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Abstract
Let C,, = (2n)!/((n + 1)In!) be the n-th Catalan number. It is proved that for any
odd prime p and integers a,k with 0 <a<pand k> 0,if 0 <a < (p+1)/2, then
the Catalan numbers Cpi_g, .. ., Cpr_, are all distinct modulo p”, and the sequence
(Cpn—a)n>1 modulo p* is constant from n = k on; if (p+ 1)/2 < a < p, then the
Catalan numbers Cpi_g, ..., Cprt1_, are all distinct modulo p”*, and the sequence
(Cpr—a)n>1 modulo pk is constant from n = k + 1 on. The similar conclusion is

proved for p = 2 recently by Lin.

1. Introduction

Let C,, = (2n)!/((n + 1)!n!) be the n-th Catalan number. In 2011, Lin [4] proved
a conjecture of Liu and Yeh by showing that for all £ > 2, the Catalan numbers
Co1_1,...,Cor-1_1 are all distinct modulo 2*, and the sequence (Can_1)p>1 modulo
2% is constant from n = k — 1 on. For k = 2,3, this is proved by Eu, Liu and Yeh
[2]. In this paper, the following result is proved.

Theorem 1. Let p be an odd prime and a,k be two integers with 0 < a < p and
k > 0. Then

(i) for 0 < a < £(p+ 1), the Catalan numbers Cpi_q,...,Cpe_, are all distinct

modulo p*, and the sequence (Cpr—a)n>1 modulo p" is constant from n =k on;

(ii) for %(p +1) < a < p, the Catalan numbers Cpi_, ... ,Cprsi_, are all distinct
modulo p*, and the sequence (Cpr—a)n>1 modulo p" is constant fromn =k+1 on.
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2. Proof of the Theorem

We begin with the following lemmas.

Lemma 1. ([1]) For any odd prime p and any positive integer k, we have

ptCpr_y.

Lemma 2. ([3, Theorem 129)) If p is an odd prime and k is a positive integer, then

H d=—1 (mod p~).
o<d<pk

(d,p)=1

Lemma 3. Let p be an odd prime, and a,i be integers with 0 < a < p and i > 0.
Then

(i) for 0 < a < 3(p+1), we have

CPiJrl*a = Cp"fa (mOd pi)7 sz:+1,a §é Cpi,a (mod piJrl);

(it) for (p+1) < a < p, we have
Cpit1_a=Chi_, (mod p™'), Cpit1i_o #Cpi_, (mod p').

Proof. First we deal with the case a = 1.

Define 7,(n) = n/p® for p® | n and p**! { n. By Lemma 1, we have
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Similarly, we have
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o<d<pitl

(d.p)=1
by Lemma 2, we have
(') = -7 (mod p't). 3)
Similarly, we have
(20" ")) = 7,((2p")!)  (mod p™). (4)



By (1), (2), (3) and (4), we have
2257~ )Gy =22~ 1)Cpmy (mod pith).
That is, | |
Cpitr 1 = (1=2p")Cpi g (mod p™).

Now Lemma 3 for a = 1 follows immediately from Lemma 1 and the above congru-
ence.

If a = 0, then
(2p")! (2p")(2p' — 1) 2(2p" — 1)
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Thus, by Lemma 1 we have p { Cp:. Hence
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Similarly, we have .
i+1 _ Tp((2pz+1)!)
(P +1)Cpitr = (ry (P2 (6)
By (3)-(6) we have
(p' +1)Cpi = (p™ +1)Cpirs  (mod pt).
Now Lemma 3 for a = 0 follows immediately.
Now we assume that 2 < a < p. Then
o B (2p* — 2a)!
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By Lemma 1 we have pt Cpi_q fori > 1. If 2 < a < 3(p+1), then, by (7), we have
pi | sz‘_a, pH_1 f Cpi_a.

Similarly, we have
pH_l | Cpi‘*'l—av pl+2 * Cpi+1—a~

Hence, if 2 < a < (p+1), then

CPHI*G = Cpifa (mOd pi)a Cpi+1,a ié sz',a (mod pi+1).



If 1(p+1) < a < p, then, by (7), we have
pi_l ‘ Cpi_a, pi'fcpi_a.

Similarly, we have
pZ | Cp""*'lfav lerl *Cpi‘*'lfa'
Hence, if 2(p+1) < a < p, then
Cpiﬂ,a = Cpi,a (mod piil), prl,a e Cpi,a (mod pi).
This completes the proof of Lemma 3. O

Proof of Theorem 1. We prove (i). Case (ii) is similar. Assume that 0 < a <
%(p +1). For any u > v, by Lemma 3 (i) and p¥ | p*, we have

Cpus1_q = Cpu_q (mod p?). (8)
For 1 <i < j <k, by (8) and Lemma 3 (i) we have
Cpica=Cpiig=-=Cpivi_¢# Cpi_q (modp™). )
Since p*! | p¥, it follows from (9) that
Cpi—q % Cpi_q  (mod p*).
For n > k, by (8) we have
Cprg =Cpn-1_g=-+=Cpe_, (mod p").

This completes the proof of Theorem 1. O
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