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Abstract
For a given positive integer £, we show the existence of the limiting gap distribution
measure for the sets of Farey fractions ¢ of order @ with £ 1 a, and respectively

q
with (g,¢) =1, as Q — oo.

1. Introduction

The set Fg of Farey fractions of order @) consists of those rational numbers ¢ € (0, 1]
with (a,¢) = 1 and ¢ < Q. The spacing statistics of the increasing sequence (Fg) of
finite subsets of (0, 1] have been investigated by several authors [9, 1, 7]. Recently
Badziahin and Haynes considered a problem related to the distribution of gaps in
the subset Fg 4 of Fg of those fractions % with (¢,d) = 1, where d is a fixed positive
integer and @ — oco. They proved [2] that, for each k € N, the number Ng 4(k)

of pairs (%, Z—:) of consecutive elements in Fg 4 with a’q — aq’ = k satisfies the
asymptotic formula
Ng.a(k) = ¢(d, F)Q* + Oar(Qlog Q)  (Q — ), (1.1)

for some positive constant ¢(d, k) that can be expressed using the measure of certain
cylinders associated with the area-preserving transformation introduced by Cobeli,
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Zaharescu, and the first author in [4]. The pair correlation function of (Fg 4) was
studied and shown to exist by Xiong and Zaharescu [11], even in the more general
situation where d = dg is no longer constant but increases according to the rules
dg, | dg, as Q1 < Q2 and dg < Q08108 Q/4,

This paper is concerned with the gap distribution of the sequence of sets (Fg q),
and respectively of (.7?@_,4), the sequence of sets .7?@,@ of Farey fractions v = % € Fo

with £ f a. Our peculiar interest in Fg ¢ arises from the problem studied in [5],
concerning the distribution of the free path associated to the linear flow through
(0,0) in R? in the small scatterer limit, in the case of circular scatterers of radius
e > 0 placed at the points (m,n) € Z? with ¢ { (m —n). When ¢ = 3 this
corresponds, after suitable normalization, to the situation of scatterers distributed
at the vertices of a honeycomb tessellation, and the linear flow passing through the
center of one of the hexagons. When ¢ = 2 the scatterers are placed at the vertices
of a square lattice and the linear flow passes through the center of one the squares.
Arithmetic properties of the number ¢ are shown to be explicitly reflected by the
gap distribution of the elements of (ﬁQ7(). The symmetry = — 1 — x shows that
for the purpose of studying the gap distribution of these fractions on [0, 1] one can
replace the condition ¢ { (m — n) by the more esthetic one £t n.

The gap distribution (or nearest neighbor distribution) of a numerical sequence,
or more generally of a sequence of finite subsets of [0, 1), measures the distribution
of lengths of gaps between the elements of the sequence. Let A = {zy < z1 <

. < zn} be a finite list of numbers in [0,1), not all equal, scaled to Z; = lfvvf;o

with mean spacing #¥5

supported probability measure on [0, c0) defined by

= 1. The gap distribution measure of A is the finitely

va(—00,&] = val0,&] == %#{j €,N]: @ — 31 <&, £>0.

If it exists, the weak limit ¥ = v 4 of the sequence (v4,) of probability measures
associated with an increasing sequence A = (4,,) of finite lists of numbers in [0, 1),
is called the limiting gap measure of A.

It is elementary (see, e.g., Lemma 1 below) that

#Fq0=KiQ* +0,(QlogQ),  #Fga=KaQ*+ 04(QlogQ), (1.2)
where
~ 1 C(0) C(d) ! A
Kg m— 2£ 5 Kd—T7 Wlth C(E)—@Z)I;L(l‘i‘—)
ple

We prove the following result:

Theorem 1. Given positive integers £ and d, the limiting gap measures vy of (.7?@,@),
and respectively vq of (Fq.q), exist. Their densities are continuous on [0,00) and
real analytic on each component of (0,00) \ NK,, and respectively of (0,00) \ NK.
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The existence of vy is proved in Section 2 and the limiting gap distribution is
explicitly computed in (2.9) using tools from [4], [8] and [5]. The result on vq is
proved in Section 4. When d is a prime power, an explicit computation can be
done as for 7y. In general the repartition function of v; depends on the measure of
some cylinders associated with the transformation 7' from (2.7), and on the length
of strings of consecutive elements in Fg with at least one denominator relatively
prime with d.

The upper bound 4d® for L(d) = min{L : Vi,VQ,3;j € [0, L], (¢i+j,d) = 1} was
found in [2], where ¢, ..., ¢+ denote the denominators of a string v; < -+ < Y11,
of consecutive elements in Fg. Although we expect this bound to be considerably
smaller, we could only improve it in a limited number of situations. In Section 3 we
lower it to 4w(d)? for integers d with the property that the smallest prime divisor
of d is > w(d), where w(d) denotes as usual the number of distinct prime factors of
d. The bound L(d) =1 is trivial when d is a prime power. Employing properties of
the transformation T2 we show that L(d) < 5 when d is the product of two prime
powers, which is sharp. Finding better bounds on L(d) when w(d) > 3 appears to
be an interesting problem in combinatorial number theory.

2. The Gap Distribution of ﬁQ,g

Let ]—"g) = Fo \ Fo. denote the set of Farey fractions v = 7 € Fq with £ | a, and
let Ng ) denote the cardinality of ]:g ). Consider also:

§
Q2
gg)(g) = {('y,”yl) : 7y, v consecutive in ]?Q,Z,O <y —-~< é

No(€) : = #Go(€), NG (€) == #65)(€).

Go(§) = {('y,’y’) : 7, ¥ consecutive in Fp,0 <" — 7 < }

},

Lemma 1. Ng) = %QQ + 0¢(Qlog Q) as Q — oo.

Proof. 1t is clear that

Q q
NS =370 =Y Y 1

q= =1
(€:q9) =

I =

a
1 (a,q)=1

la

Letting k = ¢ and noting that, whenever (¢,q) = 1, we have (k{,q) = 1 if and only



INTEGERS: 13 (2013) 4

(k,q) =1, the sum above becomes

Q la/¢
> Z L.

1
(Z?q) 1 (k,q) 1

Standard Mobius summation, cf. (A.1) and (A.2), and Z?:l oo(q) = O(Qlog @),
where o9(q) = >4, 1, yield

Q Q
3 - Z ( #(a) o<ao<q>>)_%cf+oz(czlog@>,

concluding the proof. O

This also establishes the first equality in (1.2) because

#Fqe=#Fq - #fg) ~ (—1 - @>Q2

2¢(2) 20
Letting £ > 0 and @,¢ € N with ¢ > 2, we set out to asymptotically estimate
the number Ng ) (€) as Q@ — oo. Now if v = 9 and 7' = & are consecutive elements

in o and o/ € FY

(a,€) = 1, and thus v ¢ fg). Similarly, if v € fg), then 7/ ¢ ]:g); and so no

two consecutive elements of Fg belong simultaneously to }'g ). This means that if

, then 1 = d'q — a¢’ = —aq (mod ¢), which implies that

v < ~' are consecutive elements in j':Q,g, then two cases can occur:
Case 1. ~ and v are consecutive elements in F¢g and 7,7 ¢ fg). In this case

the number of gaps in consecutive fractions of length < é is equal to M1(Q, &) =
No(§)—Mi(Q, &) — Mz(Q, §), where My (Q, €) is the number of pairs (7,7') € Go(§)
with 4" € fg), and M>(Q,§) is the number of pairs (v,7') € Go(§) with v € .7:Q)

The number Ng(&) is estimated employing the well-known fact that v < '
are consecutive elements in Fg if and only if q q e {1,. ..,Q} qg+q > Q, and
a’'q—aq’ = 1. Furthermore, ‘;—: —-2= qq,, and so ¢; — ¢ < Q2 if and only if ¢¢’ > Q
This establishes the equality

2
NQ(€)=#{(q,q’) EN’:1¢,¢d <Q.q+q¢ >Q,(¢q,4)=1.q¢ Q }

5
Q
=>. >
9'=1qeln(q)
(g,9")=1

where Ig(¢') = Q- [ng(¢), 1] and ng(q') = max {1 — 451, &1,

(2.1)
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Standard Mobius summation provides

Q , Q ’
NQ@):Z(@;?) 2(@)] + Oloold )=Z*”(q>

[To(d)+ O(Qlog @)

e’ = q
A(§) 2
= Q"+ 0(QlogQ),
()@ TOIeQ)
where
1
A(§):'{(m,y)€(0,1]2:1+y>1,33y2EH
0 ifo0<¢g1 (22)
e if1<e<4
14++4/1—4/€ .
1-t-4 124 210g (B ife>a

Next, we estimate M;(Q,§). Clearly M;(Q,¢&) = 0 if £ € (0,1], and so assume
&> 1. If ;€ fQ), then (a’,¢') = 1and £ | a’. Since (a’,¢") = 1, we have ({,¢") = 1.
Therefore we have to count all pairs of integers (¢, ¢’) € (0,Q]* with ¢ + ¢ > Q,
(¢,4) =1, q¢ %, in which (¢,¢") = 1, and there is an o’ € {1,...,q’} such that

a’qg=1 (mod ¢') and £ | a’. As a result, after also letting k = %, =1 (mod ¢'),
M1(Q, &) can be expressed as

Z > Z 1:262: > > (23)

=1 qelg(qd’) a'=1 q€lg(q’) ke(0,q'/¢)
(4,4)=1 (q,¢)=1 @'a= lziﬂ}odq) (£:a")=1 (¢,4')=1 kq=C (mod q')

Now by (2.3) and (A.4), for any § > 0,
< v(d) /246
m@.o- > (22 [ drdy + 05 (¢//2+9)
— q Io(q')x[0,q’ /4]

_1 ZQ: So(q/)u— ( /)|+O (Q3/2+5)
=7 o Q\q 0,8 .

Q / Q
% > @g{)]@(ql):#/ Io(¢")| dg' + 0u(Qlog Q)

0

= —AE)Q* + 0u(Qlog Q).
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This proves M;(Q, &) ~ %A(f)@2 if £ > 1. The formula for M5(Q, £) is analogous

and we infer

M(@Q,€) = Nq(§) — Mi(Q,€) — Ma(Q, )

(1 200
= (g~ 7740 +0us(@)

(2.4)

Case 2. There is exactly one fraction in F¢ between v and ' that belongs to Fg ).
It is more convenient to change 7’ to 4", so we shall consider triples v < 7' < " of
elements in Fg with 7/ € fg) and with v/ — v < é The equalities

a// + a q// + q K
—=-——=K and 7' —y=—,
q qq

- (2.5)

involving the number

K =w(y) = [QH]}

q/

called the index of the Farey fraction v = % € Fg, will be useful here. In particular,
the inequality v — v < % enforces K < €. Consider the set Jg k ¢(q’) of elements
7€ (Q—-¢,QN[Kq —Q,(K+1)¢ — Q) that satisfy m < é This set is
either empty, an interval, or the union of two intervals. The number N5(Q, &) of
gaps of consecutive elements in Fg ¢ of length < é that arise in this case can now

be expressed, with & and £ as in (2.3), as

’

q

M@= > > > > o1

1<K<§q/<Qq€JQ1K,5(q’) , a’'=1 ,
(0,4)=1  @a=1 (mod )

ta (2.6)

>y ¥ o

ISK<SE ¢'<SQ qeJq k.e(q)
€a)=1  ke(0.4'/1]
kq=¢ (mod q’)

We will employ elementary properties of the area preserving invertible transfor-
mation T : 7 — T defined [4] by

T(z,y) = (y, k(z,y)y — x), (z,y) €T,  where @7)
T={(x,y) €(0,1*:2+y>1} and r(z,y) = [1;“]

An important connection with Farey fractions is given by the equality

() - (") 25)
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For each K € N consider the subset Tx = {(x,y) € T : k(x,y) = K} of 7, described
by the inequalities 0 < z,y < 1,z 4+y >1,and Ky— 1<z < (K + 1)y — 1.

Denote Vo,k.¢(q') = |Jq,k.e(d)], s0 Vo k¢ (Qu) = QWi ¢(u), where
Wie(u) = [{v: (v,u) € T} N{v: K < &o(Ku —v)}|.

Similar arguments as in the proof of (2.4) lead to

1@ = @ S [ Wicewan +0uae(@)
K<t
= #Qz Z Ak (€) + Op56(Q¥210),

K<¢

uniformly in & on compact subsets of [0, 00), where

Ax(€) = Area (Uc(€)),  Que(€) = {(vu)eTK 0> fre(v) = %+€iv}

Summarizing, we have shown

ND() = Gu&)Q® + 00e s(Q¥>T0)  (as Q — o),

where

6ul6) = (g5~ 2 ) A+ 5 3 Ao (2.9)

Taking also into account Lemma 1 we conclude that the gap limiting measure of
(Fo,e) exists and its distribution function is given by

¢ 1
dl?[ == TG@ (é)
0 Kg Kg

2.1. Explicit Expressions of Ak (&)
2.1.1. K=1

7, is the triangle with vertices (0,1), (1,1), and (%, %) When £ < 4 we have

fi,e(v) > 1 for every v > 0, so A1(§) = 0. When £ > 4 we have

m© = [ (1-ma{ a1 -0 25  as

where uyp = $(1+ (/1 — %), 0 < up < ug < 1, are the solutions of f ¢(v) =
When 4 < ¢ < 8 we have fi¢(v) > max{l — v, 2} so A;(€) is the area of
the region defined by v € [ui,u2] and u € [f1¢(v),1]. When £ > 8 let v1o =

—_
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%(1i, /1— % ), v1 < V2, denote the solutions of fi ¢(v) = 1—v and by wy 2 := 2012
the solutions of fi ¢(w) = “JT'H I8 < E<KC9 then0 < u; < v < v < % <
wy; < wy < ug < 1. In this case A;(€) is the area of the region described by
v € [ur,v1] U [vg,w1] U [wa, uz] and u € [f1¢(v),1], v € [v1,v2] and u € [1 —v,1], or
v € [wy,ws] and u € [1+” ] Finally, if £ > 9, then 0 < w1 < v1 < wy < % < vy <
wy < ug < 1, and A;(€) is the area of the region described by v € [uy, v1] U [wa, uz]
and u € [fl’g(v), 1,orv € [v1, 3] andu € [L—v,1], or v € [4,ws] and u € [1£2,1].
A plain calculation gives

o

—_

TS
| \
—

=
—

Elg 5§ 58

—
I

b
—
—
)
~
|
(ST I ST
—
|
NES
|
M= M= =
—
=}
—

RIS
—
=

—~

(K+’1)H:V+1 K+Du=v+1 ®K+1u=v+1

v v v

Figure 1: The intersection between the quadrilateral 7x and the curve u = fx ¢(v)

when K < £ < Ll) KEAD) ¢ < (K;r<2)2 (K;r(z)"’

T T K—1 , and respectively & >

21.2. K>2

Note that frg(1) = fx.(%) = % + ¢ The situation is described by Figure 1. The
v+1

solution of fx ¢(v) = 4= is v =

edge of Tk if and only if K < £ <
two lower edges of Tx and

Ak (&) = /Kl/E <%1 - fK,g(U)>dU = /Kl/5 (% - 5%) dv.

The solution of fxe(755) > 725 s € < E#2°. This shows that when KK <

& < K+2) the graph of u = fx¢(u) intersects the segment u = 1 — v, v €

%, so the curve u = fx ¢(v) intersects the upper
K(K+1)

, in which case it does not intersect the
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[—Iéﬁa —Klig}a exactly when v = vg = (K+1) (H—m) and the segment

u:”j_ll,ve[K+2,1],exactlyatv:w1(:%(17 1-— %(1 )),sointhis

case

WK K/(K+2) WK v + 1
Ak (€) = Area(Tx) — Jre(v)dv+ / (1—wv)dv+ / ol dv.
v ok K/(K2) B+

Finally, when £ > %, the graph of u = fx ¢(v) does not intersect any of the

edges of 7k and
Ak (§) = Area(Tk).

In summary, a quick calculation leads to

0 if0<E<K
A= * g ) i K < ¢ < S
K = K3 w v w .o K(K+1 K+2)?
SRy — £ 10 (85) — % 4 sy if S <o 2
4 K+2
REF)ETD) if ¢ » K2
10\
08| \\ o

061

04t

02

L L L L L L L
0 2 4 6 8 10 2 4 6 8 10

Figure 2: The repartition function 1 — G3(§) and the density —G%(&)

3. Consecutive Elements in Fg with Denominator Relatively Prime to d

In this section we comment on the first two steps in the proof of (1.1) from [2].

3.1. Upper Bounds on the Number of Consecutive Farey Fractions Whose
Denominators Are Not Relatively Prime to d

One of the key steps in the proof of (1.1) in [2] is to show that for any @) and any d,
any string of consecutive elements in F¢ of length 4d® contains at least one element
whose denominator is coprime with d. Next we provide two arguments which show
that the upper bound L(d) should actually be much smaller than 4d®.
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Lemma 2. If w(d) < min{p € P :p|d}, then L(d) < 4w(d)>.

Proof. We first revisit the proof of the first part of Step (i) in the proof of Theorem
1in [2] (pp. 210-211). Suppose Q and i; < ip are chosen such that, for every
J € i1, ia],

max{¢;,,q,} <g¢; and (g;,d)> 1.
Then (qi17qi2) =1and

{qj v <j < iQ} - {mqil T ngi, 1 M,N € N, (man) = 1,mqi, +ngi, < Q} (31)

Let dy = p{* -+ p%, with py < --- < p, primes, be the largest divisor of d
which is coprime to ¢;;. Then w < w(d) < min{p € P : p | d} < p;. Fix some
integer L with w + 1 < L < p;. We claim that there exists m; € N, m; < L such
that (m1¢;, + Giy,d1) = 1. If not, then (£g;, + qi,,d1) > 1 for all £ € {1,...,L}.
Since L > w, the Pigeonhole Principle shows that there exist ig € {1,...,w} and
1< ¢ < ¢ < Lsuchthat p;, | (¢gi, +¢i,) and pi, | (€'qi, +¢5,), and so p;, | (¢ =€) g, -
But (piy,qi,) = 1, hence L > ¢/ — £ > p;, > p1, which contradicts L < p;.

Soif (m1qi, +Gi,,d) > 1, then there exists p prime with p | ¢;, and p | (m1¢i, +¢i, ),
thus contradicting (¢;,,¢;,) = 1. Hence (mi1q;;, + ¢i,,d) = 1, which in turn yields
Q < migi, + ¢, < Lgi, + qi,. In a similar way one has @ < ¢;, + Lg;,, thus (3.1)
leads to

{gj 111 < j <io} C{mg, +ng, : 1 <mn< L},

and in particular i — i; < L.
The second part of the proof proceeds ad litteram as in the proof of Step (i) [2,
pp. 211-212] replacing d there by L. O

When d is the product of two prime powers the bound above can be lowered.
In this case we show that L(d) < 5, which is sharp for d = 6 because § < 3 <
% < % < % are consecutive in Fy. Our proof employs elementary properties of the
transformation T from (2.7). In particular (2.8) and the following inclusions will be

useful in the proof of Lemma 3:

TT: CTp ifk > 5, T(T3UT,) CTLUT,
TLCTULULBUL, T(ITTHNT) CTUb.

Lemma 3. If d = p®¢®, then for each i € {0,...,#Fg — 5} there exists j €
{0,...,5} such that (gi+;,d) =1, and so L(d) < 5.

Proof. We have qi1o = Kqiv1 — @i, ¢iv3 = K'Givo — qiv1, @iva = K'qiys —
Giv2, ¢ivs = K" qiva — qiy3, where K = K(%,%), K' = H(q%l,q%z), K" =
Ii(%, qg?’), and K" = ﬁ(%, %) Suppose that (g;,d), ..., (¢iy5,d) > 1. Then
either p | (gi, gi+2, ¢i+4) and ¢ | (gi+1, ¢i+3, Gi+5), or vice versa.
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Without loss of generality we can work in the first case. The equality g; 12+ ¢q; =
Kg;y1 and p1 g;41 yield p | K. Similarly we have ¢ | K’. Assume first that K > 5.
Since (%, %) € T and TTx C T; we must have K’ = 1, which contradicts ¢ > 2.
In particular p > 5 cannot occur.

When p = 3 and K = 3, from T73 C 73 U7 it follows that K’ € {1,2}. Since
q | K', we infer ¢ = 2. The region T73; N 75 is the quadrilateral with vertices
at (3,1), (2,2), (£,2), and (£, 2), being further mapped by T into a subset of
71 U 75 whence K" € {1,2}. Again K" = 1 leads to an immediate contradiction,
while K = 2 yields ¢;+2 + ¢i+4 = 2¢;+3, showing that p = 2, another contradiction.

When p = 2 and K < 5, we have K € {2,4}. Assume first K = 2. As
T, CT1UT,UT3 U7y and K’ # 1 it remains that K’ € {2,3,4}. Since ¢ > 3
divides K’, we infer ¢ = 3. Furthermore, 773 C 7; U7, and K" # 1 yield K" = 2.
Employing again T'(T73N73) C T3 UT,, we infer K"/ = 2, and 80 ¢;+3+¢i+5 = 2¢i+4.
This is again a contradiction, because 3 divides g; 13+ ¢;+5 and cannot divide 2¢; 4.
Finally, assume K = 4, so K’ € {1,2}, which is not possible because ¢ > 3 divides
K. ]

Note that if (p,,) is the sequence of primes, then none of the denominators of the
fractions in F, \ {1} are relatively prime to [}, p;. This gives the lower bound
#Fp, — 1 on the size of the largest string of consecutive fractions in Fq \ Fg 4 for
some Q,d € N with w(d) = n. Since p, ~ nlogn as n — oo and #Fg ~ 5Q? as
Q — oo, there exists A > 0 such that #F, —1 > A(nlogn)?. Thus any upper

bound on L(d) involving only w(d) must be greater than A(w(d)logw(d))?.

3.2. The Index and the Continuant

The second step in the proof of (1.1) in [2] relies on [2, Lemma 1], which is actually
exactly Remark 2.6 in [6] (see also [4, Lemma 5]), and on a result relating the (-
index of a Farey fraction and the continuant of regular continued fractions. The
{-index of v; = ‘;— € Fo is the positive integer vo(7;) = @itr—1¢i—1 — Gi—1Gi+e—1
a'_“r: denotes the k' successor of 4; in Fg. The (regular continued fraction)

it+k

continuants are defined as usual by Ko(-) = 1, Ki(x1) = 1, and

where

K@(xl, . ,l‘g) = l‘gKg_l(.’L‘l, R ,xg_l) + Kg_g(l‘l, ey .’I,‘g_g) if £ > 2.
In [10] the identity

T (ige-2)) (32)

was proved, with e, = 1 if £ € {0,1} (mod 4) and ¢, = —1if £ € {2,3} (mod 4).
We give a very short proof of (3.2). We define the Farey continuants K[ by
K§(~) =1, K1F($1) =1, and

ve(vi) = eeKo1 (= v2(vi), v2(yig1)s -+, (1)

K[ (x1,. . m0) = 2o K (21, ..., w0 1) — K o201, we_g) if €3> 2.
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The defining equalities for Ky and K, f plainly yield, for all £ > 2
v1 1\ fwe 1\ _ [ Koz, m)  Kea(a,..o,00-1) (3.3)
1 0 1 0 Kgfl(l'g,..wl‘g) KZ,Q(.CL'%...,:L‘E,l) ’ '
rp 1\ (a1 KF(z1,...,20) KE [(z1,...,20-1) (3.4)
-1 0 -1 0 —KF (x9,...,x0) —KEF ,(w2,...,20-1))" '
From (3.4) and the definition of v4(y;) we now infer

ve(vi) = Ki_y (v2(7i), v2(vig1)s - - - v2 (Yige—2))- (3.5)

The equality (3.2) follows immediately from (3.3), (3.4), (3.5) and
z 1 y 1\ _ (—xz 1 y 1
-1 0/ \-1 0) 1 0 1 0/

4. The Gap Distribution of Fg 4

Letting d € N and £ > 0, we wish to asymptotically estimate the number of pairs

of consecutive elements v < 7/ in Fg ¢ with 7' —~ < 2 as @ — oo. It is plain that
S ¢ () o
#Foa= ) ¢l@)=Cd) | qdg+04QlogQ) = —=Q*+0a(QlogQ),
=1 0
(gd)=1

showing the second equality in (1.2). Denote Ng = #Fo and v; = Z—j, so the
number of pairs of fractions we wish to estimate is

L) ) ¢ £ o _
Nd(Q,f) = #<1 € [l,NQ} c Qim1Gire—1 >~ Q2 (Q1—1’d) = (Qz-i-é—l,d) =1
=1 (qi,d) > 1,...,(qiye—2,d) > 1
L(d) [€] e 1;;” - < Qf ve(yi) = k
# 1 NQ] (Ql 1, ):( qi+e— 1ad):1
(=1 k=1 (qi,d) > 1,...,(gire—2,d) > 1

It is shown in [4, 5] that given i € [1,Ng| and k,¢ € N with ¢ > 2, if vy(y;) = k,
then the (¢ — 1)-tuple (v2(7:),...,v2(Yite—2)) can take on n(k,f) values, where
n(k,¢) € NU{0} depends only on k and ¢ and not on ¢ or Q; and in [10], it is proven
that vy(7;) can be determined if (VQ (Vi) - 10 (")/i+g_2)) is known (cf. identity (3.2)
above). Therefore, letting {z(k, ¢, m)}:;(if ) be the (¢—1)-tuples for which vy(v;) = k
whenever z(k,{,m) = (v2(7%),...,v2(Yite—2)) for some m € {1,...,n(k,0)}, we
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have

2
Nd@,f)#{ie[l,Nm:(qi_l,d)<qi7d>1, 0 1ql/"§ }

2
L(d) [£] n(k,0) qi-19i+e—1 = %7 (gi-1,d) = (qiye-1,d) =1
+ # 1 NQ] (qi,d) >1,...,(qi+g_2,d) >1
(=2 k=1 m=1 z(k,l,m) = (v2(Vi), - -, va(Vite—2))

Since g1 = va(7;)q; — gj—1 for j € [1, Ng — 1], the residue classes of the denom-
inators ¢;—1,...,¢i+¢—1 can be determined once the residue classes of ¢;—; and g;,
and the (¢ — 1)-tuple (v2(7i),...,v2(Yite—2)) are known. Thus, there is a subset
Ape;m € {1,...,d}? such that when (v2(v;),...,v2(Vite—2)) = x(k, £, m), we have
(gi—1,d) = (Gite-1,d) = 1 and (gi4j—1,d) > 1 for 1 < j < ¢ if and only if (¢;—1, ¢;)
(mod d) € A ¢.m. (Note clearly that (a,d) =1 for (a,b) € Ak ¢,m.) Furthermore, if
we let z(k,{,m) = (x1(k,{,m),...,z¢—1(k,¢,m)) and denote ZZ,, = {(a,b) € Z* :
(a,b) =1}, it is clear that (v2(v:), ..., v2(Yite—2)) = x(k,¢,m) if and only if

(@i-1.1) € Q  (Toy(htom) N T gty N NI DT 0my) NZ2

Now if we let 7, Ty : R> — R be the canonical projections, then

qi—19i4+0—1 — -1 G (7 0 TP—1 4i-1 ¢
G =g g) mer (' G)

kEQ? 1|k
Qi—-1Gito—1 = T —=  (¢i—1,%) € Qg, ! [5,00>7

where gp = 71 - (2 0 T*71). Now set g;(x,y) = xy and

and so

_ (i 1k
Qk,@,m(&) = 7;'1(k,€,m) nT lzg(k,f,m) n---NT ¢ 2)Eg,1(k,€,7rz) N 9y ! |:£7 OO),
1
Ql(é.) = Tﬂgl_l |:E7oo>a Al = {(a7b) : Cl,b € [17d]7 (aad) = (bvd) = 1}

We then have

> #QM(9) N ((ab) +dZ°) N2,
(a,b)eAy
L(d) [¢] n(k,0)

35S #Q%em(©) N ((a,b) + dZ?) N7,

=2 k=1 m=1 (a,b)€Ak ¢,m

where we have used the fact that if (a,b) € QT NZ2,, then there is an i such that

a = ¢;—1 and b = ¢;. One can prove in a similar manner to [2, Lemma 2] that for

vis»?
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all bounded € C R? whose boundary can be covered by the images of finitely many
Lipschitz functions from [0, 1] to R2, and for all A C {1,...,d}? in which (a,d) = 1
for all (a,b) € A, we have

Area(Q !
(};A#Qﬂn«mw+dZ%ﬂZ&—-I?éﬁfAIl(l—;) Q*+04(Q108Q)
a,b)e pE

pld

as Q — oo. It is easily seen that the boundaries of Q4(€) and Q¢ (€) can be
covered by finitely many Lipschitz functions from [0, 1] to R?, and so we have

Na(€, Q) = Ca(§)Q* + 0a(Qlog Q),

where
1 1\
@@_cwﬁ££<‘ﬁ)
pld

(P(d)Q Area(ﬂl(g)) + Area(Qk,Z,m(f))#-Ak,é,m )

noting that #.4; = o(d)?.
The gap limiting measure of (¥, 4)q exists with distribution function given by

3
Fd(f) = /0 dl/d = f;dCd<I§d>

When d is a prime power this can be expressed more explicitly as in (2.9).
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A. Appendix

For the convenience of the reader we collect in this appendix the asymptotic formulas
used in this paper.

Assuming that f is a C! function on the interval of integration in (A.1)-(A.3)
and that I, J are intervals and f € C1(I x J) in (A.4), we have

b
S s = 2D [t o(m@(l +T2). (A)
(oot )

Z #f(k?)ZC@)/O f(x)d:v—l—Oe((HfHoo+T0Nf)logN). (A.2)

> Lpr(k) =(C(0) /O f(x)dz + O ((||f||oo + TONf)N‘S). (A.3)

ab=h (m_od q) <A4)

1
+ 0s(TIV o250 + LIl -191).

Proofs can be found for instance in [3, Lemma 2.2], [5, Lemmas 2.1 and 2.2], and
respectively in [7, Proposition A4].



