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Abstract. Let T, be the space of fully-grown n-trees and let V,, and V, be the representations of the symmetric
groups %, and X, respectively on the unique non-vanishing reduced integral homology group of this space.

Starting from combinatorial descriptions of V,, and V,,, we establish a short exact sequence of ZX,,|-modules,

giving a description of V, in terms of V,, and V,,;;. This short exact sequence may also be deduced from work of
Sundaram.

Modulo a twist by the sign representation, V,, is shown to be dual to the Lie representation of X,,, Lie, . Therefore
we have an explicit combinatorial description of the integral representation of X, on Lie,, and this representation
fits into a short exact sequence involving Lie, and Lie, 1.
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Introduction

The space of fully-grown n-trees 7, was described in [7]. This is a topological space with
an action of the symmetric group X, . It has the homotopy type of a bouquet of spheres
and its unique non-vanishing reduced homology group affords a representation of X, |,
the tree representation.

The space T, arises naturally in joint work of the author with Alan Robinson on ‘gamma
homology’, a homology theory for coherently homotopy commutative algebras (Eo-
algebras) [8]. This is motivated by the problem in stable homotopy theory of develop-
ing an obstruction theory for E, structures on ring spectra. The representation of %,
on T, plays an important role. Character calculations were carried out in [7] and related
representations were studied in [11].

The same representation has arisen in several other contexts. As will be shown below,
it is closely related to the ¥, action on Lie,, the multilinear component of the free Lie
algebra on n generators. This action is due originally to Kontsevich and has been studied
by Getzler and Kapranov [4].

In [6] Mathieu studies the same action on the top component of the rational cohomology
of the complement of the braid arrangement. By looking at integral cohomology, he shows
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that the action does not come from an action of a transformation group on the complement
of the braid arrangement. It is possible that the results of this paper may shed some further
light on this.

This and related representations have been extensively studied by Sundaram via subposets
of the partition lattice [10]; see also [9]. Related work in the rational situation has also been
carried out by Hanlon [5]. Finally, the same representation arises in the homology of the
complex of ‘not 2-connected’ graphs [1].

The aim of the present paper is to study the integral representation of ¥, on 7,,. Let V,
and V denote the representations of X, and X, respectively on the unique non-vanishing
reduced integral homology group of the tree space 7,,. We start from explicit combinatorial
descriptions of these representations, involving shuffles. In the first section, these are used
to deduce various properties of the representations. In particular, we prove (1.8) that there
is a short exact sequence of Z X, . -modules

Z
0— Vyy1 — Inds""'V, — V,; — 0.
This generalizes the rational direct sum decomposition
s, ~
IndE"H V. = V”/ ® Vigr,

of QX -modules of [11, 3.4]. We note that the short exact sequence of ZX,,-modules
may also be deduced from the work of Sundaram [10] which uses entirely different methods.
We end the first section with a simple example where the sequence does not split over the
integers.

The second section establishes the relationship between the integral tree representation V,,
of ¥, and Lie, . We use a direct combinatorial argument to prove that there is an isomorphism
of Z%,,-modules

Lie, = Hom(V,, Z[-1]),

where Z[—1] denotes the sign representation. Related results were proved by Barcelo [2].
From this result and those of the first section, we recover the fact that Lie, carries an
action of X, 1, and we have an explicit combinatorial description for this ZX,,;-module.
This integral representation of ¥,; fits into a short exact sequence involving Lie, and
Lien+1.

1. The symmetric group representations, V, and V/,

The symmetric group %, is the group of permutations of the set {1, . . ., n}. Permutations are
written in cycle notation and multiplied from right to left, so for example (1 2)(23) = (123).
The identity permutation is written 1. We regard X, as contained in X, as the subgroup
of permutations fixing n + 1, and similarly the group ring Z%,, is a subring of ZX, ;. We
denote the sign of a permutation 7 by () € {—1, 1}.

Our starting point is the following description of representations V,, and V! of X, and
3,41 respectively.



INTEGRAL TREE REPRESENTATION 319

Definition 1.1 Recall that 7 € ¥, isan (i,n —i)-shuffleif 7(1) < 7(2) < --- < 7w(@)
andn(i+ 1) <na(i+2)<---<mwm).Fori=1,...,n—1,define
Sin—i = ZG(TL’)TL’ eZ¥, and §;,_; = Ze(n)n_l erx,,

where each sum is over all (i, n —i)-shuffles w in X,,. We set 5o, = $p.0 = So.n = Sn.0 = 1.

Now we define the integral representations V,, and V, of X, and X, respectively as
follows. As aleft ZX,-module V), has a single generator, denoted c,,, subject to the relations

Ei,n_icnzo, fOI'i:l,...,l’l—l.

Lett,1; = (=1D)"(12 ... n+1) € ZX,;,. As a ZX,;;-module V, also has a single
generator, which we denote again by c,, subject to the relations

Sin—icn =0, fori=1,...,n—1;
(1 - tn+1)cn =0.

It is proved in [12] that V,, and V; are the representations of X, and X, respectively given
by the unique non-vanishing reduced homology group of the space of fully grown n-trees,
T, In particular, the restriction of V, to X, is V,,.

Notation1.2 Letp,;=mni)n—1i+1)(n—-2i+2)---€ ¥,,fori =1,...,n,and
let Pn,i = (_1)n_i6(pn,i)pn,i € ZZn

Lemma 1.3 ([12, I1.3.1]) Fori =1, ..., n,in V, we have the relations
Pn,iCn = Ei—l,n—icn .

Proof: We use downward induction on i. When i = n the result is trivial, since both sides
of the equation above are equal to ¢,,. Now suppose the result holds for i 4 1. It is clear that

if 7 is an (i, n — i)-shuffle, then either 7 (i) = n or w(n) = n. Let El.(fyffi =Y e(mn!,
where the sum is over (i, n — i)-shuffles such that 7 (i) = n. Thens; ,_; = Ei(ln)fi + Sin—i—1
fori =1,...,n—1. Hence

_ —(i) _
0= Sin—iCn = Si,n—ic" + Si.n—i—1Cn

= Ei(qirzfic,, ~+ pu.i+1¢n by induction hypothesis.
Now 7 is an (i, n — i)-shuffle such that 7(;) = nif and only if 7(i i + 1...n) is an
(i —1,n —i)-shuffle. Thus (i i + 1...n)~'5\)_, = (=1)"~'5;_y ,_;. Furthermore, (i i +
1...n) 'p,iv1 = (=1)"""*p, ;. Composing each side of the above with the permutation
(ii+1...n)"" gives the result. O

Next we give some identities in the group ring Z%,,, which will be useful in studying our
representations.
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Lemma 1.4 Let v, = (1 — ptp1)(1 — pp2) -+ (1 — 1) € ZE,, where p;, =
(=D"Gi+1...n).Then, fori=1,...,n—1

VnSin—i = 0.

Proof: This is a straightforward deduction from relations in the group ring ZX,, given by
Garsia in [3]. A special case of [3, 2.2] (modulo an introduction of signs) is
Pn1VnPn1Sin—i = O,fOI‘i = 1, ey I’l—l.Sil’lCCpn,lsi’n_i = Sn_,',ian,fOI'l' = 1, ey l’l—l,
the required result follows. O

Proposition 1.5 As a Z-module, V,, is free of rank (n — 1)!. A basis is given by {rc, |7
€ 2:nfl }

Proof: Notethat{p,;|i =1,...,n}isasetof coset representatives for £,_; in ,. The
equations of 1.3 express the action of each of these on the generator ¢, in terms of only
me,’s where m € X,_. Therefore, {mc, | m € X,_1} is a generating set for V,,.

Now we claim that in V,,, {mc, |m € X,_;} is linearly independent. Equivalently, we
show that, for z,, € Z and a; € Z%,,,

n—1
Z T = Za,ﬁi.n,[ = z,=0 forallmr € X,_;.
TET,_| i=1

For suppose some z, # 0; without loss of generality, we may assume z; # 0 (since
otherwise we multiply by 7). For ¢ € %,, let C(0) € Z denote the coefficient of o in
Z;’;ll a;Si y—i. Thenif x = Zaez,, Xg0,set C(x) = Zaez,, x5 C(0). Consider v, asin 1.4.
Leta; =) s, (a;),m. Then C(v,) is the sum over i and over 7 in X, of (a;), multiplied
by the coefficient of 7 in v,s; ,—;, which is zero by 1.4. Thus C(1) = C(1 — v,). Now note
that 1 — v, is a Z-linear combination of permutations in X,\X,_;. Butin ZneZH 2z T WE
have z; # 0 and the coefficient of each o € X,\ X, _; is zero, giving a contradiction. O

Now we prove certain identities in the integral group ring Z X, .1, which will be used to
establish the module structure of V.

Proposition 1.6 For k = 1,...,n, Siar1-k(1 — tyq1) is an element of the left ideal
S LY i1ini Of L.

Proof: Let p;, € ZX, be as in 1.4. We show that, fork =1, ..., n,
Sknt1-k (1 — 1) = (1 — w1041 Skon—k + (Wkont1 — ot 1) Sk—1,n+1—k -

As in the proof of 1.3, we have

(€)] Skontl—k = Mkont18k—1nt1—k + Skn—k, fork=1,... n.

Hence, the required result is equivalent to

Ek,n+l—ktn+l - ﬂk+l,tl+1§k,n—k + tn+l~§k—l,n+1—k 5
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that is

- - -1 - -1
Sknt1—k = k41,0415 n—kl, 1 T it 1Sk—1n+1—kly g g -

This identity may be derived in a similar manner to (x). A (k,n + 1 — k)-shuffle ¥ must
have either 7 (1) = 1 or w(k 4+ 1) = 1. Now note that « is a (k, n — k)-shuffle if and only
if(12...n4+ Datk+1k+2...n+1)"lisa (k,n + 1 — k)-shuffle taking k + 1 to 1.
Furthermore, o isa (k — 1, n 4+ 1 — k)-shuffleifand onlyif (12...24+ 1o (12...n4+1)"!
isa (k,n 4+ 1 — k)-shuffle fixing 1. The result follows. o

Corollary 1.7 The following relations hold in Indgz+1 Vi, =ZZn41 Qzx, Vas
Stoarl—k (1 —t41) ®cy) =0 fork=1,...,n.
Proof: By 1.6, 5; y41-x(1 —t,41) = Z;’;ll XiS; n—i, for some x; in ZX, 1. So

n—1 n—1
Sent1 k(1 =ty ) ® o) = Y XiSin i @ Cr = Y % ®Fip i€y =0. O
i=1 i=1

Theorem 1.8 There is a short exact sequence of %, +1-modules
0 = Vuy1 = Ind™'V, - V, = 0.

Proof: The Z%,-module V,; is determined by the relations §; ,41_;c,+1 = O for
i=1,...,n.Let0: V,, — Indé:+l V,, be defined by

O(xchr1) =x(1 —ty41) ® ¢y, forx € ZX, 4.

By 1.7, 6 respects the relations, so 9 is a well-defined Z X, ;-module homomorphism.

Next we claim 6 is injective. From 1.5, V,, | has a basis {m¢,+1 | 7 € X,}. For Indé:*' V,
= L%yt ®z3, Vu we have a basis {tl | ® oc,|o0 € %y, i = 0,...,n}. Letx =
Zne)],, X7, for x, € Z. Then

1 —
O(xcns) = Y %em(l—tyy) @€y = Y 1@ x7mey £ 14 @ XriCy ,
TeS, TEL,

where 7 = 1, 7(V7t,11 € ,. Then 6(xc,+1) = 0 implies Y, .5 (1, Xa ¢y = O for
k=1, ...,n,whichin turn implies Znez” 2(1)=k Xr(nn+1—k)wc, =0fork=1,...,n.

But

{(nn+1—Kkac,|m e X, m(1) =k}
= {nn+ 1=kt wtuic, | € 2y, 7(1) =k}
= {oc,|lo € 2,1},
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which is linearly independent by 1.5. Hence, x, = 0 for all # € X, and 6 is injective.

Let W :Indgf’l V, — V,, be defined by
VY(x Qcy) =xc,, forx eZX,..
This is clearly a well-defined surjective Z %, -module homomorphism. Furthermore,
VO (xcpi1) = W (L = tyy1) ® cn) = x(1 = tyy)cp =0,
so Wo = 0.

Now let ¢:V, — (Indg;’+1 V,.)/60(V,+1) be the homomorphism of ZX,,-modules de-
termined by ®(c¢,) = [1 ®¢,]. The relations determining the module V, are §; ,—;c, = 0 for
i=1,...,nand (1 —#,41)c, = 0. We have ®(5; ,_ic;) = [5in—i @ cn]l = [1 ®Sjp_icy] =
[0]. Also @ ((1 —t,11)cn) = [(1 —t41) ® ¢, ] = [0]. So @ is a well-defined ZX,, ;. ;-module
homomorphism. It is clear that ® is surjective.

The set {oc, |0 € £,_,} is a basis for V. Consider the elements ®(c¢c,) = [1 ® o¢y]

for o € ¥,_;. The elements 1 ® oc,, for 0 € X,_;, are independent in Indgz“ V, and
clearly remain independent on passing to the quotient by 6(V,,1;). Thus @ is injective.

SoV, = Indgz+I V./0(V,+1) and the sequence is exact. o

The short exact sequence of ZX,,;-modules of 1.8 may also be deduced from the work
of Sundaram; see particularly 1.1 and the proof of 3.5 in [10].

Proposition 1.9 The short exact sequence of 1.8 splits if n + 1 is inverted.

Proof: If n + 1, the index of ¥, in X, , is invertible in the ring R then the restriction
map

SN 1
ress, ., x, { Extgs (V) Vai1) = Extgs (V,, Vai1)

is injective. But, from 1.5, V,4; is free over X,, so Ext}ezn(V,[, Va+1) = 0. Thus
Extgs, . (V,, Vas1) = 0 when n + 1 is invertible in R. o

Example 1.10 We consider the case n = 2. Here V, is the trivial representation of X,
with basis c,; V; is the trivial representation of X3 with basis ¢;; Indg V5 is a 3-dimensional
module, withbasise = 1® ¢y, 8 =t:Rc¢c, Yy = t32 ® c,, and V3 is a 2-dimensional module
with basis c3, (1 2)c3. By 1.8, 6(V3) is a submodule of Indgf V,, with basis 0(c3) = o — 8,
0((1 2)c3) = o — y. The quotient (Indgz V2)/0(V3) is the trivial representation of X3, V.
Now any trivial submodule of Indgz V, has basis a multiple of « + 8 4+ y. The matrix
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changing the basis &, B, y toa — B, — y,a + B + y is

1 -1 0
1 0 -1
1 1 1

This has determinant 3. So if we invert 3, the trivial module V; is a complementary sub-

module to 6(V3) in Indgz V>. However, if 3 is not inverted, 8 (V3) is not a direct summand
b

of Indzj V2.

2. The relationship with Lie,

The free Lie algebra on n generators is the subalgebra generated by brackets [a, b] =

ab — ba of the algebra of all Z-linear combinations of words in an alphabet with n letters.

Then Lie, is that part of the free Lie algebra consisting of Z-linear combinations of brackets

which contain each generator exactly once. There is a natural left action of X, on Lie, by

permuting the generators. The main result of this section is Theorem 2.6, which establishes

an isomorphism of Z%,,-modules

Lien = Hom(Vn, Z[_l]) ’

where V), is the representation defined in §1 and Z[—1] denotes the sign representation.
We begin with the following result, which is well-known. For a proof see [3], for example.

Proposition 2.1 As a Z-module, Lie,, is free of rank (n — 1)!. Let
A, =[...[lax, an-1], an_2]...a;] € Lie, .
Then the elements w A, for m € ¥,,_ are generators for Lie, as a free abelian group.
We need the following notation, in addition to that of §1.

Notation 2.2 Let t, denote the (unsigned) n-cycle (12 ... n) in ¥,. We define inductively
elements 0, € ZX,_1, foreachn > 2 and fork =1, ... ,n by

01 =—1, 6,1 = 9n71,1(f,,7_11 —1), forn=>3,

92’2 = 1, Gn,k = t,l_len_l,k_lf;Jl, fO}"k = 2, (B
It follows easily that 6, , = 1.

In 1.3, we gave the action of the permutation p, ; on the generator ¢, of V,,. The following
result describes the action of this element on the generator A, of Lie,.
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Proposition 2.3 Foralln > 2 and fork =1, ...,n,
pn,kAn = en,kAn .

Proof: The proof is by a double induction. First we fix k = 1 and use induction on n
to prove that p, 1A, = 6,14, for all n. This is evident for n = 2. Assume the result for
j <n.Let B,y =[...[[bu=1, bu=2], by—3]...b1], where b; = a;, fori =1,...,n — 2,
and b,_| = [a,_1, a,]. Then

Pn1A, = [..[la1, a2l a3] . . . a,]
=[[...[la1, a2], ... an-2], anl, ap—11 + [...[la1, az], . . . an—2], [an-1, anll
= Op—11ll ... llan, an-2], ..., a2], a1], @11 + pa—1,1B,—1 by hypothesis
=0,_11n—1n—-2 ... )A, +6,-1.1B,—1 by induction hypothesis
=6, n—1n-2... )A, —6,_11A, sinceb,_| € 2%, ,
= ;1—1,1(1’,,7_11 —1)A, =0,1A,.

Now suppose that p,_j x—1A,—1 = 6,—1k—14,—1 for given n and k. This time set b; =
aiyp fori =1,...,n—1.Then, fork > 1,

PnikAn = Ppil...[lan, an-1], an—2]. .. a1]
= Pu—th—1ll - [[bn-1, bp-2], by—3]...b1], a1]
= Op—1 k-1l ... [[bu-1, bu—2], by—3]...b1],a1] by hypothesis
= T 101417, An

= n,kAn .
The general result now follows by induction. o
The following lemma gives an alternative description of the elements 6, .

Lemma24 Forn>2andk=1,...,n,
Ok = Yy (=D Oy

where the sum is over all permutations 7w in X, _| such that p, ywpy, - x) is a (k) — 1,
n — = (k))-shuffle.

Proof: Let X, = Z(—l)("’”—] ®) 7, where the sum is over all permutations 7 in X,_;
such that p, x7p, -1 is @ (' (k) — 1, n — 7~ (k))-shuffle. First we consider the case
k = 1. Since X = —1 = 6,1, it is sufficient to show that X, ; = Xn,l,l(tnf_ll —1). Let
7 € X,—1 be asummand of X, |, thatisc = p, 17wp, z-1(1)isa @ ') =1, n—n"'(1))-
shuffle. Note that o ("1 (1)) = 1. It follows that either o (x ~'(1) + 1) = 2, in which case
n(n—1)=n—1;oro(l) =2,in which case 7 (1) = n — 1.
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In the first case, it is straightforward to check that 7 also appears in X,_;; but with
opposite sign. In the second case, we may check that w7,_; is a summand of X,,_; ;. The
result for k = 1 follows.

To deduce the general case, first note that it follows immediately from the definition that
Xnn = 1. Then, for k = 2, ..., n, it is sufficient to show that X, ; = rn_lX,,_l,k_lrnill.
Suppose o is a summand of X,,_; y_;, and let 7 = tn,larnf_l,. So, setting j = ok -1,
Q& = Pu_1k-10pn—1,j 18 a (j — 1,n — j — 1)-shuffle. Then 7~ '(k) = j + 1. Consider
B = PniTPn, j+1. One can check that § = xay wherex = (12...k - 1)(kk+1...n),
andy=(jj—1...21)(nn—1...j+ 1). Then a straightforward argument shows that
Bisa(j,n — j— 1)-shuffle if and only if ¢ isa (j — 1, n — j — 1)-shuffle. Hence o is a
summand of X, x—; if and only if t,,,lar,f_ll is a summand of X, . O

Now we turn to consideration of Hom(V,,, Z[—1]). Let f, € Hom(V,, Z[—1]) be the
dual of ¢, with respect to the basis of 1.5.

Proposition 2.5 Fork=1,...,n

pn,kfn = 911,kfn .

Proof: Form € X,_;, we have

(pn,kfn)(ncn) = 6(pn.k)fn(pn,kncn)
= €(Pni) [u(OPnr-1yCn) Where o = pu TPy r-1) € Tui

-1
:G(Pn,k)(_l)(n i (k))é(pn,n*‘(k))fn(O‘pn,n*'(k)cn)

= e(pn,kpn,n*‘(k))(_1)(n77-[71(k))fn (05210 —1—n-1yCn) by 1.3
(=)= D), ifoisa (k) —1,n — 7' (k))-shuffle;
0, otherwise.

The result now follows from 2.4. O
Theorem 2.6 There is an isomorphism of ZX,-modules

Lie, = Hom(V,, Z[—1]).
Proof: Define ®:Lie, — Hom(V,, Z[—1]) by ®(7 A,) = wf,. By 2.1 and 1.5, this takes
the basis {7 A, | 7w € X,_1} of Lie, to the basis {r f, | 7 € X,_1} of Hom(V,,, Z[—1]). By
2.3 and 2.5, ® respects the ZX,,-module structures. Thus & is a well-defined ZX,,-module

isomorphism. O

Let the dual of a module M be denoted M*. Combining 2.6 with 1.8 allows us to recover
the following result.
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Corollary 2.7 There is a 3,1 action on Lie} and hence on Lie,. Denoting these X, -
modules by (Lie})" and Lie),, we have short exact sequences of ZX,41-modules

.k Tapiy s ok s kN
0 — Lie,,; — Indg""'Lie, — (Lie,)" — 0,

. Sorix - .
0 < Lie,;; < Indy""'Lie, < Lie), < 0.

We remark that 2.6 and the results of the first section give an explicit combinatorial
description of the X, action on Lie,,.
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