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Abstract. We consider strongly regular graphs defined on a finite field by taking the union of some cyclotomic
classes as difference set. Several new examples are found.
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In this note we consider graplisthat have, as vertices, the elements of a finite figjd
where two vertices are adjacent when their difference belon@s #fixed subset ofy.
Note that such a graph will be undirected wHenr= —D, and without loops if G¢ D.

The case wher® is a union of cosets of a subgroup of the multiplicative group of a
field Fy was considered in [3]; see also [1]. De Lange [2] gave a few more examples of
strongly regular graphs obtained by cyclotomy. Here, we give an ‘explanation’ of one of his
examples, by showing how it fits into the general theory. (There are still two more examples
to be explained.) As a result, we obtain infinitely many other examples. The idea is to use
a union of cosets of several subgroups of the multiplicative groufy of

We start by reviewing the classical stuff. Let= p“, p prime ande|(q — 1), say
q =em+ 1 LetK < Fj be the subgroup of theth powers (so thatK| = m). Let «
be a primitive element afy. ForJ < {0,1,...,e— 1} putu := [J|andD = D; :=
Ufe/K |j € 3} = {«'®F1|j € J,0 <i < m}. Define a (directed) graph = I'j with
vertex setfy and edgegx, y) whenevery — x € D. Note thatl" will be undirected iff
either—1 is aneth power (i.e.gisevenor|(q—1)/2) orJ + (q — 1)/2 = J (arithmetic
in Ze).

Let A= A; be the adjacency matrix &f defined byA(x, y) = 1if (X, y) is an edge of
I’ and=0 otherwise. Let us compute the eigenvalueg\ofor each (additive) character
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x of Fq we have

(ANX) =D x(y) = (Z X(d))x(x).

y~X deD

Thus, each character gives us an eigenvector, and since these are all independent we know
all eigenvalues. Their explicit determination requires some theory of Gauss sums. Let us
write Ax =6(x) x. Clearly,0(1) = mu, the valency of". Now assume # 1. Theny = g4

for some integeg, where

xg(a)) = exp(z—?tr(a”g))

andtr :Fq — Fy is the trace function. . _
If 1 is any multiplicative character of ordefsay,u(«!) = ¢!, wherer = exp((2ri)/e))
then

et e ifux)=1
ZHI(X)Z{ m(X)

= 0 otherwise.
Thus,
1 e—1 )
00 =D _xo@ =3 > xitgW =23 > Xiwg) Y 1)
deD jed uekK jed xely i=0

el o1
= é 2 (—l+ ZZXHg(X)yJ(X)) = éz <_1+ Z,U«_i(OtHg)Gi)

i=1 x40 jed i=1
whereG; is the Gauss surﬁjxio xo(X) ! (X).

In general, determination of Gauss sums seems to be complicated, but there are a few
explicit results. For our purposes the most interesting is the following:

Proposition 1(Stickelberger et akkee [45]) Supposee 2and p is semiprimitivenode,
i.e., there exists an | such that g —1 (mode). Choose | minimal and write = 2It. Then

Gi — (—1)t+18it\/a,

where

—1 ifeisevenandp + 1)/eis odd
+1 otherwise
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Under the hypotheses of this proposition, we have

-1'ya itr 1,

e-1 e—1
T(@t9G; = —iG+9) (_)tHHigit g —
;M D ;g AL (-1 /ge—-1) ifr=1,

where¢ = exp((2ri)/e) andr =rg; = ¢~ 179%" (so thatr® = ¢®' = 1), and hence

00 = (14 (~D'V@ + (DG - #l] € Irg; = 1)

If we abbreviate the cardinality in this formula with #, theng'if= 1 then#= 1ifg € —J
(mode), and= 0 otherwise. Ife'! = —1 (thene is even andp is odd) then #= 1 if
ge %e— J (mode), and= 0 otherwise. We proved:

Theorem?2 Letg= p*, pprimeande (q—1), where pis semiprimitivenode, i.e., there
is an|> 0such that p= —1 mode. Choose | minimal with this property and write= 2It.
Choose ul <u<e— 1land assume that q is even or u is even p(g— 1)/2. Then the
graphsrI'; (where J is arbitrary for q even orlgg — 1)/2 and satisfies ¥ (q—1)/2=J
mode otherwisg are strongly regular with eigenvalues

q-—-1

k = o u with multiplicity 1,

%(—1+ (—DL /D with multiplicity g — 1 — k,

01

9, = %(—1+ (=Dt /@) + (—DL /G with multiplicity k

(Obviously when t is even we have= 6, s = 6,, and otherwise r= 6,, s = 01, where
as usual r denotes the nontrivial positive eigenvaland s the negative one.

Clearly, whenel€'|(g — 1) then the set oéth powers is a union of cosets of the set of
€th powers, so when applying the above theorem we may assunehthigbeen chosen as
large as possible, i.ee,= p' +1. Then the restrictiory is even ouis evenoe | (q—1)/2’
is empty, and] can always be chosen arbitrarily.

The above construction can be generalized. Pick several valdes 1) withe |[(q—1).

Let K; be the subgroup dﬂ‘; of thegth powers. Let) be a subsetof0, 1, ..., — 1}.

LetD; := Dy := Ufe/Ki | j € J}. PutD := | JD;. If the D; are mutually disjoint, then

D defines a graph of which we can compute the spectrum. Using the above notation, we
give the following examples.

Example 3 Let p be odd, and take = p'" +1 (i = 1,2) andq = p* wherex = 4;s

(i =1, 2). Pick J; to consist of even numbers only, adgto consist of odd numbers only.
ThenD; N D, = @ andg € —J; (mode ) cannot happen far= 1, 2 simultaneously. This
means that the resulting graph will be strongly regular with eigenvalues

k= (lhl/e1+|&l/e2)(0 -1
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and

0(xg) = <%+%)(—1+\/ﬁ)—\/§-5(g € —J(modeg), fori =1ori =2)

(wheres(P) = 1 if P holds, ands(P) = 0 otherwise).

This generalizes the first construction of Wilson and Xiang [6] (which is the special case
[; = 1andJ; = {0}). In the special casp = 3,11 = 1,1, = 2, e = 4, & = 10,
J; = {0}, J, = {1}, the difference set consists of the powetsvithi = 0 (mod 4 ori =1
(mod 10, i.e., is the setl, «, a*, o8, o1, &2, 16} («?%), and we find the first graph from
[2] again. (It has parameters, k, A, 1) = (6561 2296 787, 812 and spectrum 2296
284264 (_53)2296_)

Example 4 Let p be odd, and take = p" + 1 (i = 1,2) andq = p* wherex = 2i;5

(i =1, 2),s ands; are odd. Pickl; and J, such thatJ; consists of even numbers only,
J, consists of odd numbers only, ardl; + % N—J+ % = @. ThenD, N D, = ¥ and

g € —J + % (mode) cannot happen far = 1, 2 simultaneously. This means that the
resulting graph will be strongly regular with eigenvalues

k= (lhl/e1+ | &l/e2)(d -1

and

G(Xg)zﬁ-8<g € —Jﬁ%(mode'), fori=1ori =2)—(|il—l|+|iz—2|>(l+ﬁ)

We remark that in Example 4 it is possible to chopsg, i = 1, 2, andJ;, J, such that
—h+%$N—-3%+ % =4¢. For example, lep be a prime congruent to 3 modulol4, |
both odd. Then we have 1+ $ N—J,+ % = . The resulting graphs have Latin square
parameters.
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