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Abstract. A circulant is a Cayley graph of a cyclic group. Arc-transitive circulants of square-free order are clas-
sified. It is shown that an arc-transitive circulant I" of square-free order n is one of the following: the lexicographic
product S[Kp), or the deleted lexicographic S[Kp] — b, where n = bm and ¥ is an arc-transitive circulant, or
I" is a normal circulant, that is, Aut I" has a normal regular cyclic subgroup.
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1. Introductory remarks

Throughout this paper, graphs are simple and undirected; the symbol Z,, where n is an
integer, will be used to denote the ring of integers modulo n as well as its (additive) cyclic
group of order n.

Let I be a graph and G a subgroup of its automorphism group Aut I'. The graph I is said
to be G-arc-transitive if G acts transitively on the set of arcs of I'". In particular, I" is said to be
arc-transitive if I is AutI"-arc-transitive. Note that an arc-transitive graph I is necessarily
vertex-transitive, that is, its automorphism group acts transitively on the vertex set VI of I.

Given a group G and a symmetric subset S = S~! of G which does not contain the identity
of G, the Cayley graph of G relative to S, denoted by Cay(G, §), has vertex set G and edges
of the form {g, gs}, for all g € G and s € S. By the definition, the group G acting by right
multiplication is a subgroup of Aut I' and acts regularly on VI' = G. The converse also
holds (see [6]). A circulant is a Cayley graph of a cyclic group. Thus a graph I' is a circulant
of order n if and only if Aut I" contains a cyclic subgroup of order n which is regularon VT'.
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A classification of 2-arc-transitive circulants was given in [1]. (A sequence (u, v, w) of
distinct vertices in a graph is called a 2-arc if u, w are adjacent to v; a graph I is said to
be 2-arc-transitive if Aut T is transitive on 2-arcs of I'.) It was proved that a connected,
2-arc-transitive circulant of order n, n > 3, is one of the following graphs: the cycle C,, the
complete graph K, the complete bipartite graph Kz z,n > 6, 0r Kz 2 — 3 K, where 3 > 5
odd (the complete bipartite graph Kz » minus a 1-factor).

In this paper we take the next step in our pursuit of a classification of all arc-transitive
circulants, by classifying all such graphs of square-free order. To describe this classification,
a few words on the notation are in order. For two graphs I' and X, denote by X[I'] the
lexicographic product of I by X, that is, the graph with vertex set VX x VI such that
(u1, vy) is adjacent to (uy, vy) if and only if either u; is adjacent in X to up, or u; = u;
and v is adjacent in I" to v;. If in addition, I" and ¥ have the same vertex set then denote
by ¥ — T the graph with vertex VI" and having two vertices adjacent if and only if they
are adjacent in ¥ but not adjacent in I'. Furthermore, let & denote the complement of X,
and for a positive integer m, denote by m X the graph which consists of m disjoint copies
of ¥. A circulant I" is called a normal circulant if Aut I" contains a cyclic regular normal

subgroup. The following is the main result of this paper.

Theorem 1.1 Let I be an arc-transitive circulant graph of square-free order n. Then one
of the following holds:

(1) T is a complete graph;

(2) T is a normal circulant graph;

B3I = S[KylorT = S[K,] — bX, where n = mb, and ¥ is an arc-transitive circulant
of order m.

Remark 1.2 Let I be a connected arc-transitive circulant. If ' = £[K,,] orif I = £[K},] —
bX, then the graph I may be easily reconstructed from a smaller arc-transitive circulant
3. Thus the graphs in part (3) of Theorem 1.1 are well-characterized. As for arc-transitive
normal circulants, the following observations are in order. For two groups G and H, denote
by G - H an extension of G by H, and denote by G X! H a semidirect product of G by
H. Assume that I' = Cay(R, S) is normal. Let Aut(R, S) ={o € Aut(R) | S° = S}. Then
by [4, Lemma 2.1], Aut ' = R X Aut(R, S), and since I' is arc-transitive, Aut(R, §) is
transitive on S. Thus S may be written as {s° | ¢ € Aut(R, S)} where s € §, thatis, S is an
Aut(R, §)-orbit under the Aut(R)-action. As R is cyclic, (s) = R if and only if (S) = R.
Hence, since I' is connected, s generates R. This provides us with a general method for
constructing connected arc-transitive normal circulants, that is, for any generating element
g of R and a subgroup H of Aut(R), Cay(R, g™) is a connected arc-transitive normal
circulant. Note that, since R is cyclic, Aut(R) is abelian.

2. Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. We use a standard notation and terminology,
see for example [3]. Let I" be a finite graph, and assume that G < Aut I' is transitive on
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VI.Let B = {By, By, ..., By} be a G-invariant partition of VT, that is, for each B; and
each g € G, either B N B; =, or B = B;. A partition B’ is called a refined partition of
a partition B if a block of 5’ is a proper subset of a block of B. For B € B, denote by Gp
the subgroup of G which fixes B setwise, and by GF the permutation group induced by
Gg on B. The kernel N of G on B is the subgroup of G in which every element fixes all
B € B. Clearly, N is a normal subgroup of G. A partition B is said to be minimal if 3 has
no refined partitions. It follows that if B is a minimal partition of €2, then G£ is primitive
for each block B € B. For a G-invariant partition B of VT, the quotient graph I'g of T'
induced on B is the graph with vertex set B and B; is adjacent in 'z to B; if some u € B;
is adjacent in I" to some v € B;. Two blocks B, B’ € B are said to be adjacent if they are
adjacent in I'z; denote by I'[ B, B’] the subgraph of I with vertex set B U B” and with two
vertices adjacent if and only they are adjacent in I'.

As in Theorem 1.1, let n be a positive square-free integer, and let I" be an arc-transitive
circulant of order n. We will complete the proof of Theorem 1.1 by proving the following
proposition, which is slightly stronger than Theorem 1.1.

Proposition 2.1 Let I' be a G-arc-transitive circulant of square-free order, where G <
Aut I" and let R be a cyclic regular subgroup of G. Then one of the following statements
holds.

(1) G is 2-transitive on VI, and ' is a complete graph; or

(2) R is normal in G; or

(3) there exists a minimal G-invariant partition B of VT such that for the kernel N of the
G-action on B and for a block B € B, either

(1) N is not faithful on B and T = Cs[Kp), or .
(ii) K = K® is 2-transitive on B and T' = I'g[K},] — bT's.

The proof of this proposition consists of a series of lemmas. As in the proposition, we
denote by G a subgroup of Aut I' which is transitive on the set of arcs of I', and by R a cyclic
subgroup of G. First, assume that G is primitive on VI'. Then by Schur’s theorem (see [3,
Theorem 3.5A, p. 95]), either G is 2-transitive, or |[VI'| = pand Z, < G < Z, X Zp,_,
for some prime p. Thus we have the following lemma.

Lemma 2.2 [f G is primitive on VI, then either U is complete, or R is normal in G.
Hence we assume that G is imprimitive on VT in the rest of this section.

Lemma 2.3 Let B be a minimal G-invariant partition of VI, and let N be the kernel

of the G-action on B. Take B € B, and let N® be the permutation group induced by N

acting on B. Then either N is 2-transitive, or Z, < NE < Zip XA Lp—1, where B € B; in

particular, in both cases N® is primitive.

Proof: It is clear that GF is primitive, N®< G}, and N contains the subgroup of R
of order |B|. Thus N® and so Gf contains a cyclic regular subgroup on B. By Schur’s



148 LI, MARUSIC AND MORRIS

theorem, either GBB is 2-transitive, or Z, < G}; <Z, X Z,—,. By Burnside’s theorem (see
[3, Theorem 4.1B, p. 107)), if Gg is 2-transitive then soc(Gg ) is nonabelian simple or
elementary abelian. It then follows, since n is square-free, that either 7 < Gg <Aut(T)
for some nonabelian simple group T', or Z, < GBB <ZpxLp M2, < Gllf <Zp A Lp_i,
then we have Z, < N®<GE <7Z,XZ,_,. Assume that T <G} < Aut(T) with T non-
abelian simple. Then T is transitive, and furthermore, N B contains 7. Suppose that N B is
imprimitive on B. Then there exists a N Z-invariant partition B’ of B such that the regular
cyclic subgroup (on B) of N% is transitive and not faithful on B’. Thus N2 has a nor-
mal subgroup which is intransitive on B, which is not possible since T is the unique
minimal normal subgroup of GZ and transitive on B. Hence NZ is primitive, and so
2-transitive. O

Next we deal with two different cases according to the actions of N on a block B € B.

Lemma 2.4 Assume that there exists a minimal G-invariant partition B of VI such that
N is not_faithful on B, where N is the kernel of the G-action on B, and B € B. Then
' =T's[Kp], where b=|B]|; as in part (3) (i).

Proof: Let M be the kernel of the N-actionon B. Then1 ## M <1 N,andso 1 # M5 < N¥
for some B’ € B. Since N¥ and N” are isomorphic as permutation groups and N% is
primitive (by Lemma 2.3), it follows that M B’ is transitive on B’. As I is connected, there
exists a sequence of blocks By = B, By, ..., B; = B’ such that a vertex in Bjisadjacentin I’
to some vertices in B foreach 0 < j </ —1, and there exists 0 <i < [ such that M Bj —1
for all j <i and M %+ = 1. Then for u € B;, M3 VYBi+1 is transitive on {{u, v} | v e B;}.
Since NBiYBi+1 ig transitive on B; and fixes B; 1 (setwise), each vertex in B; is adjacent to
all vertices in B; ;. It follows that I" = FB[IE'b], where b = |B|. O

Lemma 2.5 Assume that there exists a minimal G-invariant partition B of VI' such
that N % NB is 2-transitive on B, where N is the kernel of G on B, and B € B. Then
' =T'g[Kp] — bI's, where b =|B|; as in part (3) (ii).

Proof: We note that, since I" is a circulant, we may label the vertices of I" by elements
of Z,, in such a way that I = Cay(R, S), where S C Z,\{0} satisfies i € S if and only if
n —i € S. The subset S will be called a symbol of ".

We are now going to distinguish two different cases, depending on whether the actions
of the group N on the blocks in B are permutationally equivalent or not. (Recall that by [3,
Lemma 1.6B, p. 21] two transitive actions of a permutation group on two sets are equivalent
if and only if the point stabilizer of the action on the first set coincides with the stabilizer
of a point in the action on the second set.)

Case 1 The actions of N on the blocks in 3 are equivalent.
It follows that for each block B’ € B, there exists v’ € B’ such that N,, = N,,, where

v € B. Let Equiv(v) denote the collection of all such vertices v, that is, Equiv(v) = {v' €
VI | Ny = N,}. Then the 2-transitivity of the action of N on each of the blocks in B implies
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that the stabilizer N, has two orbits in B’, namely {v'} and B’\{v'}, or in other words,
B’ N Equiv(v) and B"\Equiv(v). In particular, |Equiv(v) N B’| =1 for each B’ € 5.

Assume first that I'(v) N Equiv(v) # @, where I'(v) denotes the set of neighbors
of v. Because of arc-transitivity we have that the bipartite graph induced by a pair of
adjacent blocks is a perfect matching. Moreover, it may be seen that I'(v) € Equiv(v). But
Equiv(u) = Equiv(v) for any u# € Equiv(v) and so the subgraph induced by the set Equiv(v)
is a connected component of I', isomorphic to I'g, a contradiction to the fact that I" is
connected and b # 1.

Assume now that I'(v) NEquiv(v) =#. Then for a block B’ adjacent to B we must
have that I'(v) N B’ = B’\Equiv(v) = B’\{v’}. Let I"" denote the graph obtained from I" by
joining two non-adjacent vertices of I' if and only if they belong to two adjacent blocks in
['s. In view of the comments of the previous paragraph I’ = bT'gandso ' =T 8[K,]—bI5.

Case 2 The actions of N on the blocks in B are not (all) equivalent.

Using the classification of 2-transitive groups (see [3, Section 7.7]) we deduce that a
group can have at most two inequivalent 2-transitive actions (of the same degree). Hence
the set B decomposes into subsets By and B; such that the actions of N on B and B’ € B
are equivalent when B’ € By and inequivalent when B’ € 3,. Moreover, in view of the fact
that T" is arc-transitive and thus the bipartite graphs induced by pairs of adjacent blocks
are all isomorphic, it follows that {By, 31} is a bipartition of VI'z with |By| =|5;|. In
particular, |B| =m is an even number. Let p be a generator of the cyclic regular group R
of G. Letting B, = Bp', we have that By consists of all the blocks B; with i € Z,, even
and BB; consists of all the blocks B; with i € Z,, odd. Let v/ = p"*" for all i € Z,, and all
Jj €Zy.

Now the quotient graph ' is a circulant. Assume that 2i 4+ 1 belongs to the symbol of
I's. (Note that the symbol of I's contains only odd numbers.) Let o = p* *! and consider
the blocks By, By; 1 and By; 42. Let T be the subset of Z;, consisting of all those ¢ such that
v =1y is adjacent to v}, , . Then vY;, | = v° is adjacent to (v}, )" = poP T = et
v} o, Where 1 € T. Therefore

V9~V & 1 —jET. (1)

Leta € Zy, be such that N, = N,,, where u = vy;_,. Recall that the bipartite graphs induced
by pairs of adjacent blocks are isomorphic, and moreover by the classification of 2-transitive
groups [3, Section 7.7], N, has two orbits of different cardinalities on By; ;. Hence u and v
must have the same neighbors in By;1; and so I'(u) N By = {véi+1 | t € T}. Combining
this together with (1) we have thata — ¢t € T for each r € T and so

a—T=T. )

Now because of the 2-transitivity of the action of N on each block, it follows that
|F(v8) N F(vé) N Bj;41] is constant for all j € Z,\{0}. This implies the existence of a
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positive integer A such that |7 N (T + j)| =A, for all j € Z;,\{0}. Hence, in view of (2),

, A ifj # —a,
ITN(=T+a+ j)l= e 3)
|T| ifj=—a.

We now make the following observation about the intersection 7 N (—T + [). (See
also [1, Lemma 2.1].) Whenever x € T N (—T + 1) there must exist some y € T such that
x = —y+1. Clearly, we get that y € T N (=T +-[) by reversing the roles of x and y. So the
elements in the intersection 7 N (—7 +[) are paired off with one exception occuring when
1 €2T. Then the equality [ =2x (x € T') gives rise to a unique element in the intersection
T N (=T +1). Therefore the parity of |7 N (—T + )| depends solely on whether / belongs to
2T or not. More precisely, |T N (—T +1)| is an odd number if / € 2T and an even number
if I ¢ 2T. Combining this fact with (3) we see that, in particular, Z,\{—a} is either a
subset of 2T or of Z;\2T. But then in the first case |T| =|2T| =5 — 1 and in the second
case |T|=|2T| = 1. In both cases, a contradiction is derived from the assumption that the
actions of N on By and B,;; are inequivalent, completing the proof of Lemma 2.5. o

Remark 2.6 Let I" be a bipartite graph with parts A and A,. Assume that some subgroup
G < Aut T" acts 2-transitively and inequivalently on A; and A,. Then I' is isomorphic to
the incidence graph of a symmetric block design with a 2-transitive automorphism group,
and thus such graphs are classified in [5]. By the proof of Lemma 2.5, such a graph T" is
not isomorphic to a bipartite graph induced by two adjacent blocks of imprimitivity of the
automorphism group of an arc-transitive circulant of square-free order.

In view of Lemmas 2.2, 2.3, 2.4 and 2.5 above, to complete the proof of Proposition 2.1,
we may assume that

for each minimal G-invariant partition X of VT, letting F be the kernel of G on
Xand X € X, F = FX is not 2-transitive on X.

Now let 5 be a minimal G-invariant partition of VI, and let N be the kernel of the
G-action on B. Take a block B € B. Then by Lemma 2.3,

Z,<N=N? <Z,XZ,,
where p is a prime. Let M = soc(N), which is isomorphic to Z,. Then M < G.

Lemma 2.7 There is a subgroup H of Z,_, and a group C such that G=(M x C)-H
and M <R<M x C.

Proof: Take ve VI, and denote by G, the stabilizer of v in G. Let P be a Sylow
p-subgroup of G,. Since n is square-free, p|P| is the maximal power of p dividing |G|,
and so (M, P) =M X P is a Sylow p-subgroup of G, that is, a Sylow p-subgroup of G is
a split extension of M by P. By [7, Theorem 8.6, p. 232], G is a split extension of M by a
subgroup L of G, where L = G/M, thatis, G=M X L.LetC =Cp(M). ThenMNC =1,
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C<1G, and G/(MC) is isomorphic to a subgroup of Aut(M) which is isomorphic to Z,_;.
Thus G=(M x C)- H, where H <Z,_,. Since R is abelian and M < R, we have that
R<CeM)=M xC. O

We are now ready to complete the proof of Proposition 2.1.

Proof of Proposition 2.1: ByLemma?2.7, G = (M x Cy) - Hy such that My < R < M x
Co and Hy < Zp,—_1, where pg is a prime. In particular, Cg is normal in G and intransitive
on VI'.If Cy =1, then R = M, is normal in G, as required. Assume that Cy # 1. Let C; be
the set of the Cp-orbits in V. Then C; is a G-invariant partition of VI". Let B be a mini-
mal G-invariant partition of VI which is a refined partition of C. Take a block BV € B,
Let N be the kernel of G on BV, and let M| = soc(N;). By our assumption, N is faithful and
is not 2-transitive on B). Then by Lemma 2.3, M| = Z,, for some prime p;. By Lemma
27,G=(M; xCy)-Hysuchthat M{ < R<M; xC;.Now My x M{ <R <(Myx Cp) N
(M x Cy). It follows that R < (My x Cp) N (M x C1) =My x M; x C{, and G = (M x
M, x C}))-H|. If C{ =1, then R= My x M, is normal in G, as required. Assume that
C| # 1, and assume inductively that G = (Mo x M| x --- x M; x C}) - H/ such thati > 1,
Z,, = M; <R for each j, and R < Mo x My x --- x M; x C;. Now C; is normal in G
and intransitive on VT, and hence we may repeat our arguments with C! in place of Cy so
that we have G = (M; 1 x C;11) - Hiy1 such that M; | = Z,,,, for some prime p;, and
Mit1 <R<M4 X C,-+1.SinceM0,M1,...,M,~+1 <R<(Myx M x---xM; x C;)ﬂ
Mz X Ciyy), it follows that R < (Mo x My x --- X M; X Cz/) N(M;11 X Ciy1) =My x
My x -+ x Miyy x C{_)) such that G= (Mo x My x -+~ x M; x My x Cj)-H/ .
Therefore, repeating this argument, we finally obtain G = (My x M| X --- X My) - H such
that R =My x My X --- X My, which is normal in G, as required. O

In view of the comments in the paragraph preceding the statement of Proposition 2.1,
this completes the proof of Theorem 1.1.
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