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Abstract
For any positive integer n and for certain fixed positive integers a1, as,..., a7, we
study the number of solutions in integers of

2 2 2 2 2 2 2 2
127 + agxy + a3y + a4xy + asry + agTg + arxry =n°.

When a; = as = --- = a7y = 1, this reduces to the classical formula for the number of
representations of a square as a sum of seven squares. A further eighteen analogous
results will be given.

1. Introduction
Let n be a positive integer and let its prime factorization be given by n = Hp pre.
Let 7 (n) denote the number of solutions in integers of 23 4+ 23 + - -- 4+ 27 = n.

Three classical results are given by Hurwitz (see [6] and [5]) and Sandham (see
[9]), respectively:
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oty =o ] (- (5) 5 -y

et D p—1

23A2+3 -1 p3)\p+3 -1 pSAp -1
PAR
p>3

and

5 x 25)\2+3 -9 p5Ap+5 -1 -1 p5)\p -1

2 2

rr(n?) = 14 (—) 1 (— —p (—) —) . (13)
22 —1 et p°—1 P p>—1

where the values of the Legendre symbol are given by

(—_1 _J1 ifp=1 (mod4),
p) |-1 ifp=-1 (mod4).

In recent work [3], the number of solutions in integers of
n? =z} + bai + caj (1.4)

was investigated for certain values of b and ¢. When b = ¢ = 1, the number of
solutions of (1.4) is given by (1.1). The number of solutions of (1.4) in the case
b=1, ¢c=2is given by

Theorem 1.1. [3, Theorem 1.2] The number of (x1,xa,23) € Z> such that

2 2 2 2
n’ = xy + o5 + 223

100 ] [IE _ (;8) P - 1} , (1.5)

sl P p/) p—1

s given by

where
|1 if =0,
b(X2) = { 3 ifd>1

and the values of the Legendre symbol are given by

-3\ 1 ifp=1or3 (mod8),
p ) L -1 ifp=5o0r7 (modS38).

Further three-variable analogues of Theorem 1.1 were given in [3] and five-variable
analogues were analyzed in [4]. In this work we study seven-variable analogues of
Theorem 1.1. That is, we investigate the number of solutions in integers of

2 2 2 2 2 2 2 2
a1x] + agx5 + a3r3 + a4xy + asxy + agTg + arr; =N
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for certain fixed positive integers a1, as, as, a4, as, ag and ay. The number of
solutions in the case a; = a2 = --- = ay = 1 is given by Sandham’s identity (1.3).

This work is organized as follows. In Section 2 we define some notation and
list all the results by grouping them into three theorems. The results in the first
theorem are different from the others and they are treated in Section 3. Proofs of
results in the second theorem are given in Section 4. Finally, results in the third
theorem can be deduced from the results in the second theorem. A proof of one of
them is given as an illustration in Section 5.

2. Notation and Results

Let n be a positive integer and let its prime factorization be n = 2*2 Hp>3 p*r. Let
m=[],>3 p*» so that n = 2*2m and define s(n) and t(n) by

5Ap+5 5\

p : 71 2<8>p pl)
s(n) = — | — | —— 2.1
) g( po—1 p) pP-1 21)

5A,+5 5\

prte -1 2<—1>pp—1)
t(n) = L =) ). 2.2
(=) pl;Ig( p°—1 p) -1 (2.2)

and

and

)=o) [T (107 (5F) ). (2:5)

p>3
We note that s(n), t(n), h(n) and k(n) do not depend on Mg, thus s(n) = s(m),
t(n) = t(m), h(n) = h(m) and k(n) = k(m). The theta functions ¢(q) and 1(q) are
defined for |g| < 1 by

oo

plg)= > ¢ and 9(g) = ¢tV

j=—0o0 7=0
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and for any positive integer k we define i and v by

or=0(¢") and ¥ =(d").

In addition, for positive integers ay, as, asz, a4, a5, ag and ay; and for any non-
negative integer n 1et 74, as,a5,a4,a5,06,a-) (?) denote the number of solutions in in-

tegers of
2 2 2 2 2 2 2 _
a1xy] + a2x5 + azxr3z + a4Ty + asxy + agTg + arr; = n.

We note that Sandham’s result (1.3) is equivalent to

5 x 252243 _ 9
7"(1,1,1,1,1,1,1)(712) =14 (T) t(n).

Analogously, we have the following results:

Theorem 2.1.

250215 — 63
25— 1

‘s(n)

ra,,2) (%) = 12

6s(n) 4+ 2h(n) if n is odd,

T‘(171,1,1,2,272)(”2) =

if n is even.
3s(n) + h(n) if n is odd,
T(1,1,2,2,2,2,2)(n2) =

105x2%*2 —756 s(n)

i if n is even.

Theorem 2.2.

25A2+5 — 63

7(1,2,2,2,2,2,2) (n?) = 25 —1

o)

8t(n) + 2k(n) if n is odd,
7(1,1,1,1,1,2,2) (n2) =
250x25*2—126t(n)

251 if n is even.

Theorem 2.3.
4t(n) + 2k(n) if n is odd,

7(1,1,1,2,2,2,2) (n2) =
126 x2°*2 —126t(n)

551 if n is even.

(2.7)

(2.10)

(2.11)

(2.12)
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6t(n) + 6k(n) if n is odd,
1,11, (n°) =

A
mxg:#t(n) if n is even.

3t(n) + Tk(n) if n is odd,

TOJqLLlAA)Oﬂ)‘—
5Xg _
95><225j1 126t(n)

if n is even.
2t(n) + 6k(n) if n is odd,
T(1,1,1,1,4,4,4) (n2) =

33x2°*2 —126t(n)

5T if n is even.

3t(n) + 2k(n) if n is odd,

7(1,1,1,4,4,4,4) (”2) =

35X2M2Jt(n) if n is even.

25—1

ra44440(n?) =

QQKZEE:L:EEt(n) if n is even.

25—-1

2t(n) + 2k(n) if n is odd,

r(1aaaa44) (%) =

35X2E’Mﬁt(n) if n is even.

25—-1

4t(n) + 4k(n) if n is odd,

7(1,1,1,1,2,2,4) (n2) =
126 x2°22 —126t(n)

55T if n is even.

2t(n) + 4k(n) if n is odd,

{t(n) + 3k(n) if n is odd,
r(1,1,1,22,44)(n°) = {

SR if n is even.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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t(n) + 3k(n) if n is odd,

raa22440(0?) = (2.21)
:mé?#t(n) if n is even.
2t(n) 4+ 2k(n) if n is odd,

r(1,1,2,2.2.2.4)(n%) = (2.22)
W#t(n) if n is even.
t(n) + k(n) if n is odd,

r(1222244(0%) = (2.23)
W#t(n) if n is even.
1t(n) + 3k(n) if n is odd,

(224440 (0°) = (2.24)
Wt(n) if n is even.

All three theorems give values of r(al,wa7)(n2). Theorems 2.2 and 2.3 account

for all instances for which 1 = ay < ay < --- < ay < 4 with a4,...,a7 € {1,2,4}
and for which the product ajas - - - ay is an even power of 2. Theorem 2.1 accounts
for those instances for which 1 = a; < ay < --- < a7y =2 with ay,...,a7 € {1,2}
and for which the product ajas - - - a7 is an odd power of 2. Some further comments
about other values of aq,...,a7 are given in the concluding remarks at the end of
the paper.

3. Proof of Theorem 2.1
In this section we will outline the proof of Theorem 2.1.
Lemma 3.1. Fiz an odd integer m. For any nonnegative integer k, let

ur (k) = raa1110.2)(2%m?),

Uz(k) =T7(1,1,1,1,2,2,2) (22km2)
and

U3(k) = 7(1,1,2,2,2,2,2) (Q%mz)-

Then
ui(k+3) = 33u;(k+2) —32u;(k+1) fori=1,2 or 3.
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Moreover

ul(l) = 31U1 (0), U1(2) = 1055U1 (O)
UQ(l) = 15U1 (0), UQ(2) = 543U1 (0)

and

U3(1) = 7U1(0), U3(2) = 287U1 (O)

Hence, on solving the recurrence relation, we have: for k > 1

ok 2 25k+5 — 63 9
7"(1,1,1,171,1,2)(2 m®) = T -1 7‘(1,171,1,1,1,2)(7’1 ),
33 x 2°F — 126
7”(171’1_’1727272)(22]67712) = mr(l,l,l,l,l,l,Q)(mQ)
and
35 x 2% — 252
r(l,l,z,z,z,z,z)(22km2) = mr(l,m,l,l,l,z)(m?)'
Proof. These can all be deduced by the methods in [3, Section 4]. O

It remains to determine the values of 1"(1’1’1,1’1)172)(7712), 7’(1,171)1’2’2}2)(7’712) and
r(1,172727272,2)(m2) in the case that m is odd.

Proposition 3.2. Let m be a positive odd number and let its prime factorization

be given by
m=T[».
p=>3

Let s(m) and h(m) be defined by (2.1) and (2.4). Then

1,111,112 (M%) = 125(m), (3.1)
7“(1,1,1,1,2,2,2)(7”2) = 6s(m) + 2h(m)

and

7“(1,1,2,2,2,2,2)(7”2) = 3s(m) + h(m). (3.3)

We may note that Lemma 3.1 and Proposition 3.2 immediately imply (2.7)—(2.9)
in Theorem 2.1.
To prove Proposition 3.2, we will need:
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Lemma 3.3. Let f1, fo and f3 be defined by

1 1

filg) = gw‘?w - gwupg,

1 5 5
falq) = S¥1P2 = 2019

and
fala) = —%sﬁ?pz + 2@?@3 - %s&wg-
And let their series expansions be given by
L@ =3 am. fa@) =3 amg” (3.9
n=0 n=0
and
Fo() = 3 as(m)a” (3.5)
n=0

Then for any nonnegative integer n and any prime p we have

aj(pn) = aj(p)a;(n) — x(p)a;(n/p)  forj € {1,2,3} (3.6)

where x is the completely multiplicative function defined on the positive integers by

= (22 (3.7)

and (%8) is the Kronecker symbol, and a;(x) is defined to be zero if x is not an
integer.

Proof. The results for j=1 or 2 follow from work of Alaca et al. [1, pp. 291-292].
The result for j=3 was given by Martin [8, pp. 4828-4833]. O

We may note that

FDP) = 2 i) ~ 2 hola), (38)
@) = 5 ia) — 2 fola) + 5 o(a) (39)
and
5, 9 8 2
pla)¢(a7) = 3 1ila) = 3 (). (3.10)
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Let Aj(n) be defined by

iAj(n)q" = (i aj(n)q”> for j € {1,2,3}. (3.11)

The next result is due to Hurwitz.

Lemma 3.4. Suppose that a(n) is a function, defined for all non-negative integers
n, that satisfies the property

a(pn) = a(p)a(n) — x(p)a <ﬁ>

p

for all primes p, where x is a completely multiplicative function. Then the coefficient
2
of ¢ in

i ¢ | x (ia(k)q’“>

Jj=—00 k=0

s equal to
= 2n
> (—) X(P)u(r)
r=1

where p s the Mobius function, A(n) is defined by

S Aln)g" = (Zauf)qk)

n=0 k=0

and A(x) is defined to be 0 if x is not a non-negative integer.
Proof. See the work of Sandham [9, Section 2]. O

Before starting the next lemma, let us define [¢¥]f(q) to be the coefficient of ¢*
in the Taylor expansion of f(q).

Lemma 3.5. Let m be a positive odd number and let its prime factorization be

given by
m = H .
p=>3

Let c1(m), ca(m) and c3(m) be the coefficients of ¢*™ in
32 2 16 2 4 8 2
S -3£@, FR@-3H0@+3£@ ad Sfilg) -3
respectively. Let b(m) be defined by (2.3). Then

“p'?(q), (3.12)
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1
ca(m) = @[QQW]SD”(Q) + 2b(m) (3.13)
and
1
c3(m) = @[qm]w”(@ + b(m). (3.14)
And thus
SAp+5 _
_ 5 _ p
=12) =12~ T (3.15)
dlm p>3
p5>\ p+5 -1
m) =6 d°+2b(m) =6 ][ —5—— +2b(m) (3.16)
dlm p>3
and
. p5kp+5 -1
m)::a;d —i—b(m):?’gﬁ—&—b(m). (3.17)

Proof. (3.12)—(3.14) may be deduced by the methods in [3, Section 4], and (3.15)—
(3.17) follows from the result of [¢?™]¢'2(q) given in [7]. O

We are now ready for

Proof of Proposition 3.2. We will deal with (3.1) first. The proofs of (3.2) and (3.3)
will be similar.
By (3.4) and (3.8),

7(1,1,1,1,1,1,2) (m2) = [qmz} (%0((]) (%ﬁ(Q) - §f2(q)>)

32 2 > N 2 2 > .
=Sl @)Y _a)d | = 3la™] | @)D a)d
j=0 j=0
By Lemmas 3.3 and 3.4 and (3.11) this is equivalent to

T(1,1,1,1,1,1,2)(Mm”) = % 2 (2m) r)pu(r) — §§A2 (27m> x(r)u(r)

where x(r) is the completely multiplicative function defined by (3.7). Since x(r) =0
if r is even, the last sum in the above is over odd values of r only. Moreover, since
m is odd, we may apply Lemma 3.5 to deduce that

T(1,1,1,1,1,1,2) (M ch m/r)x(r)p(r)
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5Ap+5
_ prrT —1 2
—e] (T
p=>3

= 12s(m).

Similarly, we can deduce:

2,22 (M) = 202(771/7“) (r)u(r)

Zi(M "ol 12+2b(m/7")) X (r)u(r)
(e (e () )
canl(-7()52)

~6 g <p5;r;+_5 - L ( ?8) p;p_11>

el (-0 () 2)

p=>3
= 6s(m) + 2h(m)

and

3

rz2222(m?) =Y es(m/r)x(r)u(r)
r=1

= 3 (™ bonf) ) 1)

5Ap+5 5A
prrt —1 5 =8\ p°tr—1
- (-7 (3) s
(p23 G ) <p23 p)pret =1
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coon [T (1= (57) )
oo I (- () 557 )

= 3s(m) + h(m).

4. Proof of Theorem 2.2
In this section, we will outline proofs of results in Theorem 2.2. The proof of (2.10)
depends on:
Lemma 4.1. Fiz an odd integer m. For any nonnegative integer k let
u(k) = 1(12,22,222)(2"m?).

Then
u(k +3) = 33u(k +2) — 32u(k + 1),

u(1) = 31u(0),  u(2) = 1055u(0)
and
1 2
u(0) = 57"(1,1,1,1,1,1,1)(771 ).

Hence, on solving the recurrence relation, we have

1 25k+5 — 63
7"(1,2,272,2,2,2)(2%"12) = 71T %1 7‘(1,171,1,1,1,1)(7”2)-
Proof. These may be deduced by the methods in [3, Section 4]. O

We are now ready for:

Proof of (2.10). By Lemma 4.1 and Sandham’s result (1.3), we can immediately

deduce:
25)\2+5 —63 p5)\p+5 -1 -1 pS)\p -1
2 2
7(1,2,2,2,2,2,2) (n%) =2 o5 _ 1 H <5 _ -Pp () 5 1 )
2 1 253 p>—1 P p>—1
25>\2+5 — 63

This proves (2.10). O
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Now we will outline the proof of (2.11). This will be achieved in two steps
according to whether n is even or odd. We begin with the case when n is even.

Lemma 4.2. Fiz an odd integer m. For any nonnegative integer k let

u(k) =ra1,1,11,02 2%m?).

Then
u(k +3) = 33u(k +2) — 32u(k + 1),
127 4127
U(l) = 77”(1,1,1,1,1,1,1)(7”2) and U(Q) = TT(1,1,1,1,1,1,1)(m2)-
Hence, on solving the recurrence relation, we have: for k > 1
125 x 2°% — 63
7‘(1,1,1,1,1,2,2)(2%7”2) = WT(1,1,1,1,1,1,1)(W2)
and thus

250 x 25%2 — 1926
T(1,1,1,1,1,2,2)(n°) = 2% 1 t(n) (4.1)

where n is even.

Proof. These may be deduced by the methods in [3, Section 4], and (4.1) follows
from (2.6). O

It remains to deal with the case when n is odd. We will need two lemmas.
Lemma 4.3. Let g1, go and g3 be defined by
91(9) = 0" (@Y (¢*), 92(0) = = 3¢° (09" (—a), and g5(q) = q¥*(¢")p" (—0*);

and let their series expansions be given by
(oo} oo
g1(0) = > _ar(n)q", g2(q) =Y az(n)g" (4.2)
n=0 n=0
and
o0
g3(a) = Y as(n)g". (4.3)
n=0
Then for any nonnegative integer n and any prime p we have
aj(pn) = a;(p)a;(n) — x(p)a;j(n/p)  for j €{1,2,3}
where x is the completely multiplicative function defined on the positive integers by

r2 (=) ifriso
x(r)z{ (5) §risodd (a4

0 if v is even

and (_71) is the Kronecker symbol, and aj(x) is defined to be zero if x is not an
nteger.
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Proof. This follows from [2, Theorem 2.4]. O

We note that
" (0)¢*(¢*) = 891(q) — 4g2(q) + 4g3(q), (4.5)
and we let A;(n) be defined by

ZAj(n)q” = (Z aj(n)q"> for j € {1,2,3}. (4.6)
n=0 n=0

Lemma 4.4. Let m be an positive odd number and c(m) be the coefficient of ¢*™
in 8g%(q) — 493(q) + 4g3(q). Let b(m) be defined by (2.3). Then

c(m) = 3_13[(12”1]@12((1) + 2b(m). (4.7)
And thus a5 _ 1
c(m) =83 d® +20(m) =8 [ ”psiil + 2b(m). (4.8)
dlm p>3

Proof. Equation (4.7) may be deduced by the methods in [3, Section 4], and (4.8)

follows from the result of [¢?™]¢'?(q) given in [7]. O

Proposition 4.5. Let m be a positive odd number and let its prime factorization be
given bym =[] 55 p*r. Lett(m) and k(m) be defined by (2.2) and (2.5) respectively.
Then 7’(17171,171,272)(777,2) = 8t(m) + Qk(m)

Proof. By (4.2), (4.3) and (4.5),

2

ra,,1,2,2) (M%) = [¢™ ] (¢(q) (891(q) — 4g2(q) + 4gs(q)))

=8[¢") [ (@) Y- ar (e | —4la™] | v(@) Y az(j)e’
j=0 §=0
+4[g™ [ ¢(0) Y as(h)e’
j=0

By Lemmas 3.4 and 4.3, and (4.6), this is equivalent to

7(1,1,1,1,1,2,2) (m2) = 8§A1 (2_m> x(r)pu(r) — 42142 <2—m> x(r)p(r)

r r

+ 4§;A3 (277“71) x(r)u(r),
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where x(r) is the completely multiplicative function defined by (4.4). Since x(r) =0

if r is even, the last sum in the above is over odd values of r only.
Moreover, since m is odd, we may apply Lemma 4.4 to deduce that

7"(1,1,1,1,1,2,2)(m2) = Z c(m/r)x(r)pu(r)

|
[]e
7 N
w
w
=
[ %)
3
~
3
o}
L)
N—
_
()
+
[\v)
>
—
3
~
3
N—
~__
>
—
=
=
—
=

5Ap+5s _ | 1 5Xp _ 1
2 p
x H (1 -p (p) PPt — 1>

Il
S —
0]
3
v
S|
i
[S4
|
|

p>3
ol (- (3) %)
w1 ()58)

= 8t(m) + 2k(m).

5. Proof of Theorem 2.3

In this section, we will give the proof of (2.12) and regard it as an illustration. Proofs
of the remaining results are all similar: for n is even, the value can be deduced from
the value of r(111,1,1,1,1) (n?) and for n is odd, the value can be deduced from
Theorem 2.2.

Lemma 5.1. Fiz an odd integer m. For any nonnegative integer k let
u(k) = 7"(1,1,1,2,2,2,2)(2%7712)-
Then u(k + 3) = 33u(k + 2) — 32u(k + 1),
u(l) = 97“(171’1’171,171)(7712) and  u(2) = 2977“(171’1,171,171)(7712).
Hence, on solving the recurrence relation, we have: for k > 1

9x 2% _9g

2% _ 1 7“(1,1,1,1,1,1,1)(7712)

(11,122,229 (22m?) =
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and thus _
126 x 2522 — 126

7”(1,1,1,2,2,2,2)(712) = 25 1 t(n) (5.1)

where n is even.

Proof. These may be deduced by the methods in [3, Section 4], and (5.1) follows
from (2.6). O

It remains to deal with the case when n is odd.

Lemma 5.2. Let n be a positive integer and let its prime factorization be given by

n=2m where m= HpAP.
p=3

Let t(m) and k(m) be defined by (2.2) and (2.5). Then t(m) = 4r(1,9,2,22.2.2)(m?)

and k:(m) = %7"(1,1,1,1,1,2,2)(7”2) - 27“(1,2,2,2,2,2,2) (mg)-
Proof. This follows from Lemma 4.1 and Proposition 4.5. U

Lemma 5.3. Let n be a positive integer and let its prime factorization be given by

n=2"m where m:Hp)‘P.

p=>3
Then
7"(1,1,1,2,2,2,2)(7”2) =7(1,1,1,1,1,2,2) (m2) - 27“(1,2,2,2,2,2,2)(7712). (5.2)
Hence,
T(1,1,1,2,2,2,2) (M%) = 4t(m) + 2k(m). (5.3)

Proof. (5.2) can be deduced by the method in [3, Section 4], and (5.3) immediately
follows from Lemma 5.2 and (5.2). O

By Lemma 5.1 and Lemma 5.3, we immediately deduce (2.12).

Finally, let a = (a1, as,as, a4, a5, ap,a7). Let n be a positive integer and let its
prime factorization be given by

n=2"m where m= HpAP.
p=3

Then similar to (2.12), we can deduce that

2 2 . .
dar(1,1,1,1,1,2,2)(M?) + €aT(1,2,2,2,2,2,2)(m?) if n is odd,

ra(n®) = 9 . .
ca(X2)7(1,1,1,1,1,1,1) (M%) if n is even.
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Hence,

o) (8da + 2e,)t(n) + 2dak(n) if n is odd,
ra(n®) =
14ca(A2)t(n) if n is even.

for the values of a, ca(A2), da and e, given in the Table 1, below.

| a | Ca [da | ea |
(1,1,1,1,1,1,4) 12(‘?2——&_763 5 | o
(1,1,1,1,1,4,4) | 9222 0c68 | 1| 3%
(1,1,1,1,4,4,4) | 82220263 | 3 | 13
(1,1,1,4,4,4,4) | 2x2p22=0 | 9 | _33
(1,1,4,4,4,4,4) | 5x222220 | 3| 1
(1,4,4,4,4,4,4) | 22220 | 3 | 1l
(1,1,1,1,2,2,4) | 2xZ2=0 | 9 | _4
(1,1,1,2,2,4,4) | 2222 | o | 7
(1,1,2,2,4,4, 4) W s | _u
(1,1,2,2,2,2,4) | 2228 | | 3
(1,2,2,2,2,4,4) W L] s
(1,2,2,4,4,4,4) % s | _n

Table 1: Data for (2.13)—(2.24)

6. Concluding Remarks

It is natural to ask if Theorem 2.1 can be extended by allowing some of the a;
to be equal to 4, that is, to consider the case 1 = a1 < ay < --- < a7 = 4 for
which the product aias - - - a7 is an odd power of 2. For example, consider the case
T(1,1,1,1,1,2,4) (n?). The methods in [3, Section 4] can be used to find a formula in
the case that n is even. For odd values of n, it would be necessary to study the
sextenary form 7(1,1,1,1,2,4)(n) and be able to express ©*(q)¢(q?)¢(q*) as a linear
combination of functions whose coefficients satisfy (3.6). Such a formula is not
known. This could be the subject of further investigation.
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