#A25 INTEGERS 16 (2016)

CONGRUENCES FOR 3-REGULAR PARTITIONS WITH
DESIGNATED SUMMANDS

M. S. Mahadeva Naika
Department of Mathematics, Bangalore University, Central College Campus,
Bengaluru, Karnataka, India
msmnaika@rediffmail.com

D. S. Gireesh
Department of Mathematics, Bangalore University, Central College Campus,
Bengaluru, Karnataka, India
gireeshdap@gmail.com

Received: 1/13/16, Accepted: 4/16/16, Published: 4/22/16

Abstract

Andrews, Lewis and Lovejoy introduced the partition functions PD(n) and PDO(n)
defined by the number of partitions of n with designated summands and the number
of partitions of n with designated summands in which all parts are odd, respectively.
They found several generating function identities and congruences modulo 3, 4, and
24 satisfied by the functions. In this paper, we find generating function identities
and congruences modulo 4, 9, 12, 36, 48, and 144 for PDs(n), which represents the
number of partitions of n with designated summands, whose parts are not divisible
by 3.

1. Introduction

Andrews, Lewis and Lovejoy [1] introduced a new class of partitions, partitions
with designated summands which are constructed by taking ordinary partitions
and tagging exactly one part among parts with equal size. Fifteen partitions of 5
with designated summands are

5, 4+1, 3+2, I+1'+1, 3+1+1, 2/+2+1, 24241,

2 +1+1+1, 224+14+1+1, 224+14+14+1, V+1+14+1+1,

1+1"4+14+1+1, 14+14+1V+1+1, 14+1+1+14+1, 1+1+14+1+41".
The concept of partitions with designated summands goes back to MacMahon [10].
He considered partitions with designated summands and with exactly ¢ different
sizes, see also Andrews and Rose [2]. The authors [1] derived the following gener-
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ating function of PD(n):

fe
ZPD T fifofs

Throughout the paper, we use the standard g-series notation, and f; is defined as

=056 = lim JTA—¢™),  ld <1

m=1

For |ab| < 1, Ramanujan’s general theta function f (a,b) is defined as

f(a b Z a7z(n+1)/2bn(7z 1)/2 (1)

n=—oo

Using Jacobi’s triple product identity [5, Entry 19, p.35], (1) becomes
f(a,b) = (—a;ab), (—b;ab)_, (ab;ab)_,

The most important special cases of f (a,b) are

_ n(n+1)/2 _ (g% q) f_22
¥ (q) = f(q,4°) Zq T

and
o0

f=q) = f(=q,—¢*) = DY ()" V2=,
Andrews et al. [1] derived the generating functions for PD(2n) and PD(2n + 1)
and they proved Ramanujan type congruences modulo 3 and powers of 2 for PD(n).
In particular, they proved that for n > 0,

PD(3n+2)=0 (mod 3). (2)

Chen, Ji, Jin and Shen [7] established a Ramanujan type identity for the partition
function PD(3n + 2) which implies the congruence (2) and they also gave a combi-
natorial interpretation of (2) by introducing a rank for partitions with designated
summands. Xia [11] extended the work of deriving congruence properties of PD(n)
by employing the generating functions of PD(3n) and PD(3n + 2) due to Chen et
al. [7].

The authors [1] also studied PDO(n), the total number of partitions of n with
designated summands in which all parts are odd, and the generating function is
given by

S n __ f4f62
2 PROMm" = £
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Thus PDO(5) = 8 are
5, 34+1+4+1, 3+1+1, VU4+1+1+1+1, 1+1+1+1+1,
1+14+17+1+41, 1+14+1+1+1, 1+14+1+141.
They also established generating functions for PDO(2n), PDO(2n+1), PDO(3n),
PD(3n + 1), PD(3n + 2) by using g-series and modular forms and later Baruah
and Ojah [4] proved the same by using theta function dissections. Baruah and Ojah
also obtained generating functions for PDO(4n), PDO(4n + 1), PDO(4n + 2),
PDO(4n +3), PDO(6n), PDO(6n +2), PDO(6n + 3), PDO(6n+5), PDO(9n +
3), PDO(9n + 6), PDO(12n), PDO(12n + 2), PDO(12n + 3), PDO(12n + 6),
PDO(12n+9), PDO(12n + 10) and Ramanujan like congruences for PDO(n).
Motivated by the above work, in this paper, we study PD3(n), the total number
of partitions of n with designated summands, whose parts are not divisible by 3
and the generating function is given by

- n __ f62f9
2 PPy = £ e e ®)

Thus PD3(5) = 12 are

5, 4 +1, 204241, 2+2'+1/, 2+ 1 +14+1, 27+14+1+1,

2 4+1+1+1, VUV+1+141+1, 1+V+14+1+1, 14+1+1+1+1,
1+14+1+1+1, 14+1+1+1+1"

In Section 3, we prove the following theorems.

Theorem 1. We have

= n_ fafd
;OPDS(zn)q = (4)
- n_ f3f3f1s
;PDg(QrH-l)q =it (5)
= W f3fs (1
0 4 £2 1
;)PDg(?)nJr 1)g" = ;%;22 (U@ + 4qv2(q)) : (7)
i PDs(3n +2)q" = ;3 U (8)
n=0 1
515
PD3(4n)q" = 9
Z s = go )
ZPD3(4n+ 2)q" = 3213 f5 (10)

2 T
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0 9 £7 3¢5
> PDs(6n +2)q" :3f123f33 +9qf2f3;)f67 (11)
2 133 £
0 5 £5
> PDs(6n+5)q" = 12f2ff’1f6, (12)
n=0 1
where £
1J6
v(q) = . 13
=55 )
Theorem 2. For eachn > 0,
PD3(6n+3)=0 (mod 4), (14)
PD3(6n+5)=0 (mod 12), (15)
PD;3(12n+8) =0 (mod 48), (16)
PD3(24n+4) =0 (mod 9), (17)
PD3(24n+20) =0 (mod 144), (18)
PD3(24n+22) =0 (mod 36), (19)
PD3(48n+38) =0 (mod 12) (20)
Theorem 3. For each nonnegative integer n and o > 0, we have
PD3(4x3%0+2x 3% = PD3(4n+2) (mod 9), (21)
PDs(4x3*"n4+10%x3%) =0 (mod9). (22)

In the process of proving the above results, we find the congruence modulo 9 con-
necting PD3(n) and as(n),

PD3(6n+2) = 3as(n) (mod 9), (23)

where a3(n) denotes the number of partitions of n that are 3-cores. The generating
function for az(n) is given by

oo n_f_g)
nz::Oag(n)q =

Theorem 4. Let p be a prime with (_73) = —1. Then for any nonnegative integer
a)

S D (420 +25™) ¢" = 36()(g) (mod 9), (24)

n=0

and form>0,1<j<p-—1,

PDs (4p*** (pn + j) +2p°*™?) =0 (mod 9). (25)
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Theorem 5. Ifp > 5 is a prime such that (‘Tﬁ) = —1, then for all integers a > 0,

> PDs (48p°n + 14p**) ¢" = 6f1fs  (mod 12). (26)

n=0

Theorem 6. Let p > 5 be prime and (_76) = —1. Then for all integers n > 0 and
a>1,
PDs (48p**n + p** ' (14p +48j)) =0 (mod 12), (27)

where 5 =1,2,...,p—1.

2. Preliminaries

We recall 2-dissection identities for certain quotients of theta functions and p-
dissection identities of f(—¢) and v¥(q) which play key roles in proving our main
results.

Lemma 1. [5, Corollory, p. 49] We have

¥(a) = f(@*,d°) + qv(d”). (28)
Lemma 2. The following 2-dissections hold:
1 fs 12176
- = + 2¢q , 29
7RE T B 29
10 f2f4
f4 — 4 _ 4q 2J8 , 30
CRE TR )
1 14 24
Tp = gl (31)
i RS 2

Lemma 2 is a consequence of Ramanujan’s dissection formulas, collected by
Berndt [5, Entry 25, p. 40].

Lemma 3. The following 2-dissection holds:

f3 _ fafsfiefds fof3 fas
B Bfsfufs Rl (32)

Xia and Yao [14] proved (32) by employing Jacobi triple product identity.
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Lemma 4. The following 2-dissections hold:

e e
- f%f”ij%‘? %" qfé%?fu’ (33)

Equation (33) was proved by Baruah and Ojah [3], and (34) and (35) was proved
by Hirschhorn, Garvan, and Borwein [9]. Replacing ¢ by —¢ in (34) and using the
relation 52

—a: — - J2
(¢~ R
we obtain (36).

Lemma 5. [12, p. 93, Eq. (2.14)] The following 2-dissection holds:

3 fifefts faf§ fsfoa
i3 _ +2 . 37
i 3 fsfaa f3 iz (37)
Lemma 6. The following 2-dissection holds:
fo _ fixhs fifef36
LA + . 38
LT Rhefs U fih (38)
Lemma 6 was proved by Xia and Yao [13].
Lemma 7. [6, Eq. (13)] We have
1 fgfigs{ 1 303 ( 1 32 3) 2}
= —2¢°v(q°) +q + 4¢°v*(q +3q° ¢ . 39
fifs 316 \v2(¢®) @) v(q®) (@) (39)

Lemma 8. /8, Theorem 2.1] For any odd prime p,

pP—3
2 m24m p24+@m+l)p  p2—(m+)p 2, 2
@)=Y q > f(q g 2 >+qp8 Y(g")- (40)

m=0
Furthermore, m2Am # Pl (mod p) for 0 < m < B3
) T2 8 p Sms 5

Lemma 9. /8, Theorem 2.2] For any prime p > 5,

p—1

2

2 p? 4 (6k+1) 2 —(6k41); -1 p2-
fr= Z (—1)kq3k2+kf <—q3p S py—qu = p) + (‘Uipﬁ 1qp“lfzﬂ-

k=_p=1

kt(£p—1)/6

(41)



INTEGERS: 16 (2016) 7

Furthermore, for —(p—1)/2<k<(p—1)/2 and k # (+p —1)/6,

32 +k |, p>—1
5 % 51 (mod p).

3. Proofs of Main Results

Proof of Theorem 1. Substituting (38) into (3), we find that

S W I3 <f§2f18 f§f6f36>
2 PDsa" = 5 s T i )

Extracting the terms involving even and odd powers of ¢ from the above equation,
we obtain (4) and (5), respectively.
Invoking (3) and (39),

ZPDg(n)qn—féf%S{ 1 _2q3y(q3)+q<
n=0

31/2 3 2 .
=7 A ATV )> 8 }

(42)

1
v(g?)

Extracting the terms involving ¢°", ¢*"™!, and ¢*"2 from (42), we arrive at (6),
(7), and (8), respectively.
Substituting (36) into (4),

R (fffé” foesffz)
fis ’

PDs3(2n)q" = <= + 3q
2 ot

which yields (9) and (10).
Applying (35) and (36) in (8), we obtain

& LR (fffg fiz)(fffg fffaf%z)
2 PDs(3n+2)q" =35 (et +a7t ) (g T30 ).

n=0

Extracting the terms involving ¢2" and ¢?"*! from both sides of the above equation,
we arrive at (11) and (12), respectively.
Proof of Theorem 2. From the Binomial Theorem, for any positive integer, k,

f2 = for. (mod 2), (43)

i = f2  (mod 4), (44)
2= fsr (mod 3), (45)
fi = f3, (mod 9) (46)
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Using (44), (5) can expressed as

Z PDs;(2n+ 1)¢" = fgflg

> S (mod 4), (47)

Equating the coefficients of ¢>**! from both sides of (47), we obtain (14).
From (12), we easily arrive at (15).
Substituting (30) and (31) into (8), we find that

S PDy(3n + 2" =3 &( 8_4fﬁﬁﬂ(];4+4hh),

"e0 13\ f§ 21 t 2 2
which yields
& 14 10
> PDs(6n+2)q" =355 (mod 48). (48)
= J10fif1z

Using (31) in (48),

Z PD3(6n+2)¢" =

2
+ 4q
= fille \f3'18

2 2

A ()

which implies

Z PDs(6n + 2)¢" 5 i 8 (mod 48). (49)
— 22 f3 f12

Equating the coefficients of ¢*"*! from (49), we arrive at (16).
However, from (46),

315 _ f543

I T o0
Using (50) in (9), we obtain
o0 63
Z PDs(4n)q" = f%fcz (mod 9). (51)
n=0

Replacing ¢ by ¢® in (34) and then substituting the resulting equation into (51),

S n:f_g(@_ 3f6f36> m
T;JPDg(éln)q =25 3 gt (mod 9),

which implies

i PDs3(8n +4)¢" = f i (mod 9). (52)

Z e
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From (45), fo5, ) op

fef§ — fefs
Substituting (53) into (52), we find that

(mod 3).

f3 fis
fef

o0
Z PD3(8n+4)q™ = —3¢

n=0

Equating the coefficients of ¢*" from (54), we arrive at (17).
From (54),
PD5(24n+20) =0 (mod 9).

Replacing n by 2n + 1 in (16), we find that
PD3(24n+20) =0 (mod 48).

Combining (55) and (56), we arrive at (18).
From (7), it is easy to see that

f: PDs(3n+1)¢" = f?if(i 1 (mod 4).
ne0 fif3via)
However, from (44),
f3fe _ fi
=== (mod 4).
sigg =g tedd
Substituting (13) and (58) into (57), we obtain
- fof3 fts
PD3(3n+1)q" = mod 4).
2, PDalin+ D" = g (mod 4
Invoking (35) and (59),
— fofts (fi’fg /i
PD3(3n+1)¢" = e
7;) 8l ) B\ n
which yields
S W hJE
> 3@n+®q:f%3(mw4)
n=0 2
From (44),
5 3
Fi83_ R8s (a0

313 2P

(mod 9).

) (od ),

(53)

(54)
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Following (61), we can express (60) as
o0 3
> PD3(6n+4)¢" = fﬁ—fg (mod 4). (62)
f2f1

n=0

Substituting (36) into (62), we find that

PD;3(6n+4)q" = =~ + 3q
2 Phy(bn+ g = p oy + 307

Extracting those terms containing ¢2"*!, dividing throughout by ¢ and then replac-

ing ¢* by ¢ from the above

> PDs(12n+10)¢" = 3 s
1

n=0
A
=375 (mod4). (63)
f3
Equating the coefficients of ¢"*! from (63), we obtain
PD3(24n+22) =0 (mod 4). (64)
From (45),
2 £ £2
LlJo — yquie®) moas) (65)
fifo
Invoking (10) and (65),
> PDs(4n+2)¢" = 3¢(q)v(¢®) (mod 9). (66)
n=0
Using (28) in (66), we find that
> PDs(4n +2)q" = 3¢(¢°) (£(¢*,¢°) + q¥b(¢”))  (mod 9), (67)
n=0
which yields
PD3(12n+10) =0 (mod 9). (68)
From (64) and (68), we arrive at (19).
Using (44), (8) can be expressed as
f
=2 (mod 12). (69)

ZPD3(3n+2)q" =3
fi

n=0
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Replacing ¢ by ¢* in (37) and then using the resulting equation in (69), we obtain

= n _ o flef2fTs 1 fr6£31f32 fos
PD = gJ16/24/48 J16724/32796
2 PDuldn+ 0" =3 e O T (mod 1)
which implies
> PD3(24n + 14)¢" = 6% (mod 12). (70)
2 1o
From (43),
2
LJ%J;?GJIH = fafiz (mod 2). (71)
Following (71), we can express (70) as
> PDy(24n +14)¢" = 6fof12  (mod 12). (72)

n=0

Equating the coefficients of ¢°"*! from the above, we arrive at (20).
Proof of Theorem 3. Extracting the terms involving ¢3" ! from (67),

> PDs(12n+6)¢" = 3¢(q)¥(¢*) (mod 9). (73)

n=0

Invoking (66) and (73), we find that

> PDs(12n+6)¢" = PDs(4n+2)¢" (mod 9),

n=0 n=0

which yields, for each n > 0,
PD3(12n+6) = PD3(4n+2) (mod 9). (74)

The congruence (21) follows from (74) and by mathematical induction.
Replacing n by 3n + 2 in (21) and then using (68), we arrive at (22).
From (11), it is easy to see that

S PDy(6n + 2" =355 (mod ). (75)
n=0 fl f6
However, from (45),
9 £7 3
Lofs _J5 (mod 3). (76)

i°f8 A
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Substituting (76) into (75), we find that
ZPDg 6n + 2)q" f3 *32&3 ¢" (mod 9). (77)
n=0

Equating the coefficients of ¢" from (77), we arrive at (23).
Proof of Theorem 4. Equation (66) is the v = 0 case of (24). If we assume that
(24) holds for some « > 0, then, substituting (40) in (24),

Z PDsg (4p2an + 2p2°‘) q"
n=0

p=3
2. m24m p24@m+l)p  p2—(2m+l)p p2-1 2
_3<Zq ? f<q 2, 2 >+q = U(”)
m=0
p—3
2 m2fm p24+(@m+1)p  qp2—(2m+Dp p2-1 2
X(Zq?’ 2 f(qS N )+q3 = (@) | (mod9).
m=0

(78)
For any odd prime, p, and 0 < my,ms < (p — 3)/2, consider the congruence
2 2 2
mi +my ms+mo _ 4p° —4
= d
g T3 g (modp),
which implies that
(2m1 +1)2 +3(2m2+1)2=0 (mod p). (79)
-1
Since (‘TP’) = —1, the only solution of the congruence (79) is my = my = pT
Therefore, equatmg the coefficients of q’"”‘ * from both sides of (78), dividing

p2—
throughout by q 5 and then replacing ¢? by g, we obtain

00 2
S po (4 (o ) o ) =300 (mod9). (50)

n=0

Equating the coefficients of ¢?™ on both sides of (80) and then replacing ¢ by ¢,
we obtain

Z PDs (4p2°‘+2n + 2p20‘+2) q" = 3¢(¢)(¢®) (mod 9),

which is the a + 1 case of (24).
Extracting the terms involving ¢?"*7 for 1 < j < p—1in (80), we arrive at (25).
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Proof of Theorem 5. Extracting the terms involving ¢*" from (72) and then replacing
q* by g, N
> PDs(48n+14)¢" = 6f1f5 (mod 12). (81)
n=0
For a prime p > 5 and —(p — 1)/2 < k,m < (p — 1)/2, consider
32+ k 3m2+m TP -7

5 +6 x 5 =~ (mod p),

therefore,
(6k +1)% 4+ 6(6m + 1)> = 0 (mod p).

Since (%6) = —1, the only solution of the above congruence is k = m = (£p—1)/6.

Therefore, from Lemma 9,

> PDs (48 <p2n +7 % p22; 1) + 14> " =6f1fs (mod 12). (82)

n=0
Using (81), (82), and induction on «, we arrive at (26).
Proof of Theorem 6. From Lemma 9 and Theorem 5, for each o > 0,

o0 2 _ 1
> PD; (48p2a (pn +7x I ) + 14p2a) ¢" = 6f,fop (mod 12).

n=0

That is,

Z PDsy (48p2a+1n + 14p20‘+2) q¢" =6f,fep (mod 12). (83)

n=0
Since there are no terms on the right of (83) where the powers of ¢ are congruent
to 1,2,...,p— 1 modulo p,
PDs (48p** T (pn +j) + 14p***?) =0 (mod 12),

for j=1,2,...,p—1. Therefore, for j = 1,2,...,p—1 and « > 1, we arrive at (27).
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