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Abstract. We prove that a GF(q)-linear Rédei blocking set of size g’ +¢'~! 4 - - - 4+ ¢ + 1 of PG(2, ¢') defines
a derivable partial spread of PG(2¢ — 1, g). Using such a relationship, we are able to prove that there are at least
two inequivalent Rédei minimal blocking sets of size g’ +¢'~' 4 --- + ¢ + 1 in PG(2, ¢"), if t > 4.
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1. Introduction

A blocking set B in a finite projective plane is a set of points intersecting every line. B
is called trivial if it contains a line. Throughout this paper, we only consider non-trivial
blocking sets. Two blocking sets are said to be equivalent if there is a collineation of the
plane which maps one to the other one.

A blocking set is called minimal if no proper subset of it is a blocking set. If g is the order
of the plane, and B has size ¢ + N, then a line contains at most N points of B; if such a
line exists, B is called of Rédei type and the line is said to be a Rédei line.

Minimal blocking sets of a desarguesian plane PG(2, s), s = p", p prime, of size less
than 3“%” are called small. They intersect every line in a number of points congruent to
1 modulo p (see [12]). Let B be a small minimal Rédei blocking set of PG(2, s). Let e
be the largest integer such that each secant of B meets B in np® + 1 points, n € N. If
g = p° > 2,thens = ¢’ (i.e., GF(p®) is a subfield of GF(s)), and |B| = ¢' + N with
g '+1<N<q "+ --+g+1[1]. Inparticular, when N = ¢’ ' +.- .4 qg+1,1 > 2,
then there is exactly one Rédei line and all secants different from the Rédei line contain
q + 1 points of B.

A (t — 1)-spread S of ¥ = PG(2t — 1, q) is a partition of the pointset of X in (r — 1)-
dimensional subspaces. Let S be a (f — 1)-spread of ¥ = PG(2t — 1, q). Embed ¥ as a
hyperplane in ¥’ = PG(2t, q) and define a point-line geometry 7 = w(¥’, £, S) in the
following way. The points of 7 are either the elements of S or the points of £’\ X. The lines
of 7 are either X or the z-dimensional subspaces of X" which intersect X in an element of
S. The incidence is inherited by X’. Then, 7 is a translation plane with respect to the line
represented by X, whose order is ¢’ (see [5] or [6]). If 7 is isomorphic to the desarguesian
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plane of order ¢, then S is a desarguesian spread. A subset F of a (t — 1)-spread S of ¥ is
called derivable partial spread if there exists a partial spread F* such that S* = (S\ F)UF*
isa (t — 1)-spread of =, and 7 (X', ¥, S*) is called the derived plane.!

Let I' be a r-dimensional subspace of ¥’ = PG(2¢t,q),withT ¢ ¥, andlet A=TNZ.
If

D={TeS|TNA#

then Br = (I'\A) U D is a minimal Rédei blocking set of , and the translation line X is a
Rédei line (see [2]). The order of Br is ¢" + N, where N is the order of the partial spread
D. In [4], Bruen showed that every derivable partial spread of S defines a Rédei blocking
set of w. If S is desarguesian, then Br belongs to the family of GF(g)-linear blocking sets
constructed in [7], and every GF(q)-linear blocking set of Rédei type can be obtained in
such a way ([7]).

Suppose that S is a desarguesian spread, and let Br be a GF(g)-linear Rédei blocking
setof m (X', X, S). In this paper we prove that, if each element of D intersects A in a point
(ie, N=¢''+...4g+1and Br hasorder ¢’ +¢'~ ' +- - - +g + 1), then D is a derivable
partial spread. Finally, we construct a new example of GF(q)-linear Rédei blocking set of
PG(2,q") ofsizeq' +q' ' +---+q+ 1.

We would like to thank one of the referees for pointing out to us a mistake in a previous
version of this paper.

2. Derivable partial spreads

Let PG(1, ¢") = PG(V, GF(q")), where V is a 2-dimensional vector space over GF(q").
Regarding V as a 2¢-dimensional vector space over GF(g), each point x of PG(1,q")
defines a (r — 1)-dimensional subspace P(x) of ¥ = PG(2t — 1, q) = PG(V, GF(q)) and
S = {P(x) | x is a point of PG(1, ¢")} is a spread of X. If PG(2, ¢') = PG(V,GF(q")),
where V = V @ (e) is a 3-dimensional vector space over GF(q"), the map « defined by
o : x = P(x) for all points x of PG(1,¢") and @ : (v + e)gr) F (v + e)gr(q) for all
points (v + e)grg) of PG(2, ¢") not in PG(1, ¢"), is an isomorphism from PG(2, ¢*) to
7(¥, X, S),where X' = PG(V’', GF(q)) and V' = V @ (e)Gr(q)- Then S is a desarguesian
spread of X.

For each A in GF(¢")*, let ) be the linear collineation of ¥ defined by the linear map
v > Av. Then 1, = 7, if and only if An~" € GF(q). Hence, G = {1, | A € GF(¢")*}isa
collineation group of ¥ of order ¢'~! + - - - 4+ g + 1 which fixes all the elements of S and
acts sharply-transitively on the points of each P (x).

Suppose that Br is a GF(q)-linear Rédei blocking set of PG(2, ¢") of maximum size and
let A =X NTI.Then A isa (r — 1)-subspace of X such that P(x) N A is either empty or a
point. Put

D={Px)eS|PXx)NA#0},
D* = (A% | g € G).
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Theorem 1 S* = (S \ D) UD* is a spread of .

Proof: As G fixes all the elements of S, the subspace A$ intersects all the elements of D
exactly at a point.

Let P(x) be an element of D, and let z = P(x) N A. If y is a point of P(x), then there
is exactly one element g in G such that y = z#. This implies that y belongs to A%, and we
have proved that

U P(x) = U AS.

P(x)eD geG

To prove that S* is a spread it is enough to prove that D* is a partial spread. Suppose that
y belongs to A8 N A. Then y = z# for some point z in A. As g fixes all the elements of S,
we have z € P(x) if and only if y € P(x). Therefore z = y, because A N P(x) is a point.
This implies g = 1 because G is sharply transitive on the points of P(x). Hence A" and
AS$ are disjoint if and only if & # g. O

Let A* = PG(t — 1,4") and let A = PG(¢t — 1, ¢) be a canonical subgeometry of A*.
Denote by 2 a (+ — 3)-dimensional subspace of A* disjoint from all the lines of A. If
I = PG(1, g") is a line of A* disjoint from €2, then D = {{x, Q) NI | x € A} is a set of
q'~'+---4¢q+ 1 points of . Moreover, if | = PG(1, g') = PG(V, GF(q")), where V is a
2-dimensional vector space over GF(q'), then there is a subgroup W of the additive group of
V such that W is a t-dimensional GF(g)-vector space and D = {(w) | w € W\{0}}. Hence,
D = {P(x) | x € D} is a derivable partial spread of PG(2t — 1, q) = PG(V, GF(q)) and
D* ={WT* | t € G} (see [8)).

By [9], all derivable partial spreads defined by a Rédei blocking set of PG(2, ¢") of size
g' +q'"~' 4+ ... 4+ g + 1 can be constructed in this way.

If (Xo, X1, ..., X;—1) are homogenous projective coordinates of A*, then we can sup-
pose A = {(a,a?,..., a’ Y lae GF(g")*}. The (+ — 3)-dimensional subspace € with
equations X¢ = X; = 0 is disjoint from all lines of A, and the line / with equations X, =
X; = --- = X,_; = 0is disjoint from A. Hence D = {(a, a?,0,...,0) | a € GF(¢")*}.
Denote by & a primitive element of GF(g") and let u be the collineation of A* defined by

t

M (X(), Xl, ey Xt—l) = (SXO’ qul, ey %‘q 71Xt_1).

Then u has order g’ T4 g + 1 and fixes A, 2 and the line /. Moreover, the group
H generated by p acts sharply transitively on A. Also, H fixes D and the two points
(1,0,0,...,0)and (0, 1,0, ...,0) of I. We note that 7, © = ut,. Hence the group GH is
abelian. Let V' = V @ (e)gr(q), Where I = PG(V, GF(q")), and let ¥’ = PG(V', GF(q)).
If 7,1/ € GH, then 7, induces a collineation of ¥’ which maps the point ((x, y) + ae)
to the point ((A&ix, AE9y) + ae).

As GH maps elements of D to elements of D and elements of D* to elements of D*, the de-
rived plane 7 (¥’, ¥, §*) has an abelian collineation group fixing the two lines (P (1, 0), e)
and (P (0, 1), e). If (P(1, x), e), with (1, x) notin D, the group G is the stabilizer of P (1, x)
in GH. Therefore, G defines a collineation group acting sharply transitively on the points
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of the line (P ((1, x)), e) different from (e). If X € D*, the stabilizer of X in GH coincides
with H because G acts, by construction, sharply transitively on D*. Hence, H defines a
collineation group of the plane acting sharply transitively on the points of (X, ¢) different
from (e). By [6, Corollary 12.2] the plane 7 (X', X, §*) is an André plane.

3. Some examples
Let PG(2, ¢") = PG(V, GF(q")). If ey, e1, e, is a fixed basis of V, denote by (xq, x1, x)

the homogeneous projective coordinates of the point (xgeq + x1e; + x2¢3) of PG(2, ¢"). Let
f : GF(q'") —> GF(q") be a GF(q)-linear map. The set

B ={(x, f(x),a) : x € GF(q"),a € GF(q)}
is a GF(g)-linear Rédei blocking set of PG(2,¢") and the line x, =0 is a Rédei line.
Conversely, every small minimal Rédei blocking set of PG(2, ¢") (with certain exception
in characteristic two or three) can be obtained in such a way (see [1]). If
B={(x,x%,a)|xeGF(q"),a e GF(q)},
then B is a Rédei blocking set of size ¢’ +¢'~! 4+ - - 4+ ¢ + 1 and, hence, the line x, = 0 is
a Rédei line (see [3]). This is the only known Rédei blocking set of size ¢' +--- +¢g + 1
and it is exactly the example constructed at the end of Section 2, where we have proved that
the derived plane obtained from 5 is an André plane. See also [10] for a direct proof.
Let A be a fixed element of GF(g") different from 0, and denote by N the norm function
of GF(q") over GF(q), i.e., N(x) = x4~ "+-+4+1 for x € GF(q"). Define
By = {(x, 2x7 +x7"" a) | x € GF(¢"), a € GF(q)}.

Since x —> Ax? + x?"" isa GF (g)-linear map, B, is GF(q)-linear Rédei blocking set of
PG(2,q").

Theorem 2 If N()\) # 1, then B;_is a blocking set of size ' +q' ™' + .- +q + 1.

Proof: By way of contradiction, suppose that |By| < ¢’ +¢'~' +--- 4 ¢q + 1. Then there
exist x, y € GF(q"), a,b € GF(q), and y € GF(q")\GF(q) such that

(x. 2x7 +x7" @) = y(y. Ay + 57 b), Q)
which implies a = yb. As y € GF(q), we have a = b = 0. From (1), it follows

x = yy
At +x1 = y (4 y7),
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which gives

N O A P T

So, we obtain

r—1__ 1
N0y =N N () =

Therefore, if N(A) # 1, wehave |B,| =¢q¢' +¢" ' +---+g+ 1. O
Theorem3 [fN(A) # 1,q > 3 andt > 4, then B, and B are not isomorphic.

Proof: Suppose there exists a linear collineation w of PG(2, g') which maps By to 5.
Denote by A = (a;;), with a;; € GF(¢") and i, j = 1, 2, 3, the matrix associated with »

with respect to the basis ey, €1, e;. As w maps the Rédei line of By, to the Rédei line of 1,

w fixes the line Xy = 0. HCI’ICC, apy = axz = O, and det(A) = asz3 (6111(122 - 61216112). AISO,
1

the points (x, Ax? + x4 , 0) of By, are mapped to the points (y, y?, 0) of B, i.e.,

- ap ar
(. 2x? +x77) ( ) =Py, ¥,

az axn
with p, € GF(g")*. This implies

xay + ranx? +anx? = p.y ()

xap + Aapx? + azzqu = pxy?. 3
From Egs. (2) and (3), we have

t—1
1 Xxapp + Aapx? + apx?

q
y = -
xa + ranx? 4+ ay x4’

which gives
N(xall + Aayx? + azlqu_l) = N(xalz + dapx? + azzxqr_]),

ie.

—1 . o ; , =1 oo Coi ; ;
(]i (I' qi q' qz+] q' qt—H»l _ (]‘ (]‘ (]I ql qH»l ql ql—l+r

| | (x aj, + At a, x? +ayx = xTaj, + A7 ar),x? +asx ,

i=0 i=0

forallx € GF(q"). As x9' = x, from the above equality we obtain two polynomials of degree
atmost 3" ™! + ¢' 2 + - .- 4+ g3 + ¢%. If ¢ > 3, their degree is less than ¢', and hence they
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have the same coefficients. Comparing the coefficients of the terms of maximum degree
3¢ g2+ 4+ g3+ g% fort > 4, we get

2 ) =2 -1 2 2 =2 =2 -1
q,4 4% ,9° ... a7 4 — X R T . |
anMay AT ay, A ay ay; = aniiani! a,, Al ay, ay,
which implies
q”2+---+q+1 ql—l o q”2+---+q+1 qz—l
as) ap =dap ap - “4)

On the other hand, comparing the coefficients of the terms of degree 3¢'~! +¢' 2 +--- +
g + q, fort > 4, we have

=2 t—1 =2 t—1
q

2 2 -2 2 2 =2
q 49" 97 ... 14 q — 449" 97 .. 14 q q
ariay M ay, AL ay ay, =anapA ay oA ay ap,
which implies
q1—2+m+42+1 L]Pl-‘rq - q1—2+m+q2+1 q1—1+q
ay ap =dy ap - 4)

If as1a,; # 0, dividing both sides of Eq. (4) by (5), we get

“31 _ agz _
7 = —q — Gadi2 = dxndi,
ap ap

i.e., det(A) = 0, a contradiction.
Now, suppose azja;; = 0. From (5), it follows aza 1, = 0. As det(A) # 0, the following
cases may occur:

(a) app = 0 and ay = 0
(b) ayy = 0 and ay = 0.

In case (a), we have
N(xai) = N(ranx? +anx?"),
that is
N(a;)x? T+ — N(ax) ()»xq + qu_])()ﬂxq2 + x) e ()ﬂt_lx + qu_z)
for all x € GF(g"). Comparing the coefficents of the terms of degree 2¢'~' +¢' > +--- +
q> + g%, we get ax, = 0, which is impossible. The same way we can exclude case ().

Finally, suppose there exists a collineation 6 of PG(2, ¢') which maps B; to B. Let
A = (a;j), with a;; e GF(¢") and i, j = 1,2, 3, and o denote respectively the matrix
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and the automorphism of GF(g") associated with 6. The line x, = 0 is fixed by 6, hence
a;z = dayy = 0 and det(A) = as3 (61116122 — a21a12). MOI‘GOV@I‘,

. a a
(0 (), 0 (A7 + x7 '))( ! ”) = pe(3. ).
az) ax
with p, € GF(g")*. This implies
apo(x) + aZIG(qu +qu) = Py (6)
a120 (x) + axo (Ax? + azzxqt_l) = puyi. (7N

From Egs. (6) and (7), we get

| ano(x) +ano (kx" + qu)

B ano(x)+ 61210()\,)6‘1 + xq"l) ’

q—

hence

N(ana(x) + a21‘7()‘xq + qu)) = N(alzﬂ(X) + axno ()»x" + xqﬁ])).
If

o(a})) = an, o(ay) = ax, o(ay,) = ann, and o(ay,) = an,
we can write

o (N (a},x + ras x? + a5, x7)) = o (N(ajpx + haspx? + aipx?),
that is

N(xaj; + ayx? + a§1qu) = N(xa}, + rahpx? + aézxqril),

for all x € GF(q"). As before a5, — a},a5, = 0, which gives det(A) = asz(ajjan —
apaz) = 0, a contradiction. Then B, is not isomorphic to 5. O

Note

1. The incidence structure whose points are the points of '\ ¥, and whose lines are the #-dimensional subspaces
of ¥/ containing an element of F is said a derivable translation net (see [11]).
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