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Abstract
We isolate conditions on the relative asymptotic size of sets of natural numbers A, B
that guarantee a nonempty intersection of the corresponding sets of distances. Such
conditions apply to a large class of zero density sets. We also show that a variant
of Khintchine’s Recurrence Theorem holds for all infinite sets A = {a; < a2 < ...}
where a,, <& n®/2.

1. Introduction

It is a well-known phenomenon that if a set of natural numbers A has positive upper
asymptotic density d(A) > 0, then its set of distances (or Delta-set)

A(A) = {a—d |a,d € A, a>d}

has a very rich combinatorial structure. An old problem attributed to Paul Erdés
was whether the distance sets of two sets of positive upper density must necessarily
meet.

e Does A(A) N A(B) # 0 whenever d(A),d(B) >0 ?

The answer was shortly shown to be positive, and in fact the following much
stronger intersection property holds:

e If the upper density d(A) = o > 0 is positive, then A(A)NA(B) # () whenever
the set B contains more than 1/a-many elements.
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The proof consists of a straightforward application of the pigeonhole principle.
The key observation is that if one takes distinct elements by, ...,bxy with N > 1/a,
then the shifted sets A+b; cannot be pairwise disjoint, as otherwise E(Ué\; A+b;) =
Zfil d(A+b;) = N -d(A) > 1. The argument is then completed by noticing that
(A+0)N(A+V) # 0D for some b # b in B if and only if A(A) NA(B) # 0.

In the last forty years, the research on the combinatorial properties of distance
sets and difference sets? has produced many interesting results (see, e.g., [10, 5,
11, 13, 14, 15, 16, 1, 9, 3, 7, 12, 8, 4]) which are almost always grounded on the
hypothesis of positive density. In this paper, we look for general properties that
include the zero density case, and investigate the size of intersections A(A) N A(B)
depending on the relative density of A with respect to B. More generally, for k € N,
we will consider intersections Ry (A) N A(B) where

Ri(A) = {xeN:|AN(A+z) >k}

is the k-recursion set of A. Elements of R;(A) are those natural numbers that
are the distance of at least k-many different pairs of elements in A; in particular,
Ri1(A) = A(A).

The main results presented here (see Corollaries 3.5 and 4.3) can be summarized
as follows.

Main Theorem. Let A= {a,} and B = {b,} be infinite sets of natural numbers,
and let 9 : N — RT be such that limsup,,_, . #’(Ln) < oo0.

1. If lim, o ﬂ(fl") =0, then Ri(A) N A(B) is infinite for all k.

2. If lim, o w = 0, then there exists a sequence (x,, | n € N) of elements
of A(B) such that

|AN(A+z,)N[1,n]|
limsup | ——*———| > 1.
n—00 (|Aﬂ[1,n]\)

n

We remark that the above results apply to a large class of zero density sets; e.g.,
when B = N, (1) applies whenever a,, << n?, and (2) applies whenever a,, << n3/2.
By way of examples, we list below three consequences (see Examples 3.7, 3.9, and
4.5).

Example 1. If Y72 -1 = o0 and B = {b,} is such that logb,, <& n'~¢ for some

n=1 a,

€ > 0, then the intersections Ry(A) N A(B) are infinite for all k.

2 By a difference set is meant a set of the form A — B={a—b|a € A,b € B}. So, the set of
distances A(A) is the positive part of A — A.
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Example 2. Let A = {|K -ny/n]} and B = {M -n3}. If K*- M < 2 then
R, (A) N A(B) # 0 for all k.

Example 3. Let A = {a,} have the same asymptotic size as the set of prime
numbers, i.e., lim,_ nﬁ)ﬁ = 1, and assume that B = {b,} is sub-exponential,
i.e., logh, <& n. Then for every € > 0 there exist infinitely many n and elements
xn € A(B) such that

n

AN (A+2,) N [Lan)| > (1—e).

logn

Of course, the asymptotic conditions considered in our theorems about sequences
A = {a,} may be reformulated by using the corresponding counting functions
A(u) = [{a € A| a < u}|. For instance, the role of a,/n is played by u/A(u), and
so forth.

Notation. The natural numbers N are the set of positive integers. Letters
n,m,h, k, s, t, v, u, N will be used for natural numbers, and upper-case letters A, B, C,
will be used for sets of natural numbers. For infinite sets A C N we use the brace
notation A = {a,} to mean that elements a,, are arranged in increasing order:

A= {ap} = {a1<ax<...<a,<...}

We write A+ = {a+ 2 | a € A} to denote the shift of A by x. For func-
tions f : N — R taking positive real values, we write a, <& f(n) to mean that
lim, o0 an/f(n) = 0.2 By |z] = max{k € Z | k < z} is denoted the integer part
of a real number z. Finally, recall the notion of upper asymptotic density d(A) for

sets A C N:

- ANl
d(A) = limsupM.

n—oo

2. Preliminary Results
Let us start with a straightforward consequence of the pigeonhole principle.

Proposition 2.1. Let A= {a,} and B = {b,} be infinite sets of natural numbers.
If there exist N,v such that ay + b, < N -v then A(A) NA(B) # 0. In particular,
if liminf,, o 2252 < 1 then A(A) N A(B) # 0.

Proof. Fix N,v as in the hypothesis. The sumset

{a;+b; |1<i<N; 1<j<v}C[2,ay+b,]C[2,N V]

3 This is equivalent to Landau notation a, = o(f(n)).
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contains at most N - v — 1 elements. So, by the pigeonhole principle, there exist
(t,7) # (¢,j") such that a; + b; = ay + bjr. Clearly i # i/, say ¢ > i’. Then
a; —ay = bj —b; € A(A)NA(B) # 0. If liminf, %2%b» < 1, pick N such that
“NN+I’N < 1, and apply the above argument with N = v. O

Remark 2.2. The above result is best possible because there exist infinite sets
A ={a,} and B = {b,} such that liminf, %=t =1 but A(4) N A(B) = §. The
following example is due to P. Erdds and R. Freud [6].

e Let A be the set of all natural numbers that are sums of even powers of 2,
including 1 = 2°.

e Let B be the set of all natural numbers that are sums of odd powers of 2.
It only takes a little computation to verify that:

e b,=2-a, forall n;

e liminf, .o a,/n? = 1/3 is attained on the subsequence n, = 2% — 1;
Gnthn — 17,

e liminf,,

Besides, since every natural number is uniquely written as a sum of powers of 2,
an equality a; —a; = by — by < a; + b = a; + b, holds if and only if ¢ = j and s = ¢.
It follows that A(A) N A(B) = 0.

In order to improve on the previous result, we will use the following elementary
inequality.

Lemma 2.3. Let A ={a; < ... <an} and B={b; < ... <b,} be finite sets of
natural numbers. For every h < v/2 there exists x € A(B) such that x > h and

N? N - (2h —1) N2 1 (an+b)(2h=1)
AN(A+=x > — _ . N-v
| ( )| - aN+bl/ 1 an 1+CIZ_;

The above inequality is strict except when h =1 and N -v=an +b,.

Proof. Let us first consider the case h = 1. Let I be the interval [1,ax + b,], and
foreveryi=1,...,v,let x; : I — {0,1} be the characteristic function of the shifted
sets A+ b; C I. Notice that

Z(ixi($)> = i(Zm(aﬁ)) = i|A+bi| = N.u.

zel \i=1 =1 \zel i=1
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By the Cauchy-Schwartz inequality, we obtain:

(£ (Ew) = (5%) 5(Ew)

YD @) @) | = - ) (ZXi(@'Xj(@)

zel \i,j=1 i,j=1 \xel

NZ. 2

= (an +by) Z|A+b (A+b).

1,7=1

If M =max{|(A+b)N(A+0b;)| : 1 <i<j<v}then

Z|A+b (A+0b;)] Z\A+b\+2 > IA+b) N (A+by)

i,j=1 1<i<j<v

IN

N.u+2~<2>.M = v (N+(v—1)-M).

(The above expressions are well-defined because we are assuming h < v/2; and
hence v > 2.) By combining with the previous inequalities, we get that

N?.v < (ay+b,) - (N+(v—1)-M),

and hence

v N2 N v N2 N S N2 N
~ any +b, v’

M > . — = . _
~“v—1 ayv+b, v-—1 v—1 an + b, v

Notice that the last inequality is strict provided that e +b — % > 0 or, equivalently,
when N -v > ay + b,. Notice also that, since M > 0, the strict inequality trivially
holds also when N - v < ay + b,. Observe that if M = |(A + bs) N (A + by)| then
M =]AN(A+ z)| where z = bs — by € A(B), and this completes the proof of the
case h = 1.

Now let h > 2. Let p be such that ph < v < (u + 1)h, and consider the set
B" = {by < ... < b,} C B where b, = b;,. Notice that u > 2, because we are
assuming h < v/2, and so we can apply the property proved above to prove the
existence of an element € A(B’) such that
N? N N? N

>

AN(A > .
[And+a)] = ay+b, p T an+b, u

For suitable indexes 1 < t < u one has that x = b, —bl, = by, —bsp, > th—ts > h.
Finally, notice that JX =37 < (“Zl)h and since (‘“:1 < 2h — 1, the proof is
completed. Indeed, ph + h < 2uh — p & ph > p+ h, and the last inequality holds

because pu, h > 2. O

s <
N,
v
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Theorem 2.4. Let A = {a,} and B = {b,} be infinite sets of natural numbers

such that .
liminf 22270 — .
n— oo n

Then Ry (A) N A(B) is infinite for all k.*

Proof. Fix an arbitrary h € N. For every n > 2h, apply Lemma 2.3 to the finite
sets A, ={a1 <...<a,} and B, = {b; < ... < b,}, and get the existence of an
element x,, € A(B,) such that z, > h and

n2

[AN(A+z,) N[ an +bu]| > [An N (An + x0)| > PR

—(2h—1).

By the hypothesis, the sequence on the right side is unbounded as n goes to
infinity and so, for every k, there exists x,, € A(B,,) € A(B) with x,, > h and [AN
(A4 x,)| > k. As h was arbitrary, this proves that the intersections Ry (A) N A(B)
are infinite. O

Next, we prove that when A has positive asymptotic density, the set of all possible
shifts = that yield “large” intersections A N (A + z) is “combinatorially large,” in
the sense that it meets all sufficiently large Delta-sets.

Theorem 2.5. Let A be a set of natural numbers with d(A) = a > 0. Then for
every € > 0 and for every set B with |B| > a/e, one has

{z|dAN(A+2)>a®—e}NA(B) £0.

Proof. Notice first that the limit superior for the upper asymptotic density is at-
tained along intervals of the form [1, a,]; so, by passing to a subsequence if necessary,
we can directly assume that lim, . n/a, = a. Without loss of generality, let us
assume that B = {b; < ... < b,} is finite with v > «/e. For every n, apply Lemma
2.3 to the finite sets A, = {a1 < ... < a,} and B (with h = 1) and obtain the
existence of an element z,, € A(B) such that

[AN(A4+z,)N[La,)] > [AN(A4+z,)N[Lan +b)]| —b, >

2 _ an+tb,
|Ap O (A +20)[ —b, > = ——nv__p,
I

Since v is fixed, by passing to the limit as n goes to infinity, we get

lim [AN (A4 x,) N[, a4 >

n—o00 Qp,

4 Recall that Ri(A) ={z e N: |[AN(A+z)| > k}.
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2 Gn by
..on —n -z} 1
llm—-M——V:a2~(l— )>a2—5.
n

o -V

Now notice that the sequence (z,, | n € N) takes values in the finite set A(B),
and so there exists an element x € A(B) such that the limit superior is attained
along a subsequence {nj} where z,, = z for all k. Such an element x yields the
theorem because

- AN(A N1
dANA+2) > limsup AOATD L an ]l

k—o00 Qnp,,

> a?—¢.

AN(A ) N1 an
ey AN A+ 20) N L]
k—o00 An,,

O

As a straight corollary, we obtain the well-known density version of Khintchine’s
Recurrence Theorem for sets of integers (see, e.g., Section 5 of [2]).

Corollary 2.6. Let A= {a,} and B = {b,} be infinite sets of natural numbers. If
d(A) > 0 then for every ¢ > 0 the following intersection is infinite:

{z |d(AN(A+2z)) >d(A)? —e} N A(B).
In consequence:
1. All intersections Ri(A) N A(B) are infinite ;

2. imsup,ea(p) 7‘1(’42%3'3:)) >1.

Proof. For every h, by applying the previous theorem to A and B" = {b,,,}, one gets
the existence of an element xj, = bys —bp; € A(B") C A(B) with d(AN(A+zp)) >
E(A)2 —e. Notice that 2, > hs—ht > h. This proves that there are arbitrarily large
elements in the intersection {z | d(AN (A + ) > d(A)? — e} N A(B), as desired.
(1). Every set of positive upper density is infinite, and so, for every k, we have
{z|d(AN(A+1z))>d(A)? —c} C Ri(A) whenever 0 < e < d(A)2.
(2). By what is proved above, for every € > 0 there are infinitely many elements
x € A(B) such that d(A+ (A+z)) > d(A)? —¢; but then limsup,ea(p d(Aﬂ (A+
) > d(A)? — . Since £ > 0 can be taken arbitrarily small, the result follows. O

x)

Further on in this paper, we will show that a result similar to (2) can be proved
for a large class of zero density sets (see Corollary 4.3).
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3. Intersection Properties

We saw in Theorem 2.4 that A(A) NA(B) # 0 whenever both A and B are asymp-
totically larger than the set of squares. We now sharpen that result, and prove a
general intersection property that also applies when b, /n? goes to infinity.

Theorem 3.1. Let A = {a,} and B = {b,} be infinite sets of natural numbers
where a, << n?. Let f(n) = a,/n and g(n) = b, /n.

1. If there exists a constant ¢ > 1 such that

liming 2Ly 1

then Ri(A) N A(B) # 0 for all k.

2. If for arbitrarily large constants ¢ one has

i 9SO _

then Ri(A) N A(B) is infinite for all k.

3. If there exists a constant € > 0 such that

fming L8 bnd) g

n— o0 n

then Ri(A) N A(B) # 0 for all k.

4. If there exists a constant € > 0 such that

liming ZLE 00D _
n— oo n

then Ri(A) N A(B) is infinite for all k.

Proof. In the following, without loss of generality, we will always assume that n <<
an. Indeed, n << a,, fails if and only if the upper asymptotic density d(A) is
positive, and in this case the four properties above are all proved by Corollary 2.6.

(1). Let

. 1
iming 2SNy L
n— 00 n Cc
For every n, let 7(n) = |c- f(n)], and apply Lemma 2.3 with h = 1 to the sets
Ap={a1 <...<an}and B,y = {b1 < ... < b }. We obtain the existence of

an element z,, € A(By(,)) € A(B) such that:

2 11— An+br(n)

n n-t(n

An
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Since we are assuming n << a,,, we have that lim,, ., f(n) = oo, and so

lim —2 g W1
n~>oo’n,7'(n) n—oo ch(n)J C'
Besides,
b .
liminf — " = 1iminfw =1,
n—oo N - T(N N 00 n
and ;
n—oo Qn n—oo f(n) n

Notice that the two limit inferiors above are attained along the same subsequence,
and so

_ antbr(n) 1
lim su ! nrln) - _ 1= (E + l) > 0
p brey 0 14c-l '

noee 14 ¢

By using the hypothesis a,, << n?, i.e., lim,_, o n?/a, = oo, we can then conclude
that
limsup [A N (A +2,) N [1,an 4 bry]| = 00.
n—oo

This shows that for every k one finds elements x,, € A(B) such that |[AN(A+z,)| >
k, and hence Ri(A) N A(B) # 0.5

(2). Fix h > 1. For every n, let 7(n) = [2h - f(n)|, and apply Lemma 2.3 to the
sets A,, and B.(,) s0 as to get the existence of an element x,, € A(B,(,)) € A(B)
such that x,, > h and

1 _ (an+b7(n))(2h71)

2 n-7(n)

n
> .
AN (A+an) 1o+ brio| 2 - ———5 7

Now use the same arguments as in the proof of the previous property (1). Since in
our case ¢ = 2h and [ = 0, we obtain that

an+b,(ny)(2h—1
. 1—L—7#%%—1 1- (41 (2n-1) 2h — 1
lim sup 5 = = =1- > 0.
00 1+ ;m) 14+c-1 2h

By the hypothesis a,, << n?, we conclude that

limsup [AN (A +2,) N[L,an + brn))l| = 0.
So, for every k, there exist elements z,, € A(B,) C A(B) such that x,, > h and
|[AN(A+x,,)| > k. Since h is arbitrary, this shows that the intersection Ry (A)NA(B)
is infinite, as desired.

5 We remark that the map n — x, may not be 1-1, and so the above argument does not prove
that Ry (A) N A(B) contains infinitely many elements.
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(3). The proof is entirely similar to the proof of (1), by applying Lemma 2.3 to
the sets Ay (n) and B, where o(n) = |¢ - b,]. Indeed, notice that

liminf 220 Jiming L5 Bl
n—oo g n) ‘n n— oo n
Besides,
. bTL . n 1
lim = lim = - < 00,
n—oo o'(n) n— o0 |_€ . bn 3
and so
lim =0 and lim = lim . a(n) = 0.
n—oo o(n) - n n—00 Qg () n—00 0(N) Qg (n)

Thus we have the existence of elements x,, € A(B) such that

o(n)? 1- o) b
limsup [A N (A +2,) N [1,a5(,) + bp]| > limsup . J(:)'” = o0,
n— o0 n—oo Qg(n) 1 TZL")

and the result is proved.

(4). For fixed h > 1, we proceed as in (3) and obtain the existence of elements
Zn € A(Bp) € A(B) with x, > h and such that

21— (Gomtbn)@h-1)

limsup [A N (A +2,) N [1,a5(,) + bp]| > limsup o(n)” U(:)'n
n—oo n—oo QAg(n) 1+ T;Ln)

As we are assuming [ = 0, the above limit superior is infinite. Finally, since h can
be taken arbitrarily large, the property is proved. O

Remark 3.2. Under the (mild) hypothesis that g(n) be non-decreasing, one can
prove (3) and (4) as consequences of (1) and (2), which are therefore basically
stronger properties. Indeed, given € > 0, let us assume that 7(n) = f(|e - bn])/n
satisfies the condition liminf,_,, 7(n) =1 < 1. Then for every constant ¢ such that
¢+l < 1, we have that ¢- 7(n) - n < n for infinitely many n, and so

timing S0 SN s gle e b))
= limin M — 1 imin M
< L imine 90 _

Notice that, since [ < 1, we can pick constants ¢ > 1 such that ¢! < 1, and this
completes the proof of (1) = (3). Besides, if I = 0, every constant ¢ > 1 trivially
satisfies ¢ -1 < 1, and also (2) = (4) follows.
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As a consequence of the previous theorem, one can isolate a large class of sets B
such that Ri(A) N A(B) # ), in terms of their density relative to A.

Corollary 3.3. Let A = {a, = n- f(n)} be an infinite set of natural numbers where
f:RTY — RY is an increasing unbounded function, and assume that the infinite set
of natural numbers B = {b,} is such that

lim bn /.

n—»oom =0 fOTCLll€>O.

Then the intersections Ry (A) N A(B) are infinite for all k.

Proof. Fix ¢ > 1, and let 7(n) = |c- f(n)| and e = 1/c. Then f~1(e-7(n)) < n and

_g(le- f(n)]) : 9(7(n)) ey /(1)
0 < lim &4/ < lim ——~— = lim ————— = 0.
T R T T(m)  ne T ()
Thus (2) of the previous Theorem applies, and the corollary is proved. O

When e = 1, items (3) and (4) in Theorem 3.1 have the advantage that they can
be reformulated in the following simpler form:

Corollary 3.4. Let A = {a,} and B = {b,} be infinite sets of natural numbers
where a, << n?, and let

. ap

liminf —— =1

n—oo 1 - Op

If1 < 1 then R (A)NA(B) # 0 for all k; and if | = 0 then Ry(A)NA(B) is infinite
for all k.

A consequence that is easily applied in several examples is the following:

Corollary 3.5. Given a function ¥ : N — RY and infinite sets of natural numbers
A ={a,} and B = {b,}, denote by:

a a _
liminf —-— =¢; i L=
oo nd(n) O s d(n)

lim inf 9(bn) =1'; 1imsupM =7,
n—oo  n n—oo N

If0-0" <1 orl-£" <1 then Re(A)NA(B) # 0 for all k; and if £-0' = 0 or
£-0" =0 then R (A) N A(B) is infinite for all k.

6 By writing £- ¢’ < 1 or £-¢’ =0, it is implicitly assumed that both £ and ¢’ are finite; and
similarly in the other cases.
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Proof. Tt is a direct application of Corollary 3.4. Indeed, if £ and ¢’ are finite, then

.. ap . ap . ﬁ(bn) 7/
lim inf < liminf & -limsu < L0
n—oo n-b, T n—oo by - ﬁ(bn) naoop n T
and if £ and ¢ are finite, then
by, -
linniigf na’b"n < liin_)solip ™ 'azl;?bn) . h,?iigf (n ) < 0-¢

O

As witnessed by the results proved above, if A has zero density but still it is
“large” enough, then its set of distances intersect sets of distances of very “sparse”
sets B. We give below two examples to illustrate this phenomenon.

Example 3.6. Let P = {p,} be the set of prime numbers, and let B = {2"} be
the set of powers of 2. By the Prime Number Theorem,

lim Pn =1
n—oo n - logn

Since (log2™)/n = log2 < 1, by the previous corollary we can conclude that for
every k, there exist numbers of the form 2™ — 2™ which are the distance of at least
k-many pairs of primes. Actually, there exist infinitely many such numbers, since
the function (n,m) — 2™ — 2" is 1-1; indeed, first pick 2" — 2™ € R, (P)NA(B),
then consider B(Y) = B\ {2™ 272} and pick 272 — 22 € Ry(P) N A(BW), and so
forth.

Example 3.7. Let A = {a,} and B = {b,} be infinite sets of natural numbers
such that

o0
1

E — = oo and logh, < n'~¢ for some e >0.
427

n=1

Then Ry (A) N A(B) is infinite for all k.

Proof. If we let ¥(n) = (logn) T, the hypotheses imply that

n 9 (bn : log b, \ 7
lim inf O 0 and limsup % = (hm sup 8 ) =0,

n—oo 1 -+ 19(71) n— 00 7L17€

and the desired intersection property follows from Corollary 3.5. O
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E.g., if A= {a,} is such that > ", -L = oo, then for every exponent a < 1
and for every k, there exist infinitely many numbers of the form |10™" | — |10™" |,

everyone of which is the distance of at least k-many different pairs of elements of
A.

Let us now focus on powers of n.

Theorem 3.8. Let A = {a,} and B = {b,} be infinite sets of natural numbers
such that, for all sufficiently large n,

an < K-n't* and b, <M -n't?.
1. Ifa <1 and 8 < 1/a then Rp(A) N A(B) is infinite for all k.

2. Ifa <1 and B = 1/a then Ri(A) N A(B) # 0 for all k whenever KPM <

o
(14a)P+t-

3. Ifa=p3=1 then A(A) N A(B) # 0 whenever KM < 1.
Proof. Notice first that, without loss of generality, we can assume n < a,, and
hence a > 0. Indeed, otherwise d(A) > 0, and the thesis is proved by Corollary 2.6.
(1). This property follows from (2) of Theorem 3.1 since a,, << n? and for every

constant ¢ > 1 one has that

. M- (c - K -no)P afB
hminfM < limM — lm M-S K. — .
n—oo n n—oo n n—oo n
(2). We use (1) of Theorem 3.1. Given a constant ¢ > 1, under our hypotheses
one has that

fmint S SO s s,
n—oo n
Now,
M-® KP <1~ = MK’ < "+
c cBt1

and the greatest possible value of the last expression is attained when ¢ = 1 + «,
namely W, as one can directly verify.

(3). Fix a constant ¢ > 0. For every given n, let N = n and v = 7(n) =

lc-/K/M -n]. By Lemma 2.3, there exists an element z,, € A(B) such that
n? n

an + br(n) B 7(n)

n? n 1 ( 1 \/KM.w(n)>

AN (A+2,) N [Lan + b >

>

> _ — -
= Kn2+ M- Eop2 Lc-\/%-nj K \1+4¢ c
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h _ e/E/Mn
where ¥ (n) Ton/K /]
for all sufficiently large n if and only if vV KM < T4oz- Now, it is easily checked that
the greatest possible value of the latter expression is 1/2, which is attained when

¢ = 1. This means that if KM < 1/4 then there exist elements z,, € A(A) NA(B),
and the proof is completed. O

— 1 as n — o0. So, the last quantity above is positive

Example 3.9. Let A = {|K -ny/n]} and B = {n3}. If K? - M < 4/27 then
Ri(A)NA(B) # () for all k. Indeed, we can apply (2) of the theorem above, where

lja=pg=2.

4. A Variant of Khintchine’s Theorem

In this final section we exploit further consequences of Lemma 2.3 and prove a result
for a class of zero density sets that resembles Khintchine’s Recurrence Theorem.

Let us first introduce some notation. For sets A C N, we write 9(A),, to denote
the relative density of A on the interval [1,n], i.e.,

_ ANt ]l
- e

o(A)n

As already pointed out, the limit superior given by the upper asymptotic density is
attained along intervals of the form [1,a,]; so one has

d(A) = limsupd(A),, = limsupﬁ.

n— 00 n—oo On

Theorem 4.1. Let A = {a,} and B = {b,} be infinite sets of natural numbers,

and assume that 1
lim inf b _ I < =.

n—oo n2- n 2

Then there exists a sequence (x,, | n € N) of elements of A(B) such that

<0(A N(A+2n))a,
(0(A)a,.)?

Proof. For every n, let (n) = n - b,, and apply Lemma 2.3 with & = 1 to the sets
Aginy ={a1 < ... < agm)} and B, = {b < ... < b,}. We obtain the existence of
an element z, € A(B,) C A(B) such that:

lim sup
n—oo

)z i-uso0

[AN(A+x,)N [1,ag(n)]| > [AN(A+x,)N [1,ag(n) +bu]| — by >
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2 1 _ aa(n)“"bn

O'(TL) o(n)n
[Ao(n) N (Ag(n) + 2n)| = b > : R by
acr(n) 1+ a,,:;l)
By combining, one gets
ao‘(n)+bn
(AN (A+ xn))ag(n) B AN (A+2,) N1, a5 - 1-— o(n)yn_ Go(n) b,
(A, )? B o(n)? = by 2
(0(A4) g<n>) o) 1+ s a(n)
Now notice that:
e liminf,, :(‘;L()il = liminf, 2222 =1;
3 by, — i L — .
e lim, . O limy, o0 7z = 0;
o lim, o %(nn) = lim, ar:ii : % < limy 0 % =0;
e liminf,,_ . (1’[’7‘("—72)'2” = liminf Zg:Zz =1.

By considering the inequalities proved above, and by passing to the limit supe-
riors as n goes to infinity, we finally get:

()

>

> limsup
n—oo

lim sup

n—oo

AN (A4 20))a,
(A aym)?

L= 05— sibw o) b
. on)n on)n on n
llisolip( L4 b — o(n)? > =1-21 > 0.

Ao (n)

O

Corollary 4.2. Let A = {a,} be an infinite set of natural numbers. If a,, < n3/?
then there exists a sequence of shifts (x, | n € N) such that

limsup | ——"——5—
n—00 (|Am[1,n]|)
Proof. Let B = N. Then the previous theorem applies where [ = 0, and the desired
result easily follows. O

Similarly as Corollary 3.5 is derived from Theorem 3.4, one proves the following
property as a straight consequence of Theorem 4.1.
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Corollary 4.3. Assume that, for a suitable ¥ : N — R, the infinite sets of natural
numbers A = {a,} and B = {b,} satisfy

Hn - by,

lim sup =1 < c© and liminfM =l < ©

where 1y - lo < 1/2. Then there exists a sequence (z, | n € N} of elements of A(B)

such that
a(A m (A + xn))an

(0(A)a,.)?

Proof. Theorem 4.1 applies, since

lim sup (

n—oo

> > 1—-2Ll; > 0.

d(n - by) 1

.. Gn. . Q. .
lim inf b < limsup ™ bn - lim inf < lily < 3

n—oo N2 - b, n—oo M -by-¥(n-b,) n—ooo
O

To illustrate the use of the above corollary, let us see a property that holds for
all sets A = {a,} having the same asymptotic size as the set of primes.

Proposition 4.4. Let A = {a,} and B = {b,} be infinite sets of natural numbers

such that
An,

1
lim =1 and liminf 08 bn =0.

n—oo nlogn n—oo N

Then for every € > 0 there exist infinitely many n and elements x,, € A(B) such
that

n
AN(A+x, 1,a,]| > (1—¢).
AN (A+zn) N1 an]| og 7t (I—¢)
Proof. Let ¥(n) = logn. By the hypotheses,
m 1 and fim 20 be) gy logmtlogb,

So, the previous corollary applies, and we get the existence of elements z,, € A(B)

such that A(AN(A L)
() =

lim sup
n—oo

Now notice that

AN (A+ 1))
(0(A)a,)?

So, for every § > 0, there exist infinitely many n that satisfy

an,
n?’

o= AN (A+x,) N[, a]]

Gp

AN A+a)N[Lall- 75 > 1-4.
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By our hypothesis on {a, }, we know that "'L"# > 1 -4 for all sufficiently large n,
and so we can conclude that there exist infinitely many n and elements x,, € A(B)
such that:

n? n  nlogn n
AN(A+z,)N[1,a,]) > —-(1-6) = = (1=6) > (1-=46)2%.
An@te)n(Lall > = 1-8) = Zo BB 10 > o (1-0)
The proof is completed by choosing & in such a way that (1 —§)? > 1 —e. O

Example 4.5. Let P = {p,} be the set of prime numbers. Then, for any given
€ > 0, there exist arbitrarily large n such that one finds “nearly” (n/logn)-many
pairs of primes p,p’ < p, which have a common distance p — p’ = d. Moreover,
such a distance d can be taken to belong to any prescribed set of distances A(B),
provided B = {b,,} is not too sparse in the precise sense that logb, << n (e.g., one
can take b, = |10%7 |).
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