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Abstract

Given a permutation ¢ = o7...0, in the symmetric group S,, we say that o;
matches the marked mesh pattern MMP(a, b, ¢,d) in o if there are at least a points
to the right of o; in o which are greater than o;, at least b points to the left of
o; in ¢ which are greater than o;, at least ¢ points to the left of o; in ¢ which
are smaller than o;, and at least d points to the right of ¢; in ¢ which are smaller
than ;. This paper is continuation of the systematic study of the distributions
of quadrant marked mesh patterns in 132-avoiding permutations started by the
present authors where we mainly studied the distribution of the number of matches
of MMP(a,b,c,d) in 132-avoiding permutations where exactly one of a,b,c,d is
greater than zero and the remaining elements are zero. In this paper, we study
the distribution of the number of matches of MMP(a, b, ¢,d) in 132-avoiding per-
mutations where exactly two of a,b,c,d are greater than zero and the remaining
elements are zero. We provide explicit recurrence relations to enumerate our objects
which can be used to give closed forms for the generating functions associated with
such distributions. In many cases, we provide combinatorial explanations of the
coefficients that appear in our generating functions. The case of quadrant marked
mesh patterns MMP(a, b, ¢, d) where three or more of a,b, ¢, d are constrained to be
greater than 0 will be studied in a future article by the present authors.

1. Introduction

The notion of mesh patterns was introduced by Briandén and Claesson [2] to provide
explicit expansions for certain permutation statistics as, possibly infinite, linear
combinations of (classical) permutation patterns. This notion was further studied
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in [1, 3, 5, 6,9, 12].

Kitaev and Remmel [6] initiated the systematic study of distributions of quadrant
marked mesh patterns on permutations. The study was extended to 132-avoiding
permutations by Kitaev, Remmel and Tiefenbruck in [9], and the present paper
continues this line of research. Kitaev and Remmel also studied the distributions
of quadrant marked mesh patterns in up-down and down-up permutations [7, 8].

Let 0 = 01...0, be a permutation written in one-line notation. Then we will
consider the graph of o, G(o), to be the set of points (i,0;) for ¢ = 1,...,n. For
example, the graph of the permutation o = 471569283 is pictured in Figure 1. Then
if we draw a coordinate system centered at a point (i,0;), we will be interested
in the points that lie in the four quadrants I, II, ITI, and IV of that coordinate
system as pictured in Figure 1. For any a,b,¢,d € NU {0} = {0,1,2,...} and
any o = o1...0, € S,, the set of all permutations of length n, we say that o;
matches the quadrant marked mesh pattern MMP(a,b, ¢, d) in o if, in G(o) relative
to the coordinate system which has the point (i, 0;) as its origin, there are at least
a points in quadrant I, at least b points in quadrant II, at least ¢ points in quadrant
ITI, and at least d points in quadrant IV. For example, if o = 471569283, the point
04 = 5 matches the marked mesh pattern MMP(2,1,2,1) since in G(o) relative to
the coordinate system with the origin at (4,5), there are 3 points in quadrant I, 1
point in quadrant II, 2 points in quadrant III, and 2 points in quadrant IV. Note
that if a coordinate in MMP(a, b, ¢, d) is 0, then there is no condition imposed on
the points in the corresponding quadrant.

In addition, we shall consider patterns MMP(a, b, ¢, d) where a,b,c,d € NU{0}U
{0}. Here when a coordinate of MMP(a,b,c,d) is the empty set, then for o; to
match MMP(a,b,¢,d) in 0 = 01 ...0, € Sp, it must be the case that there are no
points in G(o) relative to the coordinate system with the origin at (i,0;) in the
corresponding quadrant. For example, if o = 471569283, the point o3 = 1 matches
the marked mesh pattern MMP(4, 2,0, () since in G(o) relative to the coordinate
system with the origin at (3, 1), there are 6 points in G(o) in quadrant I, 2 points in
G(0) in quadrant I, no points in both quadrants ITI and TV. We let mmp(®>¢9 (g)
denote the number of ¢ such that o; matches MMP(a, b, ¢,d) in o.

Note how the (two-dimensional) notation of Ulfarsson [12] for marked mesh pat-
terns corresponds to our (one-line) notation for quadrant marked mesh patterns.
For example,

Given a sequence w = wy . . . wy, of distinct integers, let red(w) be the permutation
found by replacing the i-th smallest integer that appears in ¢ by i. For example, if
o = 2754, then red(o) = 1432. Given a permutation 7 = 7 ...7; in the symmetric
group S;, we say that the pattern 7 occursin o = 0y ...0, € S, provided there exist
1 <y < -+ <i; < nsuch that red(oy, ...0;;) = 7. We say that a permutation
o avoids the pattern 7 if 7 does not occur in o. Let S, (7) denote the set of
permutations in S,, which avoid 7. In the theory of permutation patterns, 7 is



INTEGERS: 15 (2015) 3

I v

Figure 1: The graph of o = 471569283.

k
MMP(k,0,0,0) = — MMP(0,0,k,0) =

MMP(0abe)= — — MMP(0,0,0k) =

Figure 2: Ulfarsson notation for quadrant marked mesh patterns.

called a classical pattern. See [4] for a comprehensive introduction to the study of
patterns in permutations.

It has been a rather popular direction of research in the literature on permu-
tation patterns to study permutations avoiding a 3-letter pattern subject to extra
restrictions (see [4, Subsection 6.1.5]). In [9], we started the study of the generating

functions
,b,c,d b,c,d
5?32 - (t,z) _1+ZQna13§ )
n>1

where for any a,b,c,d € NU {0} U {0},

(a,b,c,d)
Qi V@)= D ammrt),

0€5,(132)

For any a, b, ¢, d, we will write Q,(E’llgg’d)( )|+ for the coefficient of z* in Qnallgg’d) (x).

For any fixed (a, b, ¢, d), we know that fofgg d)(l) is the number of 132-avoiding

permutations in S,, which is the nth Catalan number C, = #(2:) Thus the

n+1
coefficients in the polynomial Qgﬁ%’;’d) (x) represent a refinement of the nth Catalan

number. It is then a natural question to ask whether (i) we can give explicit formulas
for the coefficients that appear in Qnalbgc ) (x) or (ii) whether such coefficients count

other interesting classes of combinatorial objects. Of course, there is an obvious
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answer to question (ii). That is, if one has a bijection from S,,(132) to other classes
of combinatorial objects which are counted by the Catalan numbers such as Dyck
paths or binary trees, then one can use that bijection to give an interpretation of
the pattern MMP(a, b, ¢,d) in the other setting. We shall see that in many cases,
there are interesting connections with the coefficients that arise in our polynomials
Qgﬁfgg’d) (x) and other sets of combinatorial objects that do not just arise by such
bijections.

In particular, it is natural to try to understand Qna’l%’;’d) (0) which equals the
number of o € S,,(132) that have no occurrences of the pattern MMP(a, b, ¢, d) as
well as the coefficient of the highest power of z that occurs in Q;a&; d)( ) since
that coefficient equals the number of o € S,,(132) that have the maximum possible
number of occurrences of the pattern MMP(a, b, ¢,d). We shall see that in many
cases, Qna’l}gg’d (x)] and Qn 135 d)(x)|xz, the number of o € 5,,(132) with exactly
one occurrence and two occurrences, respectively, of the pattern MMP(a, b, ¢, d) also
have interesting combinatorics associated with them. There are many more inter-
esting questions of this type that can be pursued, but due to space considerations,
we shall mostly restrict ourselves to trying to understand the four coefficients in
Qfﬁ’g’g’d) (x) described above. We should note, however, that there is a uniform way
to compute generating functions of the form

F(a ,b,c d) Z Qnallgg ,d) ‘xktn

n>0
That is, F}, (@be, d)( t) is just the result of taking the generating function

1 oF

a,b,c,d
HWQE?’Q )(WL‘)

and then setting £ = 0. Due to space considerations, we will not pursue the study
of the functions F,Ea’b’“d) (t) for k > 2 in this paper.

There is one obvious symmetry in this case which is induced by the fact that if
o € S,(132), then 0=! € S,,(132). That is, the following lemma was proved in [9].

Lemma 1. ([9]) For any a,b,c,d € NU{0} U {0},
a,b,c,d) a,d,c,b
Quizs ™ (@) = Qs (o).
In [9], we studied the generating functions
0,k,0,0 0,0,0,k %,0,0,0 (0,0,k,0
5 " (1 0) = Qi M (1), Q15 Y (¢ @), and Q" (),

where k can be either the empty set or a positive integer as well as the generating
functions Qlk :0.0,0) ( x) and Q1@ 0.k,0) ( x). We also showed that sequences of the

form {Q"s5? (x)|,-

tn>s count a variety of combinatorial objects that appear in
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the On-line Encyclopedia of Integer Sequences (OEIS) [11]. Thus, our results gave
new combinatorial interpretations of certain classical sequences such as the Fine
numbers and the Fibonacci numbers as well as provided certain sequences that
appear in the OEIS with a combinatorial interpretation where none had existed
before. Another particular result of our studies in [9] is enumeration of permutations
avoiding simultaneously the patterns 132 and 1234.

The main goal of this paper is to continue the study of Q{%2“? (¢, z) and com-

binatorial interpretations of sequences of the form {Qfﬁ’fg’;’d)(x)hr}nZS in the case
where a,b,c,d € N and exactly two of these parameters are non-zero. The case
when at least three of the parameters are non-zero will be studied in [10].

Next we list several results from [9] which we need in this paper.

Theorem 1. (/9, Theorem 3.1])
1—+v1—4xt

(0,0,0,0)
t =C(at) =
132 (t,r) (zt) ot

and, for k> 1,

(k,0,0,0) 1
132 () = %—1,0,0,0 :
1 _tQ§32 Y )(t,x)
Hence 1
(1,0,0,0)
£,0)= ——
132 (£,0) =4

and, for k > 2,
1

~ (1)
1 1@ 0 (t,0)
Theorem 2. (/9, Theorem 4.1]) For k > 1,

L (t = (5420 Cit?) = /(L (tr — 1) (g Cjt))? — dta

2tx
2

L+ (tz — 1)(X5 g Cit9) + \/(1 + (tr — 1)(252, Cjt))2 — dta

k,0,0,0
532 )(t, O) =

0,0,k,0
§32 )(t, T) =

and
(00.00) (4 0y — 1 '
192 ’ 1—t(Co+ Cit + -+ Cp_1th~1)
It follows from Lemma 1 that Qg%,zk,o,o) (t,z) = Qg%’zo’o’k)(t,x) for all & > 1.

Thus, our next theorem (obtained in [9]) gives an expression for ng 0.0) (t,x) =

0,0,0,k
532 )(t,x).
Theorem 3. (/9, Theorem 5.1])

1
0,1,0,0 0,0,0,1
i 7 (2) = Qi (69) = T 5a
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For k> 1,
k—2 ; 0,k—1—75,0,0
(000 (1 1) = QOO0 1y L+t 05 0t Q% ™ 00t @) — C(ta))
132 ) 132 ’ 1— tC(tl‘)
and

k-2 i 1 ~(0,k—1—35,0,0
L+t ijo Cjt]( 532 ! )(t, 0)—1)
1—t '

5" (1,0) = Qi M (1,0) =

As it was pointed out in [9], avoidance of a marked mesh pattern without quad-
rants containing the empty set can always be expressed in terms of multi-avoidance
of (possibly many) classical patterns. Thus, among our results we will re-derive
several known facts in permutation patterns theory. However, our main goals are
more ambitious since they are aimed at finding distributions in question.

2. ng’l(gg’o) () Where k, £ > 1

Throughout this paper, we shall classify the 132-avoiding permutations o = oy ... 0,
by the position of n in 0. That is, let Sy(li)(l?)?) denote the set of o € S,,(132) such
that o; = n.

Clearly each o € S,(Li)(132) has the structure pictured in Figure 3. That is, in
the graph of o, the elements to the left of n, A;(o), have the structure of a 132-
avoiding permutation, the elements to the right of n, B;(c), have the structure of a
132-avoiding permutation, and all the elements in A;(o) lie above all the elements
in B;(o). Tt is well-known that the number of 132-avoiding permutations in S, is
L (2”) and the generating function for the C,,’s is given

the Catalan number C,, = 71 n
by
o= =tz 2
—" 2t 1+/1—4t

If k£ > 1, it is easy to compute a recursion for ng’l(g,,’f’o) (x) for any fixed £ > 1.
It is clear that n can never match the pattern MMP(k,0,¢,0) for £k > 1 in any

o € S,(132). For i > 1, it is easy to see that as we sum over all the permutations

o in S,(f)(132), our choices for the structure for A;(o) will contribute a factor of
Qﬁ’i]}l’gf’o) (x) to ng’l%;’o) (x) since none of the elements to the right of n have any
effect on whether an element in A;(0) matches the pattern MMP(k,0,¢,0) and
the presence of n ensures that an element in A;(c) matches MMP(%,0,4,0) in o
if and only if it matches MMP(k — 1,0,¢,0) in A;(c). Similarly, our choices for
the structure for B;(o) will contribute a factor of Q;’i’gﬁg (x) to ngi%’f’o) (x) since
neither n nor any of the elements to the left of n have any effect on whether an
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Ai (o)

Bi((’)

1 i n

Figure 3: The structure of 132-avoiding permutations.
element in B;(o) matches the pattern MMP(k, 0, ¢,0). Thus,
Qi (a Z Qi (@) Qi (@)- (2)
Multiplying both sides of (2) by t” and summing over all n > 1, we obtain that
~14 QU () = 1Q15 M () Q1 (b )

so that we have the following theorem.

Theorem 4. For all k, 0> 1,

(£060) (¢ 7 = . . 3)
132 1 QR T0ED

Note that by Theorem 2, we have an explicit formula for ngé) b 0)( x) for all

¢ > 1 so that we can then use the recursion (3) to compute Q (k.0.8, 0)( x) for all
k> 1.

2.1. Explicit Formulas for Qgﬁ%’é’o) ()] er

Note that

U “0(t,0) = . : (4)
132 1_tQY§210EO(t,0)

it follows from the recursions (1) and

Since QU457 (t,0) = Q%7 (£,0) = 4,
(4) that for all k& > 2, Qlk 0,0, 0)(15, 0) = Q11§2 1,0.1,0) (t,0). This is easy to see directly.
That is, it is clear that if in ¢ € 5,(132), o; matches MMP(k — 1,0,1,0), then
there is an ¢ < j such that o; < g; so that o; matches MMP(k,0,0,0). Vice versa,
suppose that in o € 5,(132), o; matches MMP(k,0,0,0) where k& > 2. Because
o is 132-avoiding this means the elements in the first quadrant relative to the
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coordinate system with (j, ;) as the origin must be increasing. Thus, there exist
J<j1 <-<jr <nsuchthat o; < 0j, < --- < 0y, and, hence, o;, matches
MMP(k — 1,0, 1,0). Thus, the number of ¢ € S, (132) where mmp*:90.9 () = 0 is
equal to the number of ¢ € S,,(132) where mmp*~1:01.0)(¢) = 0 for k > 2.

In [9], we computed the generating function Q%’QO’O’O) (t,0) for small k. Thus, we
have that

2,0,0,0 1,0,1,0 1-—1t
532 )(t7 0) = g32 )(t, 0) = 1-2t
1-—2¢
3 (0 = Q0 =
: 1—3t+t2

B0 = Q00 = T

5,0,0,0 4,0,1,0 1 — 4t +3t2
Q0 = Q00 = e

(6,0,0,0) (5,0,1,0) 1—5t+6t2 —3

d

132 (t,O) = W132 (t, 0) = 1— 6t + 10t2 — 4¢3’ an

1 — 6t + 103 — 4¢3
1—7t+15t2 —10t3 + 4~

7,0,0,0 6,0,1,0
532 )(t70): 532 )(t,O) =

Note that Qg%éo,z,o)(t, 0) = ﬁ by Theorem 2. Thus, by (4), we can compute
that

(1,0,2,0) _ 1t
132 (,0) = o
(2,0,2,0) 1—2t—¢2

t,0) = —=;
g2 (50) 1—3t+t3’

1—3t+1¢3
Q%’S’Q’O) (t,0) = i and

1 — 4t + 2t2 + 2t3°
1 — 4t + 2t2 + 23

(4,0,2,0)
t,0) = .
12 (40) 1 — 5t + 52 4+ 2t3 — ¢4

We note that {QS’&’S’O) (0)}r>1 is the sequence of the Pell numbers which is A000129
in the OEIS. This result should be compared with a known fact [4, page 250]
that the avoidance of 123, 2143 and 3214 simultaneously gives the Pell numbers
(the avoidance of MMP(1, 0, 2,0) is equivalent to avoiding simultaneously 2134 and
1234).

Problem 1. Find a combinatorial explanation of the fact that the number of per-
mutations of S,, which are (132,2134,1234)-avoiding equals the number of permu-
taions of S,, which are (123,2143,3214)-avoiding. Can any of the known bijections
between 132-avoiding permutations and 123-avoiding permutations (see [4, Chapter
4]) be of help here?
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(2,0,2,0)

The sequence {Q,, 135" (0) }n>1 is sequence A052963 in the OEIS which has the
generating function ﬁ That is, % 1= tll zftjrtd This sequence had

no listed combinatorial interpretation so that we have now given a combinatorial

interpretation to this sequence.
(0,0,3,0)

Similarly, Q735 (t,0) = Thus, by (4), we can compute that

1—t t2 2t3 *
2 3
(1,0,3,0) 1—t—1t—2t
t 0 p— —_—_—
w2 (50) 1—2t—12—2t3’
(2,0,3,0) 1—2t—¢2—2¢3
t 0 = _—
2 (50) 1—3t—t3+2t4
3 4
(3,0,3,0) 1 =3t —t7 42t
t,0) = d
g2 (40) 1—di+ 262 + a4t ™"
4,0,3,0 1 — 4t + 2t2 + 4¢*
§32 )(t, 0) =

1 — 5t + 52 + 5t4 — 245"

In this case, the sequence {inlog,; 0)(0)}n21 is sequence A077938 in the OEIS

s A—t—t%-2¢3 _
which has the generating function m. That is, 5—m—am —1 = ty—5— t2 553 -

This sequence had no listed combinatorial interpretation so that we have now given
a combinatorial interpretation to this sequence.

We can also find the coefficient of the highest power of 2 that occurs in lekl%f 0) (x)
for any k,¢ > 1. That is, it is easy to see that the maximum possible number of
matches of MMP(k,0,¢,0) for a 0 = 01...0, € 5,(132) occurs when o7 ...0 is a
132-avoiding permutation in Sy and o441 .. .0, is an increasing sequence. Thus, we
have the following theorem.

Theorem 5. For any k,{ > 1 andn > k+{+ 1, the highest power of x that occurs

in Q,(flg,f 0)( ) is 2" F=t which appears with a coefficient of C,.

We can compute the generating functions Qﬁ%’f’f’o)(t,m) via Theorem 2. For

example, one can compute that

I+t(-1+2) — /A +t(-1+2))2 — 4tz

(0,0,1,0)

t
132 (t, x) i ’

14+ t(1+)(—1+2) — /I F 0+ O (-1 + )2 — &t
QUO20 (1 1) +t(1+1)(—1+z) — /(1 +t(1+t)(—1+x)) " ond
2tz

(0,0.3,0) 1+t(1+t+2t2)(—1+1’)—\/(1—|—t(1+t+2t2)(—1+x))2—4t$
132 (,33) = T '

We can then use (3) to compute the functions of the form Q(k Db 0)( t,x) for small
k and ¢. The formulas for these functions get more and more complicated so we
will not in general give explicit formulas. However, one can easily use any computer
algebra system such as Mathematica or Maple to compute the following.
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GOt x) =14+t 4+ 267 + A+ 2)t® + (8 + 5z + 2°) t* + (16 + 172 + 8a° + 2°) ¢°
+ (32 + 492 + 382° + 122° + 2*) t° + (64 + 129z + 1412% + 772" + 172" + 2°) ¢
+ (128 + 321z + 4532” + 3612° + 1432" + 232° + 2°) ¢°
+ (256 + 769z + 13262 + 13992° + 834z + 2472° + 302° + 27) ¢ + -+ .

Gyt a) =14t 4262 + 5% + (13 + 2)t* + (34 + 7w + 2°) £°

+ (89 + 32z + 102° + 2°) ¢° + (233 + 1222 + 592 + 142° + z*) t'+

+ (610 + 4222 + 2722” + 1062° + 192" + 2°) ¢°

+ (1597 + 13762 + 10902” + 5912> + 182z* + 252° + 2%) ¢° + -+

QB (1 o) =1 4 t+ 262 + 5% + 14 + (41 + 2)¢° + (122 + 92 + 27) £°
+ (365 4 51z + 1227 + 2°) t* + (1094 + 2352 + 842° + 162° + 2*) ¢°
+ (3281 + 966 + 4542” + 1392° + 212" +2°) " + -+ .

We can explain several of the coefficients that appear in the polynomials

Qgﬁ’l%’;’o) (x) for various k.

Theorem 6. QS”&;’O) (0) =2""1 forn > 1.

Proof. This follows immediately from the fact that ngf ’1’0)(75 0) = ===-. We can
also give a simple inductive proof of this fact.

Clearly fi%’zl’o)(O) = 1. Assume that Q,gll%’gl’o (0) = 2k~ for k < n. Then
suppose that mmp:%19(5) = 0 and o; = n. Then it must be the case that the
elements to the left of o; are decreasing so that o1 ...0;,-1 = (n—1)(n—2) ... (n—(i—
1)). But then the elements to the right of o; must form a 132-avoiding permutation
of S,—1 which has no occurrence of the pattern MMP(1,0,1,0). Thus, if i = n,
we only have one such ¢ and if i < n, we have 2"~*~! choices for o;;;...0, by
induction. It follows that

ngllo?;%’()) =1+ Z 9i=1 _ gn—1

O

The sequence {Qﬁi’&;’o)(x)h}nz?, is the sequence A000337 in the OEIS which
has the formula a(n) = (n —1)2" 4+ 1, and the following theorem confirms this fact.

Theorem 7. Forn > 3,

QM (@)]e = (n —3)2" % + 1. (5)
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Proof. To prove (5), we classify the ¢ = o7...0, € S,(132) such that
mmp(1019(g) = 1 according to whether the o; which matches MMP(1,0, 1,0)
occurs to the left or right of position of n in o.

First, suppose that o; = n and the o, matching MMP(1,0,1,0) in o is such
that s < i. It follows that red(oy...0;-1) is an element of S;_1(132) such that
mmp(®%1:0) = 1. We proved in [9, Theorem 4.3] that nglog; -0) ()]« = () so that we
have ( 5 ) choices for o ... o;_1. It must be the case that mmp019 (g, ... 0,) =
0 so that we have 2"~*~1 choices for ;41 ..., by Theorem 6. It follows that there
are (" 1) +> 0, ! (Z 1)2” =1 permutations o € S,,(132) where the unique element
which matches MMP(l 0,1,0) occurs to the left of the position of n in o.

Next suppose that o = 7y ..., € 5,(132), mmp™%1.0(g5) = 1, 0; = n and the
os matching MMP(1,0,1,0) is such that s > ¢. Then the elements to the left of
0; in 0 must be decreasing and the elements to the right of ¢; in ¢ must be such
that mmp»019 (g, ...0,) = 1. Thus, we have 1 + (n — i — 3)2"~*~2 choices for
Oi+1-..0p by induction. It follows that there are

n—3

Y+ m—i-3)2" 2 = +§:gw+1

i=1

permutations o € S,,(132) where the unique element which matches MMP(1,0, 1, 0)
occurs to the right of the position of n in o. Thus,

n—4 n—1 ,.
, -1 i—1 ,
-3 j9J+1 n on—i—1
) + jél J + < 9 + _E . 9

1=

0,1 0
Q5 (@)]a

= (n—3)2""?+1.

Here the last equality can easily be proved by induction or be verified by Mathe-
matica. U

We also can find explicit formulas for the second highest coefficient of z in
(£-0.1,0) (x) for k > 1.

Theorem 8. We have
£,0,1,0 n—k
Q% (@) gn-2-k = 2k+( 5 ) (6)

for allm >k + 3.

Proof. We proceed by induction on k.

First we shall prove that QS”&;’O) ()| gn-3 =2+ (";1) for n > 4. That is, suppose

that ¢ = 01 ...0, € S,(132) and mmp™%19(g) =n — 3. If 6y = n, then 03... 0,
must be strictly increasing. Similarly, if ,,_1 = n so that ¢, = 1, then 07 ...0,_1
must be strictly increasing. It cannot be that o; = n where 1 < i < n — 1 because
in that case the most MMP(1, 0, 1,0)-matches that we can have in o occurs when
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01 ...0; is an increasing sequence and ;41 ...0, is an increasing sequence which
would give us a total of i —2+n—i—2 = n—4 matches of MMP(1,0, 1,0). Thus, the
only other possibility is if ,, = n in which case mmp©®%19(g; ... 0, 1) =n — 3.

We proved in [9, Theorem 4. 3] that Qflolo?;Zl,o (2)]gn-2 = (5). Thus, if o, = n, we

have (", ") choices for oy . . It follows that inloé;’O)(x”InfS =2+ (") for
n > 4.
Assume that & > 2 we have established (6) for kK — 1. We know that the highest

power of x that occurs in Q;klg)’;’o)( )is x

1 for n >k + 2. Now

n=1-k which occurs with a coefficient of

k,0,1,0) k 1,0,1,0) k,0,1,0
2132 ) |gn—2-r = Z i—1,132 )Qi—z‘,132)($))|mn*2*k~

Since the highest power of  that occurs in ng 1113?;’0)( ) is gmaxti=1=k0} and the

highest power of z that occurs in Qik_’gﬁzg (z) is gmax{n—i=1-k0}

k—1,0,1,0 k,0,1,0
(Qz('—17132 )(aj)Q;—i,B?)(x)”z"*Q*k =0
unless ¢ € {1,n — 1,n}. Thus, we have 3 cases.
Case 1. 7 = 1. In this case,
k—1,0,1,0 k,0,1,0 k,0,1,0
(Q§71,132 )(r)QLi,lgz)(w))lme = QEL—1,132)(Q:)|£U"’727’C =1

Case 2. i = n — 1. In this case, we are considering permutations of the form
0 =01...0n_9nl. Then we must have mmp*~1019 (red(oy ... 0, 2)) =n — k —

2= (n—-2)—1—(k—1) so that there is only one choice for o7 ...0,—_2. Thus, in
this case,

k—1,0,1,0 k,0,1,0 k—1,0,1,0
(Qz(el,wz )(x)Qifi,lsz)(x))lxan = Q’El—2,132 )($>)|m"*2*k =1L

Case 3. i =n. In this case,

k— 10,1,0 k,0,1,0) k—1,0,1,0
Q¥ % @)@ @) a2k = QY (@) an 2

— 2(k—1)+<”12(k1))
- 2(k—1)+<n;k)
forn—1>k—1+3.

Thus, it follows that Q1% " (2)|yn-—2-+ = 2k + ("3*) for n > k + 3. O

Similarly, we have computed the following.
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U020 (t,w) = 1+t + 262 4 56% + (12 + 22)t* + (29 + 11z 4 22°) £°

+ (70 + 452 + 152° + 22%) t° + (169 + 158z + 81z% + 192° + 227) 7
+ (408 + 509z + 359z* + 1292° + 23z* + 22°) t°
+ (985 + 1550z + 14092% 4 7002” 4 189z" + 272° 4 22°) ¢ + - .-

CO200 (4, 2) = 1+t + 262 + 5> + 14¢* + (40 + 22)t5 + (115 + 15z + 222) 10

+ (331 + 77z + 1927 + 22°) t" + (953 + 331z + 12122 4 232% + 22*) ¢°
+ (2744 + 1288z + 6242® 4+ 1772° 4 272" 4+ 22°) ¢ + -+ .

In this case, the sequence (Qﬁ’&;’o) (0))n>1 is A052963 in the OEIS which satisfies
the recursion a(n) = 3a(n — 1) — a(n — 3) with a(0) = 1, a(1) = 2 and a(2) = 5,
1—t—t2

and has the generating function {—;7.

GO (tw) = 14 ¢+ 262 4 565 + 14¢% + 426% 4 (130 + 2a)¢
+ (408 + 19z + 22%) t" + (1288 + 117z + 232> + 22°) ¢°
+ (4076 + 588z + 169z% + 272° + 22%) 7 + -+ - .

We have also computed the following.
3O () = 1+t + 262 4 56° + 14¢* + (37 + 52)t° + (98 + 29z + 527) ¢
+ (261 + 1242 + 392 + 52°) t7 + (694 + 475z + 2072” 4 492° + 52*) 1°
+ (1845 + 1680z + 9632> + 3102° + 592* + 52°) t”
+ (4906 + 56352 + 40562 + 1692z° + 433z + 692° + 52°) t10 4 - --

(2080 (4 2) =1+t + 22 + 53 + 14t* + 4245 + (127 + 52)tS

+ (385 + 39z + 52%) t” + (1169 + 207z + 492° + 52°) °
+ (3550 + 938 + 3102” + 592° + 5a*) ¢
+ (10781 + 38662 + 16422” + 433z° 4 692 + 52°) !0 4 .- .

(030 (4 2) =1+t + 22 + 53 + 144 + 425 + 13215 + (424 + 5a)t”

+ (1376 4 492 + 52%) ¢ + (4488 + 310z + 5927 + 52°) t°
+ (14672 + 1617z + 433z% + 692> + 52%) !0 + .. .
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We can also find a formula for the second highest coefficient in ngi%’;l 0) (x) for

m > 2.

Theorem 9. Forallk>1, m>2 andn>m+k+ 2,
(k,0,m,0) o
Q’I’L,132 ($)|In77n7k'71 = Cm+1 + (2k + 1)Cm + QCm(TL - k —m — 2).

Proof. First we establish the base case which is when & = 1 and m > 2. In this
case,
QLI @) = 3 QPITY () QUO D (0).
i=1

Since the highest power of x that can appear in Qn 103;" 0) (x)is "™ for n > m

and the highest power of x that can appear in inl%;n 0)( Yisa" ™ forn > m+1,

it follows that the highest power of x that appears in QZ (1) ;';20 )(m)Qf}_OZ%g ) (x) will

be less than ™ ™2 for i = 2,...,n — 2. Thus, we have three cases to consider.
Case 1. i = 1. In this case, Qgg’?”gf) (ac)Qil1 27&3)( ) = lel_’ol’ﬁl?;g) (z) and we
know by Theorem 5 that

1,0,m,0)
Q7(1 1732 ( )|x”*m*2 =C,, forn >m+2.

Case 2. i = n — 1. In this case, Qgﬂ’f;gf) (CC)QS 01717;3)( ) = leog’j&lg)(z) and it

was proved in [9, Theorem 4.2] that

QUG (@) ynm—2 = Cp, for n > m + 2.

Case 3. i = n. In this case, Qﬂf{’éf’( QU 2%3 (z) = Qﬁfj}f{gg)(z) and it was

proved in [9, Theorem 4.2] that
(0,0,m,0)
Qn_1,132 ($)|Inf'm,72 = Cm+1 - Cm + 207n(n -2 m) for n 2 m + 3.
Thus, it follows that

1,0,m,0
C2;,132 )(l’)

gn-m—2 = Cpmi1+ Cp +2C,(n—2—m)
Cm+1 +3Cm +2C,(n—3—m) for n > m + 3.

For example, for m = 2, we get that
QS’&’;’O)(;UHM,J =11+4(n—>5)forn>5
and, for m = 3, we get that

QS&%’S’O) ()|gn-s =29+ 10(n — 6) for n > 6,
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which agrees with the series that we computed.
Now assume that £ > 1 and we have proved the theorem for £ —1 and all m > 2.
Then

k,0,m,0 k—1,0,m,0 k,0,m,0
Qi ZQE i @Q T (@),
Since the highest power of x that can appear in an13120 . O)(x) is gn—m—(k=1)
(k,0,m,0)

for n > m + k and the highest power of z that can appear in @, 73, (z) is
2"~k for n > m + k, it follows that the highest power of 2 that appears in
lei;ll’gém’o)( QL (2 "9 () will be less than 2"~™~F=1 for i =2, ... n — 2. Thus,
we have three cases to consider.

Case 1. ¢ = 1. In this case, lei;,ll’gém’o)( )ng(i;rgzo (x) = Q;k;()l”qgg)(x) and we
know by Theorem 5 that

k,0,m,0
Q;71,132)(x)

gn-m—k—1 = Cp, form >m+k + 2.

Case 2. i =n — 1. In this case, ngz,ll’gém’o)(x)ng 2 %20)( )= Qflk;}%i%’;@’o)(x) and

we know by Theorem 5 that

lek:;,’l%’;b’o) ()| gn-m-k—1 = Cp, for n >m+k + 2.

Case 3. i =n. In this case, Q\* 1113?2’” 0 () Q™ OZ ) (2) = ngk__ll,i%gl’o) (z) and we

know by induction that
(k—1,0,m,0) _
Qn1132 (@)]gn-m-r-1 = Crmy1 4+ 2(k = 1) + 1)Cppy +2Cp(n —m — (k —1) = 1)
for n > m + k + 2. Thus, it follows that
QU (@) an-m-n1 = Copgr +(2k+1)Cr +2C (n—m—k—2) for n > m+k+2.

O

3. Qflk,i%g’e)(w) = Qﬁfffgg’“) (r) Where k,£ > 1

By Lemma 1, we know that anl%g 4 () = ngég 0 (x). Thus, we will only consider

leklg,g E)( ) in this section.

Suppose that n > ¢ + 1. It is clear that, for £ > 1, n can never match the
pattern MMP(k,0,0,¢) in any o € S,(132). For i < n — £, it is easy to see that

as we sum over all the permutations o in Sr(f)(132), our choices for the structure

for A;(o) will contribute a factor of ngz,ll’géo’o) (z) to Qif’l%’g’g) (z). That is, all the
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elements of A;(o) have the elements in B;(o) in their fourth quadrant, and B;(o)
consists of at least ¢ elements, so that the presence of n ensures that an element in
A;(o) matches MMP(k,0,0,¢) in o if and only if it matches MMP(k — 1,0,0,0) in
A;i(o). Similarly, our choices for the structure for B;(o) will contribute a factor of

Qilk 3 ?362)( ) to lekl%g L])( ) since neither n nor any of the elements to the left of n

have any effect on whether an element in B; (o) matches MMP(%,0,0, £).
Now suppose ¢ > n — £ and j = n — 4. In this case, B;(0) consists of j elements.
In this situation, an element of A;(0) matches MMP(k,0,0,¢) in ¢ if and only if it

matches MMP(k —1,0,0,¢ — j) in A;(o). Thus, our choices for A;(o) contribute a
factor of ng 1113?20 o ])( )= lek_jlq’%;])( ) to ngi%’g’[)( ). Similarly, our choices

for the structure for B;(o) will contribute a factor of Q (k, 3 ?382)( ) to anI%S Z)( )

since neither n nor any of the elements to the left of n have any effect on whether
an element in B;(0) matches the pattern MMP(k, 0,0, ¢). Note that since j < ¢, we

know that an OZ (1)32 (x) =Cj.
It follows that for n >0+1,

k,0,0,¢ (k—1,0,0,0) k,0,0,£
Q’El 132 )( ) = ZQz 1,132 )Qgﬁmsz)(x)"‘

Zc QY (). (7)

Multiplying both sides of (7) by t", summing for n > ¢ + 1 and observing that
Qg‘fcfgéo’@ (z) = C; for j < {, we see that for k, ¢ > 1,

-1

a0t ZC = QU ) | QU () =Y it | +
=0
l—j—1
(k 1,0,0,6—7) . s
tZCt (tx)— Y Cit
s=0

Thus, we have the following theorem.

Theorem 10. For all k, £ > 1,
Qi (t,2) =
Cpt! + Y05 Citi (1= 1Q5; 00 (¢, 2) + t(Q5y Y0 () — Ty Cut))
1 tQ "t 2)

(®)

Note that we can compute generating functions of the form leg,zo,o,o) (t,z) by

Theorem 1 and generating functions of the form Q%QO’O”Z) (t,z) by Theorem 3 so

that we can use (8) to compute le;,zo,o,e) (t,z) for any k,¢ > 0.
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3.1. Explicit Formulas for Qf{f’l‘;’;’") ()]

By Theorem 10, we have that

+ (1= 1Q, 00 (1,2)) + QY " (8 w) — 1)
1—t@§’§2”°°><,x>

l—tQ(k 1000)( )+tQ(k 1001)(7@

= . 9)
1 tQ "0 (1, 2)

%,0,0,1
Q1(L32 )(t, )

We note that Q(O 0,00 (t, x) = C(tx) so that Qﬁ%’g’”)(t, 0) = 1. As described in

the previous section, we have computed Q%’QO’O’O) (t,0) for small values of k in [9].

Plugging those generating functions into (9), one can compute that

(1,0,0,1) R

132 (t7 0) - (1 _ t)2 )

(2,0,0,1) 1—2t+2+ 13
t = _—

132 (t,0) 1—3t+22

1—3t+2t2+t*

(3,0,0,1)
t,0 = s
132 (’ ) 1—4t+4t2—t3,

(4,0,0,1) 1— 4t +4t2 — 3+ 15

t,0) = — and
12 (40) 1—nt+72—363 @
5,0,0,1 1—5t+ 7t —3t3 + 6
§32 )(ta 0) =

1—6t+ 112 — 73 + ¢4~

It is easy to see that the maximum number of MMP(1,0,0, 1)-matches occurs
when either o ends with 1n or nl. It follows that for n > 3, the highest power of x
n QS’&’S’”(@ is 2”72 and its coefficient is 2C,,_5. More generally, it is easy to see
that the maximum number of MMP(%, 0,0, 1)-matches occurs when o € S,,(132)
ends with a shuffle of 1 with (n — k+ 1)(n — k) ...n. Thus, we have the following

theorem.

Theorem 11. Forn > k+1, the highest power of z in anlgg 1)( ) isx

its coefficient is (k + 1)Cn_k._1.

n—k—1 and

In general, the formulas for QEIE’QO’O’Z) (x,t) become increasingly complex as ¢ in-
creases. For ¢ = 1, the formulas are reasonable. For example, using (9) and Theo-
rem 3, we have computed that

1—t+2t% — 2tx — 2t%x + (1 — t)/1 — dtx
1—2t+2t2 =2t + (1 —2t)/1 -4tz
1—2t+2t2 4265 — 2tx — 263z + (1 — 2t)/1 — 4tz
1 —3t+3t2 — 2tw + 2t2x + (1 — 3t + t2)y/1 — 4tz ’
1— 3t + 3% + 2t* — 2tx + 2%z — 2tz + (1 — 3t + ?)/1 — 4tz
1— 4t + 512 — 2t3 — 2tx + 482z + (1 — 4t + 3t2)/1 — 4tz

1,0,0,1
Qgsz )( t):

QR (o, t) = and

3,0,0,1
Qgsz )( t):
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We have also computed that

POOD (4 o) =1+t 4+ 262 + (3+ 22)t° + (4 + 6z + 4a2)t*

+(5 + 122 + 1522 + 1023)t° 4 (6 + 20z + 3622 + 4223 + 282*)t°

+(7 4 30z + 7022 + 11223 + 1262 + 842°)t”

+(8 + 422 + 12022 + 2402% + 3602 + 3962° + 2642°)¢

+(9 + 562 + 18922 4 45023 + 8252 + 11882° + 12872° 4 85827)t° +

It is easy to explain some of these coefficients. That is, we have the following
theorem.

Theorem 12. We have
(i) QS%Sl (0) =n for alln > 1,
(i) Quiza " (@)]s = (n—1)(n —2) for alln > 3, and

(iii) Q'35 (@)|pn-s = 3Cp_z for all n > 3.

Proof. To see that Qn1103g 1)(O) = n for n > 1 note that the only permutations
o € 5,(132) that have no MMP(1,0,0, 1)-matches are the identity 12...n plus the
permutations of the form n(n —1)...(n —k)12...(n —k —1) for k = 0 ,n—1.

For n > 3, we claim that

a(n) = Q' i (@)]e = (n —1)(n - 2).

This is easy to see by induction. That is, there are three ways to have a o € S,,(132)
with mmp(%01)(g) = 1. That is, o can start with n in which case we have
a(n—1) = (n—2)(n — 3) ways to arrange o2 ...0, or ¢ can start with (n — 1)n in
which case there can be no MMP(1,0,0, 1) matches in o3 . .. 0, which means that we
have (n—2) choices to arrange o3 ... oy, or o can end with n in which case o1 ... 0,1
must have exactly one MMP(0, 0, 0, 1)-match so that [9, Theorems 3.1, 3.3, and 5.1],
we have n — 2 ways to arrange oy ...0,. Thus, a(n) = (n —2)(n — 3) +2(n — 2) =
(n=1)(n—2).

For inlog)g 1)(QU)|,¢.TL—3, we note that
(1,0,0,1) = Qoo (0.0.0,0) (1) 4(1.00.1)
Qnize (@) = Q7 15(@)+ Z Qz 1132 ()@ 5 153 (2)
i—1,(1,0,0,1
= +ZO* lQn 1132)()
Thus,

1,0,0,1 (0,0,0,1 1,0,0,1)
Q;,132 )($)|x"—3 = Qn 1, 13%( Nan—s + ZCZ 1Q1(1 1132( T)|gn—i-2.
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It was proved in [9, Theorem 5.2] that Qgg’%’g’l)(x)

by Theorem 11,
lel”l%g’l)(xﬂwn_z = 2C,,_ for n > 2. Thus, for n > 3,

gn—2 = Cp_1 for n > 2 and,

n—2
ng%g’l)(w”zn—?‘ = Cha+t Z Ci—12C,—i—2
i=1
n—2
= Cho+2 Z Ci—1Cp_i—2 = Cr_a +2C,_9 = 3C,_a.
i=1

One can also compute that

ZOOD (4 2) =1+t + 262 + 563 + (11 + 32)t* + (23 + 132 + 622)t°

+ (47 + 402 4 302% + 1523)t5 + (95 + 1072 + 1042 4 8123 + 4224)t”
+ (191 + 2662 + 308z% + 30123 + 2382 4 1262°)t°
+ (383 + 633z + 8372 + 9492% + 9262* + 7382° + 3962°)t” + - - -

and

GOOD (4 ) =1+t + 262 + 563 + 14t* + (38 + 42)t° + (101 + 232 + 822)t0
+ (266 + 922 + 5122 + 202%)t7 + (698 + 3202 + 22122 + 1352% + 562*)t®

+ (1829 + 1038z + 82122 + 61423 + 392z* + 168x°)t? + - - - .

Here the sequence (Qﬁfgg’”(O))nzl which starts out 1,2,5,11,23,47,95,191, ...
is the sequence A083329 from the OEIS which counts the number of set partitions 7
of {1,...,n}, which when written in increasing form, is such that the permutation
flatten(w) avoids the permutations 213 and 312. For the increasing form of a set
partition 7, one write the parts in increasing order separated by backslashes where
the parts are written so that minimal elements in the parts increase. Then flatten(r)
is just the permutation that results by removing the backslashes. For example,
m = 13/257/468 is written in increasing form and flatten(7) = 13257468.

Problem 2. Find a bijection between the o € S,,(132) such that mmp(>0:%1) (¢) =
0 and the set partitions 7 of n such that flatten(w) avoid 231 and 312.

None of the sequences {foi%’g’l)(())}nzl for k = 3,4,5 appear in the OEIS.

Similarly, one can compute that

k—1,0,0, k—1,0,0, k—1,0,0,
002y oy = 1= (E+ Q5 0V (12) +1Q5, 0P (t2) + Q15 0V (1)
132 ’ - — .
1= 1Qi5 " (t,2)

Then one can use this formula to compute that
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(002 (¢ 2) =1+t + 262 + 53 + (9 + 52)t* + (14 + 182 + 1022)¢°

+ (20 + 42z + 4522 + 2523)t5 + (27 + 80z + 12622 + 12623 + 70z4)t”
+ (35 + 1352 + 28022 + 3922 + 3782 + 2102°)¢®
+ (44 + 210z + 54022 + 9602 + 12602 + 108825 + 6602°)t7 + - - - .

It is easy to see that permutations o € S,,(132) which have the maximum number
of MMP(1,0,0,2)-matches in o are those permutations that end in n12, n12, 21n,
2n1 or n21. Thus, the highest power of z that occurs in QS’&&Q)(JU) is "3, which
has a coefficient of 5C,, _3.

Also,

ZOO2) (4 ) = 1+t + 262 + 5% 4 14t* 4 (33 + 92)t° + (72 + 422 + 1822)¢°

+ (151 4 1352 4 9822 + 4523)t7 4 (310 + 370z 4 35822 + 2662> + 126" )t®
+ (629 + 9312 + 109322 + 104723 4 7842 + 37825t + .- .

Tt is easy to see that permutations o € S,,(132) which have the maximum number
of MMP(2,0, 0, 2)-matches in o are those permutations that end in either a shuffle
of 21 and (n — 1)n or (n — 1)nl2, (n — 1)12n, and 12(n — 1)n. Thus, the highest
power of x that occurs in Qgifg’gz) (z) is 2"~* for n > 5, which has a coefficient of
9C,—4.

We also have

(002 (4 ) = 1+ ¢+ 242 + 53 + 14t* + 425 + (118 + 142)tS

+ (319 + 82z + 2822)t7 + (847 4 329z + 18422 + 702°)t®
+ (2231 + 1138z + 80722 + 4902* + 1962*)t” + - - -

It is easy to see that permutations o € S, (132) which have the maximum number
of MMP(3,0,0, 2)-matches in o are those permutations that end in either a shuffle
of 21 and (n—2)(n—1)nor (n—2)(n—1)n12, (n—2)(n—1)12n, (n—2)12(n—1)n,
and 12(n — 2)(n — 1)n. Thus, the highest power of x that occurs in Qﬁ’%g’z)(m) is
xz"™~® for n > 6, which has a coefficient of 14C,,_5. More generally, the maximum
number of MMP(k, 0,0, 2)-matches in o are those permutations that end in either
a shuffle of 21 and (n—k+1)...(n —1)n or

(n—k+1)...n—Dnl2,(n—k+1)...(n—1)12n,...,12(n—k+1)...(n — )n.

Thus, the highest power of z that occurs in ng’l%’gg)(x) is 2"k=2 for n > k + 3,

which has a coefficient of ((kf) +k+ 1) Cr—k—2 = 3(k+4)(k+1)Cp_g_2. None

of the series {leklg)g?) (0)}n>1 for k= 1,2,3 appear in the OEIS.
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4. Qimo,’llgé’o) (x) = Qﬁff’fgﬁ"“) (z) Where k,£ > 1

(0,k,£,0) (0,0,0,k)

By Lemma 1, we know that Q,, 135" (z) = Q,, 139 ( ). Thus, we will only consider
Qflolgf O)( ) in this section.

Suppose that n > k. It is clear that n can never match the pattern MMP(0, k, ¢, 0)
for k > 1in any o € S,,(132). For i > k, it is easy to see that as we sum over all the
permutations o in Sy, @ (132), our choices for the structure for A;(o) will contribute

a factor of Qigff;;)( ) to Qg)lkéé 0) (x) since none of the elements to the right of

A;(o) have any effect on whether an element of A;(0) matches MMP(0, k, £,0). The
presence of n and the elements of A;(o) ensures that an element in B;(o) matches
MMP(0, k,£,0) in o if and only if it matches MMP(0,0,¢,0) in B;(c). Thus, our

choices for B;(o) contribute a factor of Qnogl;?%( ) to leollgf O)( ).

Now suppose i < k and j = n — 4. In this case, A;(o) consists of i — 1 elements.
In this situation, an element of B;(c) matches MMP(O, k,¢,0) in o if and only if
it matches MMP(0,k — ¢,¢,0) in B;(c). Thus, our choices for B;(o) contribute a
factor of Q;O;’j,‘lgf’o)( ) to Q,f’l’gﬁ 9 (z). As before, our choices for the structure for
A;(o) will contribute a factor of Qgg’f’fé%) (z) to Q;(T’llg’f’o)(a:) but in such a situation

kb
QEO 1 1302)( ) =Ci-1.
It follows that for n >k,

0,k,£,0) 0,k,£,0) (0 0,/,0 0,k—4,£,0
Q) = QD@ +§ :CJ Q" (@) (10)
i=k
Multiplying both sides of (10) by t", summing for n > k and observing that

Qg.?l’];éz’o) (x) = Cj for j < k+ ¢, we see that for k, £ > 1,

k—1 k—2
0,k,,0 ; 0,0,£,0) 0,k,£,0 s
g32 )(t755) - Z Citt = tQ§32 ( ) ( 532 )(ta T) — Z Cst )
j=0 s=0
k—2

k—1—2
+HY Ot (Qlfl,f mLEO) Z Ct)

=0
It follows that we have the following theorem.
Theorem 13. For all k,0 > 1,

0,k,£,0
ng )( t,x) =

k—2 k—j—2
Gt 4 T (121080 41 (@00 - Y ) )

j=0
0,0,£,0
1- thsz >( t,x)

(11)

(9.0, O)(t, x) by Theorem 2, we can use (11) to compute

Since we can compute Q132
QW0 (t,x) for all k, € > 1.
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4.1. Explicit Formulas for Qflo”lg’é’o) ()]

Our first observation is that we have the following theorem.
Theorem 14. For all £ > 0,

1,0,6,0 0,1,£,0
Qs (t,7) = Qi (¢, ). (12)
Proof. By Theorems 1 and 3, Q%’QO’O’O)(L‘,;U) = g%bl,o,o) (t,z) = #@t) By (2),
we have that
1,0,6,0 0,0,£,0 1,0,6,0
;132 (@ ZQE 1, 132) 51 1132)(@ (13)
On the other hand, by (10), we have that
0,1,,0 (0,1,£,0 ooeo
7(1 132 ) ZQz 1 132) Qni 132)(@ (14)
or, equivalently,
0,1,@0 ooeo 0,1,@0
Qn 132 Z Q Qni 132) (2). (15)

Comparing (13) and (15), we see that we can easily prove by induction that
leollsg O)( ) = QS’&’S’O) (x) for all n > 0 for any ¢ > 1.

In fact, one can recursively construct a bijection 0, : S,(132) — S,(132) such
that for all o € S,,(132),

mmp 040 () = mmp* 40 (6, ().

For n < 14 ¢, we simply let ©, be the identity map. Then if n > 1 + ¢, we
inductively define ©,, as follows. First, for any permutation ¢ = o1...0, € S,
and i > 1, we let 1; (0) = (01 +4)...(on +4). Similarly, if v = 71 ..., is some
rearrangement of {i + 1,...,7+n}, then we let [; (v) = (1 — 1) ... (0 —1)-

Then if 0 € S,(f)(132), we can write 0 = A;(0)nB;(0) as in Figure 2. Thus
Bi(0) € S,—i(132) and A;(0) is a rearrangement of {n —i+1,...,n— 1} such that
red(A;(o)) € S;—1(132). Then we let

On(0) =Tn—i (On—i(Bi(0))) n ln—i (Ai(0)). (16)
It is then easy to check from our proofs of (13) and (14) that ©,, is the desired
bijection. O

We note that it is not true that Q12 0,.0) (t, x) = 52’22’670)(

have computed that

t,x). For example, we

(2’0’1’0)(15 ) 17t+2x+tx—\/1+(17x)2t74xt
, T =

192 1—t— 22+ 3tz — \/T+ (1 — )2t — 4at
0,2,1,0 Ata?

gsz )(ta$) = 1+

.
(1—t+2x+tx—\/1+(1—x)2t—4xt)
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It follows from Theorem 13 and Theorem 2 that

(0,1,£,0) _ 1
132 (t7 0) - (0’0,&0)
132

(t,0)
1

1—-¢

1
1-t(Co+Crt+---+Cp_1tt~1)

1= t(Co+ Cit+ -4 Cpqtt™h)
T 1 —t(1+Co+ Ot + -+ Cpqttly’
Thus, one can compute that
(0,1,1,0) 1-1
£0) = ——
132 ( ’ ) 1 — 92’
2
(0,1,2,0) L—-t—t
132 (8,0) = o
(0,1,3,0) Cl—t—t2 28
(00 = T and
0,1,4,0 1—t—1t2—2t3 — 5t
B t0(t.0) =

Similarly, one can compute

1—2t —2 — 23 — 54’

(0,1,2,0)

02.00); oy _ L= 0QIH" " (o) + Q1 O (ta) _ Q15" (ta)
132 ’ - 0,0,£,0 - 0,0,£,0 :

_Qg?,z )(,a:) _Q§32 )(,x)
Note that

¢ 1

—t(Co+Chtt-+Ce_1t* 1)

1—

t(1+Co+Cit+--+Cp_1tF~1)

QU240 ¢ 0) 1+

1

1+

—t
t(1 — t(Co + Cit + - -

1
1—t(Co+Crt+--+Cpr_1t*~T)
—1Y\2
+ Co_qt*™1))

(1—-t(1+Co+Cit+---

Thus, it follows that

T Gt 1)2

(0,2,1,0) AN ;

(0.2.1,0) ;. 0)—-1*‘t(12t) ’

15" (1,0) = 1+1 (11__ 2tt_—tt22>2 |
%g&wao)—l+t(f:;_iz_§;>iZmd
g%,zz,zl,O) (t,0) =1+t (11__;__1552__2;;3__5;:4>2 ’
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We can use our previous computations of Q&%’Q’Z’O)(t,x) and (11) to compute

gg’g’e’o)(t, z) for all £ > 1. For example, we have computed

QU210 (1, 0) =14t + 202 + 5% + (12 + 22)t* + (28 + 12z + 22°) 7+
+ (64 + 48z + 1827 + 22%)1% + (144 + 1602 + 9722 + 2623 + 22*)t”
+ (320 + 480z + 40822 + 18423 + 362* + 22°)¢8
+ (704 + 1344z + 14792% 4 95823 + 3272 + 4825 + 225)t7 + .- - .

QU220 (1 2) = 14t + 202 + 5t% + 141* + (38 + 42)t> + (102 + 262 + 422)1°
+ (271 + 1202 + 3422 + 427 + (714 + 4702 + 20022 4 4223 + 4218
+ (1868 + 1672z + 96422 + 3042 + 502 + 42°)t° + - - .

QUZ30 (1 2) = 1+t + 262 + 5t5 + 14¢* + 4245 + (122 + 102)¢°
+ (351 + 682 + 1022)t7 4 (1006 + 3262 + 88x2 + 102%)t®
+ (2168 + 1364z + 51222 + 1082 + 102*)t” + - - - .

QU240 (1, 2) = 14t + 202 + 5t3 + 14¢* + 42¢° + 13240
+ (401 + 282)t" + (1206 + 1962 + 2822)t® 4 (3618 + 964z + 25227 + 28x3)t? + - -

We note that the sequence (QS}’E{%’O) (0))n>1 is sequence A045623 in the OEIS.

The nth term of this series counts the number of 1s in all compositions of n + 1.
Moreover, using the fact that ﬁ = ,>o(n+1)2"t", it follows that for n > 3,

0.2,1,0 1—2t—¢2
Qi) = g e
= n2" 1t —2((n—-1)2""2 4 (n—2)2"3
2" 3(4n —4(n — 1) +n —2)) = (n+2)2" 3.

Since 2 = (2 + 2)2273, we see that we have the following theorem.

Theorem 15. For alln > 2, Qﬁgfg’;’o)(o) = (n+2)2"73.

In this case, we can explicitly calculate the highest and second highest coefficients

that appear in Qﬁgﬁojg’o) (z) for sufficiently large n. That is, we have the following

theorem.
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Theorem 16. The following hold.

(i) For all? > 1 andn > 341, the highest power of x that appears in Q£LO’123’5 0)( )

is 22~ which appears with a coefficient of 2C.

-2
(i) For alln > 5, Q77’0123);70)($)|xn74 =6+ 2<n 5 >

(i) For alll > 2 andn > 4+, Q;O,’ég’o) (@)|gn-3-¢ = 2Cp41+8C+4Cy(n—4-1).

Proof. For (i), it is easy to see that the maximum number of MMP(0, 2, ¢, 0)-matches
occurs for a o € 5,(132) if o starts with (n — 1)n or n(n — 1) followed by any
permutation of Sp(132) followed by ¢+ 1,£+2,...,n— 2 in increasing order. Thus,
the highest power of z in Qgg’f’é’o)(t, x) is anf2

For parts (ii) and (iii), we use the fact that

0,2,6,0 0.LL0) 0:2.60) (1) 9(0:0.40
Qi Fi () = QY 1132( +ZQE 1132 )Y 1,132)(@'

and its coefficient is 2CY.

It was proved in [9, Theorem 4.2] that for n > ¢, the highest power of z that

. 0,0,£,0 . - . N . .
occurs in Q; 132 )( ) is 2"* and its coefficient is Cy. Moreover, it was proved in

[9, Theorem 4.3] that
gn—2 = (Z) forn > 2

and in [9, Theorem 4.2] that, for £ > 2,
10,4,
Qg?1032 0 (z)

It follows that for 4 < ¢ < n — 1, the highest power of x that appears in

Qggff;;)(z)Q;Ojigg(z) is less than n — £ — 3. Thus, we have four cases to consider

when computing Qggféé’o) ()] gn-a.

0,0,1,0
C2;,132 )(1’)

an—1—¢ =Cpp1 — Co+2Ci(n—1—¥¢) forn > 14 ¢.

Case 1. Q;O b 11??%( )|zn—4. In this case, by Theorems 6 and 14, we have that,

n—2
Qs =24 (") forn s
Case 2. i = 2. In this case ng_figg) (x)Q;O_gllg (x) = Qflof’%yll’gg(z) and

Case 3. i = 3. In this case Q\ f’}gf;)( Q! 01’11’302( ) = 2Q! %11’:?%(3:) so that we

obtain a contribution with ZQilof(;’llg%( ) gn-4 =2C1 =2 for n > 5.
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Case 4. ¢ = n. In this case Qlo 31302)( )Q;O (1’11}302( ) = ng’%’ll’gg(x) so that we

obtain a contribution with Qflo’gl’ll’;)Q( ) gn-4 =2C1 =2 for n > 5.

Thus, it follows that

-2
QOB ()] ns = 6.+ 2(” ; ) for n > 5.

o : . 0,2,£,0
Similarly, we have four cases to consider when computing Q,(l P ) (2)|gnas for

{>2.

Case 1. Q;O 11£1g)2( )|zn—3-¢. In this case, by Theorems 6 and 14, we have that

QU (@) gns-e = Cogr +3C, +2Ci(n — 4 —{) for n > 4+ L.

Case 2. i =2. In this case Q; 2% fBOQ( )Qflo 0/1;)2)( ) = Qf&%ﬁ’g% (x) and

Qg) 02e1g)2( Nan—3-¢ = Crp1 — Cp+2C(n — 3 — ) for n > 3 + /.

(0,0,¢,0)

Case 3. ¢ = 3. In this case Qg@f:f’g@)@f%ﬁgg( ) = 2Qn 3, 132(1:) so that we
obtain a contribution with 2Q20;%f1’g)2(3:)|wn_3_e =2C, form >4+ 4.
Case 4. 4 = n. In this case ng’f’fgoz)( )Q(Oozligz)( ) = QSLO 21€1g)2( ) so that we

obtain a contribution with QS) 2111§2( gn-3-¢ = 2C, for n > 4 4 £.

Thus, it follows that for n >4 4 ¢,

20041 +4C +4Cy(n —3 =)
2Cp41 +8Cy + 40@(71 —4— f)

0,2,£,0
QU (@) st

For example, when ¢ = 2, we obtain that
Q;())’lzég’o)(x)unfs =26+8(n—6) forn>6
and, when ¢ = 3, we obtain that
Quiz"” (@)

which agrees with the series that we computed. O]

en—-6 =68 4+20(n—"7) forn>7
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5. QUs2Y () Where k,£> 1

Suppose that n > k+¢. It is clear that n can never match the pattern MMP(0, k, 0, ¢)

for k> 1 in any o € S,,(132). There are three cases that we have to consider when

dealing with the contribution of the permutations of S5’ (132) to Qnolgg Z)( ).

Case 1. 7 < k — 1. It is easy to see that as we sum over all the permutations
o in S(i)(132) our choices for the structure for A;(c) will contribute a factor of

Ci—1 to Qnolgg 2)( ) since no element in A;(o) can match MMP(0, k,0,¢). The
presence of n plus the elements in A;(o) ensure that an element in B;(o) matches
MMP(0, k,0,¢) in o if and only if it matches MMP(0,k — ¢,0,¢) in B;(c). Hence

our choices for B;(o) contribute a factor of Qno ]Z 1133 Z)( ) to Q (©, k % Z)( ). Thus, in

this case, the elements of S (132) contribute C’l,lQELO_]zJES z)( ) to QS)I%S i)( )

Case 2. k < i < n —/{. Note that in this case, there are at least k£ elements
in A;(0) U{n} and at least £ elements in B;(c). The presence of the elements in
B;(0) ensures that an element in A;(c) matches MMP(0, k, 0, £) in o if and only if it
matches MMP(0, k,0,0) in A;(c). Hence our choices for A;(o) contribute a factor
of QUAE (1) to QUL ().

The presence of n plus the elements in A;(0) ensures that an element in B;(o)
matches MMP(0, k, 0, ¢) in o if and only if it matches MMP(0, 0, 0, ¢) in B;(o). Thus,
our choices for B; (o) contribute a factor of Q;OLOZ-”%Q)( )t Qflolgg 2 (x). Thus, in this

case, the elements of S (132) contribute Qg?f’fég)(z)c)ﬁfjﬁfg( ) to Qi?l’g;) 9 ().

Case 3. i > n—4¥f Let j = n—1isothat j < ¢. Tt is easy to see that
as we sum over all the permutations o in S5 (132), our choices for the struc-

ture for B;(o) will contribute a factor of C; to Qnollgg 4 (x) since no element in

B;(o) can match MMP(0, k,0,¢). The presence of the elements in B;(0) ensures
that an element in A;(o) matches MMP(0,k,0,¢) in o if and only if it matches
MMP(0, k,0,¢ — j) in A;(0). Hence our choices for A;(o) contribute a factor of

szo @Oféz( ) to Qn01k3§ z)(917). Thus, in this case, the elements of S,(f)(132) con-
0,k,0,¢ 0,k,0,¢
tribute C’]Qg,jfl,uz,%( ) to le 132 )( )-

It follows that for n > k + ¢,
0,k,0,¢
Q'EL,132 )(33) =
k—1
0,k—1,0,¢ 0,k,0,0 0,0,0,¢ 0,k,0,€
ZCFng—i,lfm ) )+ ZQE 1 132) ; z',132) )+ ZC Q; —j—1 1%2( ). (17)

Multiplying both sides of (17) by ¢t" and summing, we see that
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k4+¢—1 k—2 k4+0—75—2
52 (1, Z Gt =t Oﬂ( PR (RS cw)
7=0 s=0
O,k,OO u 0,0,0,¢ v
+t<§32 ZCt)(ﬁw (¢ ZCt)
u=0 v=0
k44—

ch (Q(O’“”” Z C’ts>

7=0
Thus

0,k,0,¢
Q§32 )(t7 T) =

k4f—1 ktl—j—2
ZCtMrt ZCH( (Ok=1=1.00 ¢ Z C’t5>
+t( 5%’2‘“’0’@(@3:)—20@“)( i 0 ZCt”)
u=0
—1 ‘- k+0—
) i .
Zqﬁ( (Ok-0.6=0) (4 Z C t) . (18)
7=0

Note the first term of the last term on the right-hand side of (18) is ¢( g%bk’o’e) (t,x)—
E};HO ? Cut™) so that we can bring the term tQ%%’Qk’O’Z) (t,x) to the other side and
solve Q(O £,0.6) (t, x) to obtain the following theorem.
Theorem 17. For all k.0 > 1,

Oy (t, )

(o,k,o,e)(
132 1—¢

t,x) =

where
kt+e—1 k40—2

Dy 4(t, ) Z Cith — Y !
,':0
_ k—f—j—2
Z@ﬂ'( g%gf*]*l,o,l)(tx)_ Z Csts>
j=0 s=
k-2
+t< 5%’2’“0’0)(t,x>—zcut“> (Q<0°”> Zo t”)
u=0
0—1 ( ) k+l—j5—2
Zqﬂ'( 0,ke,0,6— Z Cu,t”>
=1

Note that we can compute Qlo &0, 0)( x) and Q(O 0.0.6) (t,z) by Theorem 3 so
that we can use (19) to compute Q(lgf’o 13)( t,x) for all k,¢ > 1.
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5.1. Explicit Formulas for fo”l’;’;’") ()]

It follows from Theorem 17 that

0101 o _ 1+ 1Q1g) O "0t 2) Q1% " (t,x) — 1)
132 ’ 1—¢ ?

and

Qi (t,x) =
0,1,0,1) 0,2,0,0) 0,0,0,1 0,2,0,0 0,0,0,1)
1+ tQ<132 ( z) + tQ§32 (t: JU)Q<132 >(t: T) — tQ<132 >( T) — thi‘}Q ( ) ]

1—-t
(20)
Similarly, using the fact that
Q" () = Q1 " (¢ @) and QT (¢, ) = Q1% Y (¢, @),
one can show that
Qi (1) =
L+ ()05 "V (¢ 2) + 1@ (t,2)* — (2t +2)Q%5 "V (1, 2)
i . (21)
One can then compute that
0101 4y ROLOD (¢ g) + SOLO (¢ 2)/T — 4tz
182 A (1—1)(1 — 2t + /1 — 4tx)? ’
(0,2,0, 1)( t ) RO20D (¢ g) 4+ §O201) (¢ 2)/T — 4t .
132 ’ (1 —1)2(1 — 2t + /1 — 4tx)3 ’
QU202 ) RO202) (¢ 2) 4 §O202)(¢, 2)/T— dtx
182 A (1—1)3(1 — 2t + /1 — 4tx)* '
where
ROLOD (4 2y = 2 — 4t + 612,
SOLON (¢ 2y = 24t + 2%,
ROZ0D (¢ 2y = 4 — 16t + 28t% — 24t° + 12¢* — 8t° — 12tx + 3612z — 36t°x
+8t4x + 8tz
SO0 (4 ) = 4 —16t 4 28t% — 16t° 4 4t* — dtx + 4%z — 43z,
RO202) (¢ 2y = 8 — 48t + 128t% — 1841 + 176t* — 104¢° + 16t° + 2417

—32tx 4+ 160t2x — 352t3x + 352tz — 192t°x + 40t°x
—24t"x + 16t%22 — 326322 + 32t*2? 4 16522,

SO202) (¢ 2) = 8 — 48t + 128> — 184¢> + 160t* — 727
—16t° + 8t7 — 16tz + 64t%x — 963z + 48t*x + 24t52 — 8t x.
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Here are the first few terms of these series.
OLOD( a) =14+t 422 + (4 + o)t + (7 + 52 + 222)t* + (11 + 14z + 122 + 52°)1°
+ (16 + 30z + 392° + 332> + 142™)t® + (22 + 55z + 9527 + 1172 + 982" + 422°)t”
+ (29 + 91z 4 1952° + 3092° 4 362" + 3062 + 1322°)¢°

+ (37 + 140z + 357z + 684> + 1028z* + 11972° 4 9902° + 42927)t” + - - .

QOO (t,x) =1+t + 262 + 5t° + (12 + 2z)t* + (25 + 13z + 42*)t°
+ (46 + 45z 4 312” + 102)t® 4 (77 4+ 1152 + 1242% + 852° + 282™)t”
+ (120 4 245z + 3592 + 3702° + 252" + 842°)t°
+ (177 4 462z + 854x° + 11592° 4+ 1160z* 4 7862° + 264x°)t°

Q(o,z,o 2)(t z)=1+t+ 2t% 4+ 53 + 14t* + (38 4+ 435),5 + (91 4 33z + 82 )
+ (192 + 1392 + 782> + 202°)t” + (365 + 419z + 377z + 213z° + 562" )t
+ (639 + 1029z + 128022 + 11162° + 630" + 1682°)t” +

It is easy to find the coefficients of the highest power of z in Q(Olgg 4 (x). That
is, we have the following theorem.

Theorem 18. Forn > k+ {41, the highest power of x that occurs in Qiollgg [)( )

is 2 F= which occurs with a coefficient of Ci,CyCh—_p—s.

Proof. 1t is easy to see that the maximum number of MMP(0, &, 0, £)-matches occurs
for a o € 5,(132) if o starts with some 132-avoiding rearrangement of n,n —
1,...,n—k+ 1 and ends with some 132-avoiding rearrangement of 1,2,...,¢. In
the middle of such a permutation, we can choose any 132-avoiding permutation of

{+1,...,n—k. It follows that the highest power of z which occurs in ng’lg’g’é)(x)

is £ %= which occurs with a coefficient of Cy,CeCl—_j—p. O

We can also find an explicit formula for a coefficient of the second highest power

of x that occurs in Qflo,’llég’l)(x).

Theorem 19. Forn > 4,
Qinn ™ (@)ln—s = 2Cn—2 + Cp_s.

Proof. In this case, for n > 3,
0,1,0,1 1,0,1 ,0,0 0,0,0,1
Q; 132 (@) = Qn 1 13% )+ Z Ql 1 132) 51 1132)@) (22)

We have already observed that QS&S 0)( )= leo’ll?;g -0) (x) so that for all n > 0,

le%g 0)( ) = Q;O’llég 0)( ) = Qi?”logg 1)( ). In addition, we proved in [9, Theorem
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3.3] that for n > 1, the highest power of = that occurs in Qfll,’loég’o) (x) is x

n—1

31

and

Q0 ” (@)]an-r = Cooy and that for n > 2, Q40" (2)[gn-2 = Coy. Tt follows

that for n > 4,

0,1,0,1 0,1,0,1 (0,0,0,1
Q’I(’L 132 )( )|I"_3 = le;1713%( )|lm 3 +Qn 2, 13%(x)|w"_3 +
n—1
0,1,0,0) 0,0,0,1
Z Q’E 1,132 ( )‘937 QQ'EL i,132) (x)|a:"—i—1
=2
n—1
= Chs+Choat Z Ci2Cn_i1
1—2

= Cn73 + Cn72 + Cn72 = 2Cn72 + Cn73~

We can also get explicit formulas for Qlo 0 1)(t, 0), gg,zz,o,l) (¢,0),
Qg%; 02)(£,0) based on the fact that we know that
0,1,0,0 0,0,0,1)
532 )(t,()) = Qggz ( ) — and
0,2,0,0 0,0,0,2 1—t+t2
Q0 = QY0 = Ty

Then one can use the above formulas to compute that

(0,1,0,1) o 1=2t+ 22 )

132 (,0) = EDE

0,2,0,1 1—3t+4t2 — 3 ¢4

532 )(t70) = (1 _ t)4 ) and
02024 gy — 1 — 4t + 7t? — 5t3 4+ 444 + 2t°
132 (,0) = =ty .

These generating functions allows us to prove the following results.
Theorem 20.

n
Quize () = 1+ (2) forn =2,

2_3n+5
Q510123(2) 1)() = %fornz& and

5nt — 34n* 4+ 103n2 — 122n + 72
Q'Elol23(2)2)() = = nt 24n nt forn > 4.

1
Proof. Note that for any k > 1, T—0F = Z

n>0

k—1

mial theorem. Thus for n > 2,

2 1
0 - ("1 2" ) +2(2)

O

and

k-1
<n + )t" by Newton’s bino-
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For n > 3,

3 2 1 —1
o= (7)) 7))+ ()

For n > 4,

4 _
QU (0) = <n1 ) —4(7113) +7<"I2> —5(”21L 1) +4<Z> +2<” ) 1).

One can then use Mathematica to simplify these formulas to obtain the results
stated in theorem. O

The fact that Qgg’llég"l)(O) =1+ (}) for n > 2 is a known fact [4, Table 6.1] since
avoidance of the pattern MMP(0,1,0,1) is equivalent to avoiding the (classical)
pattern 321 so that we are dealing with avoidance of 132 and 321.

The sequence {Qfﬁ’fég’l)(())}nzl is A116731 in the OEIS counting the number of
permutations of length n which avoid the patterns 321, 2143, and 3142. Thus we
get an alternative combinatorial interpretation of this sequence which is number of

permutations that avoid 132, 3421, 4321.

Problem 3. Find a combinatorial explanation of the fact that in S,,, the number of
(132,4321, 3421)-avoiding permutations is the same as the number of (321, 2143, 3142)-
avoiding permutations.

Similarly, the sequence {Qfﬁfég 2) (0)}r>1 is the number of permutations of length
n which avoid the patterns 132, 54312, 45312, 45321, and 54321.
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