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Abstract
Using modular forms we determine explicit formulas for the number of representa-

tions of a positive integer n by quaternary quadratic forms with coefficients 1, 2, 7
or 14.

1. Introduction

Let N, Ny, Z, Q and C denote the sets of positive integers, non-negative integers,
integers, rational numbers and complex numbers, respectively. The sum of divisors
function o(n) for n € N is given by

o(n) = Z m. (1.1)

1<m|n
If n ¢ N we set o(n) = 0. For aj,as,as3,a4 € N, and n € Ny we define
4 2 2 2 2
N(ay,as2,as,a4;n) = card{(x1, 2, x3,24) € Z" | n = a7 + a2x; + asxs + a4y }.

There are twenty-six quaternary quadratic forms a12? + a223 + azx? + a42? with
ai,as,as,aq € {1,2,7,14}, ged(ay, as, az,as) =1 and a; < ag < ag < a4, namely

1,1,1,1),(
1,1,2,14),(1,1,7,7),(1,1,7,14), (1,1, 14,14), (1,2,2,2), (1,2,2,7),

) ) )

=( 1,1,1,2),(1,1,1,7),(1,1,1,14),(1,1,2,2), (1, 1,2,7),
( ) (
(1,2,2,14),(1,2,7,7),(1,2,7,14),(1,2,14,14), (1,7,7,7),
( ) (
( ) (

(al,a2,a3,a4)

1,7,7,14), (1,7,14,14), (1,14, 14,14), (2,2,2,7), (2,2,7,7),
2,2,7,14),(2,7,7,7),(2,7,7,14), (2,7, 14, 14). (1.2)
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Formulas for N(1,1,1,1;n), N(1,1,1,2;n), N(1,1,2,2;n) and N(1,2,2,2;n) are
known. The formula
N(1,1,1,1;n) = 80(n) — 320(n/4) (1.3)
is due to Jacobi, see [7], [2], [16, Theorem 9.5]. The formula
N(1,1,2,2;n) = 40(n) — 40(n/2) + 80 (n/4) — 320(n/8) (1.4)

was stated by Liouville, see [2], [11], [16, Theorem 18.1]. Formulas for N(1,1,1,2;n)
and N(1,2,2,2;n) were also stated by Liouville, see [12], [16, Theorem 18.2].

In this paper we determine an explicit formula for N(a1, ag, az,aqs;n) (Theorems
2.1-2.4) for each of the remaining twenty-two quaternary quadratic forms among
which (1,1,1,7), (1,1,2,7), (1,1,2,14), and (1,2,2,7) are universal forms. To the
best of our knowledge Theorems 2.1-2.4 are new.

For g € C with |g| < 1 we have

3 N(ar,az, a3, a2:0)0" = 9(g)p(a™)(a™ (™). (15)

n=1

where ¢(q) denotes Ramanujan’s theta function defined by

n=—oo

Tt is convenient to define F(q) for ¢ € C with |¢| < 1 by

F(g)= [ —a"). (1.6)

The infinite product representation of ¢(q) is due to Jacobi (see, for example [4,
Corollary 1.3.4]), namely,

Fo(q?)

@(Q) = W- (1-7)

The Dedekind eta function 7(z) is the holomorphic function defined on the upper
half plane H = {z € C | Im(z) > 0} by

n(z) _ eﬂ'iz/12 H(l _ 6271'7;112). (18)
n=1

Throughout the remainder of the paper we take ¢ = q(z) := €2™* with z € H and
so |¢| < 1. Appealing to (1.6) we can express the Dedekind eta function (1.8) as

n(z) =g [[(1-a") = d'/**F(q). (1.9)
n=1
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An eta quotient is defined to be a finite product of the form

1) =[] 62), (1.10)
)

where ¢ runs through a finite set of positive integers and the exponents rs are
non-zero integers. Appealing to (1.7) and (1.9) we have

5 z
e(q) = #22()42). (1.11)

Let x and 9 be Dirichlet characters. For n € N we define o, 4(n) by

Oxp(n) = Z (m)x(n/m)m. (1.12)

1<m|n

If n & N we set oy,(n) = 0. Let xo denote the trivial character, that is xo(n) =1
for all n € Z. Then oy, ,,(n) coincides with the sum of divisors function o(n) in
(1.1). For m € Z we define six Dirichlet characters by

x1(m) = (%) x2(m) = (%) x3(m) = (§)

7 m (1.13)
i = (2). s = (2). - (%)
2. Statements of Main Results
We define the following five eta quotients
Ai1(q) = n(2z)n(42)n(142)n(28z), (2.1)
P22 (282)
A= ) 22)
n*(22)n* (142)
Al = (2 n(ese) (23)
_ n*(42)n*(282)
A = s (14 (562 24
As(g) = 1*(22)n(82)n° (142)n(562) 2.5)

n(z)n(42)n(7z)n(28z2)

and integers a,(n) (n € N) by

Ar(g) = ar(n)g", re€{1,2,3,4,5}. (2.6)
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Theorem 2.1. Letn € N and a,-(n) (r € {1,2,3,4,5}) be as in (2.6). Then

() N(1,1,7,T5m) =50(n) ~ S0(n/2) + Son/4) ~ So(n/7) + S o(n/14)

- o(n/28) + §a3<n>
(b) N(1,1, 14, 14; ) zga(n) _ %U(n/?) g (n/4) — %a(n/ﬂ 1360(n/8)
o (n/14) + Zo(n/28) — S20(n/56) + 2ai(n)
~dan(n) + as(n) — Sas(n) + Sas(n),
() N(1,2,7, 14;m) =2 o(n) — 20(n/2) ~ 3o(n/4) ~ o(n/) + o(n/)
4 %U(n/lll) 238 (n/28) — % (n/56) + gal(n)
+ Sas(n) — Sas(n) + das(n),
(d) N(2,2,7,7:n) zga(n) _ 2a(n/z) _ %a(n/él) _ 1—40(n/7) 160(n/8)
4 %40—(71/14) %dn/zg) _ %am/m - ?al( )
+ das(n) — ;ag(n) + ?M(n) ~ Sas(n).
We define the following four cta quotients
Bi(q) = HQ(Q;EZ;(’?Z) (2.7)
Bafg) = TEIE) (28)
Bs(q) = 772(4;27;2;56'2), (2.9)
Bulg) = TELE) (210
and integers b, (n) (n € N) by
= ibr(n)q", re{1,2,3,4). (2.11)

Theorem 2.2. Let n € N. Let 0y, y,(n) be as in (1.12) for i,j € {0,1,2,3}, and
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b-(n) (r € {1,2,3,4}) be as in (2.11). Then

7 1 7 1
(a) N(lv L1,7 n) :§O—X37XO (n) - ZUXO’X:s (n) + ZO-X11X2 (TL) - §JX2,X1 (n) + 3b2(n)

by (n) — gb4(n),

7 1 7 1
(b) N(1,1,2,14;n) :ZUX&XO (n) — ZUXOaXS (n/2) + ZUX17X2 (n/2) — Zoxwa (n)

21 1 7 3
+ §b1(n) — §b2(n) + §b3(n) + §b4(n),

7 1 7 1
(C) N(l, 27 27 7; n) :ZOX37X0 (n) - ZO-X[),XS (n/2) + ZUXth (n/2) - ZUXQ,XI (n)

_ gbl(n) + gbg(n) - 2—21b3(n) - éb4(n),

1 1 1 1 3
(d) N(la T n) :§UX3,X0 (n) - ZUXO,X3 (n) - ZUXth (n) + 5% x (n) - §b1 (TL)

2
+ 3by (n) + 3b3 (’/l),
1 1 1 1
(e) N(1,7,14,14;n) :ZUXSaXO (n) — ZUXO,XS (n/2) — ZUXth (n/2) + ZUX27X1 (n)
1 3 3 1
— §b1<n) + §b2<n) + §b3(n) + §b4(n),
1 1 1 1
(f) N(2’ 77 7) 14; ’I’L) :ZUXS:XO (n) - ZUXOO(?, (n/2) - ZUXth (’I’L/Q) + Zo-Xz,M (n)

+ gln(n) — %b2(n) - %53(”) - §b4(n).

We define the following six eta quotients

Colq) = 773(22)?777((7;))7;722&35))77(282)’ 2.12)
Calg) = W(QZ)ZZZZS;Z;(QSZ) (2.13)
C3(q) = nQ(z)n;%Z;Iéz;n(56Z) (2.14)
) = ) (215)
Csla) = (z77;7((242)) r (1)4,:)(228(?62')’ (2.16)
) = e O 217)
and integers ¢, (n) (n € N) by
= i cr(n)g”, 7€ {1,2,3,4,5,6}. (2.18)

n=1
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Theorem 2.3. Let n € N. Let 0y, y,(n) be as in (1.12) for i,j € {0,5} and c.(n)
(re{l1,2,3,4,5,6}) be as in (2.18). Then

4 28 1 7
(a) N(1,1,7,14;n) :§UX5,X0 (n) — ?UXS,XO (n/7) + gUXo,Xz, (n) — §UXO,X5 (n/7)

10 4
+ 4ei(n) + 302(n) + 503(71) —3c4(n) — c5(n) + cg(n),
4 28 1 7
(b) N<1’ 27 7’ 7; n) :§UX5’X0 (n) - ?UX&XO (n/7) + gUXo,XE) (n) - gO-XOOCS (n/7>

—4ei(n) — §62(n) + %c;;(n) + 3ca(n) + cs5(n) — c(n),
14 1 7

2
(C) N(lv 2,14,14; n) :§0X57X0 (n) - ?O.XEHXO (n/7) + gUXme (n) - gUXme (n/7)

+ 2¢1(n) + 3ca2(n) + cs(n) — %c;;(n) —2¢5(n) + gca(n),
14 1 7

2
(d) N(Qv 2v 75 14; n) ZEUXS,XO (TL) - ?O-XF)?XU (n/Y) + gUXme (n) - EUXLMXS (TL/?)

5 2
—2c1(n) — 3ca(n) — c3(n) + 304(n) + 2¢5(n) + §C6(n).
We define the following six eta quotients

Di(g) = LI 00) 219
Daf) = ML QINCIES), 220
i) = T 220
o= R
D) = S (229)
o= L
and integers d,.(n) (n € N) by
D,(q) = idr(n)q”, re{l,2,3,4,5,6}. (2.25)

Theorem 2.4. Let n € N. Let oy, \,(n) be as in (1.12) for i,j € {0,1,4,6} and
dr(n) (re{1,2,3,4,5,6}) be as in (2.25). Then

2 7 14 1
(a) N(l’ 1,1, 14;”’) - 50X47X1 (TL) + E0X17X4(n) + gUXmXo(n) - 1_00-X0,X5(n)
9 6 63 63 9
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2 7 14 1
(b) N(la 17 27 7; n) = 50X47X1 (TL) + 1_00X17X4(n) + EUX&XO (n) - I_OUXO’XG (n)
6 7

— 2o () + paa(n) — Lds(n) — ds(n)
(

1 7 7
(c) N(1,2,2,14;n) = — 50X47X1 (n) + 1OUX1,X4 n) + 5UX6,><0 (n) — EUXO,XG (n)

1
%fh( n)— 10

1_0d6( n),

do(n) — %dg( )+ ;d4(n) +—

2 1 2
(d) N(1,7,7,14;n) :gUX4xX1(n) - l_OUX1,X4 (n) + EUX&XO (n) — 1_OUXD;X6 (n)

- %dl(n) =Ty + 2y + %dg)(n) + gdg(n),

) )
1 1 1 1
(e) N(la 14’ 14’ 14; TL) :5UX47X1 (n) - EUXhXAL (Tl) + EUXG;XU n) - 1_OUX0,X6 (n)

(
— Spdi(n) + 1hda(n) + S ds(n) + 2dan) = ()

+ TOdG(n)7
1 7 7 1
(f) N(Qa 27 27 7; TL) - gO—X47X1 (TL) + TOO—X17X4 (TL) + BO—XGXO (n> - TOUX(MXG (n)

51 9 63 63 63
+%d1(n)+md2( n) + IOdS( n) — €d4(”)_*

- EdG( n),

2 1 2 1
(g> N(27 77 77 7? n) :gUX4,X1 (n> - 1_00X1,X4 (n) + gUXG,XO (’I’L) - 1_00X0,X6 (’I’L)

— Saa(n) + Fds(n) + L da(m) + Sds(n) — Sdo(n),

5 5
1 1 1 1
(h) N(2,7,14,14;n) :3UX4,X1(7L) - 1_00X17X4 (n) + gUXGaXO (n) — _OUXD,Xe (n)

4 gsdi(n) — 1da(n) — ds(n) — pda(n) + 2o (n)
- 1—10d6(n)

3. Spaces M>(T'(56), x;) for ¢ =0,3,5,6

Let N € N and x be a Dirichlet character of modulus dividing N, and I'o(N) be
the modular subgroup defined by

c

FO(N):{( ¢ Z)‘a,b,c,dEZ, ad —bc=1, CEO(modN)}.
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Let k € Z. We write My (To(NN), x) to denote the space of modular forms of weight k
with multiplier system x for I'g(N), and Er(To(N), x) and Sk(I'o(N), x) to denote
the subspaces of Eisenstein forms and cusp forms of My (T'o(N), x), respectively. It
is known (see for example [14, p. 83] and [13]) that

M (To(N), x) = Ex(To(N), x) ® Sk(Lo(N), x)- (3.1)

Let xo be the trivial character and y; (i € {1,2,3,4,5,6}) be as in (1.13). We
define the Eisenstein series

1 n
L(q) 5 EXD,XO ((]) = _ﬂ + Z O'(Tl)q ’ (32)
n=1

Evaxo(@) = Z Txaxo (NG, (3-3)
n=1

Evoxs(q) = -4+ Z Txoxs (M), (3.4)

n=1

Evixa(@) = Z Ox1,x2 (n)q", (3.5)
n=1

Eyoa (q) = Z Oxz2,x1 (n)q", (3.6)
n=1
0o

Eysxo (9) = Z Oxs,x0 (n)q", (3.7)
n=1

1 n
Evoxs(@) = D) + Z Txoxs (M)G", (3-8)
n=1

X4 Xl Z Oxa, X1 v (39)

Xl’X4 Z Oxi, X4 7 (3'10)

X67X0 Z UX6>X0 ’ (311)

Evoxe(q) = =10+ Z Txorxs ()" (3.12)

We use the following lemma to determine if certain eta quotients are modular
forms. See [6, p. 174], [8, Corollary 2.3, p. 37], [9, Theorem 5.7, p. 99] and [10].

Lemma 3.1. (Ligozat’s Criteria) Let N € N and f(z H " (6z) be an
1<8|N
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1
eta quotient. Let s = H oIl and k = 3 Z rs. Suppose that the following
1<5|N 1<5|N
conditions are satisfied:

(L1) Z d-rs =0(mod 24),
1<5|N

N
L2) > ~ 7 =0 (mod 24),
1<§|N

d(d, 6)? -
(L3) Z w > 0 for each positive divisor d of N,
1<8|N

(L4) k is an integer.

—1)k
Then f(z) € My (To(N), x), where the character x is given by x(m) = <—( 77”3 S)

(L3)" In addition to the above conditions, if the inequality in (L3) is strict for
each positive divisor d of N, then f(z) € Sk(To(N), x).

We note that the eta quotients given by (2.1)-(2.5), (2.7)—(2.10), (2.12)—(2.17)
and (2.19)-(2.24) are constructed with MAPLE in a way that they satisfy the
conditions of Lemma 3.1 for N = 56 and k = 2.

The quaternary quadratic forms (a1, as, as, a4) given in (1.2) are grouped in Table
3.1 according to the modular spaces to which (g% )p(q%)e(q% )e(g*) belong.

M (T'o(56), x0) M (L'o(56), x3) | Ma(I'o(56), x5) | Ma(I'o(56), x6)
11,10 a,1,17) 1,1,1,2) {,1,1,14)
(1,1,2,2) (1,1,2,14) (1,1,7,14) (1,1,2,7)
(1,1,7,7) (1,2,2,7) (1,2,2,2) (1,2,2,14)
(1,1,14, 14) (1,7,7,7) (1,1,7,14) (1,7,7,14)
(1,2,7, 14) (1,7.14, 14) (1,2,14,14) | (1,14, 14, 14)
(2,2,7,7) (2,7,7,14) (2,2,7,14) (2,2,2,7)
(2,7,7,7)
(2,7,14, 14)
Table 3.1

Theorem 3.1. Let xo be the trivial character and xs, x5, xs be as in (1.13).
(a1,a2,as,a4) is in the first, second, third or fourth column of Table 3.1, then

(a) w(g*)p(q*?)p(g®®)e(q*) € M2(T'o(56), x0),
(b) ©(g™)p(q*?)p(q*)p(g*) € Ma(I'o(56), x3),

() @(g™)e(q*?)w(q*)p(q™) € Ma(L'o(56), xs5),

If
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(d) »(g*)p(g*?)p(q*)p(g™) € M2(T0(56), x6),

respectively.

Proof. We prove only (a) as the remaining ones can be proven similarly. From
(1.11) we have

D) = ST 319
PN = (&1
Aa)elaplaela) = LENCUATLI B3 15
D) = o 10
Then the assertions directly follow from (3.13)—(3.16) and Lemma 3.1. 0
We deduce from [14, Sec. 6.1, p. 93] that

dim(Es(To(56), x0)) = 7, dim(Ss(To(56), o)) = 5. (3.17)

Also we deduce from [14, Sec. 6.3, p. 98] that
dim(Es(To(56), x3)) = 8, dim(Ss(To(56), xs)) = 4, (3.18)
dim(Es(To(56), x5)) = 4, dim(Sa(To(56), x5)) = 6, (3.19)
dim(Es(To(56), x6)) = 4, dim(Ss(T'o(56), x6)) = 6. (3.20)

Theorem 3.2. Let xo be the trivial character and xs, x5, X6 be as in (1.13).

(a) A (q) (re{1,2,3,4,5}) given by (2.1)—(2.5) form a basis for Sa2(T'o(56), xo0)-
(b) B, (q) (r € {1,2,3,4}) given by (2.7)—(2.10) form a basis for Sa(T'o(56), x3).
(c)Cr(q) (r €{1,2,3,4,5,6}) given by (2.12)—(2.17) form a basis for So(T(56), x5)-
(d)D,(q) (r € {1,2,3,4,5,6}) given by (2.19)—(2.24) form a basis for So2(I'y(56), x6)-
Proof. (a) The eta quotients A, (q) (r € {1,2,3,4,5}) are linearly independent over
C. For each r € {1,2,3,4,5}, A.(q) € S2(T0(56),x0) by Lemma 3.1. Then the

assertion follows from (3.17). Similarly appealing to Lemma 3.1, the parts (b), (c)
and (d) follow from (3.18), (3.19) and (3.20) respectively. O

Theorem 3.3. Let xo be the trivial character and x; (1 <i < 6) be as in (1.13).

(a) {L(q) —tL(q") |t =2,4,7,8,14,28,56} U{A,.(q) | r = 1,2,3,4,5} is a basis for
M3(T'o(56), x0)-
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(b) {Exsxo(@")s Exoxs (@) Exix2 (0): Bxaxa (@) [t = 1,2 U{B,(q) | r = 1,2,3,4}
is a basis for Ma(T'o(56), x3)-

(€) {Eysxo(@"), Exonxs(d") |t = 1,7} U{Cr(q) | = 1,2,3,4,5,6} is a basis for
M5 (T0(56), x5)-

(d) {Exe.x0(D)s Exoxe (@) Exaxa (@) Exyxa (@} UA{D:(q) | m = 1,2,3,4,5,6} is a
basis for M2(To(56), X6)-

Proof. (a) It follows from [14, Theorem 5.9, p. 88] with x = ¢ = xo that {L(q) —
tL(q") | t = 2,4,7,8,14,28,56} is a basis for Ey(To(56), x0). Then the assertion
follows from (3.1), (3.17) and Theorem 3.2(a).

(b) Appealing to [14, Theorem 5.9, p. 88] with e = x3 and x, % € {xo0, X1, X2, X3},
we see that {Ey,x,(0"), Exix: ('), Bxapna (@) Exsixo(@') | t = 1,2} is a basis for
E5(T0(56), x3). Then the assertion follows from (3.1), (3.18) and Theorem 3.2(b).

(¢) Appealing to [14, Theorem 5.9, p. 88] with e = x5 and x,v¥ € {xo0, X5}, we
see that {Ey, x5 (q"), Exs v (¢Y) | t = 1,7} is a basis for E5(T'9(56), x5). Then the
assertion follows from (3.1), (3.19) and Theorem 3.2(c).

(d) By [14, Theorem 5.9, p. 88] with ¢ = xg and x,¥ € {xo0,X1,X4, X6},

{EXO’XG (Q), EXe’Xo (Q)v EX17X4 (q>7 EX4,X1 (Q)} is a basis for Fy (F0(56)7 X6>' Then the
assertion follows from (3.1), (3.20) and Theorem 3.2(d). O

4. Theta Function Identities

In this section we state some theta function identities (Theorems 4.1-4.4) from
which we deduce Theorems 2.1-2.4.

Theorem 4.1.
(a) ¢*(0)¢*(a") =§ L(q) - g L(¢*) + ? L(¢") - ? L(¢") + ? L(¢")
-5 L) + S Asa),
(b) P()e*(a™) =2 L)~ 3 La’) — 5 Lla*) ~ 5 La") + % L(a")
FY L@+ S L) - 5 L) + 2 A) — 44(0)

+ gAs(q) — §A4(q) + 8A5(Q)7
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4 14

(©) p(@e()eld @) =2 La) - 3 Le?) ~ 5 La") 5 Lla)
FY L)+ L+ B L) - 12 )
A1) + 5 A4(0) — 5Au(0) + 14s(a),
(@) D)) =2 La) — 5 L) — 5 Lla) — 5 L") + 5 L(e®)
b L)+ T L) - 5 L) - 5 i) +44x(0)
— 240(0) + 3 A0) — 845(a).

Proof. Let (a1, a2,as,a4) be any of the quaternary quadratic forms listed in the
first column of Table 3.1. By Theorem 3.1(a), we have »(g*)p(q*?)e(q% )p(q*) €
M5(T'y(56), x0)- Then, by Theorem 3.3(a), ©(¢*)¢(q*?)p(q*®)p(¢**) must be a lin-
ear combination of L(q)—tL(q") (t = 2,4,7,8,14,28,56) and A,(q) (r = 1,2,3,4,5),
namely there exist coefficients x1, xo, 3, T4, x5, T, X7, Y1, Y2, Y3, Y4, Y5 € C such that

e(q*)e(g™)p(q®)e(q™) = 21 (L(q) — 2L(¢)) + x2 (L(q) — 4L(¢"))

+x3 (L(g) — 5L(q°)) + 24 (L(q) — 8L(q%))

+5 (L(g) — 10L(¢"%)) + x5 (L(g) — 20L(¢*))
+a7 (L(q) — 40L(q")) + y1 A1 (q) + y2A2(q)
+y3Az(q) +yaAa(q) + ysAs(q). (4.1)

We now prove part (a) of the theorem as the remaining parts can be proven
similarly. Let (a1,as9,as,a4) = (1,1,7,7). Appealing to [9, Theorem 3.13], we find
that the Sturm bound for the modular space M3(T'g(56)) is 16. So, equating the
coefficients of ¢" for 0 < n < 16 on both sides of (4.1), we find a system of linear
equations with the unknowns x1, xs, 3, T4, T5, Tg, T7, Y1, Y2, Y3, Ya and y5. Then,
using MAPLE we solve this system, and find that

4 4 8

$1=$3:9€6=§7$2:$5:—§,$7:0,y1:y2=y4:y5 0y3—§
Substituting these values into (4.1) and doing some simplifications, we obtain the
equation in part (a). m|

Theorems 4.2-4.4 below can be proven similarly.

Theorem 4.2. Let xq be the trivial character and x1, X2, x3 be as in (1.13). Then

7 1 7 1
(a) ©*(@)e(q") =5 Exx0 (q) — 1500 (q) + 1Eana (q) - 7B (9)

+ 3Bs(q) — 21Bs(q) — 234(11),
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(b) P (@)pla)P(0™) =1 Frao(@) ~ 1Bxons(@) + 1 B na(@) = 1 Bras (0
+ 2 B1@) ~ 3Bala) + 2 By(a) + SBala),
(c) ‘P(Q)WQ(QZ)(P(Cf) :ZEX&XO (q) - iEXO,Xs (qg) + ZEXlaXZ (CIQ) - iEm,xl(Q)
~ IBia) + 2 Baa) — % Bo(a) — SBala),
(@) @(0)9*(47) =5 Bras (0) = 3 Bros (@) = 3 Brss (@) + 5 Bras )
~ 2Bu(0) +3B2(0) + 3B(0)
() P(@)pa" )% (4™) =1 Eroo(0) ~ 1 Bros (1)~ 1 Brus (@) + 1 Frora 0)
—%Bﬂ®+gBﬂ®+gBd®+%Bd%
1

1 1 1
(f) ‘P(QQ)S@z(q7)<ﬁ(ql4) :ZEXBJCO (a) — ZEXO,XB (qz) - ZExmm ((12) + ZEX27X1(q)
3 1 1 3
°Bi(q) — = Ba(q) — = Bs(q) — > Bul(q).
+gB1(a) = 5B2(q) — 5Bs(a) — S Bala)
Theorem 4.3. Let xo be the trivial character and x5 be as in (1.13). Then

(@) ¢*(@)elap(0") =3 Frono(@ — 5 Brorxa(@') + 5 Brorcs(@) — 5 Frans (@)
+401(q) + 5 Cala) + 5C3(a) ~ 3Ci(a) ~ Cs(a) + Cila).

4 28 1 7
(b) 90(‘1)90(‘12)902(‘17) :gEX&Xo (q) - gEcho (q7) + gExo,xS (q) - gExo,xS (q7)

~41(0) — 5Cala) + 5Csla) +3Ca(a) + Cx(a) — Cola),

2 14 1 7
() (@¢(a")#* (@) =3 s xo(@) = 5 s x0(@) + 3 Bxo x5 (0) = 3 Bxo.x(4")

+2C1() +3C2(a) + Cyla)  5Cala) — 205(a) + 5ol
(@) P ()pla (™) =2 Brps (0) ~ = Broo(@') + 3 B (0) — 2 By ()

—2@@%4%%@—ca@+§amn+ﬁuw+§%@>

Theorem 4.4. Let xq be the trivial character and x1, x4, X6 be as in (1.13). Then

2 7 14 1
(a) 903((1)90(6114) = gEm,xl(Q) + I_OEX1,X4 (q) + EExra,Xo (q) — EEXOaXG (9)

9 6 63 63 9
+ ED1(Q) + gDz(Q) + ED?’((J) + EDE;(CI) + gDG(Q),
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2 7 14 1
—Ey., Xl( )+ IOEX1,X4 (q) + EEX(%XO (q) — EEXOJ(G (9)

)
~ 16D1(a) + £ D2(a) ~ £ Ds(a) ~ 1= Ds(a) ~ £ Dola).
(@mgﬁwwm%=—§amx>+%ﬂmmm £ Brorxo(@) ~ 15 Bruns )

+20D1( 9= 10D2( 7= 170D3( )
+ ID4(0) + 55 Ds(a) + 5 Dola),
(@) @060 10(0™) =2 Bxoa (@) ~ 16w (@) + 2 Brana0) — 16 B 0)

1 7 12 1 7
—-Dy(q)— =D ~“D D D
5 1(q) 5 3(q) + 5 4(61)+2 5(61)+5 6(q),

1 1 1 !
14 :5EX47X1(Q) - EEth@) + 5Ex6,)<o( q) — 1_0EX0aX6(q)

() ©*(@)e(q*)plq") = —

(e) v(@)¢’(q

2 D)+ 2 Do) + ZDsle) + 2Dula) — 2 Dsla)

20 10 10 5 20
10
1 7 7 1
(£) ¢*(@)plq") =—
51 9 63 63 63
+ mm+fm@+—m@——m@—;m@
10
2 1 1

9
=+ 7D6(Q)7
gExma(Q) + TOEX17X4( q) + Exs,Xo( ) — TOEXO,XG(Q)
20 10 10 5
— —Ds(q),
(g) 90((12)%03((]7) :gExmm(q) - EEX1’X4( q) + EX6 X0 (q) — EEXOuXG (9)
12
5

—Dy(q) + §D5(Q) - §D6(Q),

—§D1(Q)+§D3( )+ 5

5
1 1 1 1
(h) ‘P(qg)‘P(q7)‘P2(ql4) :gExwm (q) — 1OEX1,X4( q) + EEX&XO (q) — TOEXO,XG (q)

1 1
D —D 3

5. Proofs of Main Results

Theorem 2.1 follows from (1.5), (2.6), (3.2) and Theorem 4.1. Theorem 2.2 follows
from (1.5), (2.11), (3.3)—(3.6) and Theorem 4.2. Theorem 2.3 follows from (1.5),
(2.18), (3.7), (3.8) and Theorem 4.3. Theorem 2.4 follows from (1.5), (2.25), (3.9)-
(3.12) and Theorem 4.4.
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6. Remarks

By Theorem 3.1(a), »*(q) and ¢?(q)?(¢?) are in My(I'g(56), x0). Appealing to
Theorem 3.3(a), we have

v*(q) =8L(q) - 32L(¢"),
©*(0)¢*(¢%) =4L(q) — 4L(¢*) + 8L(q") — 32L(¢"),
from which we deduce the well-known results (1.3) and (1.4) respectively.

By Theorem 3.1(c), ¢3(q)¢(¢?) and p(q)p3(¢?) are in M3(To(56), x5). Appealing
to Theorem 3.3(c), we obtain

P} (@)o(a%) = =2Eyg.x5(0) + 8Ex;.x0(9); (6.1
P(0)9*(0°) = —2E0.x:(9) + 4Bx; 30 (4)- (6.2
Then appealing to (1.5), (3.7), (3.8), (6.1) and (6.2) we deduce that for n € N

N(1L,1,1,25m) = —=20y,,x5 (1) + 805,50 (1) = _22 (%)d+ 82|: (%)%7
din

d|n

8 8\ n
N(la 27 27 27 Tl) = 720’X07X5 (n) + 4UX57X0 (’/L) =-2 %: (a)d + 4%: (a) 87
which agree with the results in [15, (4.3), (5.3)] and [1, Theorem 5.1, Theorem 5.2].

One can show that As(—q) = —n(2)n(22)n(7z)n(14z), where As(q) is given
by (2.3). We note that —As(—¢q) is used in [5, (3.16)] to give an expression for
©*(—q)¢*(—q") as a linear combination of Eisenstein series and a cusp form, from
which we deduce the formula for N(1,1,7,7;n) given in Theorem 2.1(a).

It would be interesting to determine general formulas for the number of represen-
tations of a positive integer n by the quaternary quadratic forms with coefficients
in {1,p1,p2,p1p2}, where p; and po are distinct prime numbers. The case when
p1 =2 and py =5 is treated in [3].
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