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Abstract. A r-cover of a quadric Q is a set C of #-dimensional subspaces contained in Q such that every point
of @ is contained in at least one element of C.

We consider (n — 1)-covers of the hyperbolic quadric Q+(2n + 1, g). We show that such a cover must have at
least ¢"*! 424 + 1 elements, give an example of this size for even g and describe what covers of this size should
look like.
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1. Introduction

Let Q be a quadric. A spread in Q is a set S of generators of Q such that each point of Q
is contained in exactly one element of S.

If @ = 0" (2n + 1, q) is the hyperbolic quadric in PG(2n + 1, ¢), then it is known that
O%(4n + 1, g) does not have a spread, while Q" (4n + 3, q), g even, does have a spread.
The existence of a spread in Q" (4n + 3, q), g odd, is still open [8].

If no spreads exist, the natural question arises what are the sets of generators on Q being
closest to a spread. This leads more generally to the following definitions:

Definition 1.1

(a) A t-coverof aquadric Q is a set C of r-dimensional subspaces contained in Q such that
each point of Q is contained in at least one element of C. If t = 1, we speak also of a
line cover; if t = 2, we speak of a plane cover.
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(b) A partial t-spread is a set S of r-dimensional subspaces contained in Q such that each
point of Q is contained in at most one element of S.

In [4], the authors determined the 2-covers of the Klein quadric QO (5, ¢) having minimum
size. A lower bound for the size of a 1-cover of the Klein quadric was given, as well as
examples reaching that bound. Similarly, large partial 1-spreads on the Klein quadric were
constructed.

In this article, we continue the study started in [4] by studying the smallest (n — 1)-covers
of 0T (2n+1, g). We show that the smallest possible cardinality for a minimal (n — 1)-cover
of 0*(2n+1, q)is ¢"*' 4+ 2g + 1, and give examples of that size for g even.

We prove a theorem stating what an (n — 1)-cover of Q% (2n + 1, ¢) of that size ¢g"*! +
2g 4+ 1 should look like. To achieve this, we need results on minihypers in projective
spaces [6].

Definition 1.2 Let F be a set of points of PG (¢, ¢) and let w be a mapping from F into
7", where t > 2 and where Z* denotes the set of all non-negative integers. Let 7 denote
the set of all hyperplanes of PG (¢, ¢).

If 7 and w satisfy the conditions

> w(P)=f and min{ > w(p)

PeF PeFNH

HeH}:m,

for given integers f > 1 and m > 0, then (F, w) is called an { f, m; t, g}-minihyper. In the
special case w(P) = 1 for all P € F, we denote the minihyper simply by F.

The article concludes with an upper bound for the size of a maximal partial (n — 1)-spread
of Q*(2n + 1, g). For q even, partial (n — 1)-spreads of QT(2n + 1, q) of size g*"*' + 1
are constructed.

These results contribute to the study of blocking sets, spreads and covers in polar spaces,
as discussed by Metsch [10]. For a table containing the known results on the existence and
non-existence of spreads in polar spaces, we refer to [ 10, Table 2]. We would like to mention
the following recent results on line covers of H(3, qz) and 04, q).

Since the generalized quadrangle H (3, ¢°) arising from the non-singular Hermitian vari-
ety in PG (3, g?) is the dual of the quadrangle arising from the non-singular elliptic quadric
in PG (5, ¢), a cover of H(3, qz) is the dual of a blocking set in Q7 (5, g), that is, a set
of points of Q7 (5, q) intersecting every line of Q7 (5, ¢). In [9], Metsch proved that the
smallest blocking sets of Q7 (5, g) are equal to the set of points of Q7 (5, ¢) in a tangent
cone of Q7 (5, gq), different from the vertex of the tangent cone. Hence, dualizing this result,
the smallest covers of H (3, g?) are equal to the set of lines of H(3, g?) intersecting a given
line of H(3, ¢?) in exactly one point.

For covers of the parabolic quadric Q(4, g) in PG (4, q), Eisfeld et al. [5] proved that a
cover C of Q(4, q), g odd, contains more than g> + 1 + (¢ — 1)/3 lines, and a cover of
04, q), q even, g > 32, of cardinality q2 +1+r, where 0 < r < /g, always contains a
spread of Q(4, q).
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The analogous question for covers of projective spaces has already been answered
(cf. [1, 3]). The lower bound on the size of a cover of a given projective space was found by
Beutelspacher [1]; the description of the covers of minimal size was given by Eisfeld [3].

Theorem 1.3 Let S be at-coverof P = PG(d, q), whered >t > 0. Letd =k(t + 1) +r
withk,r € Ngandr <t.
k(t+1) _
@ I8 =g Tt 4 1.
(b) If equality holds in (a), then there is a subspace U of dimensiont — r — 1, such that
every point of P\U is contained in exactly one element of S, whereas every point of U

is contained in exactly q"*' + 1 elements of S.

In this article, let 6; = (¢'*' — 1)/(qg — 1).

2. The lower bound

Let Q = 0*(2n+1, g) be embedded in P = PG(2n + 1, ¢). If we have an (n — 1)-cover C
of Q, we define the excess of a point P € Q to be the number of elements of C through P
minus one. The excess of a point of P\ Q is defined as zero. Since C is a cover, all excesses
are non-negative.

The excess of any point set of P is defined as the sum of the excesses of its points. A
point with positive excess is called an excess point.

Theorem 2.1 LetC be an (n—1)-cover of Q = Q*(2n+1, q). Then |C| = ¢" 7' +2g +1.

Proof: Since Q has exactly (q’”rl —1)(@" +1)/(g — 1) points (see e.g. [7]), the (n — 1)
n+l1 n
-cover C must have at least Wi}# =q"" +2¢ -1+ 2;,,:11 elements.
Suppose that C has ¢"*! + 2q + ¢ elements. Then the total excess of Q is

L =+ ) (g™ + 1 "1
(q,1+1+2q+8)q (g g )=(8+1)61 Y
g—1 qg—1 qg—1

Consider a subspace U of P that has dimension n + 2. The subspace U intersects each
element of C in a non-empty subspace, that is, in 1 (mod ¢) points. Furthermore, it intersects
Q in a quadric, and so in 1 (mod ¢) points. Hence the excess of U is ¢"*!' +2g +5 — 1 =
& — 1 (mod gq).

Suppose that ¢ = 0. Then the excess of any (n + 2)-dimensional subspace is congruent to
g — 1 (mod q), hence it is at least g — 1. In particular, the set of excess points must intersect
each (n + 2)-dimensional subspace. By the Theorem of Bose and Burton [2], this means
that there are at least (¢" — 1)/(g — 1) excess points with equality if and only if the excess
points are just the points of an (n — 1)-dimensional subspace of P. This contradicts the fact
that the total excess is qq"%l - 2.

1
Hence ¢ > 1, and the theorem is proved. O

Example 2.2 Suppose that g is even. Then there exists a spread S of the parabolic quadric
0@2n + 2, q) (see e.g. [10, Section 6]).
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Let @ = Q%T(2n+1,¢q) be a hyperplane section of Q(2n+2, ¢). Then a counting
argument shows that Q contains exactly two elements of S and intersects the other elements
of S in (n — 1)-dimensional subspaces. These form a partial spread Cy of Q" (2n + 1, q)
covering all points except the points of two disjoint n-dimensional subspaces U, U,. Let
W; be an (n — 2)-dimensional subspace of U; (i = 1, 2). If weaddtoCy the g + 1 (n — 1)-
dimensional subspaces in U; through W;, we get an (n — 1)-cover C. The excess points of C
are the points of W, and W,, each having excess ¢. From this we see that |C| = ¢! 4+2¢ +1.
In the following section we shall see that all covers of this size look like this example.

3. A characterization

In [3], the structure of excess points of minimum covers of projective spaces was determined
(See Introduction). In this section, we do the same for minimum (n — 1)-covers of O (2n +
1, g), using similar methods.

From now on, let Q@ = Q7 (2n + 1, q), g > 3, be embedded into P = PG(2n + 1, q),
and let C be an (n — 1)-cover of Q with |C| = ¢"*! +2¢ + 1.

Lemma 3.1 Let U, V be subspaces of P such that U is a hyperplane of V. Then there
exist integers a,a’, b, b’ withdimV —n -2 <b<a<n—1landa—1<d <aand
b—1<Vb <bsuchthat

(a) the excess of V is q, = + q
(b) the excess of U is q — +

g'—1
(1,71

Proof: The proof is by backward induction on dim V.
At first we consider the case dim V = 2n + 1 that is, V = P. In this case, the excess of V
is the total excess of Q, that is, 2
Let U be a hyperplane of P. Then U intersects Q elther in a parabolic quadric with
(g*" — 1)/(g — 1) points or in a cone over a hyperbolic quadric, containing 1+ g(g" — 1)
@'+ 1/(q—1)=(q* —1)/(g — 1)+ ¢" points. Hence U contains (¢g** — 1)/(g — 1)
(mod ¢") points of Q. On the other hand, U contains (g"~' —1)/(g — 1) (mod ¢"~") points
of any element of C. Hence the excess of a hyperplane U is congruent to

n—l_l 2n_l n—2_1
@ 20 =g

d g™ h.
R (mod ¢" ")

As the excess must bea 1}19]11 negati\{gznumber beﬂigg at most equal to the total excess, it must
be either 2q T+ or g T+ + g T+ or 2 “—*, from which (b) follows.

Now let dimV < 2n + 1 and We assume that the assertion holds for bigger values of
dim V. In particular, the induction hypothesis yields (a). Furthermore, for any subspace
W 2 V with dim W~ = dim V + 1 we know from the induction hypothesis that the excess
0fW1sq—+q Wltha<a<a+landb<b<b+l

Con51der the ¢ + 1 subspaces V; with U < V; < W and dim V d1m V (one of
them being V). By the induction hypothesm each V; has an excess g -— — L4 qu with
d—1<a <aandb—1 < b; <b. Let o be the number of equal to 4, andletﬂbethe
number of b; equal to b. Let x be the excess of U. Counting the sum of the excesses in two
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ways, we get

a—1 bh—1 a a—1 b bh—1
g —1 g —1 q“ —q q° —q
(q+U(q +q )+aq . + Bq

qg—1 q—1 1 qg—1

Zz_l E_l
qu +qq +gx.
qg—1 qg—1

Hence

q i _
+q +ag® !+ Bgbt. (%)
qg—1 qg—1

Clearly, x cannot be bigger than the minimum of the excesses of the V;. We discuss the
possible values of « and 8.

e o = # = 0. Then all g;, including a, are equal to @ — 1. Thatis, a = @ — 1 and similarly

b =b—1.By (%), (b) is fulfilled with@’ = @ — 2 and b’ = b — 2.

a=1,=0.Thena e {a—1,a}andb=5b—1.By (%),a’ =a —land b =b — 2,

and (b) holds.

e o =0, § = 1. This case works as the previous case.

ea=pf=1Thena e {a—1,a)andb € {b — 1,b}. By (%), (b) holds witha’ = a — 1
andb' =b — 1.

o o= 2 B = 0,a = b. This case is identical W1th the previous case

1,_1

excesses of the V; are blgger than this value. Hence the excess of V 1s q — + q
that is, we can assume that « = g + 1. This yields

g¢“ -1 q
q—1 qg—1

X =q

If 8 =0, then b = b — 1, and (b) holds with ' = b — 2.

IfB=1,thenb e {b—1,b}, mﬂ(MImMswuhH__E—l

If B > 2, then the excess of U is bigger than q Ly q qf > which means that also
the excesses of the V; must be bigger than this value Consequently, b; = b, 8 = g+1,
and (b) holds with ' = b = b.

® i > l~), o > 2. Then the excess of each V; must be at least x > qqf;-:1 +qq:]1 , whence
a+B>qg+1.
—a>3. Thenaq -1 q“ 14+ (¢ + 1)gP!, that s, the excess of U (andhence of V;)is
1 b1
bigger than g £ - +q— Henceo =g +1, andsox_q—+q = +ﬂq

Now (b) follows as in the previous case, distinguishing between the cases B =0,
B=landB>2=B=qg+ 1. )

—a =2,a > b+ 1. Then again ag®' > ¢% ' + (¢ + 1)g*~!, from which we get
a = g + 1 as above, which is a contradiction.

a—1
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—a =2, =>b+1.Because of B > g — 1 and ¢ > 3, we have ag®"! + Bgh! >
g%~ " + (g + 1)g"~", which again gives @ = ¢ + 1, being a contradiction.

e i >b,a =0, > 2. We show that this case can be avoided choosing W in an intelligent
way.

Count the incidences (s, W*), where s is an excess p01nt outside of V and W* = (s, V).
Starting from s, we see that there are ¢ £ g iq +q2 g q such 1n01d%£1+cleds Letd =dim V.
The number of (d + 1)- dlmenswnal subspaces w contalmng Vist L Eachof these
W* contributes 0, g - g¢, q q or q (g° + ¢") incidences. The average contribution of

W* a+1 n— —a 1 +
a 18 q 2n+l gnti—d_| —1 q 2n+l d 1

Suppose that a > b. Because of b > d —n —2,wehaven — 1 —a <2n+1—d.
Hence the average contribution of W* is smaller than g + ¢®*!. This means that there
must exist a W* contributing either 0 or g - ¢g”, which means that @ = a. This avoids
the current case.

If a = b, then there exists a choice of W* with d = b, avoiding the current case. For
otherwise all W* would contribute g - g to the number of incidences (s, W*), whence

n—l-a_|

2g°t! L = g“*!, which gives a contradiction.

>ba=1, B >2.Asinthecasea > 3,weseethata + 8 > g + 1,thatis,f € {q, g + 1}.

[ ]
DN

- B=qg+1. Then(b)holdsw1tha —a—landb’—b b.

- B=q. Then x= q 71 ~!. This is a value that cannot be written in the

with V' in place of V, we must get the same (exceptlonal) value of x, that is, we must
fall again into the case @ > b, & = 1 with the same parameters. However, as in the case
o =0, we see that it is possible to choose W* such that @* = b* (leading immediately
to a different case) or @* = a = @ — 1 (leading possibly to the same case, but with a
different parameter ). This yields a contradiction.

This discussion concludes the proof. O

In the case dim V =0, Lemma 3.1 shows that the excess points of the cover have excess
congruent to 0 (mod g). If we now divide the excess of every excess point by ¢, then we
remain with a set of 2(¢"~' — 1)/(g — 1) points intersecting every hyperplane in at least
2(¢"~% —1)/(g — 1) points. Hence, the excess points form a weighted {2(¢"~' —1)/(g — 1),
2(¢"% — 1)/(qg — 1);2n + 1, g}-minihyper F.

For n = 2, this means that F is either a point with multiplicity two or two points with
multiplicity one (see also [4, Theorem 3.1]). Assume n > 3.

If all the points in this minihyper have weight one, then Hamada has proved that this set
is the union of two disjoint subspaces PG(n — 2, ¢) [6, Theorem 4.1]. It is however possible
that some of the points have weight bigger than one. We will now show that, in general,
this set is the union of two subspaces I1; and I, of dimension n — 2, where the points of
IT; N I, have weight two and where the remaining points of I1; U IT, have weight one.
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Lemma3.2 Let F bethe {2(q"' —1)/(qg —1),2(¢" > —1)/(q — 1);2n+ 1, q}-minihyper
of excess points of C. Then the points of F have weight one or two.

Proof: Consider a subspace IT of dimension n + 2 skew to F. There are 6,_, spaces 2
of dimension n + 3 passing through IT. By Lemma 3.1, each one of them must have at least
two points in common with F; so must have exactly two points in common with . This
shows that no points of F have excess bigger than two. O

Lemma3.3 Let F bethe {2(q"' —1)/(g —1),2(¢" "> —1)/(q — 1); 2n+ 1, g}-minihyper
of excess points of C. If F contains a point P with weight two, then F consists of a union
of lines through P.

Proof: Suppose that a line / through P contains x > 3 points of F. Then there are
26,5 — x points left. Suppose that there is a point R € [\ . Then R lies in ¢** hyperplanes
not containing /.

A point S € (F \ 1) lies in g?"~! hyperplanes through RS not containing /. This shows
that the average number of points of F in these hyperplanes is (26,_» — x)g?"~'/¢** =
26,3 + (2 — x)/q < 26,_3. This means that there is a hyperplane through R containing
less than 26,,_3 points of F.

This is false; sol C F. O

The following lemma follows from Lemma 3.1 if we now use the known fact that every
point of F has an excess which is a multiple of g.

Lemma3.4 Let F bethe {2(¢" ' —1)/(qg —1),2(g" 2= 1)/(g — 1);2n 41, q}-minihyper
of excess points of C. Then a t-dimensional subspace, n + 4 < t < 2n, intersects F in a
(@ = D/@@=D+(@" = D/(g =D, (@ =D/(g—D+(g"" = 1)/(g—1); 1, q}-minihyper,
witht —n—2<b<a<n-1

Lemma3.5 Let Fbethe (2(g" ' —1)/(g—1),2(¢" 2= 1)/(q — 1);2n + 1, q}-minihyper
of excess points of C. Then the set of points of F with weight two is a subspace of PG
2n+1, q).

Proof: Let/ be aline containing two points P; and P, of F having weight two. Let P3 be
apoint of F on [ with weight one. By induction, we will find a subspace I1,, 4 of dimension
n + 4 through [ intersecting F in a {2(q + 1), 2;n + 4, g}-minihyper.

Let x be the sum of the weights of the points of /N F. Then counting the incidences of the
points of 7'\ / with the hyperplanes through /, we get as sum of these incidences, the number

(2911—2 - X) 9211—2~

This implies that the average of the incidences over all hyperplanes through / is equal to
X 4+ (26,,_o — x) 62,_2/62,—1, Which is equal to

N 2 et q2n71 + qnfl 1= qn72 B q2n71 -1
X -1 4q n _ X n _ ] :
q q q
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Since x < 2q + 1, there is a hyperplane through / having at most

2n—1 n—1 n—2

L<q"—2—q +e —1-4 )—2+2q+1

q—1 g*" —1

points of F. Since each hyperplane must have at least 26, _3 points of 7, by using Lemma 3.4,
there must be a hyperplane through [/ intersecting F in a {26,_3, 20, _4; 2n, g }-minihyper.

By induction, there is a subspace PG (n + 4, ¢) through [ intersecting F in a {2(q + 1), 2;
n + 4, g}-minihyper. For, suppose there is a (2n + 1 — i)-dimensional subspace ITp,41—;
through [, n—i—2>2, intersecting F into a {2(¢" ' —1)/(g —1),2(¢" 72— 1)/
(g —1);2n+1 — i, g}-minihyper. Now the average number of points of F in a hyperplane
of Tly,41_; through [ is equal to x + (2(¢" "7 = 1)/(g — 1) — x)(¢*" =1 = 1) /(g*" " = 1).
According to Lemma 3.4, any hyperplane not intersecting F in a minihyper with the desired
parameters must intersect F in at least (¢" ="' —1)/(g — 1) +1 > 2(¢" "2 —1)/(g — 1)+2¢
points. The average number given is smaller than this number, hence there must be a hy-
perplane in I1,,41_; intersecting F as desired.

By induction, this implies that / lies in an (n 4 4)-dimensional subspace H sharing a
{29 + 2, 2; n + 4, g}-minihyper with F.

Now, by assumption, / contains at most 2¢ + 1 points of F, so there is a point R of
JF lying in this subspace, but not lying on /. Then the three lines P; P>, RP;, RP; are all
contained in JF; but then F shares more than 2q + 2 elements with H.

So, all points of P; P, have weight two.

This argument now implies that the points of F of weight two form a subspace. O

Theorem 3.6 Let F be the {2(q" ' —1)/(g—1), 2(q" 2 —1)/(q —1); 2n + 1, g}-minihyper
of excess points of C, where F has a u-dimensional subspace Il of points having weight
two. Then F consists of two (n — 2)-dimensional subspaces intersecting in this subspace I1.

Proof: If u = —1, then the theorem follows from [6, Theorem 4.1]. So, assume u > 0.
Consider the quotient geometry of IT represented by an (2n — u)-dimensional space IT’
skew to TIT.

The minihyper F consists of subspaces of dimension « + 1 passing through IT, so in IT’,
F defines a set 7’ of size 26,_,_3.

Consider a hyperplane I1” of IT" and suppose it shares x points with F’. Then (IT, I1")
shares xg“*! + 26, points with F. Since every hyperplane shares at least 26, _3 points with
F, necessarily x > 26,,_,_4.

So, Fis a {26,_,_3,26,_,_4;2n — u, g}-minihyper only having points of weight one.
So, by [6, Theorem 4.1], F” is the union of two disjoint subspaces of dimension n — u — 3.
This proves the theorem. O

The preceding results now imply the following description of the set of excess points of
an (n — 1)-cover, of size ¢"*! +2¢g + 1, of @ = QT(2n + 1, ¢), ¢ > 3. This corollary is
also valid for n = 2 [4].

Corollary 3.7 Let C be an (n — 1)-cover of Q = QtQ2n + 1,q), g > 3, with |C| =
q"t' +2q + 1. Then there are two (n — 2)-dimensional subspaces Uy, U, (possibly
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coinciding) on Q such that all points of U; N Uy have excess 2q, all points of (U U U,)\
(Uy N Uy) have excess q, and all points of Q\(U; U U,) have excess 0.

Remark 3.8 Theorem 3.6 is also valid for arbitrary {2 (¢"~' — 1)/(q — 1), 2(¢""2 — 1)/
(g — 1);2n + 1, g}-minihypers of PG (2n + 1, q), ¢ > 3. The proof that the points of such
a minihyper have weight one or two follows from using [6, Theorem 2.5] in combination
with the proof of Lemma 3.2.

4. Partial (n — 1)-Spreads of 0t (2n+1,q)

The construction made in Example 2.2 also shows that the hyperbolic quadric 0t (2n+1, ¢),
g even, has partial (n — 1)-spreads of size ¢" ' + 1. The question is whether larger partial
(n — 1)-spreads are possible. This question is studied in the following theorem. In this
theorem, a hole of S is a point of Q*(2n + 1, ¢) not lying on an element of S.

Theorem 4.1 Let S be a partial (n — 1)-spread of Q*(2n + 1, q). Then |S| < q> + q for
n=2and|S| < q"7' +q—1forn > 2.

Proof: Let S be a partial (n — 1)-spread of size ¢"*' + g of @ = Q*(2n + 1, q). For
n = 2, [4, Theorem 3.6] shows that this is the maximal possible cardinality of a line spread
of 07 (5, g). Assume now that n > 2. A partial (n — 1)-spread of Q" (2n + 1, gq) of size
g" "' + ¢ has ¢" + 1 holes.

Let U be a hyperplane of P. Then U intersects Q either in a parabolic quadric with
(g*" —1)/(q — 1) points or in a cone over a hyperbolic quadric, containing 1+ ¢(g" — 1)
(@" '+ 1)/(g—1)=(¢g*" —1)/(g — 1)+ q" points. Suppose every element of S intersects
U in an (n —2)-dimensional subspace. Since S has size " ! 4 ¢, then U would have g" + 1
holes in the first case and 2¢g” + 1 holes in the second case. If however an element of S is
completely contained in U, the number of holes reduces by ¢"~!. So, the number of holes
in a hyperplane is always 1 (mod ¢" ).

Suppose that x; is the number of holes in the hyperplane 7;, i = 1, ..., 6,41, of PG
(2n + 1, q). Then

Oon+1 2n+2 _ 1
gt
i=1 q-—1
Oant1 2n+l _
5 ="+ D—.
i=1 q—
O2nt1 q2n
Y xit— 1) ="+ )" ,
i=1 q—1
l
92n+1 q2n—1 _ 1

D oxili =D —2) = (¢" + Dg"(¢" — D———
i=1 q-1
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Now
Oon+1
0> (i—Dxi—¢" ' = Dx—g" = 1)
i=1
Ornt1 nt1
=Y xili— D —2)— (@ +4¢ ) xilx—1)
i=1 i=1
92n+l
+@" D@+ DY (i — 1),
i=1
Now replacing Z?ﬂf‘ xi (x; — 1)(x; —2) by the lower bound stated above gives the inequality
0 > g?"*1(g" + 1)(¢" % — 1). This is false. O
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