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Abstract
For any positive integer n, we state and prove formulas for the number of solutions
in integers of 22 4+ 2 + 522 = n?, 22 +y? + 622 = n? and 2% 4 2y + 322 = n?, which
were first conjectured by S. Cooper and H. Y. Lam.

1. Introduction

More than one hundred years ago, Hurwitz [6] determined the number of represen-
tations of the square of a positive integer as a sum of three squares:

Theorem 1.1 (A. Hurwitz). Let n be a positive integer with prime factorization

n= Hp)‘P. Then the number of solutions in integers of % + 3% + 22 = n? is given
P

M)

p=>3

by

where the values of the Legendre symbol for odd primes p are given by

(—_1)_ 1 4ifp=1 (mod4),
p) |-1 ifp=3 (mod4).

For a complete proof of Theorem 1.1, we refer the reader to [8]. In recent work [4],
Cooper and Lam established and proved several analogues of Theorem 1.1, whose

quadratic forms were replaced by x2 + y? + 222, 22 + y? + 322, 22 + 2y% + 222 and
x2 + 3y? + 322. Moreover, at the end of their work, they raised a conjecture:

Conjecture 1.2 (S. Cooper and H. Y. Lam). Let b and ¢ have any of the values
given in Table 1. Let n be a positive integer with prime factorization n = H P
P
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Then the number of solutions in integers of 22 4+by? +cz? = n? is given by a formula
of the type

H g(bvcapa /\P) H h(b,C,p, /\P) ’

p|2be pf2be

ApH1 Ap—1
prrTt —1 —bc\ p'r

h(b7cap7>‘p) = 1 ( ) 1
p p/p

and g(b, ¢,p, Ap) has to be determined on an individual and case-by-case basis.

where

Table 1: Data for Conjecture 1.2

b c

T | 1,2,3,4,5,6,8,9,12,21,24

2 12,3,4,5,6,8,10,13,16,22, 40,70
3 13,4,5,6,9,10,12, 18,21, 30, 45
1 | 4,6,8,12,24

5 | 5,8,10,13,25,40

6 |6,9,16,18,24

8 | 8,10,13,16,40

9 |9,12,21,24

10 | 30

12 | 12

16 | 24

21 | 21

24 | 24

The goal of this work is to state and prove formulas for the cases (b,c) = (1,5),
(1,6) and (2,3) in Conjecture 1.2, which are summarized in Theorems 1.3-1.5,
respectively.

Theorem 1.3. Let n be a positive integer with prime factorization n = Hp’\f’,

P
Then the number of solutions in integers of 2 4+ y? + 522 = n? is given by

2 (5 —3) ] (& _ (__5) P 1) , (1.2)

vt p—1 p) p—1

where the values of the Legendre symbol for primes p that are relatively prime to 10
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are given by

p —1 ifp=11,13,17 or 19 (mod 20).

(—5) B {1 ifp=1,3,70r9 (mod20),
p

Theorem 1.4. Let n be a positive integer with prime factorization n = Hp)‘l’.

P
Then the number of solutions in integers of

2?2 44?622 = n?

Apt+l _ Ap _
s ol [ (2 - (30) 51 ) (1.3

s\ p—l p/) p-1

1s given by

where the values of the Legendre symbol for primes p that are relatively prime to 6
are given by

(6) _J1 ifp=1,5Tor1l (mod 24),
p) |-1 ifp=13,17,19 or23 (mod 24).

Theorem 1.5. Let n be a positive integer with prime factorization n = HpAP.

P
Then the number of solutions in integers of 2 + 2y? + 322 = n? is given by

22+ (1M (3 -2) I (M ~ <—_6) P - 1) a4

s\ Pl p/) p—1

This work is organized as follows. In Section 2, some notation and some prelimi-
nary results for theta functions will be defined. Sections 3 and 4 will be devoted to
the proof of Theorem 1.3: the primes p = 2 and p = 5 are handled in Section 3 and
the remaining primes p that are relatively prime to 10 are treated in Section 4. The
proof of Theorem 1.4 is similar to that of Theorem 1.3 and will be given in Section 5.
The proof of Theorem 1.5 is the simplest one and will be given in Section 6.

2. Notation and Background Results

The theta functions ¢(q), ¥(q), X(q), P(q), D(q) and E(q) are defined by

> i2 > (7 > .2 .
e(g) = E 7, Y = an(1+1)/2, X(q) = Z G
j=0

oo oo

o0 .2 . =2 . =2 )
P(q) = Z q(3J +J)/2’ D(q) = Z g% +2 and E(q) = Z ¢ +4j’

j=—o00 j=—00 j=—o00
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and for any positive integer k, we define ¢, Vi, Xi, Pk, D and Ey by

o =(d"), v =v("), Xip=X(d"),
P.=P(¢"), D,=D(¢") and E, = E(¢").

~~
O
o =

For positive integers a, b and ¢, and for any nonnegative integer n, let r(q p,c)(n)
denote the number of solutions in integers of ax? + by? + cz? = n. Clearly,

D abe(Md™ = 0(a)p(@")(@°) = Paprpe-

m=0

Lemma 2.1. Let ¢, g, Xk, P, D and Ey, be defined by (2.1) and (2.2). Then
the following identities hold.

Y1 = P4+ 2q¢s, (2.3)

VT = Qathy + 2qats, (2.4)

V193 = et + g2z, (2.5)

1 = 0 + gy, (2:6)

1 = @9 + 2¢X3, (2.7)

PP = @3P5 + 2 X1, (2.8)

¢1 = a5 + 2qDs5 + 2" Es, (2.9)

p] = 03 +4qD1 Ey. (2.10)

Proof. See (i), (xiii), (xxxiii), (ii), (v), (xxx), (x) and (xi), respectively, in [3]. O

The following result is due to Hurwitz and has been summarized by Sandham
[9].

Lemma 2.2. Suppose that a(n) is a function, defined for all nonnegative integers
n, that satisfies the property

a(pn) = a(p)a(n) — x(p)a(n/p) (2.11)

for all primes p, where x is a completely multiplicative function. Then the coefficient
of ¢ in
o] 5 (o)
> o) (3ot
j=—00 k=0

s equal to

> ARn/r)X(r)u(r)
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where p s the Mobius function, A(n) is defined by

oo o0 2
Z A(n)q" = (Z a(k)qk>
n=0

k=0

and A(z) is defined to be 0 if x is not a nonnegative integer.

3. Proof of Theorem 1.3: Part 1

This section is devoted to establishing the parts of the formula in Theorem 1.3 that
involve the primes 2 and 5.

Lemma 3.1. Fiz an odd integer j. Then for any nonnegative integer k, we have

ra15)(2%5%) =115 (7). (3.1)

Proof. By (2.3), we have o35 = (¢01+2q1hs)*(p20+2¢°40). Expanding, extracting
the terms of the form ¢*", and then replacing ¢* with ¢ we deduce

Er(1,1,5)(22n)qn = 80%805-

This leads to -
27’(1 1,5)( (2%n)g" = plps = ZT(Ll,s)(n)q
n=0
and this implies (31) O

Lemma 3.2. Fiz an integer j that is not divisible by 5. For any nonnegative integer
k, let f(k) = 71,15 (5%52). Then

fk+2) =6f(k+1) —5f(k), (3.2)
J(1) = 1Lf(0). 3

Hence,
5FH -3
£ =22 110, (3.4)
Proof. For (3.2), by (2.9), we have
¢lps = (pa5 + 2qDs + 2¢" E5) 5. (3.5)

Expanding, extracting the terms of the form ¢°”, replacing ¢° with ¢, and then
applying (2.10), we deduce

o0

Z 7"(1,1,5)(5n)qn = 2@;13 - <P1<P§~ (3.6)
n=0
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Applying (2.9) to (3.6) gives
Z r(1,1,5)(51)4" = 2(pas + 2qDs + 24" E5)* — (pa5 + 2qDs + 2¢" E5) 3. (3.7)

Applying the process of obtaining (3.6) to the terms of the form ¢°" in (3.7), we
deduce

Zr(l 1,5)( (52n)q" = 11p2ps — 10@%’. (3.8)

A similar process applied to the terms of the form ¢?*" in (3.8) leads to
- 4, \.n _ 2 3
Z r(1,1,5)(5°n)q" = 61p1ps — 60¢5. (3.9)

y (3.8) and (3.9), we deduce that

o0

27(115)571 _62 115)5n —590%05
n=0
and this implies (3.2).
For (3.3), applying a similar process of obtaining (3.6) to the terms of the form
¢®"*1 in (3.5) and (3.8), we deduce

Z r(1,1,5)(5n +1)¢" = 4195 D1
n=0

and

o0

> 15 (82(5n + 1))g" = 44105 D1,

n=0
respectively, and this implies

o0 o0

> raas (B3 Gn+1))g" =113 ra1s(6n+1)¢" (3.10)

n=0 n=0
Similarly, we deduce that

oo

Z T(1,1,5)(5n +4)¢" = dp1p5 E1,
n=0
o0

Z r(l,l,S) (52(57’l + 4))qn = 44801§05E17
n=0
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and this implies

o0

Z 7’(17175) (52(571 + 4))qn =11 Z 7’(171,5) (5n + 4)qn (311)

n=0 n=0
By (3.10) and (3.11), we deduce (3.3). Finally, (3.4) follows from (3.2) and (3.3). O
By Lemmas 3.1 and 3.2, we immediately deduce:

Proposition 3.3. Let n be a positive integer with prime factorization

n= Hp’\” =2%5%m  where m = HP’\P.
4 pf10

Then the number of solutions in integers of 2 4+ y? + 522 = n? is given by

ra,1,5(n%) =2 (5A5+1 = 3) r1,1,5(m?).

4. Proof of Theorem 1.3: Part 2
In this section, we work with the character modulo 20 defined on the integers by

1 ifn=1,3,70r9 (mod 20),
x(n)=< -1 ifn=11,13,17or 19 (mod 20), (4.1)

0 otherwise.
We note that for primes p,
(22) iftp#2
x(p)=q\? _ (4.2)
0 otherwise.

The goal of this section is to prove

Proposition 4.1. Let m be a positive integer that is relatively prime to 10 and has
prime factorization

pf10
Then N \
prt -1 pr —1
ra,1,5(m7) =4 ( p—1 - x(p) p—l)
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In view of (4.2), Propositions 3.3 and 4.1 immediately imply Theorem 1.3.
In order to prove Proposition 4.1, we will need some background information and
several lemmas. Let fi = f1(q), f2 = f2(q) be the infinite products defined by

oy (L= ¢¥) (1 — ") (1 — ¢¥)(1 — ¢'%)
io=11 0= @)1= ) ’

o =)A= ¢¥)(1 - ¢*9)(1 — ¢*%)

B 1;[ (1 —¢%)(1—g%) '

Let their series expansions be given by

o

filq) = Z ai(n)q”, and fa(q Z as(n)q™, (4.3)

n=0

where
a1(0) =1 and a2(0) =0.

Then for j € {1,2}, define A;(n) b,
o o 2
> A" = (Z a]-(k)q’f) .
n=0 k=0
Both a;(z) and A;(z) are defined to be 0 if  is not a nonnegative integer.

Lemma 4.2. The following identity holds:

2(Q)e(d’) = f1(q) + f2(q). (4.4)
Proof. See [2, Theorem 3.1]. O

Lemma 4.3. For any positive integer k, let

Then
1 2 5 10 2 . ,
2 2 2512 10512
+ fo=——L1+-Ls— —Ls+ —Log+ = Ill— N1 —q )=, 4.
fi+f3 18 1 9 4 18 5 9 20 3(1j:1( ) ( qa) (4.5)

Proof. Squaring both sides of (4.4), we have
Pies = fi + f3 +2f1fo

=442 ][ -q¥)(1-q"Y) (4.6)
j=1
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By [10, Theorem 7.1], it is known that

1 2 5 10 8 M : _
2 2 2j12 1052
=L+ 2Ly~ —Ls+ —Log+ oq [[(1 = ¢¥)2(1 — ¢'%)%. (4.
vivs = —glitgla—gls + 5 20+3le:|1( ¢7)(L=q™) (4.7)
Finally, (4.5) follows from (4.7) and (4.6). O

Lemma 4.4. Let m be a positive integer relatively prime to 10 with prime factor-

ization
m =TT
pf10

Let c(m) be the coefficient of ¢*™ in f? + f3. Then

Ap+1 -1
C(m) :4:z:d:4:]:[ppf1
d|m pf10 p

Proof. This follows immediately from Lemma 4.3, for the only term on the right
hand side of (4.5) that contains terms of the form ¢207+2, ¢20i+6 205414 op ¢205+18
is —L/18. O

Lemma 4.5. Let j € {1,2} and let a;j(n) be defined by (4.3). For any nonnegative
integer n and any prime p, we have a;j(pn) = a;(p)a;(n) — x(p)aj(n/p) where x is
the completely multiplicative function defined by (4.1).

Proof. See [7, Theorem 1]. O
Now we are ready to prove Proposition 4.1.

Proof of Proposition 4.1. Let [¢*]f(q) denote the coefficient of ¢* in the series ex-
pansion of f(g). In this notation, r¢ 1 5)(m?) = [q”LQ](Qp%g%). By Lemma 4.2 and
(4.3), we have

raas(m?) = ™ (@) (f1(a) + f2(0))
=[g™] [ (@) iamqf‘ +g™] | e(@) 2a2<j>qf
By Lemmas 4.5 and 2.2, this is equivalent to
(%) = imm/mx(w(r) ¥ ilAz@m/r)x(r)u(r)

[V (fE A+ X)),

M 1

,3
Il
—
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where x(r) is the completely multiplicative function defined by (4.1). Since x(r) is
0 if r is even, the last sum is over odd r only. Moreover, since m is relatively prime
to 10, we apply Lemma 4.4 to deduce that

s (m?) = idm/mx(r)um
= clm) 32 )
= c(m) pl;[o (1 —x(p) C(CT(%)))
() (e ) 8)
AN ()

5. Proof of Theorem 1.4

In this section, we outline the proof of Theorem 1.4. The proof is similar to the
proof of Theorem 1.3.

Lemma 5.1. Fiz an odd integer j. For any nonnegative integer k, let

f(k) = raa e (22F52).

Then
f(k+3)=3f(k+2)-2f(k+1), (5.1)
f(1) = £(0).
Hence,
f(k) = |28t — 3] £(0). (5.3)

Proof. By (2.3), we have

©ipe = (pa + 2q18)* (924 + 2¢%as). (5.4)

Expanding, extracting the terms of the form ¢*", and then replacing ¢* with ¢, we

deduce -

Z r(1,1,6)(2°0)q" = s + 8¢° 312, (5.5)

n=0
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Applying (2.3) and (2.4) to (5.5) gives

Z r1,1,6)(2°0)q" = (pa + 2q1h5)* (021 + 2¢°tus) (5.6)

n=0

+ 8¢ (pstha + 2% 1hath16) Y12

Applying a similar process to the terms of the form ¢*" in (5.6), we get

o

Z r(1,1,6)(2'0)q" = 0106 + 8a* V3112 + 16q1p1 31y (5.7)

n=0
Then by (2.3)-(2.5), we have

o0

Z T(171,6)(24n)qn = (¢4 + 2q1s)* (p24 + 2¢°us) (5.8)

n=0

+ 8¢% (pstha + 2¢*barhi6) 12
+ 16q((p24 + 2¢%10as) s + q(i0s + 20%916)112) 4.

Applying a similar process to the terms of the form ¢*" in (5.8), we get
> r16)(20)d" = ©es + 8¢°P51s + 48qi1 st (5.9)
n=0

Then (5.5), (5.7) and (5.9) imply (5.1).
Now, expanding (5.4), extracting the terms of the form ¢*"*!, dividing both sides
by ¢, and then replacing ¢* with ¢, we deduce

(o}

Y raseEn +1)¢" = 4106t (5.10)

n=0

Applying a similar process to the terms of the form ¢***! in (5.6) gives
Z 1.6 (22(4n +1))¢" = 4p1p6¢n. (5.11)
n=0

Then (5.10) and (5.11) imply (5.2). Finally, (5.3) follows from (5.1) and (5.2). O

Lemma 5.2. Fiz an integer j that is not divisible by 3. Then for any nonnegative
integer k, we have

r,1.6)(3%5%) = 1,16 (57). (5.12)

Proof. By (2.7), we deduce

oo

ZT(1,176)(")qn = (g + 2¢X3)*¢e.

n=0
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3n

Expanding, extracting the terms of the form ¢, and then replacing ¢ with ¢, we

get

o0

Y ra16)(Bn)d" = Gipee. (5.13)

n=0

Applying (2.7) to (5.13) gives
oo
D raaeBnd" = @i(prs +2¢° X). (5.14)
n=0

Applying a similar process to the terms of the form ¢®" in (5.14), we deduce

Y raae 3 n)g" = pies. (5.15)
n=0
This implies (5.12). .

Lemmas 5.1 and 5.2 immediately imply:

Proposition 5.3. Let n be a positive integer with prime factorization

n= HpA” =2%3%my  where m= Hp”\".
P p=5

Then the number of solutions in integers of 2 4+ y? + 622 = n? is given by
ra,1,6)(n%) =4 |2A2 = 3| ra,1.6(m?).

It remains to determine r(1 1 6)(m?) in the case that (m,6) = 1. For any integer
n let x(n) denote the character modulo 24 by

1 ifn=1,5 7or1ll (mod 24),
x(n)={ -1 ifn=13,17,19 or 23 (mod 24), (5.16)

0 otherwise.

We note that for primes p
—6
= (). (517)

Proposition 5.4. Let m be a positive integer that is relatively prime to 6 and has
prime factorization

p=>5
Then _— \
prt—1 pr —1
= 4 —
r(1,1,6)(m”) ( p—1 x(p) p—1 )
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In view of (5.17), Propositions (5.3) and (5.4) immediately imply Theorem 1.4.
To prove Proposition 5.4, we need some relevant lemmas. Let

oo

7 A=) —¢¥) (1 —¢*)(1 — ¢'%)
_1;[1 (1—¢9)(1—¢?Y) ’
o=@ —gt )(1 ¢%)(1 — ¢*%7)
B H ¢*)(1—¢%) '

Let their series expansions be given by

g) = bi(n)g", and ga(q) = > ba(n)g", (5.18)
n=0 n=0

where b1(0) =1 and b2(0) = 0. Then for j € {1,2}, define B;(n) by

o0 o0 2
> Bi(n)g" = (Z bj(k>q’f> .
n=0 k=0
Both b;(z) and Bj(z) are defined to be 0 if z is not an integer.

Lemma 5.5. We have
e(@)p(¢°) = 91(q) + 92(q)- (5.19)

Proof. See [2, Theorem 4.1]. O

Lemma 5.6. For any positive integer k, let

jq*
L,€_1—24211
J

Then

1 1 1 1 1 2 1
242 =— 1+ —Io+~-L3+~-Ly—-Lg—=Lg— =L 2L04.  (5.20
91 + 93 2 1+12 2+4 3+6 4= qle—gLls =5 12 +2Lo4.  (5.20)

Proof. Squaring both sides of (5.19) gives
Y1vs = g1 + 95 + 29192 (5.21)
o0
=g+ +2 [0 - )1 —¢")1 - )1 - ¢").
j=1
By [1, Theorem 1.12], it is known that

1 1 1 2 1
2 2
=—_T L L Ly—-Lg— -Lg— =L 2L 5.22
$1¥P6 12 1+12 2+4 3+6 47 3i8 735 12 +2L94 ( )
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+2qH (1=¢7)(1—g")(1 = ¢™)(1 - ¢'%).

Finally, (5.20) follows from (5.21) and (5.22). O

Lemma 5.7. Let m be a positive integer relatively prime to 6 with prime factor-
1zation

m = H pie

p=>5
Let c(m) be the coefficient of ¢*™ in g2 + g3. Then
—4 Z d=14 H Pl
-1
p>5

Proof. This follows immediately from Lemma 5.6, for the only term on the right
hand side of (5.20) that contains terms of the form ¢'%/*2 and ¢!%*10 is —(L; —
Ly)/12. O

Lemma 5.8. Let j € {1,2} and let bj(n) be defined by (5.18). For any nonnegative
integer n and any prime p, we have b;(pn) = b;(p)b;(n) — x(p)b;(n/p) where x is
the completely multiplicative function defined by (5.16).

Proof. See [7, Theorem 1]. O
Now we are ready for

Proof of Proposition 5.4. Let [¢*]f(q) denote the coefficient of ¢* in the series ex-
pansion of f(g). In this notation,

2

7“(1,1,6)(7”2) = [qm ](@?‘PG)-
By Lemma 5.5 and (5.18), we have

ra,e)(m?) = [a™ 1(e(a)(g1(q) + 92(q)))

=107 [ 0@ Y b1 | + 0™ | (a) D ba(i)d?
=0 =0

By Lemmas 5.8 and 2.2, this is equivalent to

7(1,1,6)(m ZBl 2m/r)x —l—ZBg 2m/r)x(r)p(r)

Z [®™" (g7 + g3)x(r)u(r),
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where x(r) is the completely multiplicative function defined by (5.16). Since x(r)
is 0 if r is divisible by 2 or 3, the last sum is over the r that is relatively prime to
6 only. Moreover, since m is relatively prime to 6, we apply Lemma 5.7 to deduce
that

r(1,1,6)(m*) = Y elm/r)x(r)u(r)

I
S
2

/N

[t

|
=
=

S
3
~
)
N—

|
o~
S|
s |
+
[ ~
=
—
N

6. Proof of Theorem 1.5

This section is devoted to the proof of Theorem 1.5. It is much simpler than the
other two because Theorem 1.5 can be deduced fairly easily from Theorem 1.4.

Proof of Theorem 1.5. By (2.3), we have
Z 7(1,2,3)()q" = (P4 + 2q8) (@5 + 2¢°Y16) (12 + 2¢°P24). (6.1)
n=0

Expanding, extracting the terms of the form ¢***!, dividing both sides by ¢, and
then replacing ¢* with ¢, we get

oo

> a2 @n 4+ 1)g" = 2050312 + dgprthatds. (6.2)

n=0

Applying a similar process to the terms of the form ¢*" gives

D r.2.5(2°0)d" = 2010205 + dqpathatls.

n=0
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By (2.3) and (2.5), we have

oo

Z 7(1,2,3)(4n)q" = 2(04 + 2q1Ps) (ps + 2¢%16) (P12 + 2¢%124)
n=0

+ 4q(ps + 2¢°16) (P1208 + ¢ athas).

Expanding, extracting the terms of the form ¢*"*!, dividing both sides by ¢, and
then replacing ¢* with ¢, we get

Z r(1,2,3)(2°(4n 4+ 1))q" = 6020302 + 12q0104v6. (6.3)

Then (6.2) and (6.3) imply that for a fixed odd j, r(1 2 3)(2% %) = 37r(1,2,3) (42) holds
for all positive integer k.

Next, for a fixed integer m that is relatively prime to 6, let f(k) = r(1 2,3) (32km?).
By the same methods of deriving (5.12), we may deduce that

fk+2)=4f(k+1)—3f(k),
f(1) =7£(0)
and it follows that
F(k) = (351 = 2)£(0). (6.4)

It remains to determine f(0), that is, T(Lg’g)(m2). By the same methods, we may
verify that

o0 1 (%)
Z r(1,2,3)(12n 4+ 1)¢" = 3 Z ra1,6)(12n 4+ 1)¢"
n=0 n=0

and it follows that 1
7‘(1,2,3)(7”2) = 57“(1,1,6) (m2)-
Therefore, by Proposition 5.4, we deduce

I (S ()Y e

p>5

Acknowledgment. After submitting this paper for publication, the author learned
that all of the cases of Conjecture 1.2 have been proved, by a different method, by
Guo, Peng and Qin [5].
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