definition of the (—7)g-expansion becomes

oo

0= Zyj(_a)jv Yj = lA((Tf'r,S)j_z(e))v J > 2; € [—CVQ,O[].
=2

Then, as is done for the (—[3)rs-expansion (Definition 23), we can expand any
0 eR.

The graph of Tff,s

3.5. Shift Space
Let

S_rs:={{xn}nez| any finite subword of {z, } appears

in (—7)g -admissible sequences }
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be the shift-invariant set of double-sided sequences obtained by taking translations
of (—7)s-admissible sequences. Sequences {y;}72, whose tails are equal to 10110
can be approximated by (—7)s-admissible sequences so that we have

Theorem 12. We have S_; g = {{xn}nez| 0 is isolated, i.e., 00 is prohibited }.

Hence S_; g is SFT.

4. General k Case

In this section we develop the notion of (—f3)g-expansion for 8 = [k, which is
the positive root of the equation 3% = kB + 1(k € N), along the discussion in
the previous section. Let a = (8, . The recursion relation (1) of words {s,}32_;
becomes

k—1
s-1 = 1, s90=0, s1=3s;5 s_1,

Sn+1 = sfl Sp—1, n>1. (6)

4.1. R, L-Construction of Sturmian Words

Equation (6) implies that there are k operations Ry, R, ..., Ry to embed s, into
Spy1 5o that we take W := {L, Ry, Ra, ..., R} as the set of operations. We define
the correspondence ® : W — ) obtaining v € Q from (O1,0s,...) € W, as follows.

Case (1) O; = Ry: We put s_; =1 at 0. By Corollary 2, we have at least (k — 1)
so’s on both sides of s_; and hence this s_; is always embedded into the rightmost
position of s; = slg_ls_l. Thus we have 51(56)’“*1. As in Section 2.1, the dash in

sy means that this is not determined in the (0, 1)-partition.

1 01 =Ry
L oso |- so Jsaf so ][ s |
k—1 k—1
I
| S1 i S ‘ ‘ S0 ‘

Case (2) O1 = R; (j = 1,2,...,k —1): We put sp = 0 at 0. Since s =
8’571 s_1, there are (k — 1) ways to embed sy into s; which correspond to op-
erations Ry, ..., Ry—1 respectively. For instance, if O; = R; we embed sg into the
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jth position counted from the left in s;. We then have s1(sf))*~L.

Case (3) O; = L: We put sg at 0 and embed sy into the rightmost position of
sy = sksg. By Corollary 2, sg is isolated in the (0, 1)-partition and there are at
least k s1’s on both sides of sg. Hence we have sa(s})¥.

O,=11
st |l oo JLso L s [ s
k k
|
S9 I sh ‘ ‘ s) ‘
We repeat this procedure. After carrying out Oy, O, ..., O, we have si_ (3%,171)]6’

where k, = n+ #{l < n | O, = L}. Depending on O, 1, we embed it into larger
si’s as follows.

Case (1) Opy1=R; (j=1,2,...,k):

Sk, |@
1 Opns1=R; (j=1,2,...,k)
| Sk || Sk, || Sk, HS’%*H Sk, || Sk,
k k
Il
| Skn+1 S || Sk
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Case (2) Opy1 = Lt

Sk,
Ont1=1L1|
| Sk, +1 | . | Sk, +1 H Sk, || Sk, +1 ‘ . | Sk, +1
k k
I
| Sky,+2 Skt 1 . Sk 41

If the tail of (O1,0s,...) € W is equal to Ry, we have a single-sided sequence
and we regard that as corresponding to two elements v (- + m), v{(- + m) for some
m € N. Thus we obtain the correspondence ® : W — . As in Section 2.1, the
inverse ® := (®)~!: Q@ — W is a well-defined map.

4.2. (—p)s-Expansion

Let ¥ : T —  be the map given by ¥(6) := vy. As in Section 2.2, we can explicitly
derive the composition map 6 s g 1 (01,04, ...) € W by the division of [0,1) by
right-open half intervals. We first divide [0,1) into an interval Iy of length a2 and
k intervals Iy, ..., I of length a:

[0,1) = LhZuLuU---Ulg
IO = [0,0[2),
I; = *+(@F—-Da+[0,0), j=1,2,... k.

Then I corresponds to the operation O; = L and Iy, I, ..., I correspond to the
operations O; = Ry, Ra, ..., Ry respectively:

Iy == (®oU) '({(01,04,...) W |0, =L})

I; = (2oU) 1({(01,0q,...) eW |01 =R;}), j=1,...,k
The interval I; (j = 0,1,...,k) is further divided, from the division point, into k

intervals I g, Ij x—1,--.,1j2,1;1 of length multiplied by a and an interval I of
length multiplied by «?:
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@) j=1,....k
Lio = o&*+(j—Da+[ka? a)
Iy = &+ (G—Da+(k-0Da?+10,0%) (=1,2,...,k).
And the operation Ry, (resp. L) corresponds to I; ; (resp. Ijo). For instance
Lo = (®20W) ' ({(01,0s,...) e W|(01,0,) = (L, L)})
Iy = (200) 7 ({(01,02,...) EW[(01,02) = (L, R;)}), j=1,....k

The figure below is the example for k¥ = 2 where the intervals I;; (i,5 = 0,1, 2) and
the corresponding operations are shown.

L ‘ R, ‘ Ry

L R R

We repeat this procedure. Suppose we have an interval J = I; ;, . ;. after
applying the operation O,, by dividing the parent interval I}, j, . ;. , at z. The
length of J is equal to a*». We divide J, from z, into k intervals Iy, I_1,...,I; of
length o*»*! and an interval Iy of length a#»*2. Then each interval corresponds
to the operations O,,+1 = Ry, Ri—1,..., R1, L, respectively. Thus we have defined
the interval division {I}, j,... |71 = 0,1,...,k} each of which corresponds to the
cylinder set of these operations.

To have a simple characterization of the (—f3)s-admissibility and the shift map,
we slightly modify the definition and consider the division of [0,1] by the fam-
ily of intervals {.J}, j,... ;. 171 = 0,...,k} as follows. They have the same interior
as {Ij, j,...jn |71 = 0,...,k} and in dividing an interval J, from the former di-
vision point z, the first (k — 1) long intervals I, j,., . jn_1ks Ljsjoriin1i—1s <=5
I, jo.....jn_1,2 are closed-open, and the k-th long interval I;, j,.. j._,.1is closed. The
o is open-closed. For instance Iy, I1,..., I are replaced

short interval I, j, . . .,
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by Jo, J1,. .., J given below (in this case, z = 1):

0,1] = JoUJ U---UJy

Jo = [0,1—ka)=10,0?%)

Ji = [1—ka,l—(k-1)a]

J = A—(k—j+Da,l—(k—3a] (G=2,...,k).

For given 6 € [0, 1], we take the corresponding sequence of operations (O1,Oa,...) €
W associated to the interval division {.J}, j, .. |71 =0,1,...,k}. Letting

A k (O, =1L)
" k—j+1 (On=Rj, j=1,...,k)
b1 = 17 pn:n+ﬁ{kgn_1|0k:L}7

we have
o0
=1+ Zzn(fa)p",
n=1
and applying the substitution

R, — (k—j+1), j=12.. .k
L —~ kO

to (O1,04,...) € W gives a power series representation of ¢ in terms of (—a):
o0
=1+ Zyj(fa)j,
j=1

which should be a definition of (—3)s-expansion of 0. In {y;}32;, 0 is always
isolated and followed by k. In other words, 00, 10, 20, ..., (k — 1)0 do not appear.

4.3. Shift Map

The map T : [0,1] — [0,1] sending 6 = 1 + yi(—a) + 372, y;(—a)’ to 0 =
L+ yi(—a) + 370, yja(—a) is

TO) = —a 0+ (k+1-y1(0) + (y2(8) — 11(6) + Day,
where y; () is given by

k, (0 € [0,a?))
y1(0) = < k, (0 €a?+10,0a])
k—j+1, @€a®+(G—-1Da+(0,a], j=2,...,k)
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and y,(0) is given by

(Ioeca’+(G—1a+(0,a] (j=2,....k)or 0 € a®+10,a],

I e’ +(—Da+({l-1a?2+][0,02), 1=1,2,....k—1)
12(0) =<k (Be€a®+(j—Da+ (k—1)a®+[0,02])

k' (0ea’®+(j—Da+ka®+(0,a?)])

(ii) If 6 € [0,a?), y2(0) = 0.

Nevertheless, since 0 must be followed by k in the (—3)g-expansion, if y; # k
and y3 = 0, then 8" = T() is not the (—73)s-expansion of # in the sense of the
former subsection. Hence we restrict the domain of T' to the interval

I, :=[0,0% + q]

so that we always have y;(6) = k, and y2 : [0,a + o] — {0,1,...,k} is now equal
to
j (0€ja?+[0,a%), j=0,1,....k)
y2(0) =<k (0 € ka®+[0,a2)])
kE (0e((k+1)a? a+a?).
We introduce the (—3)s-transformation T_g5 5 : [0, a2 + a] — [0,a? + a]:

T ss50) = —a'0+1+ (y2(0) — k+ 1)

Definition 13. ((—3)s-expansion) The power series expansion of 6 € [0,a? + q
in terms of (—a) = (—B)~! given by

0=1+k(—a)+ > n(—)", yn=12(T-ps)%0), n=23,... (7)
n=2
is called the (—/3)s-expansion of 6. We write ds(0, —3) = {y;}32,. Asis done in the

—T)s-expansion, we can also regard it as an expansion of 0 —(14+k(—«a)) € [-a*, a.
i 1 d it ion of 0 —(1+4k 2
In this case T_g g is replaced by its translation

TA_@S(G) = T_575(9 + 062) - 012
—a 04 92(0)a, 0 €[-a?, 0]
. )i et a?), j=0,1,... k)
Ba(0) = {k (0 € [ka?,a))

and the definition of the (—()s-expansion becomes

0= y(~), y=ia((Tops)20), =2 6cl-a’al. (8
=2
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In this case any # € R can be expanded as in the case for the (—f)s-expansion
(Definition 23 in the Appendix).

The graph of T_[;,S

Remark 14. T_g g is discontinuous at 0 = ja?, j = 1,2,..., k. By the definition of
T_p 5, the orbits passing discontinuity points correspond to (..., Ry, Rk_j+1,f) =

(k,j, (k0)). Hence (...,L,Ry,L) = (k,0,1,(k0)) and (..., Ry, Rp—ji2, Ri, L) =

(k,(j — 1),1,(k0)) (j > 2) do not appear in the tails of sequences in the (—f)s-
expansion.
4.4. (—B)s-Admissible Sequences
Definition 15. ((—/3)s-admissibility) We say {y;}32, € {0,1,...,k}N is (—3)s-
admissible if and only if

Yj :yQ((T—ﬁ,S)j_2(0))’ J=2,3,...

for some 6 € [0,a® + a]. In other words, § = 1+ k(—a) + 372, y;(—a)’ is the
(—f3)s-expansion of 6.

By the argument in Section 3.3 and in Remark 14, we have the following simple
characterization.

Proposition 16. The set of (—3)s-admissible sequences has the following charac-
terization:

{Hui}i22 [{y;}720 is (=P)s-admissible } = X \ 'Y
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where

X = {{y;}522] 00, 10, ..., (k —1)0 do not appear}

Y = {{y;j};22| tail is equal to (k,(j —1),1,(k0)), j =1,2,...,k }.

4.5. Shift Space
The shift space S_g ¢ is defined similarly as in Section 2.5.
Theorem 17. S_g g is SFT whose set of forbidden words is {00, 10, ..., (k—1)0}.

Remark 18. For those 3, the shift space Ss for the (+3)-expansion is also SFT
whose set of forbidden words is {k1,%2,...,k(k — 1)} with the same entropy. The
shift space S_g g for the (—03) s-expansion is given in Example B in the Appendix.

4.6. Invariant Measure
The invariant measure of 7 8,5 uniquely exists by [10].
Theorem 19. The invariant measure off_g,s is given by dv_g s = h_g g dx where
a (—a?<z<0)
h_gs(z)=
8.5() {1 (0<z<a).

It seems not to be possible to have the power series representation of h_g g, as
it is in the (+/)-expansion, and in the (—3);s-expansion.
Proof. It suffices to check u,g’s(T:éﬁsA) =v_p,5(A) for intervals A. [] O
If 8 = 7, the frequency of appearance of 0 and 1 is equal to T% : 1, while it is
1: T% in the (+/3)-expansion and 1 : % in the (—f)rs-expansion.

5. General Case: (—3)s-Expansion in an Extended Sense

In this section we extend the discussion in Sections 2, 3 to general irrational § > 1,
which does not give us the power series expansion but those in an extended sense.
Since the idea is the same as that in Sections 2, 3, we state the results without

proofs. As in Section 2, let &« = [a1,a9,...], a, € N be the continued fraction
expansion of o := 371. We define recursively the sequence {7, }5°; by
1

Yn—1 = n=1, y=a

ap + Yn ’
and let

o = dMm=1 Y-z (n21)
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We then have
AnQp + Qpy1 = Qp—1, n > 1.

5.1. R, L-Construction

By (1), we have a,1 operations R, Rs, ..., Rq, ., to embed s, into s,1; the set of
embedding operations becomes W := [[,,<.o W, Wy := {L(™, Rgn)7 Rén), ey Réﬁrl }.
The interval division is defined by dividing the interval of length ay, from the former
division point x, into a1 intervals of length a1 and an interval of length a4 o.
They correspond to the operations O,, 41 = R&iLI,Rijl,l, e Rék), ng), L&) re-
spectively where k = k,, :=n+4{l <n|O; = L}.

5.2. (—0)s-Expansion

For given 6 € [0,1) let (O1,04,...) € W be the corresponding sequence of opera-
tions. For n > 0 set k = k,,, and

) (k) .
41 (Ony1 =R j=12...,
Tnyl = @1 = (On+1 R(]k) g ar+1) , n>0
k11 (Opg1 =L")
n+#{l<n—-1|0,=L}, n>2
Pn =
1, n=1

and define {y;}32, by applying the substitution
R§k) —agpt1—7 (G=1,2,...,a511)
LK) s ap4+1 0

to the sequence (O1,Os,...). Then we have the following representation of 6, which
may be viewed as the (—3)s-expansion of § in an extended sense.

0=1+ an(—l)p”ap" =1+ Z Yn(—1)"an.
n=1 n=1

6. Local Flip Connectedness

In this section, 3 is the positive root of the equation 8% = kB + 1 and we adopt
T_p,s and equation (8) as the definition of the (—()s-expansion. If § € R has the
following representation

Q:Z:T?)n, o €{0,1,... k), no€Z, (©)

n>ngo
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there may be many choices of {Z}n>n, in general. Whenever a single-sided se-
quence {xy }n>n, satisfies (9), we say this is a (—3)-expansion of 8, and distinguish
it from the (—[)g-expansion and the (—/f)rs-expansion. For simplicity, we call
a sequence {Zp}n>n, (zn € {0,1,...,[0]}) in a (—fF)-expansion a (—f)-sequence.
Similarly, we also call the (—3)g-admissible sequence (resp. the (—03);s-admissible
sequence) the (—f)s-sequence (resp. the (—0)rs-sequence). We do not consider the
case of finite expansions since the tail 0 can always be replaced by k0. Since we

have
1 n k _ 1
N S L)

we may locally modify 1k0 < 001 in a (—(3)-sequence. Therefore we introduce the
following operations in the sequences {xy, }n>n, (xn € {0,1,...,k}):

n €z,

(A)  (+Dk(i—-1) <10 (1=0,1,....k—1, j=1,2,....k)

(B) (k,(j —1),0,1, (k0)) < (k,7,(k0)) (j=1,2,...,k)
(C) (0707 ka (k - 1)) A (17 ka (k - 1))

Operation (B) turns non-(—/)s-admissible sequences into admissible ones at 6 €
D_ while (C) modifies the sequences whose tails are equal to that of d}¢(rg, —0)
into (—f) rs-admissible ones (d}g(rg, —3) is defined in the Appendix). Then we can
prove that any (—03)-sequences corresponding to the same number 6 are connected
by these operations.

Theorem 20. Any (—0)-sequence can be transformed into the (—f3)s-sequence, and
the (—0)1s-sequence, via the operations (A), (B), (C).

Proof. (1) If the sequence in question {Z, }n>n, is not (—3)s-admissible, it should
contain {05 (I =0,1,...,k—1,7=1,2,... k). A successive application of (A) turns
it into a (—[3)s-admissible one.

(2) According to Example B in the Appendix, the (—f);s-admissibility is expressed
by two rules (i), (ii). We say that {x,, }n>n, 15 (—0)15-admissible up to x4 if when
we look at @y, Zny+1,-..,2q only, these two rules are not broken. Suppose that
{zn} is (—f)1s-admissible up to x4 and is not (— ) s-admissible at 2441. We would
like to modify {z,} into a (—f)rs-admissible sequence using (A). We proceed by a
case-by-case analysis.

Case (I) (zg,xat1) = (k,(j —1)),j=1,2,...,(k—1): we further divide our dis-
cussion into some cases according to xq_1.

(i) xg—1 = 1,2,...,k: we apply (A) to (£4—1,2%d,T4+1). Then (r4_1,T4,Ta41) 1S
transformed to

(Tg—1,Taq,Tar1) = ([ +1),k,(j — 1)) — (1,0,7)
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(j=12,...,(k=1),l=0,1,...,(k—1)) which is (—3)rs-admissible up to zq41.

Remark 21. Since we modified z4_1, we have to check whether the (—f);s-

admissibility is maintained up to x4—_1 after applying this operation. If [ +1 =k

for instance, the only possibility where (—3)rs-admissibility may be broken is that
even

(...,xg-2) = (k,(k—=1),...,(k—=1)). After applying (A) to (z4—1, %4, Tdt+1), We
have

(--~7xd—27xd—17$daxd+1) = (kv(k_1)77(k_1)7kaka(j_1))

even

— (k(k—=1),...,(k—=1),(k—1),0,9)

G=12,....,(k—=1),l=0,1,...,(k—1)). This is (—f)rs-admissible. If [ +1 =
1..
admissibility is maintained.

.,k —1, and in those arguments below, we can similarly check that (—03)rs-

(ii) xq—1 = 0: since we assumed {z,} is (—0)rs-admissible up to x4, we should
have 42 =0,1,...,k — 1. We apply (A) to (z4—2,24-1,24) and obtain
(Ta—2, Ta—1,%a, Tar1) = (1,0, k, (j = 1)) = (L + 1)k, (k= 1),(j — 1))
(1=0,1,2,...,k — 1) which is (—f)s-admissible.
odd

Case (II) (xg4,...)=k(k—1)...(k—1)k: wemodify (x4_1, T4, Tat+1) = (%, k, (k—
1)) to have the (—f)s-admissibility. In the argument below, the number of suc-
cession of (k — 1) changes by one so that we obtain the (—f)s-admissibility.

(i) zg—1 =1,2,3,...,k: we apply (A) as follows.
(g—1,2d,Tar1) = ((+ 1)k, (E=1)) — (1,0,k) 1=0,1,...,(k—1).

(ii) xg—1 = 0: since we assumed {z,} is (—3)rs-admissible up to x4, we should
have z4_2 =0,1,...,k — 1. We apply (A) to (z4—2,24-1,24) and obtain
((I?d,Q, Td—1, {Ed) = (170, k) — ((l + ].), k, (k — ].)), l=0,1,..., (k - ].)
even

Case (III) (zg,...) = k(k—=1)...(k—1)j, 7 # k: As in Case(II), we modify
(x4—1,%d, xgr1) = (%, k, (k—1)) and obtain the (—f)rs-admissibility up to x441. O

In the proof above, to have a (—()s-sequence, we need the operation [0j —
(I+1)k(j—1) only, but to have a (—f)s-sequence we need both 105 — (I+1)k(j—1)
and (I + 1)k(j — 1) — 10j. Indeed, we have
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Proposition 22. For a sequence {x,}5%; € {0,1,...k}N, the following conditions
are equivalent.

(i) The operation 10j — (I+ 1)k(j —1) I =0,1,...,k =1, j = 1,2,...,k) is
impossible?,

(ii) 0 is isolated and followed by k.

This property of (—3)s-sequences should have something to do with that of the
(=) s-admissibility discussed in Section 2.3.

7. Appendix : Ito-Sadahiro’s (—3)-Expansion

We briefly review the basic properties of the (—3)rs-expansion to compare it with
those in this paper3. Let

._ __ B _ 1
Is = llg,rp), lg:= Fr1 T T

Definition 23. ((—f)s-expansion) Let T_g ;s : I3 — Ig be the (—()-transformation
defined by
T_g,Is(x) = —ﬁl‘ - [—ﬁm - lg]

The power series representation of x € I3 in terms of (—3)~! given by

Tk k—1
p o= 3w = [B(Tpas) (@) — U]
2R ™ 813 s

is called the (—f)rs- expansion of © € Ig. We write djs(z,—f) = {z,}22,. For
z ¢ I3 we take k € N such that (—3) %z € I3 and multiply the (—f3);s-expansion
of (=8) "z by (—p)".

The (—f)1s-admissibility is defined similarly as in the (—03)g-expansion.

Definition 24. ((—03)s-admissibility) We say {z,,}52; € {0,1,..., [B]}Nis (=8)1s-
admissible if and only if we can find € Iz such that {x,}52, is the (—3);s-
expansion of z.

Let drs(lg, —B) = (b1, b2, ... ), dis(rs, —=B) = (0,b1, b2, ... ) be the (—3)s-expan-
sions of lg, rg respectively. Then d;s(rg, —F) can at least formally be defined as

2For a sequence (0,4,...) (j = 1,2,...,k), we regard it as (0,0,7,...) so that operation (i) is
possible.

3[13] contains a review of the (—3)rs- and the (—3) s-expansions as well as a discussion of some
unsolved problems.



INTEGERS: 12 (2012) 23

above. We set

(Oabla"'7bq—1abq_1) (dIS(ZB7_6):(m)7 qud)
dis(rg, —8) (otherwise).

d?S(Tﬁv _ﬂ) = {

Because the orbit of (T_g,15)"(l3) passes the discontinuity points of T_g ;s when
drs(lg,—B) = (b1,...,by), we set the definition of dj¢(r3, —3) as above. The con-
dition for the (—f)rs-admissibility of a given sequence {x,,} is expressed as follows.

Theorem 25. {z,,}22, is (—f)s-admissible if and only if
forany n>1, drs(lg,—fB) 215 (Tn, Tny1,-..) <15 dis(rg, —3).

The IS-ordering <;g is defined in Definition 9.

Example A. Let 3 = 7. Then d;s(lg,—0) = (10...) = (10),d;s(rg, —fB) =
(0100...). Hence, {x,} is (—7)s-admissible if and only if (i) after the first 1 ap-
pears, all subsequent blocks of consecutive Os have even length, and (ii) its tail is
not equal to 10.

Example B. Let 3 be the positive root of 32 = k3 +1, k > 2. Then d;s(lg, —3) =
(k,(k—1)). Hence {x,} is (—f)s-admissible if and only if its tail is not equal to
k(k — 1) and it satisfies the following rules.
(i) Whenever k appears, it should be followed by k or (k — 1).
J

(ii) When we have k... k(k—1)...(k— 1)z, then

x:{071,...7(k—2) (j : odd)

k (j : even).
The shift space S_g g is defined similarly to S_z 5.
Theorem 26. {z,}52, € S_g 15 if and only if
forany neZ, dis(lg,—0) Z1s (n,Tnt1,...) 215 dig(rg, —5).

Theorem 27. S_g 15 is a Sofic shift if and only if drs(lg, —f) is eventually peri-
odic.

The invariant measure of T_g s has a power series representation like the (-
expansion does [14].

Theorem 28. The invariant measure is given by dv_g s = h_g 15 dx where

o0

1

hoprs() = 5 Lia>(T_p.15)7(15)} -
n=0
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Example C. Let 3 be the positive root of 32 = k3 + 1. Then

1 (lﬁ <z < —ﬂ)

— +1
st {—ﬁ (A=t <z <y
B+1 B+1 B)-

Remark 29. As is done for the (—f3)g-expansion, it is possible to determine the
sequence dys(x, —f) by interval division, whose construction is not simple however
(this fact would imply that generically we may not have a simple formula to relate
d(z, ), drs(z,—p) and ds(z, —0)). For instance, we let 8 = 7. We first divide I
into the two intervals with ratio 1 : 7:

1 1 1 1
I=|————=|U|-——=,— | =L UL.
T 73 3

We label them as L, R. We define inductively the division and labeling of intervals:
(i) If we divide an interval labelled R, we divide it in the same way as in the
(—0)s-expansion. That is, we divide into two intervals with ratio 1 : 7 and label
the longer one (resp. shorter one) R (resp. L).
(ii) If we divide an interval labelled L, we divide it into two intervals with ratio
1 : 7, but label the longer one (resp. shorter one ) L (resp. R). And we do not
divide the shorter interval in the next step.
If x lies in an interval labelled R (resp. L), then we set x,, = 0 (resp., 2, = 1).

R L|R L | R L|R

The interval division corresponding to (—7)rg-expansion
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