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Abstract. Existence of a regular unimodular triangulation of the configuration ®* U {(0, 0, ..., 0)} in R", where
@7 is the collection of the positive roots of a root system ® C R” and where (0, 0, . . ., 0) is the origin of R”, will be
shown for & = B,,, C,, D,, and BC,,. Moreover, existence of a unimodular covering of a certain subconfiguration

of the configuration A:’ 1 Will be studied.
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Introduction

A configuration in R" is a finite set A C z". Let conv(A) denote the convex hull of A in R”
and write ff(A) for the cardinality of A (as a finite set). A subset F' C A is said to be a simplex
belonging to A if conv(F') is a simplex in R” of dimension §(F) — 1. A triangulation of
A is a collection A of simplices belonging to A such that (i) if F € A and F’' C F, then
F’ e A; (ii) conv(F) Nconv(F") = conv(F NF’) for all F, F' € A, and (iii) conv(A) =
U~ < » conv(F). Such a triangulation A of A is called unimodular if the normalized volume
[16, p. 36] of conv(F) is equal to 1 for each F € A with dim conv(F) = dimconv(A4). A
unimodular covering of A is a collection A of simplices belonging to A such that (i) for
each F' € A, dim conv(F) = dim conv(A) and the normalized volume of conv(F') is equal
to 1, and (ii) conv(A) = (Jp o 5 conv(F).

Let K[t,t™',s] = K[t1,¢; ', ..., 1y, t;", 5] denote the Laurent polynomial ring over a
field K. We associate each o = (¢, ..., «,) € z" with the monomial t*s = tf“ ceetins €
K[t, t™!, s] and write K [.A] for the subalgebra of K[t, t=1, 5] generated by all monomials
t*s with « € A. Let K[x] = K[{xy; « € A}] denote the polynomial ring in §(.A) variables
over K and I4 C K[x] the kernel of the surjective homomorphism 7 : K[x] — K[A]
defined by setting 7 (x,) = t*s for all « € A. The ideal I 4 is called the foric ideal of the
configuration A.

Let < be a monomial order [2, p. 53, 17, p. 9] on K[x] and in_(I4) C K[x] the initial
ideal [2, p. 73, 17, p. 10] of I 4 with respect to <. Let /in_(I4) denote the radical ideal
of in.(I4) and A_(A) = (F C A; [[,ep *o & /in<(L4)}. It then follows that A_(A) is
a triangulation of A, called the regular triangulation of A with respect to the monomial
order <. It is known [16, Corollary 8.9] that A _ (A) is unimodular if and only if in_ (1 4) is

squarefree, i.e., in- (I 4) = «/in-(I4).
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Recently, the following six properties on a configulation .4 have been investigated by
many papers on commutative algebra and combinatorics:

(i) A is unimodular, i.e., all triangulations of A are unimodular;
(ii) Aiscompressed,i.e., the regular triangulation with respect to any reverse lexicographic
monomial order is unimodular;
(iii) A possesses a regular unimodular triangulation;
(iv) A possesses a unimodular triangulation;
(v) A possesses a unimodular covering;
(vi) A is normal, i.e., the semigroup ring K [A] is normal.

The hierarchy (i) = (ii) = (iii) = (iv) = (v) = (Vi) is easy to prove; while the converse
of each of the five implications is false.

Fixn > 2. Lete; denote the i-th unit coordinate vector of R”. We write A* |, B}, C;}, D\
and BC;r for the set of positive roots of root systems A,_1, B,,, C,, D, and BC,,, respec-
tively [5, pp. 64-65]:

A =le—e; 1 <i<j<n)

Bl ={e;1<i<njUle+esl<i<j<nlUle—ej;1<i<j<n}
Ch={2e;1<i<nlUle+e;l<i<j<niUle—e;;1<i<j<n}
D+ e +e;1<i<j<nfUf{e,—e;;1<i<j=<nk

BC+ B+UCJr

Let, in addition,
ot = dT U{(0,0,...,0),

where ® = A,_,B,,C,,D, or BC, and where (0,0, . 0) is the origin of R”. An
explicit regular unimodular triangulation of the conﬁguratlon A}, is constructed in [4,
Theorem 6.3]. Moreover, for any subconfiguration A of A ._1> the configuration A =
AU(0,0, ..., 0)possesses aregular unimodular triangulation [ 13, Example 2.4(a)]. Stanley
[14, Exerc1se 6.31(b), p. 234] computed the Ehrhart polynomial of the convex polytope
conv(A+ 1). Recently, Fong [3] constructs certam triangulations of the configurations B
(= conv(D*) N z") and conv(C+) Nnz" (= BC ), and computes the Ehrhart polynomlals
of conv(B*) and conv(C*) The triangulations studled in [3] are, however, non-u ummodular
and it seems to be reasonable to ask if the configurations B+ CJr DJr and BC possess
unimodular triangulations.

Our goal is to study the problem (a) which subconfiguration A= AU {(0,0,...,0)} of
BC possesses a unimodular triangulation; (b) which subconfiguration A of BC+ possesses
a ummodular covering. All subconfigurations of {2e¢;;1 < i < njU{e;+e;;1 < i <
J < n} having unimodular coverings are completely classified [7]. See also [15]. Now,
the purpose of the present paper is, as a fundamental step toward this goal, to show the
existence of regular unimodular triangulations of the configurations B CJr DJr and BC

n’

and to study the existence of unimodular coverings of certain subconﬁguratlons of AF .
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In the forthcoming paper [11] we study the existence of unimodular triangulations and
coverings of subconfigurations of ®*, where ® = B,,, C,, D, or BC,.
Now, our main result in the present paper is the following

Theorem 0.1

(a) Fixn > 2. If a configuration A C 2" satisfies the condition

(0.1.1) {e; +e;;1 <i <j<n}CACBC};
(012) Ifl1<i<j<k=<nandife,—e;,e; —e, € A thene; —e, € A,
(0.1.3) Either all e; belong to A or no e; belongs to A,

then the configuration A= AU {(0,0,...,0)} C 2", where (0,0, ...,0) is the origin
of R", possesses a regular unimodular triangulation; in other words, the toric ideal 1 5
possesses a squarefree initial ideal. Thus, in particular, each of the configurations B,
C, Df and BC;r possesses a regular unimodular triangulation.

(b) A subconfiguration A C Antl with dim conv(A) = n — 1 > 2 satisfying the condition
(0.1.2) possesses a unimodular covering.

The present paper is organized as follows. First, in Section 1, in order to study triangu-
lations and coverings arising from root systems, certain finite graphs will be introduced.
The main purpose of Section 2 is to give a Proof of Theorem 0.1(a). In Section 3, after
discussing some questions and conjectures on initial ideals of the configurations A;[l and
A:Ll, we will give a proof of Theorem 0.1(b).

1. Finite graphs and toric ideals
1.1. Finite graphs

Fixn > 2. Let[n] = {1,2, ..., n} be the vertex set and write A, for the finite graph on
[ 7] consisting of the edges {i, j}, 1 <i # j < n, the arrows (i, j), ] <i < j < n, the
circles y;, | < i < n, and the loops §;, | < i < n.Let E(A,) denote the set of edges,
arrows, circles and loops of A,,.

(Finite graph A4)
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Let p : E(A,) — 2" denote the map defined by setting o ({i, j}) = e; +e¢;, p((i, j)) =
e, —e;, p(y;) = e and p(5;) = 2e;.
Let M(A,) denote the n x n(n + 1) Z-matrix

M(AY) = (@i g)ieln seEn,)

with the column vectors

(Cll’g,...,an’g)l:p(f;:)t, \’;:GE(A”),

where p (&) is the transpose of p(§).

1 0002000111000 1 1 1 0 0 0

01 00020O01O0O0OT1T1TTUO0O-1 0 0 1 1 0

oo0100020010101 0 -1 0 -1 0 1

0001 0O0O0O0O20O0T1TTUO0OT1TT1 O O -1 0 -1 -1
(Matrix M (Ay4))

Let, in addition, M*(A,) denote the (n + 1) x n(n + 1) Z-matrix which is obtained by
adding the (n + 1)-throw (1, 1,...,1) € 2""*D to M(A,).

M(AL)
1 1---1

1.2, Subgraphs

A subgraphof A,isapair X = (V(X), E(X))of (@ #) V(X)) C[n]and E(X) C E(Ay)
such that

(i) ifeither {i, j} € E(X) or (i, j) € E(X),theni, j € V(Z);
(i) if either y; € E(X) or; € E(X),theni € V (X);
(iii) eachi € V(X)) is a vertex of some & € E(X).
Given a subgraph X of A, let M(X) denote the submatrix

M(E) = (ai £)iev(n); ecEE)

of M(A,), and let M*(X) denote the submatrix of M*(A,) which is obtained by adding
the ((V (X)) + D-throw (1, 1, ..., 1) € zEEED) o0 M(T).

M(T)
1 1---1
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We summarize fundamental terminologies on subgraphs of A,,.

(a) A spanning subgraph of A, is a subgraph X of A, with V(¥) =[n].

(b) A pathof A, along with vertices vo, vy, ..., Ve_1, V¢, where £ > 2 and where v, # v, if
p <q with (p, q) # (0, £),is a subgraph X of A, with E(X) = {§;, &, ..., &}, where
&, #&, if p < g and where &, is either the edge {v,_1, v,} or the arrow (min{v,_1, v},
max{v,_i, vp}) foreach 1 < p < £. The length of X is the integer £ and the vertices vg
and v, are said to be the end vertices of X.

(c) A cycle of length £ of A, is a path of length £ of A, two of whose end vertices
coincide. Thus, in particular, a cycle of length 2 of A, is a subgraph ¥ of A, with
E(X) ={d, ), {i, j}}, where | <i < j < n.Each of the edges and the arrows of A,
will be regarded as a path of length 1 and, in addition, each of the circles and the loops
of A, will be regarded as a cycle of length 1.

(d) For the convenience of the notation, for a cycle I" of length £ > 3 of A,, in the notation
E@)=1{&, &, ..., &}, itwill be always assumed that, foreach 1 < k < ¢, &, and &,
possess a common vertex, where &1 = &;.

(e) A subgraph X of A, is called connected if, for any vertices v and w of ¥ with v # w,
there exists a path of ¥ whose end vertices are v and w. A free of A, is a connected
subgraph of A, with no cycle. Thus, in particular, a tree possesses neither a circle nor
a loop.

(f) If a spanning subgraph X of A, with (E (X)) =n is connected, then X possesses
exactly one cycle. If a spanning subgraph ¥ of A, with #(E (X)) = n + 1 is connected
and possesses a circle y, then ¥ possesses exactly one cycle # y.

1.3. Determinants

For the purpose of the computation of the normalized volume of the convex hull of a simplex
belonging to a configuration, it is required to compute the determinant det (M (X)) of a
spanning subgraph ¥ of A, with (£ (X)) =n and det (M*(X)) of a spanning subgraph X
of A, with #(E(X))=n+ 1.

Let X be a spanning subgraph of A, with §(E(X))=n (resp. $(E(X))=n + 1). If
& € E(X) is either an edge or an arrow and if one of the vertices of € belongstono &’ € E(X)
with & #£ &', then |det (M (X))| = |det (M(Z \ {€}))| (resp. |det (M*(X))| = |det (M* (2 \
{€}))|. This simple observation together with elementary computations of determinants
learned in linear algebra yields the following

Proposition 1.1

(a) If a spanning subgraph ¥ of A, with 1(E (X)) = n is connected and if a unique cycle
of X is a circle, then |det (M(X))| = 1.

(b) If a spanning subgraph % of A, with 8(E (X)) = n is connected and if a unique cycle
of X is aloop, or a cycle of length 2, or a cycle of odd length > 3 with no arrow, then
|det (M(X))] = 2.

(c) Letaspanning subgraph X of A, with(E (X)) =n + 1 andwith no arrow be connected
and suppose that X possesses exactly one circle together with either a loop or a cycle
of odd length > 3. Then |det (M*(2))| = 1.
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(d) Let n > 2 be even and X the subgraph of A, consisting of two circles yy, vy, and of
n — 1edges{1,2},{2,3},...,{n —1,n}. Then |det (M*(2))| = 1.

1.4. Toric ideals

Fix a subgraph G of A,. Themap p : E(A,) — z" introduced in Section 1.1 enables us to
associate G with the configurations

AG) = {p(§);§ € E(G)};

AG) = AG) U {(0,0,...,0)}
in R". Here (0,0, ..., 0) is the origin of R".

Let K be a field. The subalgebra K [A(G)] of K[t, t™!,s] = K[z, tl_ sty 7S]

is generated by the monomials 7;¢;s with {i, j} € E(G) tit _ls with (i, j) € E(G) t;s with
v, € E(G) and t s with §; € E(G). In addition, K [AG)] i 1s generated by the above mono-

mials together with s, i.e., K[LAG)] = (KLAG)Ds].
Let Rx[A,] and RK[A ] denote the polynomial rings

RilAx]l = K[{yihi<i<n Ulzihi<i<a Ulei jh<icj<a U{fijhi<i<j<nls
RK[A 1= K[{x} U {yithi<i<n U {ziti<i<a U {e;, j}1<l<j<f’l u {fl 1<1<j<n]
over K, and set

RlG] = K[{ily cec) YUlzilscew Yle i jee YL apeeo |

RG] = K[{x}U ityerc) YUlzidsee@ Yle i jee@ Y apeed]-
Write 7 : 7~2K [A,]— K[t, t7!, s] for the homomorphism defined by setting 7 (x)=s,
w(y;) =ts, n(z,)_t s, mw(e;, ;) =tt;s and 7 (f;; )_t, s, If Ker 7 denote the kernel
of 7, then the toric ideals 7 4.) of A(G) and IA(G) of .A(G) is

[A(G) = Kernmr N RK [G],

! iy =Kerm N Rk[G].

1.5. Reverse lexicographic monomial orders

We fix the reverse lexicographic monomial order <4, on the polynomial ring R[A,] in
n® + n + 1 variables over a field K induced by the ordering of the variables

V<M< <Wm<x<fio<fiz< - <fin<hz<-<focin

<€l <3< <€ <3< " <€_1p<ZI1<I)<-+<Ip.

If G is a subgraph of A, then we write <¢ for the reverse lexicographic monomial order on
Rk [G] obtained by <,, with the elimination of variables; in other words, for monomials
uand v of Rg[Gl, u < vifandonlyifu <y, v.
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1.6. Normalized volume

Fix a subgraph G of A, with dim conv (AG)) =n. A subgraph X of G with §(E(X)) =
n + 1 is said to be a facet of G if p(E (X)) is a simplex belonging to A(G). A subgraph ¥
of G with #(E (X)) = n is said to be a quasi-facet of G if p(E(X)) U {(0,0,...,0)}isa
simplex belonging to A(G).

A quasi-facet is a spanning subgraph of G any of whose connected components possesses
exactly one cycle. A facet is a spanning subgraph of G any of whose connected components
possesses at least one cycle. In addition, except for exactly one connected component, each
connected component of a facet of G possesses exactly one cycle.

Let ZEEE(G) Z(p(),1)+2(0,0,...,0,1) denote the subgroup of the additive group
z"*+! generated by all the vectors (p(£), 1) € z"! with & € E(G) together with the vector
0,0,...,0,1) € z"*!, and

Ng = [z"“ : Z Z(p(&), 1)+ 2(0,0,...,0, 1)]

§€E(G)

the indgx of deE(G) z(p(€), 1) +2(0,0,...,0, 1) in z"!. Note that N < oo since dim
conv(A(G)) = n.

Lemma 1.2 If ¥ is a quasi-facet (resp. facet) of G, then the normalized volume of the
convex hull of the simplex p(E (X)) U{(0,0,...,0)} (resp. p(E(X))) belonging to A(G)
coincides with |det (M(Z))|/Ng (resp. |det (M*(Z))|/Ng).

Proof: Let ¥ be a quasi-facet (resp. facet) of G and F =p(E(X)) U {(0,0,...,0)}
(resp. p(E(X))). The normalized volume of conv(F') coincides with the index of the sub-
group Y, Z(e, 1) in the additive group ZseE(G) z(p(€), 1)+ 2(0,0,...,0, H(c z"th.
See, e.g., [16, p. 69]. Since the index of the subgroup >, Z(a, 1) in z"+! coincides
with |det (M(X))]| (resp. |det (M*(X))]), the normalized volume of conv(F') is equal to
|det (M(X))|/Ng (resp. |det (M*(X))|/Ng), as desired. O

When we discuss the configuration A(G) (instead of A(G)), unless there is no confusion,
we also say that a subgraph X of G with #(E (X)) = dim conv(A(G)) + 1 is a facet of G
if p(E(X)) is a simplex belonging to A(G).

1.7.  Root systems

The research object of the present paper is the configurations ./éi(G) (c .%I(A,,)) associated
with root systems A, _;, B,, C,, D, and BC,,. To simplify the notation, we write A,_;, B,
C,, D, and BC, for the subgraphs of A, with

E(Ap-) ={G j)s1=i<j=n}k
EB)) ={ysl<i=nfU{{i, jhl1=i<j=ntU{G j);l=i<j<n}k
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EC)=0;1<i=nU{{i,jls1<i<j=<nU{(G j);1=<i<j=<n}
EDy) ={{i,jh1<i<j<ntU{G jsl<i<j=<n}
E(Bcn) = E(Bn) U E(Cn)v

respectively. Note that BC,, = A,,.

2. Existence of regular unimodular triangulations

The purpose of the present section is to give a Proof of Theorem 0.1(a). More precisely, we
will show the following

Theorem 2.1 Fixn > 2. Let G be a subgraph of A, satisfying the following conditions:
(2.1.1) All edges of A, belong to G;
2.12) If 1 <i<j<k<n and if the arrows (i, j) and (j, k) belong to G, then the
arrow (i, k) belongs to G;
(2.1.3) Either all circles of A, belong to G or no circle of A, belongs to G.
Then the regular triangulation A __(A(G)) of the configuration A(G) with respect to the
reverse lexicographic monomial order < is unimodular.

In what follows, we fix a subgraph G of A, satisfying the conditions (2.1.1), (2.1.2)
and (2.1.3) of Theorem 2.1. In order to prove Theorem 2.1, what we must do is to study
the problem of what can be said about a facet ¥ of G with p(E(X)) € A, (.AI(G))
(such a facet is called a facet with respect to <) as well as a quasi-facet X of G with
p(E(X))U{0,0,...,00}e A, (A(G)) (such a quasi-facet is called a quasi-facet with
respect to <g).

One of the preliminary and fundamental steps is to describe some of the quadratic mono-
mials which belong to in_; (1 j))-

Lemma 2.2 Let X be a facet or a quasi-facet of G with respect to <. Then none of the
following subgraphs of G appears in X:

@ (@ ), (G, D} withi < j < k;

i) {G, ) AJ kY withi < ji #k, j #k;

(i) {G, j), v} withi < j;

@(v) {G, j),8;}withi < j.
Moreover, if all circles of A, belongs to G, then none of the cycles of length 2, i.e.,
{G, ), {i, j}}withi < j, appears in X.

Proof: Since the binomials f; ; fjx — xfix with i <j <k, fijejr—xejr with i < j,
i # k. j # Kk fijyj—xy withi<j, and f; jz; — xe;j with i <j belong to I ;.,,
their initial monomials f; ; f;«, fi jej k. fi,jy;, and f; jz; belong to in.; (1 4 ,)- Moreover,
if all circles of A, belong to G, then the binomial ¢; ; f; ; — yl-2 with i < j belongs to / 5,
and its initial monomial e; ; f; ; belongs to in, (I j))- O
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A simple, however, indispensable result which follows immediately from the above
Lemma 2.2 is the following

Corollary 2.3 Let X be a facet (resp. a quasi-facet) of G with respect to <G and suppose
that no cycle of length 2 appears in X. Then each row of M*(X) (resp. M(X)) is either a
nonnegative integer vector (i.e., a vector any of whose components is a nonnegative integer)
or a nonpositive integer vector. Hence, for the purpose of the computation of |det (M*(X))]|
(resp. |det (M(X))]), one can assume that each non-zero component of M*(X) (resp.
M(X)) is positive.

The role of the cycles appearing in facets or quasi-facets of G with respect to <g will
turn out to be important. Recall that the cycles of length 1 are the circles and the loops, and
that the cycles of length 2 are the subgraphs X with E(X) = {(, j), {i, j}}, 1 <i<j <n.

Lemma 2.4 Every cycle of length > 3 appearing in either a facet or a quasi-facet of G
with respect to <g is of odd length and possesses at least one edge.

Proof: Let X be either a facet or a quasi-facet of G with respect to < and I a cycle of
length ¢ (>3) appearing in X with E(I') ={&;, &, ..., &}. In case ¢ is even, Corollary 2.3
yields the equality Zkf L pGor) = Zﬁ/j 1 p(52¢—1), which contradicts the fact that either
p(E(X))or p(E(X))U{(0,0,...,0)} belongs to A, (/I(G)). Hence ¢ is odd. If no edge
of X belongs to I', then for some 1 < k < £ one has either & = (u, v), &1 = (v, w),
or & = (v, w), &1 =(u,v), where u, v, w € [n] with u <v <w and where &, =§&;.
However, Lemma 2.2 says that this is impossible. O

Even though Remark 2.5 below will be not necessarily required to complete a proof of
Theorem 2.1, we state it here for its usefulness in our forthcoming papers.

Remark 2.5 If all arrows of A, belong to G, then every cycle of length > 3 appearing in
either a facet or a quasi-facet of G with respect to < is of length 3.

Proof: Let I' be a cycle with E(I") = {&1, &, &3, ..., &}, where £ > 5, appearing in
either a facet or a quasi-facet of G with respect to <. Suppose that, say, &, is weakest in
E(T") with respect to <g, i.e.,

T (P @5) <g 77 (7s)

for all &, # & € E(T). First, if &, is an arrow (i, j) with j being a vertex of &, then, for
some w,v € [n], & = (w, j) and either & = (i, v) or & ={i, v}. If & = (i, v), then i <
w<j<vand p(&)+p (&) =p &)+ p (&), where & = (w, v). If& = {i, v}, theni <w <,
v €{i,w, j}and p(§1) + p(§3) = p(§2) + p(§), where § = {w, v}. Second, if &, is an edge
{i, j} with j being a vertex of &, then, for some w,v € [n], & ={w, j}, & ={i, v} and
pE1) + p(53) = p(&) + p(§), where § ={w, v}. 0
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Somewhat surprisingly, if a cycle I' of odd length >3 appearing in a facet or a quasi-
facet ¥ of G with respect to < possesses at least one arrow, then no edge is contained in
E(Z)\E(I'). Namely,

Lemma2.6 Let X be either afacet or a quasi-facet of G with respect to <G andI" a cycle
of odd length >3 appearing in ¥ with at least one arrow. Then all edges of ¥ belong to I'.

Proof: Leté = {i,j} € E(X) with&é & E(I') = {£,&,...,&-1}. Let, say, & =
(v, w) be the arrow which is weakest in E(I") with respect to <g. Let & = (u, v) with
u < v by Lemma 2.2. Now, the contradiction {&1, &3, ..., &y 1, &} ¢ E(X) arises, since
Corollary 2.3 yields

—1 4
Y pED + Ui u) + o uh) = Y pExr) + p ().
k=1 k=1

We now come to one of the crucial and fundamental facts.

Lemma 2.7 Let X be either a facet or a quasi-facet of G with respect to <g. Let 'y and
[, be cycles appearing in X. If each of 'y and ', is a loop, or a cycle of length 2, or a
cycle of odd length >3, then V(') NV (I',) # 0.

Proof: First, suppose that both I'; and I'; are cycles of odd length >3 with V (I"';) N
V) =0, ECD)={,5&,....601} and E@2)={n1,m2,...,m2m-1}. Then by
Lemmas 2.4 and 2.6 it may be assumed that all & and all n, are edges of G. Let, say,
& ={i, j} be the weakest edge in E(I';) U E(I';) with respect to <. Let & ={w, i} and
n1 = {u, v}. Now, the contradiction {&;, &3, ..., &—1, 01,03, ..., Nom—1} € E(X) arises,
since

~

—1

m—1 14 m
pEx) + 20w, u) + Y p(nap) =Y pEa1) + Y p(12p-1)-
p=1 k=1 p=1

~
Il

1

Second, let I'; be a cycle of odd length >3 with E(I'y) = {£), &, ...,&y—1}, and let ',
be a cycle of length 2 consisting of an arrow (i, j) and an edge {i, j} withi ¢ V(I"{) and
Jj € V(I'1). Since the edge {i, j} belongs to I',, all & are edges of G by Lemma 2.6. Let w be
avertex of &;. Then the contradiction {(i, j), {i, j}, &1, &3, ..., &m—1} € E(X) arises, since

l4 =1
p(i. )+ pi. jHD+ Y pEu—1) = (0.0.....0) + 2p({i, wh) + > pEa).
k=1 k=1

When I'; is a cycle of odd length >3 with E(I"y) = {&1, &, ..., &y—1} and T, is a loop
8; with i & V(I'}), assuming that &, is weakest in E (I";) with respect to < and choosing
a vertex w of &, the contradiction {&, &3, ..., &¢—1, 6;} ¢ E(X) arises, since

—1 4
D pEw) +20Ui, wh =Y pu-1) + p(8).
k=1 k=1
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Ifboth I'; and I'; are cycles of length 2 with V(') )NV (I'y) =@, E(I'y) = {{i, j}, (@, j)}
and E(T'y) = {{i’, j'}, (i’, j/)}, then a contradiction arises, since

p(i, jH + oG )+ i, j'D + p(G', /) =2(0,0,....0) +2p({i, i"}.

Let I'y be a cycle of length 2 with E(I"y) = {{i, j}, (, j)} and I'; a loop &; with i # k,
J # k. Again, a contradiction arises, since

i, jH + p(G )+ p@) = (0,0,...,0) +2p({i, k}).

Finally, if I'y is a loop §; and I'; is a loop §; withi # j, then a contradiction arises, since
p@) +p@)) =2p(i, j}). a
Now, what can be said about quasi-facets of G with respect to <¢?

Lemma 2.8 [fall circles of A, belong to G and if ¥ is a quasi-facet of G with respect to
<g, then

(a) no edge belongs to X;

(b) all cycles appearing in X are circles;

(¢) |det(M(X))] = 1.

Proof:

(a) Since the binomial xe; j — y; y; belongs to / ), its initial monomial xe; ; belongs to
in<; (I j,)- Hence {i, j} € E(X) for all quasi-facets ¥ of G with respect to <g.

(b) Since no edge belongs to X, by Lemma 2.4 each cycle appearing in X is either a circle or
aloop. If §; € E(G), thenxz; € in.;(I j,) since xz; — yl.2 € I j)-Hence §; ¢ E(X)
for all quasi-facets X of G with respect to <g.

(c) It follows from (b) that a unique cycle of each connected component of X is a circle of
A,. It then follows from Proposition 1.1(a) that |det(M(X))| = 1, as required. O

Lemma 2.9 If no circle of A, belongs to G, then

(a) there exists no facet of G with respect to <g;
(b) |det (M(X))| = 2 for all quasi-facets ¥ of G with respect to <g.

Proof:

(a) Since no y; belongs to 7~%K [G], the variable x is weakest with respect to the reverse lex-
icographic monomial order <. It then follows that x never appears in each monomial
belonging to the (unique) minimal set of monomial generators of in—; (1 45,)- In other
words, the origin (0, 0, ..., 0) € R” belongs to each simplex F € A_, (A(G)) with dim
conv(F) = dim conv(A(G)) (=n).

(b) Let X be a quasi-facet of G with respect to <. Since each connected component of X
possesses a unique cycle and since G possesses no circle, it follows from Lemmas 2.4
and 2.7 that ¥ is connected. Since a unique cycle appearing in X is a loop, or a cycle of
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length 2 or a cycle of odd length >3, we know |det(M (X))| = 2 by Proposition 1.1(b),
as required. O

We turn to the discussion of what can be said about facets of G with respect to <, where
all circles of A, belong to G. Note that, by Lemma 2.2, no cycle of length 2 appears in G.

For a while, suppose that all circles of A, belong to G, and let X be a facet of G with
respect to < whose connected components are X, ..., X;_; and X;, where X, possesses
at least two cycles. By rearranging the rows and columns of M*(X),

h—1

|det(M*(2)] = <]_[ Idet(/\/l(Ek))l)ldet(M*(Eh))l (#0).

k=1
Lemma 2.10 One of the cycles appearing in Xy, is a circle.

Proof: Since no cycle of length 2 appears in G, Corollary 2.3 enables us to assume that all
non-zero components of M*(X,) are positive. If no circle belongs to X, then the sum of
the components of each column of M* (%) is three and the last component of each column
of M*(%,) is 1. Thus det(M*(%Z;)) = 0. O

Two cases arise: Either X; possesses exactly one circle, or X;, possesses at least (hence
exactly) two circles.

Lemma 2.11 [f X, possesses exactly one circle, then |det(M*(X))|=1.

Proof: Since ¥, possesses either a loop or a cycle of odd length >3, by Lemma 2.7 a
unique cycle appearing in each of the connected components ¥, ..., X;_; must be a circle.
By Proposition 1.1(a), |det(M(X2;))| = 1 forall 1 < k < h—1.Moreover, by Proposition 1.1
(c) and Corollary 2.3, we have |det(M*(X;))| = 1. Hence |det(M*(X))| =1, as desired.

O

Lemma 2.12 [f X, possesses exactly two circles, then |det(M*(X))| = 1.

Proof: Lety, and y,, withv < w be circles of X, and fix a path L of length £ of X, joining

vwithw.Letv = vy, vy, ..., vp_1, vy = wbetheverticesof Land E(L) = {&1, &, ..., &},
where each &; is either the edge {v;_, v} or the arrow (min{vy_, v}, max{vi_1, vr}). Then
£ must be odd. Because, if £ is even, then the contradiction {&;, &3, ..., &1, Yu} € E(Z)

arises, since Corollary 2.3 yields

o)+ o) +pE)+--+pE)=pE) +pE)+ -+ pCE—1) + (V).

Ifanedge n = {i, j} appears in one of X, ¥, ... X;_1, then the contradiction {£,, &;, .. .,
&, Yw, N} ¢ E(X) arises, since Corollary 2.3 yields

P +pE) +pE) + -+ pEe—1) + p({w, i} + po({w, j}
=p¢ED)+pE)+---+pE)+ o) + o).
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Thus a unique cycle appearing in each X, 1 < k < h — 1, is either a circle or a loop. If a
loop &; belongs to X, then the contradiction {&1, &3, ..., &, vu, 8;} ¢ E(X) arises, since

o)+ &) +pE) + -+ pEe—1) +20(w, i})
=pE)+pE)+ -+ pE) + p(Yw) + p(6).

Hence a unique cycle appearing in each ¥;, 1 <k < h — 1, is a circle. Thus, in particular,

121 Idet(M(Z)| = 1.

Now, to prove |det(M*(X))| = 1, it remains to show that |det(M*(Z,;))| = 1. Recall that
if ¢ € E(X,) is either an edge or an arrow and if one of the vertices of £ belongs tono &" €
E(Zp) with & # &', then |det(M* ()| = |det(M*(Z,\{&}))]. Thus |det(M*(Zp))| =
|det(M™*(L))|. In addition, by Proposition 1.1(d) and Corollary 2.3, |det(M*(L))| =1, as
required. O

We are now in the position to complete our proof of Theorem 2.1.

Proof of Theorem 2.1: Since e¢; +e; € A(G) for all 1 <i < j <n, it follows that dim
conv(.A(G))—n Moreover, the subgroup ZSEE(G) z(p(&), 1)+ 2(0,0,...,0,1) of the
additive group z"*! coincides with z"*! if all y; belong to G, and comc1des with
{(ai, ..., an, ayy1) € 2" Z:q:l a; € 2z} if no y; belongs to G. Hence the index Ng
is equal to 1 (resp. 2) if and only if every (resp. no) circle of A, belongs to G. Hence, by
virtue of Lemma 1.2, Lemma 2.8(c), Lemma 2.9(b) together with Lemmas 2.11 and 2.12,
the normalized volume of the convex hull conv(F') of each simplex F € A_, (/I(G)) with
dimconv(F) = n is equal to 1. Thus the regular triangulation A _ (/I(G)) is unimodular.

O

Remark 2.13 Let n > 3, and let G be a subgraph of A, which possesses all edges of

A, gnd at least one circle of A,,. Let <,., denote the reverse lexicographic monomial order

on Rg[G] induced by an arbitrary ordering of the variables with x <y;,x <z;, x <e¢;;

and x < f; ; forall y;, z;, ¢; ; and f, belonging to RK [G]. Then the regular triangulation
<,N(A(G)) of the configuration A(G) is not unimodular.

Proof: Letn =3.Ifallloopsof Az belongto G, then y? —xz; € I j g and y? € in., (I ;)
for all i with y; € E(G). Thus in., (I ;) is not squarefree. Suppose that at least one
loop of Az does not belong to G and write X for the subgraph of G with E(X) =
{{1, 2}, {1, 3}, {2, 3}}. Then p(£) U{(0,0,0)} € A (A(G)).Infact,if p(X) U{(0, 0, 0)}
¢A<m (.A(G)), then Xe12€13623 € /in<m_(1A(G)) and (61,261’382'3)’" Gl'l’l<m,([A(G)) for

some m > 0. However, no binomial of the form

(e12013€23)" — H »w l_[ l_[ el H s

Yi€E(G) sieE(G)  {i.jleE(G) (i,))EE(G)

belongs to L) Since the convex hull of po(X) U {(0, 0, 0)} is of dimension 3 and its
normalized volume is 2, the regular triangulation A, (A(G)) is not unimodular.
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Letn > 4 and y; € E(G). If G’ is an induced subgraph of G with y; € E(G’) and with
exactly three vertices, then K [A(G")] is a combinatorial pure subring [6] of K[A(G)].
Hence A_ , (A(G)) is not unimodular, as desired. O

3. Unimodular coverings of subconfigurations of A"

Even though the purpose of the present section is to prove Theorem 0.1(b) concerning the
existence of unimodular coverings of subconfigurations of A, we begin with questions
and conjectures on initial ideals of A _,and A .

First of all, we study the ummodular triangulation of AJr | constructed in [4]. Let <,y
denote the lexicographic monomial order on the polynom1al ring

n—1°

RlAn-1] = KX} U (fijhizizjzn
over K induced by the ordering of the variables

fiz> fiz>> fin> fo3 > > fao1a > X,

and let <, denote the reverse lexicographic monomial order on R kx [A,—1] induced by the
ordering of the variables

X < fl,n < fl,nfl << f1,2 <f2,n << fnfl,rr

Theneachof the initial ideals in.,, (I3 )andin.,, I3+ )ofthetoricideal I3: isgenerated
by the squarefree quadratic monomlals fik fie with 1 < i<j<k<t< n and f; ; fix
withl <i < j<k<n.

We say that, in general, a monomial ideal / of the polynomial ring K [x;, x7, ..., X,]
comes from a poset if I is generated by squarefree quadratic monomials and if there is a
partial order on the finite set [ # | such that x;x; € I if and only if i and j are incomparable
in the partial order. See [6, 10, 12].

By using standard techniques [6], it is not difficult to show that, for all n > 5, the initial
ideal in_, ([AL) (=in.,, ([AL )) does not come from a poset.

Question 3.1 Does there exist a monomial order < on 7~€K[A,7_1] such that the initial
ideal in_(I5+ ]) comes from a poset?

If the answer to Question 3.1 is “yes,” then it follows from [12, Corollary 3.6] that the
infinite divisor poset of the semigroup ring K[A"_ ] is shellable.

Example 3.2 Let n=5 and let <be the lexicographic monomial order on 7~2K [A4]
induced by the ordering of the variables

fio>fas>x> fiz> fas> o3> fis> f34> fos5s > fia > fra
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Then in_ (1 AI) comes from a poset. The Hasse diagram of the poset is drawn below.

We do not know, forn = 6, 7, ..., if there exists a monomial order < on 7~€K[ A,_1] such
that the initial ideal in.(I5+ ) comes from a poset. It can be, however, proved without
difficulty that, if < is a mong)_mlal order on R k[A,—1], where n > 5, such that x appears in
no monomial belonging to a unique minimal system of monomial generators of in_ (I3 A ),
the initial ideal in_ (1 A ) does not come from a poset.

A completely different and powerful technique in order to show that the infinite divisor
poset of a semigroup ring is shellable is also known [1, Theorem 3.1]. We refer the reader
to [1] for the detailed information about extendable sequentially Koszul semigroup rings

and combinatorics on shellable infinite divisor posets.

Conjecture 3.3

(a) The semigroup ring K[A
Koszul. 3
(b) (follows from (a)) The infinite divisor poset of the semigroup ring K [A;lil] is shellable.

+ ] of the configuration A, is extendable sequentially

Let G be a subgraph of A,_;. Since the matrix M(A,_;) is totally unimodular and
since (0,0, ...,0) € A(G), by virtue of [13, Example 2.4(a)] the initial ideal in- (1 j,)
is squarefree for any reverse lexicographic monomial order < on the polynomial ring
7~2K [G] with x < f; ; for all (i, j) € E(G). However, in general, the toric ideal IA(G)
cannot be generated by quadratic binomials. For example, if n =6 and G is the sub-
graph of As with E(G)=({(1,2),(2,4),(4,6),(1,3),(3,5), (5 6)}, then [;4; =
(f1.2/2.4 26— f13/35]5.6)-

Question 3.4

(a) For which subgraphs G of A,_1, is the toric ideal 1, generated by quadratic
binomials?

(b) For which subgraphs G of A,—_i, does the toric ideal 1 j, possess an initial ideal
generated by quadratic monomials?

The situation for A(G) is, however, completely different and, in general, A(G) is not
normal. For example, if n =5 and G is a subgraph of A4 with E(G) = {(1, 2), (2, 3), (3, 4),
(4, 5), (1, 5), (1, 4)}, then I.A(G) = (f1q2f12’5f2q3f3q4 — f134f425) and A(G) is non-normal.

For a subgraph G of A, with E(G) C {{i, j}; 1 <i < j <n}, a combinatorial characteri-
zation for the toric ideal of the configuration .A(G) to be generated by quadratic binomials
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is obtained in [9, Theorem 1.2]. It is known [8] that if G is, in addition, bipartite, then
the toric ideal of the configuration A(G) possesses an initial ideal generated by quadratic
monomials if and only if every cycle I' of even length >6 appearing in G possesses at least
one “chord,” i.e., anedge § = {v, w} € E(G) withv e V(I'),w e V(I') and & & E(I").

All normal subconfigurations of {2¢;; 1 <i <n}U{e;+e;; 1 <i < j <n}are completely
classified [7, 15]. More precisely, [7, Corollary 2.3] says that, for a connected subgraph G
of A, with E(G) C{{i, j}; 1 <i<j<n}U{§;1 <i<n}, the following conditions are
equivalent:

(i) A(G) is normal;
(i) A(G) possesses a unimodular covering;
(iii) If each of 'y and I'; is either a loop or an odd cycle of length >3 appearing in G and
if I'; and I'; possess no common vertex, then there is a “bridge” between I'; and 'y,
i.e., an edge {v|, vy} € E(G) withv; € V(I'}) and v, € V (I'y).

Question 3.5 Find a combinatorial characterization of subgraphs G of A,_, such that
the configuration A(G) possesses a unimodular covering.

We now turn to the discussion of the existence of a unimodular covering of a subconfigu-
ration A C A,T_l , where n > 3, satisfying the condition (0.1.2). The fundamental technique
to prove Theorem 0.1(b) is already developed in [7].

Let I be a cycle of length ¢ appearing in A,—; with V(I') ={vg, vy, ..., ve—1} and
EM) ={&,&,...,&]}, where each & is the arrow (min{v;_;, vi}, max{vi_y, vi}) and
where ve=v¢. Let E_(I') = {§ € E(I'); & = (v—1,v)} and E. (') = {& € E(I);

& = (vk, vk—1)}. Let
SN = Ig(E- ) — H(E D).

A cycle I' appearing in A,_, is called homogeneous if §(I') = 0. The following fact can be
proved easily by similar techniques as in the proof of [7, Proposition 1.3].

Lemma 3.6 If G is a subgraph of A,_1, then dim conv A(G) = n — 1 if and only if G is
a connected and spanning subgraph of G with at least one nonhomogeneous cycle.

For a while, we work with a fixed spanning subgraph G of A,_; with at least one
nonhomogeneous cycle. Let m denote the greatest common divisor of the positive integers
8(T"), where T" is any cycle appearing in G which is nonhomogeneous:

mg = GCD({6(I") ; I" is a nonhomogeneous cycle appearing in G}).
As in Section 1.6 a subgraph X of G is said to be a facet of G if p(E (X)) is a simplex

belonging to the configuration A(G) C 2" with dimconv(p(E(Z))) = n — 1. Again, as in
[7, Lemma 1.4], we easily obtain the following
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Lemma 3.7 A subgraph ¥ of G is a facet of G if and only if ¥ is a connected and
spanning subgraph of G with n arrows such that ¥ possesses exactly one cycle and the
cycle is nonhomogeneous.

How can we compute the normalized volume of conv (p(E(X))) for a facet X of G?

Lemma 3.8 [f X is a facet of G, then the normalized volume of conv(p(E(X))) is equal
to §(I')/mg, where I is a unique cycle appearing in X.

Proof: Recall that the normalized volume of conv(p(E(X))) coindides with the index

of the subgroup ", (5 Z(p(§), 1) in the additive group ", ) Z2(p(§), 1) C 7"+ Let
e,+1 =(0,0,...,0,1) € z'*!. To obtain the required result, we now show that

D 2@, D[ > 2p@), )

§€E(G) §€E(T)
8(I")

= {0, mgegiy, 2mgegyy, ..., <m— - 1>mced+1 }
G

Choose an arbitrary arrow (i, j) € E(G)\E(Z). Since X is a connected and spanning sub-
graph of G, we can find a cycle I'" with E(I'") ={&, &, ..., &_1, &}, where each of the
arrows &1, ..., &1 belongs to X, such that §, = (i, j), i is a vertex of & and j is a vertex
of &_1. Then

€ —e, DEsMeie Y z(pE). D).

§€E(X)

Let8(I") =amg and 8(I'") = bmg, where a and b are nonnegative integers. Letc = b—da <
a—1withO <d € z. Then

(e — e, 1) £ dd(Dessr Eemgen € Y 2(p(), D).
§€E(X)

Since 6(I")e,+; € deE(E) Z(p(&), 1), it follows that

(e —ej. 1) € emgeni + Y z(p(€), 1).
§€E(T)

Now, the desired result follows immediately since cmge, | € ZEE £ 2(p(§), 1) if and
only if cmg is divided by 8(I') (=amg). ' O

One of the direct consequences of Lemma 3.8 is

Proposition 3.9 The configuration A(A,_1) associated with the root system A,_ pos-
sesses a regular unimodular triangulation. More precisely, if < is the reverse lexicographic
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monomial order on Rg[A,_1] induced by the ordering of the variables

fia<fis<-<fin<frz<- < fooin
then the initial ideal in (I o4, _,)) of the toric ideal I 54, ) With respect to < is squarefree.

Proof: Noting that m,, , =1, in case that the regular triangulation A_(A(A,_;)) of
A(A,—1) with respect to < is not unimodular, by Lemmas 3.7 and 3.8 a cycle I' with
8(I") > 2 such that

[T fiié¢yin(laa, )

(i, )eE(T)

appears in A,_;. Let f,, ., be the weakest variable among all the variables f, , with
(v,w) € E(I'). Let V(') = {vo, v1, ..., v¢_1}, Where £ > 4 since §(I') > 2,and E(I'") =
{&1, &, ..., &}, where each & is the arrow (min{v_1, v}, max{vi_1, v}) with vy = vy.
Since f,, ., is weakest, it follows that vy < v; < ve—;. Assuming §(E_, (I')) > (E—(I")),
let g denote the binomial

5(1") S(F) s(I) | |
L() Ve | | va 1, Uk uo v, vl Ve ka v € IA(An 1)-
§reE () &eE ()

Since §(I") > 2, the initial monomial of g is

B(F | |
U() I)Z 1 ka 1,Vk € ln<(I~A(An 1))
&eb ()

This contradicts []; neem fij € in<(aa,.,). Hence the regular triangulation
A_(A(A,_1)) is unimodular. O

At present, we do not know if each of the configurations A(B,), A(C,), A(D,) and
A(BC,) possesses a regular unimodular triangulation.

By virtue of Lemma 3.8 it is now easy to characterize all unimodular configurations
AC A" withdimconv(A) =n — 1.

Proposition 3.10 Let G be a connected and spanning subgraph of A,_i with at least
one nonhomogeneous cycle. Then the configuration A(G) is unimodular if and only if
8(T") = 8(I"") for all nonhomogeneous cycles ' and T appearing in G.

A chord of a cycle I" appearing in A,_; is an arrow (v, w), where v and w are vertices
of I', with (v, w) &€ E(I").

Lemma 3.11 Fixn > 3. Let G be a connected and spanning subgraph of A,—, with at
least one nonhomogeneous cycle. Let Q2 denote the set of all facets ¥ of G such that a
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unique cycle appearing in ¥ has no chord. Then

conv(A(G)) = U conv(p(E(X))).

XeQ

Proof: Let o= (o, a,...,a,) €conv(A(G)) and choose a facet X of G with ¢ €
conv(p(E(X))). Write

a= Y ap()

§€E(X)

with each 0 <a¢ e Rand ZE c £(x) 9 = 1. Let us assume that a unique cycle I' appearing in
% possesses a chord. Let V(I') = {vp, v1, ..., ve—1}, where £ >3 and E(I') ={&, &, ...,
&}, where each & is the arrow (min{vi_1, v}, max{vi_1, vi}) with vy =vo. Let n = (vo, vy)
be a chord of I', where 2<¢g <£ — 1 and vy <v,. Let I'; and I'; denote the cycles
with V(Fl) = {U(), Uly ovny Uq},E(Fl) = {%‘1, %‘2, ey éq, n}andV(Fz) = {Uq, Vg41s -+ U()},
E() ={&;+1,&4+2, - - ., &, n}. Since the cycle I" is nonhomogeneous, it follows that either
'y or I'; is nonhomogeneous.
First, suppose that I'; is homogeneous and let

a =min{as; & € E_,(I'1)} > 0.

Replacing a; with az —a if § € E_, (I'1), replacing a; withag +aif n #& € E_(I'y),
and setting a,, = a, the expression

a= Y ap®)

§€E(X)U{n}

arises, where at least one arrow & € E_, (I'y) satisfies a; = 0. Fix such an edge & and write
¥’ for the subgraph obtained by deleting & from ¥ and by adding n to X. Then X is a facet
of G with a unique cycle I'; and o € conv(p(E(Z'))).

Second, let §(E_, (I')) < #f(E—(I")) and suppose that both I'; and I'; are nonhomoge-
neous. Then either H(E_ (T')) <#(E—(T1)) or #(E_(I2)) <f(E(I3)). Let, say,
B(E_(T1)) <t#(E—(T'1)). Note that n € E._ (') and n € E_, (I';). In what follows we
use the notation f; instead of f, ,, if & = (v, w). Let

g”= 1] £ &7= ][] f

geb(I) §eE_(I')

) _ ) _

& = H fe. & = 1_[ fe,
g€E_, () g€E ()

) — ) —

W= Il fe 09= T £
EeE . (I') §eE ()

Then f,h" = ¢'P¢{" and £,h ) = ¢!7¢{”. Now, the binomial

(gi+))5(l") (h(f))ﬁ(l"l) _ (gi—))S(F)(h(+))B(F1)
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belongs to / 4(G). Hence we can find a binomial
g = g(+) _g(*) € I
such that
(i) supp(g"™) Usupp(g' ™)) = {fe: & € E(T) U {n}};

(ii) supp(g™) Nsupp(g™) = ;
(iii) 7 € supp(g™),

where supp(g(™) is the support of the monomial g‘*. Let

b, _ c
o= T1 w0 T s
feesupp(g™) feesupp(g?)

Then

Y. o bke® = ) wp®. Y b= )

feesupp(g™h) feesupp(g™) feesupp(g™) feesupp(g )

Let

a= min{dg/ng fe € supp(g(+))} > 0.

Replacing ag with @z —abe (>0) if f: € supp(g‘"), replacing az with ag +ace if f, #
f¢ € supp(g™), and setting a,, = ac,, the expression

i Y ar®

§€E(X)U{n}

arises, where at least one arrow & € E(I") with f¢ € supp(g™) satisfies ag = 0. Fix such
an edge & and write X’ for the subgraph obtained by deleting & from ¥ and by adding 7 to
3. Then X’ is a facet of G with a unique cycle, which coincides with either I'y or I',, and
a € conv(p(E(X))).

Hence repeated applications of such techniques enable us to find a facet ¥ of G with
¥ € Q and with o € conv(p(E(X))). Thus conv(A(G)) = Us.cq conv(p(E(X))), as
desired. O

We are approaching a proof of Theorem 0.1(b). A much more general result for the
existence of unimodular coverings of subconfigurations of A;il is the following

Theorem 3.12 Fix n > 3. Let G be a connected and spanning subgraph of A,_| with at
least one nonhomogeneous cycle and suppose that every nonhomogeneous cycle I" appear-
ing in G with 8(T") # mg has a chord. Then the configuration A(G) possesses a unimodular
covering; in particular, A(G) is normal.

Proof: Work with the same notation as in Lemma 3.11. Let Q' denote the set of all
facets ¥ of G such that a unique cycle I' appearing in X satisfies §(I") =mg. If every
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nonhomogeneous cycle I" appearing in G with §(I") # m¢ has a chord, then since Q2 C
Q' it follows from Lemma 3.11 that conv(A(G)) = |Uscq conv(p(E(X))). Lemma 3.8
guarantees that, for a facet ¥ of G, the normalized volume of conv(p (X)) is equal to 1 if
and only if ¥ € . Hence the collection {p(E(X)); ¥ € Q'} of simplices belonging to
A(G) turns out to be a unimodular covering of A(G). O

Proof of Theorem 0.1(b): Let G be a connected and spanning subgraph of A,_; with
at least one nonhomogeneous cycle. Since G satisfies the condiditon (0.1.2),if 1 <i <
Jj < k < n and if the arrows (7, j) and (J, k) belong to G, then the arrow (i, k) belongs
to G. Hence every cycle of length >4 appearing in G with no chord is homogeneous of
even length. Thus a nonhomogeneous cycle I' appearing in G with no chord is of length
3. Note that 6(I') = 1 if T is a cycle of length 3. Hence ms = 1 and by Theorem 3.12 the
configuration A(G) possesses a unimodular covering, as desired. O

Let, in general, A C z" be a configuration with dim conv(A) = d — 1. We introduce the
finite (ordinary) graph on the vertex set consisting of all simplices F' belonging to .4 with
dimconv(F) = d — 1 (=(F) — 1) with the edge set consisting of those 2-element subsets
{F, F'} of the vertex set such that {(F N F’) = d — 1. Then the technique discussed in the
proof of Lemma 3.11 guarantees that if « € conv(F) then there is an edge {F, F'} of the
finite graph with a € conv(F”).
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