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Abstract. We give a new, purely combinatorial characterization of geometries £ with diagram

c
c.Fy(l): © o
1 2 2 1 1

identifying each under some “natural” conditions—but not assuming any group action a priori—with one of the
two geometries E(Fizy) and £(3 - Fipy) related to the Fischer 3-transposition group Fip; and its non-split central
extension 3 - Fip, respectively. As a by-product we improve the known characterization of the c-extended dual
polar spaces for Fiy; and 3 - Fiz; and of the truncation of the c-extended 6-dimensional unitary polar space.
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Introduction

In this article we carry on the classification project started in [5] of geometries £ with
diagram

1 c 2 3 4 5
c.Fy(t): © o wheret =1,2, or4,
1 2 2 t t

(types are indicated above the nodes). We do not assume that £ is necessarily flag-transitive
but instead that it satisfies the Interstate Property and the following two conditions.

(D (a) Any two elements of type 1 in £ are incident to at most one common element of

type 2.
(b) Any three elements of type 1 in £ are pairwise incident to common elements of type

2 if and only if all three of them are incident to a common element of type 5.
It was shown in [5] that for # = 4 there exists a unique such geometry, which is flag-transitive
with automorphism group isomorphic to the Baby Monster sporadic simple group F,. Here

we deal with the case t = 1. There are two examples E(Fiy) and £(3 - Fiy) of such

*The research was carried out while the second author was working at Imperial College under an EPSRC grant.
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geometries admitting flag-transitive actions of the Fischer 3-transposition group Fiy; and
its non-split central extension 3 - Fip,, respectively. Both examples possess the property that
their collinearity graph is locally isomorphic to the commuting graph of central involutions
in the group Q;(Z) and one of our main results is

Theorem 1 Let & be a flag-transitive c. F4(1)-geometry such that the collinearity graph of
E is locally the commuting graph of central involutions in Q;{(Z). Then & is isomorphic
either to E(Fiy) orto E(3 - Fiy).

In order to prove Theorem 1, we establish and study the relationships of £(Fiy;) and
E(3 - Fiy) with other geometries of Fiy and 3 - Fiy,. Precisely, we construct geometries
G and B with diagrams

C
[}
9
1 2 2 2
and
53,6,22
oO——(O0—0 ,
14 4 2

respectively, and try to characterize those instead of £. In Theorem 2 (cf. Section 7) we prove
that if G satisfies certain properties, which hold if it comes from a geometry like £ satisfying
(D), and if B satisfies the Intersection Property (IP) then G belongs to the group Fi;;. From
this we derive in Theorem 3 (cf. again Section 7) a group-free version of Theorem 1.

We recall that (IP) is the following property (where X is a geometry containing a set of
elements P(X) called “points” and, for any object y € X, P(y) denotes the set of points
incident to y).

(IP) Forany y,z € X, P(y) N P(z) = P(u) for some u € X and P(y) = P(z) if and only
ify=z.

To understand the rest of the paper, it will be useful to have some knowledge about the
different geometries for Fiy; and 3 - Fiy; and about the relationships between them. This
information will be provided in Sections 2 and 3. In Section 1 we review some general results
on c. Fy(1)-geometries. The remaining Sections 4 to 7 contain, respectively, the construction
from £ to G, the characterizations of G and 3, and the proofs of Theorems 1, 2, 3.

We emphasize again that all our proofs and constructions will be purely combinatorial
and that we do not assume any group-action. However, for some lemmas we have much
easier and shorter proofs in the case of flag-transitivity and for the interested reader we
supply them in the appendix.

1. Some general results on c. Fy(1)-geometries

In this section, we review some general results on c. F4(1)-geometries satisfying (I).
In what follows & denotes a c.F,(1)-geometry satisfying (I) and £ denotes the set of
elements of type i in £.
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Figure 1. The suborbit diagram of W related to Q;(Z) DN

Let F = F4(1) be the building with diagram

Fy): 9 2 1 C

and flag-transitive automorphism group F = Q;(Z) : ¥3. The elements from left to right
on the diagram of F4(1) will be called points, lines, planes, and symplecta, respectively. By
[15, 10.14] F can be defined as follows.

Let D = D4(2) be the D4-building with automorphism group F® = Qg (2). Let the
types of objects of D be labelled by the integers 1, 2, 3, 4 where 2 corresponds to the central
node in the Dynkin diagram. Then the points of F are the objects of type 2 in D, the lines
are the flags of type {1, 3, 4} in D, the planes are the flags of types {1, 3}, {1, 4}, and {3, 4},
and the symplecta are the objects of D whose type is unequal to 2. A point is incident to
another element of F if their union is a flag in D and incidence between lines, planes, and
symplecta is defined by inclusion.

Let W be the collinearity graph of F4(1) (i.e., the graph on the set of points in which two of
them are adjacent if they are incident to a common line). Then the vertices of W (the points of
JF4(1)) can be identified with the central involutions in F in such a way that two involutions
p, q are adjacent if and only if p € 0,(Cr(q)) (equivalently g € O,(Cr(p))). The suborbit
diagram of W with respect to the action of F is given in figure 1 (cf. [5, figure 2]).

If g € W\{p} then the order of the product pq is 2, 2, 4, and 3 for g € ¥V(p), \Ilzz(p),
w; (p), and W3(p), respectively. In particular, p commutes with g € W\{p} if and only if
g € Vi(p) U V3(p).

Let A denote the graph on the vertex set of ¥ in which two vertices p and g are adjacent
if ¢ € W1(p) U W3(p). In other terms, A is the commuting graph of the central involutions
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in F. The following result was established in [5, Lemmas 3.1 and 3.3]. (Recall that a graph
X is said to be locally Y if for any vertex x € X the subgraph induced on the neighbourhood
X(x) of x in X is isomorphic to the graph Y.)

Lemma 1.1 Let T = I'(€) be the graph on the set of elements of type 1 in € in which two
of them are adjacent if they are incident to a common element of type 2. Then T is locally
A and every graph which is locally A is T (E) for some c.Fy(1)-geometry & satisfying (I).

Thus studying the geometries £ is equivalent to studying the graphs I" which are
locally A.

In what follows I" stands for I'(£). The elements of type i in £ can be identified with
certain complete subgraphs in I" on 1, 2, 4, 8, and 36 vertices for i = 1, 2, 3, 4, and 5,
respectively, so that the incidence relation is via inclusion. If x € T then by (1.1) we can
fix a bijection i, from I'(x) onto the vertex set of A which induces an isomorphism from
the subgraph of I" induced on I'(x) onto A.

The graph I" contains an important family of subgraphs which can be described as follows.
Let E be the graph on the set of elements of type 2 in £ (equivalently the graph on the set of
edges of I') where two such elements are adjacent if they are incident to a common element
of type 3 but not to a common element of type 1 (i.e., their (disjoint) union is a clique of
size fourin I"). For e € £2 let E° be the connected component of & containing e and let ¢
be the subgraph in I" induced on the set of vertices incident to those edges of I" which are
the vertices of E¢. Then by Proposition 5.2 and Lemma 5.3 in [5] we have the following
(where a graph X is called a 2-clique extension of a graph Y if there exists a mapping
from the vertex set of X onto the vertex set of ¥ such that |y ~!(y)| = 2 forevery y € Y and
two distinct vertices xi, x, in X are adjacent if and only if their images v (x;) and ¥ (x;)
are either equal or adjacent in Y).

Lemma 1.2
(i) Z¢ is the complement of the collinearity graph of the generalized quadrangle of order
(3, 3) associated with the group U4(2).2 = Sp4(3).2 and has the suborbit diagram

6412 9

@ 27 1 F%ZJ 8 18 f o
N \ )
S3 i S3 23.53 3l+2.22

(ii) B¢ is the 2-clique extension of Z¢.
The following lemma will be needed in Section 4.

Lemma 1.3 Let K := E° be a connected component of & and let C C K be a clique of
size 8. Then any vertex in K\C is incident to at least four vertices in C.
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Proof: By (1.2) we can identify K with the graph on the 40 points of the generalized
Os(3)-quadrangle GQ(4, 3) in which two points are adjacent if they are not incident to
a common line. So any line of GQ(4, 3) can contain at most one point from C. Hence,
as any point from GQ(4, 3) is incident to exactly 4 lines, it can be collinear to at most 4
points from C which implies that it must be adjacent in K to at least § — 4 = 4 vertices
of C. O

The next result (Lemma 7.2 in [5]) describes possible intersections of the subgraphs E¢.

Lemma 1.4 Let e={x, y}, f={x, z} be distinct elements of type 2 in £ and set Tl :=
E° N E/. Then the following assertions hold:
(1) ific(z) € W1(ix(y)) then |I1| = 16 and z € ES;
(i) ifi (z) € W3(i (y)) then |TI| = 10 and |T'(z) N E¢| = 20;
(iii) ifi () € \1124(ix(y)) then |Tl| =2 and IT'(z) N E¢| =T,
(iv) ifiy(z) € W3(ix(y)) then |TI| = 1 and T'(z) N T(x) N B¢ = 0.

Recall that a p-graph in a graph X is a subgraph X(x, y) induced on the set of com-
mon neighbours of two vertices x and y at distance 2 in X. We will say that a 2-path
(x,z,y)in I is of Dg- or Dg-type if i (y) € W3(i,(x)) or i,(y) € lllg(iz(x)), respectively.
In the next two lemmas we summarize the results on p-graphs established in Section
6 in [5].

Lemma 1.5 Let (x, z, y) be a 2-path of Dg-type in T'. Then
(i) there is a unique edge e = {x, v} incident to x such that y is contained in E¢,;
(i) T'(x, y) N E® is a connected component of T'(x, y) of size 36.

Set p := i,(v), Q := i.(['(x,y) N E®), and let I be the stabilizer of Q in F := Aut(A).

Then

(iii) I stabilizes p, contains O»(F,), and I = 28317222

@iv) 1 has two orbits (2 and its complement) with lengths 36 and 18 on WV (p), two orbits
on \IJé(p) with lengths 288 and 576, and acts transitively on \Ilzz(p) and on W3(p);

(v) ifr e A\Ws(p) andr = i.(u) for some u € I then r is adjacent in A to a vertex from
Q and hence the distance from y to u in ' is at most 2,

vi) ifw € I'(x, Y)\E® then (x, w, y) is of Dg-type and i, (w) € V3(p).

Lemma 1.6 Let (x, z, y) be a 2-path of Dg-type and let T1 be the connected component
containing z of the w-graph I'(x, y). Then I1 is the complete 4-partite graph K43 on 12
vertices. The stabilizer of i, (I1) in F induces the full automorphism group of Il isomorphic
to X3 Xy.

1.1. The residue of an element of type 5

In this short subsection we state some facts about the residue of an element of type 5 in £.
These facts will be useful in Section 4. The reader can verify them by direct calculations.
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If x € & then resg(x) is isomorphic to the geometry H with diagram

1 c 2 3 4
O O
1 2 2 1

and flag-transitive automorphism group H := Spg(2) (cf. [5]). There are several ways how
to describe the geometry H and its relation to the symplectic polar space P(Sps(2)) of H
but the one which is most suitable for our purpose is probably the one in the context of
affinization.

Let O: = O; (2) and let V be an 8-dimensional GF'(2)-vector space equipped with a
non-degenerate quadratic form g of plus-type which is preserved by O. Let 2 be the graph
on V with edges

E(Q2) :={{u,v} | u,v eV, qu+v)=0}

Then the intersection array of €2 is

14 + 56 63
135 1 64 72
(" 122 ) (
@ (13 (120

For v € V andi > 0, we denote as usual by €2;(v) the set of vertices at distance i from v
in Q. Set ©; := ;(0) (where 0 is the zero vector in V). Then 2, consists of the isotropic
and €2, of the non-isotropic vectors in V\{0}.

The automorphism group of €2 is a semidirect product Auz(Q2) = 28.0 = 28.04 (2) and
O = Aut(2) is the stabilizer of 0 in Aut(2). If v € €, then

Aut(R)o N Aut(Q), = 0, = Spe(2)

(cf. [1]). So we can consider H as the stabilizer in Aut(£2), of a fixed vector v € 2, and we
will do this from now on.

Fori, j € {1, 2}, set Q;; := ©; N Q;(v). Then |2y;| = 72 by the intersection array of
2 and from the properties of orthogonal and symplectic groups one can calculate that the
intersection array of €2 is

18 18
35 1 35 16 16 35 1 35
- -

In particular, there exists a natural pairing on 21; in 36 pairs. (These pairs are of the
shape {u, u + v}, u € Qy;, and the two vectors in a pair are at distance 3 in ;.)

For u € Q1y, let it be the pair containing u and let 2 be the graph whose vertices and
edges are the images under ~ of the vertices and edges of Q1;. Then Q; is the complete
graph on 36 vertices. We take the vertices and edges of €, as the objects of H of type 1 and
2, respectively. The elements of type 4 in H are all the 8-cliques in €2;; which are images of
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8-cliques in €21, and the elements of type 3 are those 4-cliques which are contained in more
than one 8-clique. The incidence relation on 7 is defined by inclusion. Then one can show
that H has the desired diagram. Notice that the 8-cliques in €2;; are the maximal cliques in
11 and that they correspond to maximal totally isotropic subspaces of V.

One can show that each edge and each 4- or 8-clique of €;; which is an object of
‘H corresponds to a totally isotropic 1-, 2-, or 3-dimensional subspace of V consisting
only of vectors in {0} U 1,. Furthermore, disjoint edges which are contained in a 4-clique
correspond to the same vector in 21, and disjoint 4-cliques which are contained in acommon
8-clique (where all are assumed to be objects of H) determine the same 2-space.

Fori = 2, 3, define a graph I'; on the set of objects of type i in 7 in which two such objects
are adjacent if they are incident to a common element of type i + 1 but not to a common
element of type 1. For x € H' denote by I'} the connected component of T containing x.
Let P be the rank 3 geometry whose objects of types 1 and 2 are, respectively, the connected
components of I'; and I'; and whose objects of type 3 are the objects of type 4 in H. Fori €
{2,3} and x € H', denote by I'} the connected component of I'; containing x. Define y; €
P/, j =1,2,tobeincidentin Pifthereare x; € H',i = 2, 3, such that yj = Fj’jl‘ and x,, x3
are incident in H. Define y; and z € P to be incident if y; = "7, for some x € resy(2).

Then in view of the previous paragraph one can show

Lemma 1.7
1) P = P(Sps(2)) and P has the diagram

1 2 3
O———O0=———0,
2 2 2

(ii) Each connected component of I', has 10 vertices and the connected components of T'3
are cliques of size 3.

2. Geometries £(Fiy) and £(3 - Fiyy)

In this section we describe two c. F4(1) geometries denoted E(Fiyy) and £(3 - Fiy,) which
satisfy (I). Existence of £(Fiy) was first noticed by D.V. Pasechnik. In [5] £(Fiyy) is
described in terms of the Baby Monster graph ® and we start with a review of that descrip-
tion. By G we denote the sporadic simple group Fi, and by G := G : 2 its extension by a
nontrivial involutory outer automorphism.

Recall that the vertices of ® are the {3, 4}-transpositions in the Baby Monster group
F,. Two vertices are adjacent if their product is a central involution in F,. For a € ©, let
Fy(a) = Cp,(a) = 2.2 E¢(2).2 be the stabilizer of a in F> and let ©; (a) be the set of vertices at
distance i from a in ®. Then the diameter of ® is 3, b € ©\{a} commutes with a if and only
if b € ©1(a) U O3(a), F»(a) acts transitively on ®;(a) and @3(a) and has two orbits @%(a)
and ®3(a) on O(a) with stabilizers Fix?2 and 2!720.U4(3).22, respectively (if b € @Y% (a)
then the product ab is of order m). Let b € @%(a) and let I" be the subgraph in ® induced by
®3(a) N O3(b). Then I' is a connected component of the subgraph in ® induced on the set
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of vertices fixed by the order 3 element ab. Furthermore, I" has 61 776 vertices, it is locally
A—the commuting graph of central involutions in Q;(Z) 1 X5, and Fr(a)N Fr(b) = Fiy.2
acts transitively on the vertex set of I with vertex stabilizer isomorphic to Q;(Z) 1 X3 X 2.
By (1.1) this implies that I' = I'(€) for a c. F4(1)-geometry £ = E(Fiy,) satisfying ().

Alternatively, I" can be defined as a graph on the set of 2D-involutions in G = Fi).2
in which two such involutions are adjacent if and only if they commute. We recall that the
class 2D consists of outer involutions.

In [4] the subdegrees of G acting on I" and the corresponding intersection numbers are
calculated. Taking I" as the connected component of the subgraph in the Baby Monster
graph induced on the set of vertices fixed by an element of order 3 and in view of (1.5)(iv)
one gets the suborbit diagram of I" given in figure 2 (notice that G(x) induces the full
automorphism group of the local graph I'(x) = A with kernel of order 2).

The Schur multiplier of Fi,, is of order 6. Let G = 3 - Fij,.2 be the non-split extension
of Fij,.2 by anormal subgroup of order 3. Let I" be the graph on the conjugacy class of invo-
lutions in G which maps onto vertices of I" under the natural homomorphism ¢ : G — G.
Two involutions in I" again are adjacent if and only if they commute. As C5(03(G)) = G’
and the class 2D consists of involutions in G\ G, the involutions in " are not centralized
by 03(G). From this it is easy to check that ¢ induces a covering ¥ : I' — T such that
each triangle from T lifts under v to a triangle of T". This means that I is also locally
A and by (1.1) T' = T'(§(3 - Fiy)) for a c.F4(1)-geometry £(3 - Fiy,) satisfying (I) and
possessing a covering onto E(Fiy,). Since one knows the orbits of G(x, y) on I'(x) for x, y
at distance two in " from (1.5) and (1.6) one can deduce from the suborbit diagram of I’
that the suborbit diagram of I" with respect to the action of G is the one given in figure 3.

Every flag-transitive automorphism group of F4(1) contains Q;(E) and the latter acts
primitively on the set of points in F4(1). From this fact it is easy to deduce that (I)(a) holds
for every flag-transitive c.F4(1)-geometry. On the other hand, there exists a large class of

2434336
3
[3(x)
972
54+144
{x}
576
I3 (x)
1+18+144+288+512

Figure 2. The suborbit diagram of I'related to Fip;.
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54+144 81+108+162+216 54+144

( : >1575 1 ( 512 12[
324

864

37800

1+18+144+288 1+18+144+256+288

Figure 3. The suborbit diagram of I related to 3 - Fin.2.

c.F4(1)-geometries which do not satisfy (b). This class includes flag-transitive as well as
not flag-transitive examples. The easiest such example can be constructed as follows.

Consider the action of G = Fiy, on the set " of cosets of a subgroup Q;(Z) : 3 (which
is an index 2 subgroup in the vertex stabilizer of the action of G on I'). Then it is easy to
check that the action has two symmetric subdegrees of length 1575. Moreover, if ['! and ['2
are the corresponding orbital graphs then (up to renumbering) an edge of " is contained
in 54 and 144 triangles for i = 1 and 2, respectively. Then I'! is the collinearity graph of a
c.F4(1)-geometry in which (b) fails.

Another class of examples comes from representations of F4(1). A separable Qg(Z)—
admissible representation of F4(1) is a group R and an injective mapping ¢ from the point
set of F4(1) into the set of involutions of R such that R = (Img) and that ¢(p)p(q)e(r) =1
whenever {p, g, r} is a line of F4(1). The term Q;(Z)-admissibility means that the action
of every g € Q§(2) on the point set of F4(1) can be extended to an automorphism of R.

LetI'(R, @) be the Cayley graph of R withrespect to Img. Then I'(R, ¢) is the collinearity
graph of a c. F4(1)-geometry for which (b) fails. It follows from the definition of F4(1) that
the group Qg (2) itself can be taken as R. In this case ¢ is the identity map. But we can
also take the universal non-abelian representation which is non-trivial (since F4(1) contains
geometric hyperplanes) (cf. [13]) and contains, for instance, a 26-dimensional quotient
isomorphic to the exterior square of the natural module of Q (2). Certain quotients of the
26-dimensional module provide non-flag-transitive examples.

In general, if a representation is Qg (2)-admissible then the corresponding c.Fu(1)-
geometry is flag-transitive, if not we can obtain non-flag-transitive examples. By the way,
we do not know what is the universal representation of F4(1) and whether it is finite or
infinite.

3. Some related geometries of Fi;)

In this section we review some other geometries of G = Fij, and their relationships and
characterizations (compare [7]). We start with the description of the 3-transposition graph
of G.

The group Fiy; contains a conjugacy class (2A in notation of [1]) of 3 510 involutions
possessing the property that the order of the product of any two of them is 1, 2, or 3. The
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involutions in 2A are called 3-transpositions and the 3-transposition graph of G is defined
as the graph A with vertices the set of 2A-involutions in G and edges the set of all pairs of
commuting involutions. The full automorphism group of A is Aut(A) = G = Fi.2 and
the suborbit diagram with respect to the action of G is the following.

180 567
693 1 512 126
(" cor ) (" here )
@ (o 2816
2.Us(2).2 228 U4(2).2 U4(3).22

The graph A is locally the collinearity graph of the polar space P(Us(2)) of Ug(2). In
particular, the maximal cliques in A are of size 22. If K is such a clique, then the involutions
in K generate an elementary abelian subgroup Q of order 2'°. The normalizer of Q in G
coincides with the setwise stabilizer G[K ] of K and G[K ] = 2'9.M,,.2. The action of
G[K] preserves on K a unique Steiner system S := S(K) of type S(3, 6, 22). If K| and
K are distinct cliques with non-empty intersection then K; N K, is a vertex, an edge, or a
6-clique which is a block in S(K) and in S(K>).

Let F be the geometry whose elements of type 1, 2, 3, and 4 are the vertices, the edges,
the 6-cliques contained in more than one maximal clique, and the maximal cliques in A;
the incidence is defined by inclusion. Then JF belongs to the following diagram.

1 c 2 3 4
O O
1 4 4 2

It is easy to see that every graph which is locally the collinearity graph of P(Us(2)) leads
to a geometry with the above diagram. The following characterization was established in
[10, 11] (earlier the result was proved in [9] under the assumption of flag-transitivity).

Lemma 3.1 Up to isomorphism A is the only graph which is locally the collinearity graph
of P(Us(2)).

Let F be a geometry with the above diagram. Suppose that the residue of any element
of type 1 in F is isomorphic to the polar space of Us(2) and that the collinearity graph A
of Fis locally the collinearity graph of P(Ug(2)). Then AZA by (3.1). Since F can be
uniquely reconstructed from A by taking the maximal cliques (which are of size 22), the
6-cliques which are contained in more than one maximal clique, the edges and the vertices
of A as objects of F of types 4, 3, 2, 1, respectively, and defining incidence by inclusion
we also get F = F. This gives the following

Corollary 3.2 Up to isomorphism F is the only geometry with diagram
) 3 4
O O
1 4 4 2

in which the residue of any element of type 1 is isomorphic to P(Ug(2)) and whose collinear-
ity graph is locally the collinearity graph of P(Ug(2)).
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Figure 4. The suborbit diagram of A, the graph on elements of type 4 in F(Fi2y).

Let A be the graph on the set of elements of type 4 in F (the maximal cliques in A) in
which two of them are adjacent if they are incident to a common element of type 3 (intersect
in a 6-clique). Then A is of valency 154 = 2 - 77, every edge is in a unique triangle, and if
u € A corresponds to a 22-clique K then the 77 triangles of A containing u are naturally
indexed by the blocks of the Steiner system S(K). By [4, 2.17(iv)] the suborbit diagram of
A is the one given in figure 4.

The truncation of F by the elements of type 1 is a geometry F7 with diagram

1 S36220 2 3 53,6,22
o—  Oo—20 Where o—0

14 4 2 14 4

denotes the geometry on the 231 pairs and the 77 blocks of the Steiner system S(3, 6, 22)
with incidence defined by inclusion. Obviously, A is equal to the graph on the set of elements
of type 3 in F7 in which two such elements are adjacent if they are incident to a common
element of type 2.

Finally, G acts flag-transitively on a geometry G which is a c-extension of the dual polar
space of the symplectic group Spe(2), i.e., which has the diagram

1 ¢ 2 3 4
(c.Cy): o o,
1 2 2 2

The residue of an element of type 4 in G is the c.C,-geometry of U4(2). In the flag-transitive
case we have the following characterization of G ([7, (5.3)]).

Lemma 3.3 Let H be any flag-transitive c.C5-geometry with c.C,-residues belonging to
Us(2) and let H < Aut(H) be flag-transitive. Then either H = G and H = Fiy or Fiy.2
or H=3.Gand H =3 Fiy or3- Fiy.2 (non-split extensions).

Let ® be the collinearity graph of G, i.e., the graph with vertices V(®) = G' and edges
E(®) = G*. By [4, 2.17(v)] the suborbit diagram of ® is as in figure 5.
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9
6 1260

20
48 64 96
14 56 7 42 12| 40 6 4] 4
135 1 64 Ve 56 2/ 22190
L 135 8640 84(24_1920 - Kg920
21 1 32
30 105 M| o
2304 143360
_

Figure 5. The suborbit diagram of ®, the collinearity graph of G(Fip;).

The characterization of G in [7] was achieved by recovering the geometry F7 and the
graph A from G and we will partly follow those lines here. On a first step, we will construct
a c.Cj-geometry G with c.C,-residues belonging to U4(2) from the geometry £ we actually
want to determine. Then we will show that we can recover a geometry with the same diagram
as FT from G. However, since in our case neither this geometry nor G must necessarily be
flag-transitive this will not suffice to determine G (or £). We will even have to reconstruct
the geometry F resp. the graph A, so that finally we can appeal to (3.1) resp. (3.2).

Most of our constructions will require far more subtle arguments than the flag-transitive
case. A crucial role in the determination of some of the graphs and geometries constructed in
the sequel will be played by the following characterization of not-necessarily flag-transitive
rank 3 P-geometries by Hall and Shpectorov [3].

Lemma 3.4 Suppose P is a P-geometry with diagram

1 P 2 3

o0——0——o0

1 2 2
such that

(1) any two different elements of type 2 are incident to at most one common element of
type 3;

(2) any three elements of type 3 which are pairwise incident to a common element of type
2 are all incident to a common element of type 1.

Then P is either the 2-local geometry of the group My, or the geometry of the group

3-M22.

Throughout the rest of the paper we denote the Petersen geometries for My, and 3- My,
by P, and 37P,,, respectively.

For any P-geometry P, the derived graph of P is defined as the graph on the set of
elements of type 1 in P in which two elements are adjacent if they are incident to a common
element of type 2 (see e.g. [8, p. 27, 308]). We denote the derived graphs of P, and 3P,
by Iy, and 3115, respectively. The intersection arrays of I1,; and 311, are presented in
[8, p. 27].
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4. The reduction from £ to G

In this section we achieve the first step in our characterization of c¢. F4(1)-geometries &, i.e.,
we show how to construct a c.C3-geometry G with c.C,-residues belonging to Uy (2) from
£. For this purpose it will be useful to define three graphs on the sets of objects of £ of
types 2, 3, and 5, respectively.

The first graph is the analogue of the graph & described in the introduction and it will
be denoted by the same letter. So Z is the graph with vertices V(&) := £ and edges all
the pairs {x, y} € &£ such that x and y are incident to a common element of type 3 but
not to a common element of type 1. Similary, A is the graph with vertices V(A) := £* and
edges all the pairs {x, y} € £* with x, y incident to a common element of type 4 but not
to a common element of type 1. (Equivalently, in terms of the collinearity graph I" of &£,
x, y are two disjoint 4-cliques which come from elements of type 3 and whose union is an
8-clique coming from an element of type 4 in the residue of both of them.) Finally, ® is the
graph with vertices V(®) := £° and edges all the pairs {x, y} € & such that x and y are
incident to a common element in £*.

For x € &£ (resp. £°) let E (resp. A*) denote the connected component of E (resp. A)
containing x. It will be convenient later to introduce also the subgraphs E* and A* of I"
induced on the sets of vertices of I" which are incident in £ to vertices of E* resp. A*.

Lemma 4.1 Let A", x € £, be a connected component of A. Then |V(AY)| = 4. For
i = 4,5 set AV = {y € & | y € res(z) for some z € V(A¥)). Then |A**| = 6,
|A%3| = 4, and the subgraph of ® with vertices A and edges A** is the complete graph
on 4 vertices.

Proof: By the diagram of £ we can write res(x) N E* = {y|, y2, y3} and res(x) N £ =
{z1, 22, z3} where the numeration is chosen in such a way that y;, y; € res(z;) for all
triples {i, j, k} = {1,2,3}. Let x;, i = 1,2, 3, be the unique neighbour of x in A de-
termined by y;. Then we see in res(zi) that y3;x := x; Ux; is an element in &4 Let
74 € £ Nres(ys) Nres(ys) (z4 exists by the structure of res(x3)). Then x1, X, € res(z4), too,
and there must be an elementiny € £ 4 incident to x, x,, and z4. But x;, x, are both already
incident to three elements in {y;, ..., ys}. SO0 y = ys and this easily implies the assertion
(cf. the picture below).

i

Y1 23 Xl O0—m8— 23
/ 2 / Y2

X o0—o0 22 X o0——o0 22

X2
3
3 21 X3 00— 21
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Now we can define the geometry G. The sets of objects of G are the four sets
Gl:=8% G?:=¢&*% G ={(A"|xe&, and G*:={E|xe&?.

The incidence relation on G is defined as follows: Between elements of G', G we take
the incidence relation induced from £. An element x € G! UG? is incident to an element
y € Gugt ify = Az (resp. &%) for some 7 € resg(x). Finally, x € G, y € G* are incident
if there are x; € £3, x, € £% U resg(x;) such that x = A¥, y = E*. Notice that ® is just
the collinearity graph of G (where elements of type 1 are considered as points and elements
of type 2 as lines).

Lemma 4.2 Let G be a geometry constructed as above from a c. F4(1)-geometry £ satisfying
(I). Then G has the diagram

1 c 2 3 4
e, O
1 2 2 2

3

and if x € G*, then resg(x) is isomorphic to the c.Cy-geometry related to Uy(2).

Proof: Forx € G! = £ we get from (1.7)(i) that resg(x) is the symplectic (dual) polar
space related to the group Spe(2) and for x € G* we get from (4.1) that resg(x) is the
geometry of vertices and edges of the complete graph on 4 vertices, i.e., resg (x) has the
diagram

1 c 2
O——O,
1 2

Let y € resg(x) and z € resg(x) N G* (where still x € G*). Then by the definition of the
incidence relation in G, there is some y; € resg(y) withx = AY'; on the other hand, there are
alsoy; € £,i =2,3,suchthatx = AY, 7 = E%, and y> and yj; are incident in £. It follows
from the definition of A and & that we may assume y3 = y; in which case y, € resg(y)).
Now the string diagram of € implies that y, € resg(y) and so z = 22 € resg(y). Together
with the above this shows that the diagram of G is as stated.

The only thing that remains to be shown is that the c.C»-geometry in resg(y), y € G*, is
the one related to U(2). Let y = &* for some x € £2. From (1.2)(i) we know that &* has
40 vertices and that it is the graph related to U4(2) with suborbit diagram as in that lemma.
Let z € resg(y) N G'. Then |resg(z) N V(E¥)| = 10 by (1.7)(ii) and counting the number
of pairs (z, u), z € resg(y) N G', u € V(E®) Nresg(2) in two ways we calculate that

resgyyn G| = VEN rese N &) _ 409 _ ¢
I IV(E") N rese(2)] 10 ‘

Now [2, (1.3)] yields the assertion. O

Before now turning to the determination of G in the general, i.e., not necessarily flag-
transitive case we prove some properties of G which will turn out to be very useful.
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Lemma 4.3 Let G be as in (4.2). Then G satisfies the following properties.

() Any two different elements of G* are incident to at most one common element
in G*.

(ii) Any three elements of G* which are pairwise incident to a common element in
G? are also incident to a common element in G' and to a common element
in G2

(i) If y € G' and 7z € G* are incident to two common elements in G* then y and z are
incident to each other.

Proof: (i) Let Ay, Ay € G*, Ay # Ay, By, By € G* with A; € resg(E)), 1 <i,j <2.
Since A; consists of 4 pairwise disjoint 4-cliques of I" we have |A;| = 16 and as A; €
resg(E;) we have A; C E;. Further as A; # A also A # A, and hence |E; N &y
|Aj U Ay| > 16. Now (1.4) yields E; = E; and 2, = &,.

(i) Let 2, &, i3 e G* Ay, Ay, Ay € GP with &, ij € resg(Ay) for {i, j, k} =
{1,2,3}. Then A, = &, NE Ej. Suppose first there exists some x € A} N A, N As. Then by
[5, (7.12)] there exist y; with E; = B¢ fore; := {x, y;} and such that there are d; € £3 (i.e.,
4-cliquesinI") withe;, e; C dy, {i, j, k} = {1, 2, 3}. Interms of res¢(x) = F4(1) this means
that e;, e;, e3 correspond to three pairwise collinear points. Hence there exists z € £ S=g!
which is incident to all of them and also to d,, d», d3. This implies B A e resg(z) for
all i. Now resg(z) is 1som0rphlc to the dual of the symplectic polar space P(Sps(2)). So in
resg(z) we can identify 2, E,, E; with three pairwise collinear points which implies that
they are incident to a common element in G.

So all we have to do is to find some x € A} N Ay N Az,

Suppose A} N Ay, = @; let Ay = Ei N ;] Then A;, A, correspond to two disjoint
8- Chques in the graph &5. It is easy to see from the distribution diagram of E; that there must
bed; € &;,i = 1,2 such that (d;, o) € E(&3). By (1.3) any vertex outside an 8- chque is
adjacent to some vertices in the 8-clique. So there is d3 € As such that (da, d3) € E(&)).
Letu e ds, v edy, x €d,.

If u € I'(x) then {u, v, x} is a 3-clique in I", hence must be incident to an element z € £ 3
which implies E; € resg(z) for all i and we are done. If u ¢ T'(x) then dr(u,x) = 2
and v € I'(u,x). If v ¢ E; N E,, then by [5] the path u, v, x must be of Dg-type, i.e.,
iy(u) € W3(i,(x)). But by the above diagram there is dy # d;, dy € A, which is adjacent
to dz and d,. Let w € d4. Then i,(w) € V¥ (i,(x)) and w € I'(#) which contradicts
iy(u) € W3(iy(x)).

(iii) Let x;, x, € G*, y € G3, and z € G! such that x;, x, € resg(y) Nresg(z). Then in
res(z), x1, x correspond to two points in the symplectic polar space for Spg(2). So there
exists x3 € G*Nres(z) suchthatx;, x3 € res(y;)forsomey; € G3,i = 1, 2. Now by (ii) there
is w € G? such that w is incident to all of y, y1, y2, X1, X2, x3. Then z, w € res(y;) Nres(y»)
and it follows from the definition of the graph A and the geometry G that either z € res(w)
or y; = y;. Since in the latter case also y = y; = y, and because the diagram of G is a
string, both possibilities yield the assertion. O

IV

As we will show at the beginning of Section 5 the condition (i) follows from (iii) and the
diagram of G.
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5. The characterization of G

In this section we characterize the geometry G. Our characterization is more or less inde-
pendent from the question whether G is obtained from a geometry like £ or not. We just
require a few properties of G which hold in our case by the results of the previous section
(Lemmas 4.2 and 4.3). Precisely, we consider any geometry G with diagram

and which satisfies the following assumptions.

() (a) If x € G' then res(x) is the (dual) polar space related to the symplectic group

Spe(2).

(b) If x € G* then res(x) is the c.Cp-geometry (on 36 points) related to the group
Us(2) = Q4 (2).

(c) Any two different elements of G* are incident to at most one common element of
g

(d) Any three different elements of G* which are pairwise incident to a common element
of G3 are all incident to a common element of G> (equivalently of G').

(e) If two different elements x1, x, € G* are incident to common elements y € G' and
z € G3 then y and z are incident.

Condition (c) is not really needed; it follows easily from (e) and the diagram: Leta, b € G3
be incident to x, xo € G*, x; # x,. Choose any z € res(a)NG'. Then by (e) also z € res(b)
and the structure of res(z) implies that a = b. Nevertheless we state (c) seperately because
it will be needed later.

As already mentioned, flag-transitive c.C3-geometries with ¢.C,-residues belonging to
U4(2) have been determined in [7] (see (3.3)). Here we do not assume the existence of any
group of automorphisms acting on G.

As in the previous section, by @ we denote the collinearity graph of G, i.e., the graph
with V(®) := G' and E(®) := G2, and we will often identify the objects of G with the
corresponding vertices, edges (or 2-cliques), 4-cliques, and certain 36-vertex subgraphs of
D,

The determination of G will be achieved in a series of steps which we present in several
subsections. In the first subsection we define a graph IT and we show that each of its
connected components is isomorphic to one of the derived graphs ITy, and 311, of the
P-geometries Pay, 3P2;. In the second subsection we define another graph B (the analogue
of the graph A defined in Section 3) which will help us to show that any two connected
components of IT are isomorphic. Furthermore, we will use B to define a geometry 5. In
Section 6 we will show that at least if we impose a more or less natural condition on B resp.
B then B is isomorphic to the truncation F7 of the geometry F for Fis;.
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5.1. The graph T1 and the geometry P

The graph IT is constructed from G in the same way as the graph & was constructed from
&, i.e., I is the graph with vertices V(IT) := G? and edges

ED) := {{x,y}lx,yegz,nyeQ3 (andsox Ny = @)}

(where again we identify the objects of G> and G* with the corresponding edges and 4-
cliques in ®). If {x, y} € E(IT) then by definition x U y is a uniquely determined element
in G3. So we can define a map

o E(I) — G°
{x,y} > xUy.

The fibers of « are of size 3. We will call two edges of Il «-equivalent if they are in the
same fiber of «.

For x € G2, similarly as before, we denote by IT* the connected component of IT con-
taining x, and for ¢ € G* we denote by I1, the subgraph of IT with vertices V(I1,) :=
V(II) N res(g) and edges {x, y} such that x, y, and x U y are contained in resg(q).
The following lemma shows that IT, is actually the subgraph of IT induced on the set
V(I1,).

Lemma 5.1 Ifg e G*andx,y € V(I1,) with {x, y} € E(IT) then x U y € res(q).

Proof: Letz:=xUy € G Thenz,q € res(x) N res(y) and so r € res(x) N res(y) for
any r € res(z) N G*. Choose some r # q. Since res*(x) and res*(y) are projective planes
there exist z1, z» € G> which are incident to x, q,r resp. y, g, r. Assumption (II)(c) yields
that z; = 2. So z, 71 = zp are incident to x, y and r and we see in res(r) that z; = z which
implies the assertion. U

Now part (i) of the next lemma follows from the properties of the c.C,-geometry for
U4(2) (see [7, (6.2)]), (ii) is just a consequence of (i) for IT.

Lemma 5.2

() If g € G* then 1, is a disjoint union of 2771 Petersen graphs. If Tly is a connected
component of 1, and x,y € V(Ilp), x #y, thenx Ny = 0.

(i) If T1' is a connected component of Tl and q € G* then T1' N I, = Pifres(g)N vl =
@ and TI' N I, is a disjoint union of Petersen subgraphs of I ifres(g) NVIT) £ @
where T1' = IT* for some x € res(q).

We note that in the known examples T1' N I1, is a single connected component and we
will prove in (5.6) that under our assumptions this is also true at least if IT' = IT5,.
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Lemma 5.3

1) If x1, xp € V(IT), x1 # x3, and dr(x1, x2) < 2 then x; N xy = 0.

(1i) If x1,x, € V(I), x1 # x2, dn(xy, x2) < 4 and there is some q € G* incident to both
of x1 and x; then x1 N x, = (0.

Proof: (i) If di(x;, xo) = 1 the assertion is trivial since then x; U x, € G3. So assume
dr(x1,xp) = 2 and let z € I1(x;) N II(xy). Let e := {x1,z}, f = {z,x2} € E(II) be
the corresponding edges. Then by definition a(e), a(f) € res(z) N G>. Since res*(z) is the
projective plane over GF(2) there exists ¢ € G* with g € res(z) N res(a(e)) N res(e(f)). By
the diagram of G then also x1, x; € res(q) and (x, z, x;) is a path in (a connected component
of) the subgraph IT,. Now the assertion follows from Lemma 5.2.

(ii) Let x;, g be as assumed and suppose there exists a € x; N x,. Since dry(x1, x2) < 4
there is z € V(IT) with dp(z, x;) < 2 fori = 1,2. As in (i) we see that there are g; €
G* N res(z) N res(x;), i = 1,2, such that there is a path from x; to z in a connected
component IT; of IT,,. By (5.2) we must have g; # g». On the other hand, g and g; are
incident to x; and we see in rest(x;) that there is an element /; € G which is incident to
q,q; and x;. Since a € x;, by the diagram of G then ¢ must be incident to /1, l5, g1, ¢2, q.
Further, in res(z) we see that there is [ € G N res(q;), i = 1,2, and by assumption (IT)(e)
a must also be incident to I. Now [/ and /; determine two edges {z, z;} and {x;, x/} of the
Petersen graph IT; and a € / N x;. Lemma 5.2 shows that this is only possible if z; = x;
(since a ¢ 7). In particular, we must have dpj(z, x;) = 1 fori = 1, 2 and so dp(x;, x3) <2
in contradiction to (i). O

Let us now fix some x € G and let us consider the connected component IT* of IT which
contains x. In order to identify the isomorphism type of the graph IT* we define a rank 3
geometry P := P* whose objects of type 1, 2, 3 are respectively the vertices and the edges
of IT* and the Petersen subgraphs induced by elements of G* and contained in IT*; more
formally,

Pl = v(I1),
P2 .= E(ITY),
P3 = {(g, o) | ¢ € G* such that [T* N M, #9

and Iy is a connected component of TT* N I, }.

The incidence relation on P is defined in the obvious way, i.e., Petersen subgraphs of IT*
are incident to its edges and vertices, and the edges of I1* are incident to its vertices.
The following map 8 : P — G (which maps P’ into G'*!) will be useful.

B(y) =y, for y € P!,
B(y) :=a(y), forye P2
:3(6]71—[0) =dq, for(q’n()) €P3'

Obviously, the map B is incidence preserving and hence the image P := B(P) induces a
connected subgeometry of G (consisting of objects of G of types 2, 3, and 4).
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Lemma 5.4 P has the diagram

1 P 2 3
o—o0o—o0
1 2 2

Proof: By definition of the incidence relation the diagram of P is a string and by (5.2)
resp(y) is the rank-2 geometry of vertices and edges of the Petersen graph if y € P3.
Finally, if y € P! then the restriction By := B|s,(y) induces an isomorphism

By : resp(y) — resg(y).

This yields the assertion. O
Lemma 5.5 P = Py, or 3Py, and 1" = Ty, or 31,,, respectively.

Proof: We want to apply (3.4). So we have to show that conditions (1) and (2) from (3.4)
hold in P.

Let first x1, xo € P%, x1 # xz, be incident to y;, y» € P>. Then B(x;) € resg(B(y;)) for
{i, j} = {1, 2} and as a-equivalent edges of I1 are never contained in the same Petersen
subgraph we have B(x;) # B(x2). Now (II)(c) implies B(y;) = B(y2) =: ¢ forsome g € G*.
So y; # y> would imply that y; and y, are two different Petersen subgraphs in I, . But then
y1 and y, would be disjoint subgraphs of I1, which in terms of 7P means that they cannot
be incident to any common element in 2. Hence y; = y, and (1) holds.

Similarly, if y; € P3i=1,2,3,are pairwise incident to a common element in P2 then
their images B(y;) € G*i =1,23,are pairwise incident to a common element of G?
and (II)(d) shows that they are incident to a common element z € G2. If [T = II° then
ze Pl Nres(y;), i =1,2,3, and we are done. So suppose z & IT*. Let x; = {e;, fi} € P?
suchthatx; € res(y;) Nres(ys),i = 1,2.Thenz € resg(a(x;)),i = 1,2, whichsince z ¢ TT*
implies that e; N e, # @ (as subgraphs of ®@). As x;, x; are edges of the Petersengraph y;
we must have x; = x,. Hence y;, y, and y; are all incident to x; and by the diagram of P
then also to ey, e, i.e., (2) holds in this case as well. O

Notice that from (5.5) we just know that any connected component of IT is isomorphic
either to Iy, or to 3I1,,. But, in principle, (5.5) allows the possibility that one connected
component of IT is isomorphic to Iy, and another one to 3I15,. Again, such a degeneracy
does not occur in the known examples: all connected components of I1 are isomorphic
to Iy, if IT is constructed from G(Fiy,) and all connected components are isomorphic to
3@y, if IT is constructed from G(3 - Fiyy). In the next subsection, we will see that if IT is
constructed from a geometry G which satisfies (II) then also all connected components of
IT are isomorphic. But first, we prove one more lemma which will be quite important.

Lemma 5.6 If I1* = Iy, then the map B : P* — § is injective and hence the image
B(P*) is a subgeometry of G isomorphic to P* = P,
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Proof: Let P := P*. By definition B|p: is injective. Suppose there are ¢; € P? with
Ble)) = Blex) =: e € G>. Lete; = {x;, y;},i = 1,2. Then x; N x» # @. On the other hand,
x1, Xy € resg(e) and so x, x, € resg(q) for any g € G* N resg(e). Since the diameter of
I, is equal to 4 by [8, p. 27] this contradicts (5.3). So §|p2 is injective, too.

Finally suppose there exists ¢ € G* such that IT* N I1,, consists of at least two connected
components IT;, IT,. Then it follows from (5.2) and the fact that |resg(q) N G'| = 36 that
there are x; € V(I1;), i = 1, 2, with x; N x, # @. Since x;, x, € resg(q) we get again a
contradiction to (5.3).

So injectivity of g is proved and, since the map S is incidence preserving, S(P) induces
an isomorphism of geometries. O

5.2.  The graph B and isomorphism of the IT*

The main goal of this subsection is to show that all connected components of IT are iso-
morphic. The idea to prove this is to define a graph B on the set of connected components
of II, to show that any two adjacent vertices of B are isomorphic, and finally, that B is
connected. As already mentioned at the beginning of this section the graph B will also play
an important role in Section 6.

We first recall a well-known property of the P-geometries of M»; and 3-M»,. Let P be a
P-geometry isomorphic to Pa, or 3P». Then P contains a set H(P) of 77 subgeometries
consisting of elements of type 2 and 3 in P. Each H € H(P) is isomorphic to the generalized
Spa(2)-quadrangle GQ(2,2) if P = Py, and to its unique flag-transitive 3-fold cover
3GQ(2,2) if P = 3Py,. Each element of type 2 in P is contained in a unique subgeometry
H € H(P) and all the three elements of type 3 incident to it in P then also belong to H
(but any element of type 3 belongs to 5 subgeometries). There exists a bijection between
the set of subgeometries H(P,,) and the set of blocks of the Steiner system S(3, 6, 22) with
the property that if H € H(Pap) is the subgeometry corresponding to the block / then the
elements of type 3 of P,, which belong to H are the pairs contained in / and the elements
of type 2 of P,, which belong to H correspond to the partitions of 4 into three disjoint pairs.

We define B as the graph with vertex set V(B) := {IT* | x € G?} and edge set

E(B) := {({I1', 1%} | IT' € V(B), there are ¢; € E(IT)),i = 1,2,

with a(e)) = a(er)}.

In other words, the vertices of B are the connected components of IT and two such connected
components are adjacent in B if they arise from a-equivalent edges.

Notice that there might exist edges {I1', [1>} € E(B) with TT1' = TII? but that (5.6)
immediately implies

Lemma 5.7 [f{I1!, 112} € E(B) and T1' = T2 then T = M? = 311x.

Let us fix an edge {I1', 11>} € E(B) and, fori =

1, 2, let P; be the P-geometry related
to IT'. For a subgeometry H € H(P;) and for j = 2,3

,3,let H/ := H NP/ be the set of
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objects of P; of type j which are contained in H. Further we set

E, :={ee€ ETYH | thereis f € E(HZ) with a(e) = a(f)}.

Lemma 5.8 Let e € E| and let H, € H(P) be the subgeometry of P, containing e. Then
He2 C E\. Moreover, there is a subgeometry H € H(P,) such that

H? ={f € E(T) | a(f) = aley) for some e; € H}}.

Proof: Let (y, I1y) € Hg N resp,(e) and let f € E(I1%) with a(e) = a(f) =: x. Then
x € resg(y), Iy is a connected component of IT' N I1,, and e € E(Ilp). Let ITj, be the
connected component of ’n IT, with f € E(ITj) and let {e, e, e2} = resy,(y, ITp). Then
by definition of (3)GQ(2, 2)-subgeometries in P-geometries, e, e, e, are three pairwise
opposite edges of the Petersen subgraph ITy. On the other hand, it follows from resg(y) that
if fi, f» € E(II;) are the edges opposite to f then (up to numeration) «(e;) = a( f;) holds
fori = 1,2 (cf. [7]). Hence e, e, € E; and ng C E, follows by connectivity of H,. The
last assertion is clear from this and the proof of the lemma. O

Applying (5.7) and (5.8) to the case IT' = 1% = I1* we get

Corollary 5.9 Let IT* be a connected component of Tl and suppose there are e, f € E(ITY),
e # f, witha(e) = a(f). Then IT* = 31y and if H,, Hy € H(P*) are the subgeometries
containing e and f, respectively, then for any e, € He2 thereis f| € H}% witha(ey) = a(f).

Lemma 5.10 If{I1!, [1?} € E(B) then IT' = I12.

Proof: Fori = 1,2, we define maps 8; : P; — G similarly as the map B was defined in
the previous subsection. Let e, H, be as in (5.8).

If IT! = I1y, then by (5.6) Bi(H,) = H, induces a GQ(2, 2) subgeometry in G. Again
as in (5.8), let f € E(IT%) with a(e) = a(f) =: x and let Hy € H(P,) with f € Hj%.
Then B,(Hy) = Bi(H,.) by (5.8), connectivity of H,, Hy, and definition of . If 1% = 311y
we would have H; = 3GQ(2,2) which would imply that |8, '(x)| = 3. But 8, '(x) =
a~'(x) N E(IT?), the fibers of « are of size 3, and we also have «(¢) = x. So this it not
possible and the assertion follows. O

Lemma 5.10 implies that we also have a set H(G) of pairwise isomorphic subgeometries
of G consisting of elements from G3 and G*. If all connected components of IT are type
[T, then each H € H(G) is isomorphic to GQ(2, 2). But so far we have not determined the
isomorphism type for the case 311;.

For ¢ € G*, by B, we denote the subgraph of B with vertices

V(B,) = {II" | I’ € V(B), IT" N 11, # 0}
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and edges

E(B,):={{I',1*} | IT' € V(B,), there are ¢; € E(IT'),i = 1,2, such that
a(e)) = a(er) € resg(q)}.

Notice that B, is not necessarily the induced subgraph of B on V(B,).

Lemma 5.11 The graph B is connected; in particular, TI' = TI? for any two connected
components T1', T1? of TI.

Proof: By (5.10) it suffices to show that B is connected. So let IT!, IT1? be two arbi-
trary vertices of B. Let ¢; € E(IT') and set x; = a(e;), i = 1,2. If x; = x, then
{IT!, T1?} € E(B) and we are done. Otherwise, by connectedness of G there exists a path
VI I= X1, q1s Y2, G2, - - s Vi Gis Yir1 i= X2 with y; € G, g; € G*, and y;, yi1 € resg(q;)
for all i. Since the graph on Petersen subgraphs in I1,, in which two such subgraphs are
adjacent if they are constructed from equivalent edges is connected there exists a path in
B,, (and hence also in B) from IT!' to any I1* € V(B) with a(z) = y,. Now the assertion
follows by induction on k. O

The graph on Petersen subgraphs in I, mentioned in the above proof is isomorphic to the
dual of the collinearity graph of the generalized U4(2)-quadrangle. The latter is commonly
known as the Schldfli graph and we will also adopt this name in the following.

To get a better understanding of the graph B it might be useful to consider also the
“coloured” graph B which we define as the graph with the same set of vertices as B and
whose edges are indexed by the set H(G), i.e.,

E(B):= ({11, %}, | {11, I’} € E(B), H € H(G), B '(H) € H(P,) for i =1,2}.
For g € G*, 1§q then denotes the coloured graph with vertices V(B,) and edges
E(B,) = {{1", 1%}y | B;'(H) Nresg(q) # 0.i = 1,2}.

We will call a triangle {IT!, I12, [T*} C B short if the three edges of the corresponding
triangle in B are all of the same colour, i.e., are indexed by the same subgeometry H € H(G).
Other triangles (if they exist) are called long. Observe that in the known (flag-transitive)
examples all triangles are short.

The next little corollary is just the reformulation of (5.7) and (5.9) in terms of the graphs
B and B.

Corollary 5.12 Ifthere exists a vertex T1' € B (resp. B) such that {T1', T1'} € E(B) (resp.
(', 1"}y € E(B) for some H € H(G)) then T1' = 3115,.

However, even in the case of [1,, (5.7) and (5.9) do not exclude the possibility that the
uncoloured graph underlying B contains multiple edges, i.e., that there are IT', TT1> € B and
subgeometries H;, H, € H(G) such that H, # H, and {I1t, HZ}H, € E(B) for both i.
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For some of the results of subsections 5.1 and 5.2 we can get stronger versions or shorter
proofs under the presence of a flag-transitive action on G (even without knowing the precise
structure of the flag-transitive group acting). For the interested reader we include them in
the Appendix A. But they are not needed in the rest of the paper.

5.3.  Definition of the geometry B

In this subsection we use the graph B to define a geometry B. For the determination of 5
in Section 6 the following assumption will be useful.

(IIT) The intersection of any two different Schléfli subgraphs of B is either empty, or a
vertex, or a triangle.

Let us first assume that all connected components of IT are isomorphic to the derived
graph Il of the P-geometry P, belonging to the Mathieu group M»;,. By (5.6), for any
x € G? and P := P* the corresponding P-geometry, we can identify the set 73 of objects
of type 3 in P with the set {I1* NI, | ¢ € G*, TI* N I1, # ¥} or just with the set

lgeG' I TI"NI, # ¥} = {q € G* | resg(q) N V(IT*) # 0}.
Furthermore, we have

Lemma 5.13 If {T1', 1%}y, (1", 1%}y € E(B,) and H # H' then TI> # 1% in parti-
cular, B; = B, and both graphs are isomorphic to the Schidfli graph. In particular, all
triangles in B, are short.

Proof: Let 8, : P! — G be the map B defined for P = PL. Then, in the considered
situation, /31—1(1_12) N E' N I1,) and ,BI_I(H’Z) N E' N I1,) are different triples of
pairwise opposite edges of IT' N I1,. In resg(q) we see that therefore n’n I, # nn I1,.
So I # %'

Since B, and Eq are both isomorphic to the graph on the set of connected components of
I1, in which two such components are adjacent if they are constructed from c«-equivalent
edges contained in resg(g), as already remarked in the proof of (5.11), we have the Schlifli
graph. The last statement is just a property of that graph. O

Let B be the rank 3 geometry whose objects of types 1, 2, 3 are respectively the Schlifli
subgraphs, the short triangles, and the vertices of B with incidence defined by inclusion.

Lemma 5.14
(i) B has the diagram
1 8362 2 3

oO————0o——0,
14 4 2

(ii) If B satisfies (I11) then B satisfies hypothesis (IV) from Section 6.
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Proof: By definition, the diagram of B is a string and, for B, € B', the diagram of
resp(B,) follows from the fact that B, is the Schlifli graph. For [1' € B, the elements
of resz(IT') are the Schlifli subgraphs and the short triangles through IT' in B. In the
P-geometry P corresponding to T1! these can be identified with the set P} of objects of
type 3 of P; and the set H(P;) of GQ(2, 2)-subgeometries of Py, i.e., with the pairs and
the hexads of the Steiner system S(3, 6, 22), in such a way that a subgeometry & € H(P))
contains an element g € Pf (i-e., a hexad contains a pair) if and only if the triangle
indexed by B;(h) in B is contained in the Schlifli graph Eq. This gives ress(IT") and (i) is
shown.

For (ii) notice that (IV)(a) is just a reformulation of (III) in terms of 53 and that (IV)(b)
follows from the construction of B and the results of the present section, especially
(5.8). O

Now we assume that [T¥ & 3I1,, for all x € G2. For a fixed connected component [T~
and P, the corresponding P-geometry, let us call two elements IT* N I1,,, [1* N [1, € P}
x-equivalent and write IT* N I1, ~, IT* NI, if their images under the associated covering
IT* — Iy, are equal.

Lemma 5.15 [fI1* N 11, ~, IT* NI, then B, = B,.

Proof: If I1* NI, ~, I1* NI, then there exist exactly five subgeometries H, € H(P,)
such that IT* N I, IT* N I1, € H;. Each of these subgeometries determines a triangle
through IT* in both graphs B, B,. Hence the sets of neighbours of IT* in B, and B, are
the same. Furthermore, if IT" is such a neighbour and H, € H(P,) is the subgeometry with
By(H,) = B.(H,) for one of those H, then IT* N IT, and IT” N I, must be at maximal
distance in the collinearity graph of H, since the same holds for IT* N I1,, IT* N I1,, and
H,. This means that the images of I1” N I1, and I1” N I1, under the natural covering from
[17 — Ily; are also equal, i.e., [T N IT, ~, I17 N I1,. So we can replace x by y and the
assertion follows by the first part of the proof and connectivity of B, and B,. O

Notice that in spite of the fact that now IT* = 3T1y, for all x the short triangles through a
given vertex IT* of B can still be identified with the blocks of the Steiner system S(3, 6, 22)
because now the corresponding subgeometries of P, are isomorphic to 3GQ(2, 2). Fur-
thermore, (5.15) implies that a similar statement also holds for the Schléfli subgraphs of
B through IT*, i.e., they can be identified with the pairs of S(3, 6,22). So we can de-
fine the geometry B exactly as in the case of I, and the assertions of (5.14) will hold
again.

6. Identification of B with FT

In this section we consider geometries B with diagram

1 S3622 2 3
o——0,

14 4 2
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Again we do not assume the existence of any automorphisms of B. The diagram of 1 is the
same as that of the truncation F7 of the geometry F = F(Fi,,) with diagram

: 4
O O
2

described in Section 3 and our goal is to identify B with F7. In contrast to the flag-
transitive case, we do not know any characterization of geometries like B and, therefore,
we will reconstruct the geometry F and then apply (3.1) resp. (3.2) to identify 5. Since the
elements of type 1 in F are the 3-transpositions of the group Fiy, this means that we have
to reconstruct the 3-transpositions of Fiy, just using information from the geometry 5.

By definition of 3, with any x € B3 there is associated a Steiner system S; = S(3, 6,22)
in such a way that the elements of res(x) N B' can be identified with the pairs of different
points of S, the elements of res(x) N B> can be identified with the blocks of S,, and
a € res(x) N B' and t € res(x) N B? are incident in B if and only if the pair of S,
corresponding to a is contained in the block corresponding to 7. In order to simplify notation
we will sometimes identify elements of B' N res(x) and B N res(x) with the corresponding
pairs and blocks of Sy, in particular, we will use notations like a N b, a U b, and a C t,
where a, b € B' Nres(x), t € B> N res(x).

The elements of F' in the residue of an element from F* = (F7)3 correspond to the 22
points of the corresponding Steiner system. Clearly, for any x € B°, we can define the 22
points in S, locally but, to reconstruct F, we must know when to identify points in different
residues. For this it will be useful to assume the following.

(IV) (a) Any two different elements of type 1 in B are incident to at most one common
element of type 2.
(b) Ift € B%, x,y € res(t) N B, and a, b € res(t) N B' then the pairs corresponding
to a, b in S, intersect in a point of S, if and only if the same holds in S,.

For t € B2, let ~, be the relation defined on B' N res(t) by a ~, b if a N b is a point of
S, for some (and so for all by (IV)) x € res(t) N B>. Set

Y, :={{a, b}, | a,b € B' Nres(t),a ~, b},

Y::UY,,

teB?
~i= U ~ts
teB?
and Y, ;= U Y, forx e B
teB2Nres(x)

Let Y be the graph with vertices V(Y') := Y in which two vertices {a, b};, {c, d}, are
adjacent if ¢, s € res(x) for some x € B> and @ Nb = ¢ N d is the same point of S,. For
t € B? let Y, be the subgraph of Y induced on ¥; and for x € B* let Y, be the subgraph
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with vertices Y, and edges all the pairs {a, b},, {c,d}, t, s € res(x), withaNb =cNdin
Sy
By the properties of S(3, 6, 22) and the diagram of B we have

Lemma 6.1
() If x € B3 then the cliques of maximal size in Y, are of size % = 210, there
are 22 such cliques, and they correspond bijectively to the points of the Steiner
system S.

(ii) Ift € B? then the cliques of maximal size in Y, are of size % = 10, there are 6 such
cligues, and they correspond bijectively to the points of Sy contained in the block t for
any x € res(t) N B3.

(iii) Ifx € B*and C C Yy is a 210-clique corresponding to the point p of Sy then C is the
disjoint union of 21 10-cliques C, C Yy, where t € res(x) N B? runs over the blocks
of S, containing p.

We will call the cliques as in Lemma 6.1 special cliques, and for i = 2, 3, we denote by
C' the set of special cliques induced by elements of 3. We define maps p : C> U C* — B!
and b : C* — B by

p(C) :={a € B' | {a, b}, € V(C) for some b € B', 1 € B*},
b(C) := {t € B? | {a, b}, € V(C) for some a, b € B'}.

[Tt}

Here, “p” stands for “pair” and “b” stands for “block”, and the following holds.

Lemma 6.2
(i) [p(C) =5ifC € C*and |p(C)| = |b(C)| =21if C € C°.
(ii) If C € C' then there exists a unique z € B such that C C Y. In particular, the
element t € B2 in the definition of p(C) is uniquely determined if C € C>.
(iii) IfC € C? and C,, C, € C*> with C, C, € C and Cy # C, then |p(Cy) N p(Cy)| = 1.

Proof: (i) and (iii) follow from well-known properties of S(3,6,22). If C € C? and
C C Y, forsome ¢t € 32 then by definition all vertices of C are of shape {a, b}, for suitable
a,b € B'. So t is uniquely determined by C and (ii) holds in this case.

Let C € C? and suppose C C Y, N'Y, for some x, y € B°. Consider the map b. We have
|b(C)| = 21 and b(C) C res(x) N res(y). Further, if a € p(C) then |b(C) N res(a)| = 5
since a is contained in 5 blocks of S, as well as of S,.. So x and y are incident to more than
one common element of type 2 in res(a) and the structure of res(a) implies x = y. O

By (6.2)(ii) there exists a well-defined map y : C' — B, i =2, 3, such that y(C) := z
where z is the unique element of B’ with C € Y.

Let C be the graph with vertices V(C) := C? and edges

EC):={{C,,C} | C; eC,CiNCy eC?
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and let B be the graph with vertices V(B) := B° and edges
E(B) :={{x,y} | x,y € B, x, y € res(t) for some ¢t € B%}.
Fora € B' and i = 2, 3, we set

Cl:={CeC' |aecplC))
= {CeC' |{a,b}, € Cforsomeb e Bt € B}.

We define C, as the subgraph of C with vertices V(C,) := C> and edges
E(C) = {{C1,C2} | €1 N Ca € CF)
and B, as the subgraph of B with V(B,) := res(a) N B3 and

E(By) :={{x,y} | x, y € res(t) for some t € B> N res(a)}.

Lemma 6.3 Every 2-path and every triangle of C is contained in a subgraph C, for some
a € B! and every triangle consists of three 210-cliques which intersect in the same 10-
clique.

Proof: Let(Cy, Cy, C3)bea2-pathandset D; := C;NC;y fori = 1,2. Then Dy, D, C
C, and by (6.2) (iii) there is some a € p(D;) N p(D,). So there are b; € B!, t; € B> such
that {a, b;};, € D;,i = 1, 2. But this just means that the path (C;, C3, C3) is a path in the
subgraph C,,.

Now assume that also Dy := C; N C3; € C2. Then by the same argument as before
there is also some a; € p(D;) N p(D3). Hence a,a; € p(C;) fori = 1,2,3. If a = a
then {a, b3};, € Ds for suitable bs, 3, and so the triangle {C;, C2, C3} is a triangle of the
graph C,. Furthermore, {y(C1), y(C3), y(C3)} is a triangle of B, with edges determined by
t1, tp, t3. From the structure of res(a) it follows that B, is isomorphic to the Schlifli graph
and by the properties of that graph we must have t; = #, = 3. Then also Dy = D, = D;
and {Cy, C5, C3} is as stated.

If a # a; then in each of the Steiner systems S, (c;), @ and a; correspond to two different
pairs which intersect in the point determined by the clique C;. Therefore, in each of the
Steiner systems they must be contained in a common block, i.e., for each i = 1, 2, 3, there
exists an element #; € 32, such that {a, a1}, € C;. Since a # ay, by (IV) (a) we must have
t} = t, = t3 in which case C| N C, N C3 must be the unique 10-clique determined by #; and
so the triangle {C}, C,, C3} is a triangle in both graphs C, and C,,. O

Lemma 6.4
(i) The map y : C*UC? — B*U B3 induces a covering from C to B.
(ii) Ifa € B! then C, is the disjoint union of two Schiiifli graphs.
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Proof: It is straightforward from the definitions that y maps adjacent vertices of C onto
adjacent vertices of B and adjacent vertices of C, onto adjacent vertices of B, if a € B'.
So (i) holds, and if a € B!, then the restriction of y to C, induces a covering onto B,,. From
the structure of res(a) it follows that B, is isomorphic to the Schléfli graph.

Further, if x € res(a) N B then there are precisely two special cliques Cy, C; € Y, with
Ci, C, € C, and we have C; N C, = ¥). Now any of the 5 elements ¢ € 32 N res(x) N res(a)
determines a unique special subclique C;; € C;, i = 1,2, and also two neighbours y, z
of x in B,. Then C, i, C, » are special subcliques of size 10 of the graphs Y, and T,. So
each of them is contained in unique special 210-clique in each of Y, and Y, and by the
properties of S(3, 6, 22) and (6.2) (i) those special 210-cliques are all pairwise different. In
particular, the 10 neighbours of x in B, determine 2 - 10 = 20 special 210-cliques which
divide into two disjoint sets of 10 neighbours of each of Cy, C; in C,.

From (6.3) it follows that every triangle or quadrangle in C, maps isomorphically onto
a triangle or quadrangle, respectively, in B,. Hence there are exactly '%—'8 = 16 vertices at
distance 2 from C; in C, and no vertices at distance 3. This proves the lemma. O

Lemma 6.5 IfS, C C, and S, C Cp are two different Schldifli subgraphs of C (where a, b €
BY) then |S,N S| € {0, 1, 3}. Moreover, |S, N Sy| = 3 holds iff CiNC> N C3 € Cfﬂcg
where {Cl, Cz, C3} = Sa N Sb.

Proof: Suppose there are C,, C, € C* (corresponding via y to x,y € B°) such that
C,,Cy €S, NSp.

Then by (6.4) a # b and by definition of C,, Cy, we have a,b € p(C,) N p(C)).
So a and b correspond to intersecting pairs in both Steiner systems S, and S,. Notice
that the point a N b is uniquely determined inside S, respectively S, through the clique
C, respectively C,. In particular, there exist ¢ € res(x) N B? and s € res(y) N B2 such
that {a, b}, € Cy, {a,b}; € Cy. Since t,s € res(a) N res(b) and a # b, (IV) (a) yields
t = s and so C; € C, N Cy where C, € C? is the unique special 10-clique containing
{a, b};. As C; is contained in exactly three special 210-cliques which by construction must
belong to S, and S, we have |S, N S| > 3 and S, N S}, contains a triangle of both of
them.

Arguing in the same way for any two vertices in the intersection and using the facts that
maximal cliques in the Schléfli graph are of size 3 and that there is only one class of such
cliques (namely those determined by elements of 13%) we see that the intersection cannot be
larger than 3 and the lemma is proved. U

Now let Cy be a connected component of C, Cg = V(Cy),
Cy:={C eC*| C < C forsome C' € Cy}

Let H, be the geometry whose objects of types 3, 2, 1 are respectively the vertices, triangles,
and the connected components of Cy N C,, a € B!, (which are isomorphic to the Schlifli
graph) with incidence defined as usual by inclusion.
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The crucial point of the identification B = F7 is the following

Proposition 6.6
(i) Co has intersection array

21

1 5
42 1 40 5 32 21
o

(1) Ho has the diagram

1 2 3
O— 00— 0
4 4 2

and Hy is isomorphic to the polar space of the unitary group Ug(2).

Proof: By definition of H, the diagram of H) is a string and the residue of any element
of type 1 is the generalized Us(2)-quadrangle. If C € H} then resy;, (C) can be identified
with the geometry whose objects are the sets p(C) and b(C) and whose incidence relation
is inherited from B. By the properties of S, (¢ this geometry is isomorphic to the projective
plane over GF(4). So the diagram of H, follows.

By (6.5) any two different elements of H(l) are incident to at most one common ele-
ment of 3. In terms of [12, Chapter 7] this means that the “Intersection Property” holds
in Hy or, equivalently, that Hy “has a good system of lines”. We can therefore use [12,
(7.38), (7.39)] to deduce that H} is a polar space. Then, by the diagram, it must be the
polar space P(Ug(2)) of the group Ug(2). This implies that (i) also holds and we are
finished.

For convenience of the reader who is unfamiliar with the notation in [12], in the appendix
we also provide an elementary proof calculating first the intersection array of Cg and then
deducing the isomorphism with P(Us(2)) from it. O

Notice that instead of the triangles in Cy we could also take the elements of C7 as objects of
type 2 in Hp. So the map y defined after (6.2) induces amap y : Hj — B,y : Hy — B°.
Let us extend y to H(l, by setting y(S) := a where a is the (unique) element in B! such that
S is a connected component of C,.

Lemma 6.7 The map y : Hy — B is injective; in particular, B contains a class of
subgeometries isomorphic to the polar space of Ug(2).

Proof: Suppose first, y |3, is not injective; i.e., there exists some a € B! such that both
connected components of C, are contained in Cy. Let us denote them by Sj, S,. Clearly
SN S, = ¢. But by the structure of the collinearity graph of H, there must be some b € B!
and a connected component S of C, with SN S, NS € ’H(Z). Now y(S;NS)and y (S, NS)
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must be different elements of 3% which are both incident to @ and b and this contradicts
(IV)(a). So y |H3) is injective and for eacha € B ! there is at most one connected component
of C, contained in C.

Now let x € B? and let Cy, C; € C? be two different 210-cliques in C with y(C;) =
y(Cy) = x. Then the subsets p(C;) and p(C,) of res(x) N B' correspond via p, to two
different collections of 21 pairs of S, containing a common point. So we see in S, =
S(3, 6, 22) that |[p(C) N p(Cy)| = 1. Leta € p(Cy) N p(C,). Then Cy, C, € C,. It follows
from the proof of (6.4) that the restriction of y to a connected component of C, is injective.
Hence C; and C, must be in different connected components of C, and only one of them
can belong to H(') by the first paragraph.

So we have shown that y |H(1) and y|H(3] are both injective and it is easy to see that this
implies injectivity of y ;2. Since the definition of y also implies that it is an incidence
preserving map the assertion follows. O

Proposition 6.8 Let B be a geometry with diagram

1 S3622 2 3
O—O——0
14 4 2

and assume that B satisfies hypothesis (IV). Then B = FT where F is the geometry with
diagram

; 4
O O
2
related to the sporadic simple group Fiy,.

Proof: Let H be the rank 4 geometry whose objects of type 1 are all the images y (Hy)
(where for a connected component Cy of C, H, denotes as above the corresponding Ug(2)-
geometry) and whose objects of type i, i > 1, are just the sets H' := B'~!. The incidence
between objects of types i and j is the same asin Bifbothi, j > 1. Anelement y (H,) € H'
is incident to some z € H', i > 1, if z € y(H,). Since any element a € Bl corresponds to
two Schlifli subgraphs in C, by (6.6) we have a € y(H)) for exactly two geometries Hy. As
by definition the diagram of 7 must be a string we get that H has the desired diagram. In
other words, H is an extension of the polar space of Ug(2). So we can use (3.2) to identify

7. The group-free characterizations

In this final section we establish our group-free characterizations of the geometries £ and
G. In particular, we prove a group-free version of Theorem 1. Since we would like to apply
(6.8) we need a uniform way to construct the geometries G and £ from F = F(Fiy,) or
from its truncation F7 .
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7.1. From FtoG

In this subsection we assume that 7 = F(Fiy,;) and we reconstruct G(F'is,) from F. Then
we state and prove Theorem 2.

Recall that the objects of F are the vertices, the edges, certain 6-cliques, and the maximal
cliques of the 3-transposition graph A of the group G = Fiy,. In particular, the set ' of
objects of type 1 in F can be identified with the conjugacy class of involutions in G
possessing the property that the order of the product of any two of them is 1, 2, or 3.

By [1] G contains a unique conjugacy class of subgroups isomorphic to 2°.Spe(2). Let
H < G be such a subgroup. Then H has a unique conjugacy class, say H!, of length
126 consisting of involutions which are 3-transpositions (i.e. H' € F!). If x € H!' then
H, = Cy(x) = 2'7421%4 Sp,(2). In particular, |O2(H) : O,(H) N Hy| = 2. Let H?
be the set of orbits of O,(H) on H'. Then |H?| = 63, |O| = 2 for each O € H* H
acts transitively on H? with kernel O,(H) and stabilizer Hp = 2°.2!%* §p4(2), and the
elements of H? correspond bijectively to the points of the 6-dimensional symplectic polar
space or, equivalently, to the transvections in the symplectic group Spe(2) = H/O,(H). If
g € Ox(H) and {x,x%} € H? then 1 # xx& = [x, g] € O»(H). So the order of xx8 is 2
and {x, x2} is an edge of A. Hence H> € F? = (F)'.

Let ‘H be the graph on H 2 in which two orbits O, O, € H? are adjacent if the corre-
sponding transvections in Sps(2) commute, i.e., if the corresponding points of the symplectic
polar space are perpendicular. In this case, O; U O, is contained in a 6-clique of A which
is an object of type 3 in F (of type 2 in FT). So H is a subgraph of the graph, say AT,
which we define as the graph on the set of objects of 72 = (F7)! in which two such
objects are adjacent if they are incident to a common element of > = (F7)2. Since two
transvections of Spg(2) which correspond to non-perpendicular points generate a subgroup
isomorphic to X3 we see that any two orbits O1, O, € H? whose union is contained in a
clique of A must correspond to perpendicular points. Hence 7 is the induced subgraph of A”
on H>.

Let " be the set of vertices of H, M the set of triangles corresponding to lines, and H”
the set of 7-cliques corresponding to planes of the symplectic polar space. Then the cliques
in H” are the cliques of maximal size in 7 and the triangles in 7' can be distinguished
from other triangles in 7 by the fact that the transvections corresponding to a triangle in #’
generate a fours group while other triangles will generate an elementary abelian subgroup
of order 8 in Spg(2). The 3-transpositions of G in the corresponding orbits of O,(H) on A
will generate subgroups of H isomorphic to 22+2, 23+3_ respectively.

Let G' be the set of all subgraphs like H which can be obtained varying H over the
conjugacy class of 2°Sps(2)-subgroups of G, set

= J n.

HeG!

g = JH,

HeG!

U Hv — (fT)l — ]_—2’
Heg!

G*:
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and define an incidence relation on G by inclusion. It follows from the remark preceeding
the definition of G that if H;, H» € G' and C € G', i > 1, such that C € H; N H, then
C € H; fori = 1,2 and a suitable x € {v, /, p}. This implies that the diagram of G is a
string, that the residue of any element H € G! is isomorphic to 6-dimensional symplectic
polar space, and that the stabilizer H of H acts flag-transitively on it.

Let C € H? be a clique of size 7 in H. Then C is an element of type 2 in the residue of
Hin G and He = 2°.2%.L;5(2). Let Cy := | Jpec O- Then Cy is a clique of size 14 in A. So
it is contained in a unique maximal clique C4 in A, i.e., it corresponds to a unique maximal
element of F* = (FT)?, and therefore He < Gc,. Recall that G¢, = 2'9.M,,. Since Hc
does not possess a trivial composition factor on O»(Hc) we see that |He N 02(G¢,)| = 2°.
Furthermore, the 3-transpositions in C4 generate the elementary abelian group O»(Gc¢,),
s0 02(G¢,) < G¢. On the other hand, O2(G¢,) is an irreducible G¢,-module, so G¢, %
Gc. Since 2°.L3(2) is a maximal subgroup of My, this implies G¢ = 02(G¢,)Hc and
|Gc : He|l = 2. Let g € G¢\ He and let H? be the subgraph corresponding to Hé. Then C
is also in (7¢)”. Furthermore, if C € H/ for some f € G then by the above we must have
Hg < Gcandso H = H or H8. Hence C is incident to exactly two objects from G Iand
these two objects are conjugate by an element in G¢.

Notice that together with the flag-transitivity of stabilizers of objects from G' on the
corresponding residues this implies flag-transitivity of G on G.

LetO € H' € G* = F2. Then Hp = 2°.2'** Sp,(2)and Gp = (2x2'*3.U4(2))2. From
the action of Hp on O>(Hp) and O,(G o) we see that 0,(G o) < Hp and Hp/ 0,(Gp) =
2 x Sp4(2). Considering the isomorphism U4(2) = €2, (2) this means that the objects of
G' Nresg(0) correspond to the nonsingular points in the 6-dimensional orthogonal GF(2)-
space of minus type on which G/ 0,(G ) acts. Let C € H"” be such that O € C,i.e., C €
resg(0O). Then Ho NHe = 20.[28]1.25, (Ho N He)/0:(Go) = 2 x(2x Xy), and the images
of the 3-transpositions in the orbits in C generate the fours group Z((Hp N He)/ 02(Gp)).
Since a subgroup 2 x (2 x X4) of O (2) = 4 (2).2 is contained in a subgroup 2 x 21+4 3,
we see that (Go N G¢)/02(Go) = 2 x 2174.35. S0 |Go N G¢ : Hp N He| = 4 and there
are exactly 4 elements in resg(C) N G !, Since |res(C) N res(H) N G?| = 3 any of these 4
elements are incident to a common element of type 2 in res(C). By transitivity the same
should hold for any element of type 1 and so the diagram of G follows.

Now we can state and prove Theorem 2.

Theorem 2 Let G be a c.C5-geometry with c.C,-residues belonging to Us(2) and satisfying
condition (I). Assume that the graph B defined from G as in Section 5 satisfies (11l). Then
G is either the c.C5-geometry belonging to Fiy, or its triple cover belonging to 3 - Fix).

Proof: By the results of Sections 5 and assumption we can construct a geometry 5 from
G such that B satisfies (IV). By Proposition 6.8 we have that B = FT for F = F(Fij). In
particular, there exists a flag-transitive action of the group G = Fiy, on B.

Construct a ¢.C3-geometry G from B as described above. Then § = G(Fiy)and G acts
flag-transitively on G. Furthermore, by definition of G the objects of type 4 in G are just
the objects of type 1 in B, i.e., the Schlifli subgraphs in the graph B. Recall from Section
5 the graph IT and its relation with B. If all connected components of IT are isomorphic
to Iy, then each Schlifli subgraph of B corresponds to a unique object in G* while in the
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case of 3I1,; by (5.15) there are three such objects. In any case, there exists a well-defined
surjection

0:G* > B' >G4

q—)Bq—>c}

which is bijective in the case of I1, and has fibers of size three otherwise. Let us show that
¢ extends to a morphism of geometries ¢ : G — G.

If p,q € G*, p # q, are incident to a common element € G* then B, := B, N B, is a
short triangle in B. So B, and B, are incident to a common element of type 2 in 5. Hence
{p, G} € E(D) (where D = AT denotes the graph on B' defined as AT) and so p, § are
incident to a common element 7 € G>. By (II)(c) an element ¢ € Glis uniquely determined
by any pair of elements in G* N resg(t) and by flag-transitivity the same holds in G. So the
above implies that ¢ extends to a map

(p:g3_>g~3

which preserves the incidence relation between objects of types 3 and 4.

Since the c¢.C;-diagram implies that objects of types 1 or 2 are uniquely determined by
the sets of objects of types 3 and 4 in their residues we can identify any x € G! U G with
the set resg(x) N (G* U G*) and in this way extend ¢ to an incidence preserving map from G
onto G whose restriction to any residue will be an isomorphism. So ¢ is indeed a morphism
of geometries. Now |G*| = 3/|G*| with j € {0, 1} and by (II)

IG*| - [resg(x) N G'| = |G| - |[resg(y) N G|

fori = 1,2, 3. So calculating the number of objects of each type in G and G we see that ¢ is
either an isomorphism or has fibers of size 3. Since by (3.3) the universal cover of G(F'ix)
is G(3 - Fiyy) this proves the theorem. O

7.2. FromGto€&

In this subsection we assume that G = G(Fiy) or G(3- Fiy) and we reconstruct the
geometry E(Fiy) respectively £(3 - Fiyy) from G. Then we prove Theorem 3.

Let ® be the collinearity graph of G, i.e., the graph with vertices V(®) = G! and edges
E(®) = G*. Then the elements of types 4 and 5 in £ are just the edges and vertices of ®;
in other words

& =¢" and &*=¢>

For x € G3 U G* let ®, be the subgraph of ® with V(®,) = res(x) N G' and E(®,) =
res(x) N G2.

If x € G* then @, is the complete graph on 4 vertices and so ®, contains exactly 4
triangles. For p € res(x)NG' let @, , denote the triangle in ®, which does not contain the
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vertex p. Then we define
&= {Or,lxe G, p e res(x)NG'}.

If x € G* then (as res(x) belongs to U(2)) ®, has the intersection array

@ 15 1 C%IGS 8 6 r:zgo

If p,q € res(x) N G' and p, g are at distance two in ®, then p and ¢ have exactly 6
common neighbours in @, and there is exactly one other vertex r € ®, which is at distance
two from both p and ¢ and adjacent to all their common neighbours. Let &, , , - be the
subgraph of ®, induced on p, g, r and their 6 common neighbours in ®,. Then ®, , , . is
isomorphic to the complete 3-partite graph K3 3 3 which has intersection array

3
@ 6 1 C%6 2 6 kf:z

Let

E = {Pypgr | x€G' p.q.r eres(x)NG',
P, q, r are pairwise non-adjacent vertices of ®,}.

Finally, the objects in £! are certain connected components on the subgraphs of ® fixed by
an outer involution of Fi,.2 and their stabilizer in G is isomorphic to Qg(Z) : X3 0f G and
the incidence relation on £ is again defined by inclusion.

We leave it to the reader to verify for himself that £ is as desired and that G acts flag-
transively on £ and we turn to the proof of Theorem 3.

Theorem 3 Let £ be a c.Fy(1)-geometry satisfying (I). Suppose that the geometry G con-
structed from & as in Section 4 satisfies the conditions of Theorem 2. Then £ = E(Fiy) or
EB - Fiy).

Proof: By Theorem 2 we have that G = G(Fiy) or G(3 - Fiyy). In particular, there exists
a flag-transitive action of the group G on G where G = Fiy; or 3 - Fip,.

Construct a c.Fy(1)-geometry & from G as described above. Then & & E(Fiy) or
E(3 - Fiy) and G acts flag-transitively on £. Furthermore, by definition of £ the objects of
types 4 and 5 in £ are just the objects of types 2 and 1 in G, i.e., the edges and the vertices of
the graph @, and the incidence relation between them is the one inherited from G. Since the
same holds also holds for £ and G there exists a well-defined incidence preserving bijection

p: &> G* > &
0:E -G - 8.

Let us show that ¢ extends to an isomorphism of geometries ¢ : £ — £.
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Recall from (1.1) and the remark thereafter that the objects of £ can be identified with
certain cliques of size 1, 2,4, 8, and 36 in the collinearity graph I' = I'(£). From the diagram
of £ and condition (I) it follows that the cliques corresponding to objects of types 1, 2, or 3
are uniquely determined as the intersections of the cliques corresponding to the objects of
types 4 and 5 in their residue. Hence there is a well-defined way to extend ¢ to an incidence
preserving map from £ onto £ whose restriction to any residue is an isomorphism. So ¢ is

indeed a morphism of geometries. Now |£| = |€!| fori € {4, 5} and by the same counting
argument as in the proof of Theorem 2 this also holds for i € {1, 2, 3}. This implies that ¢
is an isomorphism and the theorem is shown. O

Finally we can prove Theorem 1.

Proof of Theorem 1: We want to deduce Theorem 1 from Theorem 3; so we have to
show that the existence of a flag-transitive action on £ implies that the graph B defined in
Section 5 satisfies the condition (III).

Let FE be a flag-transitive automorphism group of £. First we show

(1) E acts flag-transively on the c¢.C5-geometry G.

Recall the definition of G from Section4. As G! = £ and G2 = £* and the incidence relation
between objects of type 1 and 2 in G is the one inherited from &, E acts flag-transitively
on the truncation of G consisting only of the objects of types 1 and 2. Furthermore, flag-
transitivity of E on & implies that E acts vertex- and edge-transitively on the graphs &
and A defined at the beginning of Section 4 and so it permutes transitively their connected
components, i.e., the sets of objects of types 3 and 4 in G. Finally, any maximal flag of
G is of the shape {x;, x», A", 8%} where x; € €% and {x, x, x3, x4} is a flag in €. So
flag-transitivity of E on & implies that E is transitive on the set of maximal flags in G. One
can also easily see from this that any flag of G is contained in a maximal one; so (1) follows.

Now flag-transitivity of E on G implies that E acts transitively on the set of connected
components of the graph IT defined in Section 5.1 and that the (setwise) stabilizer Ex of
a connected component X of IT acts flag-transitively on the associated P-geometry P(X).
Hence by (5.4) and [6] Ex induces an action containing My, or 3-M3; on P(X) and on X.
Since this group acts transitively on the set H(P(X)) of subgeometries of P(X) defined
in Section 5.2 and because by (5.8) the short triangles of the graph B correspond to those
subgeometries, we see that E acts transitively on the sets of vertices and short triangles of
B and Ey acts transitively on the set of short triangles through X. Furthermore, the Schléfli
subgraphs of B correspond to the elements in G*. So E is also transitive on the set S of
Schléfli subgraphs of B and the (setwise) stabilizer Eg of a Schlifli graph § € S is transitive
on the sets of vertices and triangles contained in S. Let K g be the kernel of the action of Eg
on S. Then by [14] this implies

(2) Us(2) < Es/Ks.

Now let S;, S € S be two different Schlifli graphs and X, Y two different connected
components of IT such that X, Y € §; N S,. Set E; := Es,, K| := Kg,, let T be the set of
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short triangles of B through X, and denote by Ky < Ey the kernel of the action Ex on 7 .
Then independently from the isomorphism type of X we have

(3) My < Ex/Kx < M»,.2 and the action of Ex on T is similar to the action of My, on
the set of cosets of a subgroup 2*.A¢ (respectively Ma».2 on 2*.Z¢).

Set

U:={T,Z)|TeT,X+ZeT},
Ti:={TeT|TC S},
U = (T, 2)|(T,Z2) eU, T € T,}.

Then [U| =77-2 = 154, |71| = 5, and || = 10. Furthermore, from (2) and the action of
U4(2) on the Schlifli graph we can deduce

(4) 2*.As < E| N Ex /K, the action of E\ N Ex on T, involves an action similar to that
of 2*.As on the set of cosets of a subgroup 2*.Ay, and the action of E\ N Ex on U,
involves an action similar to that of 2*.As on the set of cosets of a subgroup 2°.As.

Notice that (4) and transitivity of Ex on 7 implies transitivity of Ex on /. Next we show

(5) Ky # 1.

Assume Ky = 1. Then we deduce from (3) and the fact that 2*. A4 does not possess a
subgroup of index 2 that we must have Ex = M»;.2 (so the action of Ex on 7 is similar to
the action of My;.2 on the set of cosets of a subgroup 24 36) and that the action of Ex on
U must be similar to the action of M»;,.2 on the set of cosets of a subgroup 2* A¢. But then
E, N Ex Z2%Z, x Ts) and the action of E; N Ex on {; must be similar to the action of
24 (Z, x E5) on the set of cosets of a subgroup 24 .34 where the irreducible 4-dimensional
submodule in O,(E| N Ex) acts trivially on U;. This contradicts the statement in (4) about
the action of a subgroup 2*.A5 < E; N Ex. So (5) holds.

The proof of (5) shows even more. Let (T, Z) € U, let Exrz be its stabilizer in Ex, and
denote by Ej the full preimage in E; N Ey of the subgroup 2*.A5 < E; N Ex/K, and by
Ky the full preimage in Ey of O2(Ey/K ). Then

(6) () ExrzKx/Kx = 2* Ag or 2*. X6 (depending on Ex/Kx = My or M».2), |Kx :
Kx N Exrz| = 2, and there exists k € Kx such that T = {X, Z, Zk}.
(i) Ko = K|Ky.

Notice that since Ky stabilizes each triangle in 7 it must preserve each Schléfli graph
through X as a set; in particular, Kx < E; N Eg,. Hence we deduce from (6)(i)

(7) If there exists some T € Ty such that (T,Y) € U then T C §; N S,.
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By (7) and the fact that maximal cliques in the Schlifli graph are just triangles it suffices
to show that X and Y cannot be at distance 2 in S;. But if this is the case then by the action
of U4(2) on the Schlifli graph there are 16 conjugates of Y under E; N Ex in S} and these
form an orbit under K. So by (6)(ii) they are all conjugate to Y in Kx and hence they all
belong to S,. Repeating the argument for other pairs of vertices in S; N S, we now easily
get the contradiction S| = S,.

This proves that (IIT) holds for B and so Theorem 1 follows from Theorem 3. O

Appendix A: Some remarks on the flag-transitive case

Here we establish flag-transitive versions for some of the results of Sections 5.1 and 5.2.
Our assumptions are as in Section 5. Furthermore, we assume that £ < Aut(G) acts flag-
transitively on G. However, we do not use any information about the precise structure of E.
In particular, we do not use (3.3). For any object x of G we denote by E, the stabilizer of
x in E and by K, the kernel of the action of E, on resg(x).

First of all, flag-transitivity of E on G implies that E acts vertex- and edge-transitively
on the graph [T, that it permutes the connected components of IT transitively, and that the
(setwise) stabilizer in E of a connected component IT*, x € G2, acts vertex- and edge-
transitively on IT*. Notice also that the stabilizer E, of any ¢ € G*, involves U4(2) on
resg(q) by [7, (6.1)] and that the stabilizer E, of any a € G' acts as Spg(2) on resg(a) by
[14]. From this we get

Lemma A.1 (5.2) If T1*, x € G2, is a connected component of Tl and q € G* then either
[1* N I, is connected or I1 is connected.

Proof: Set X := I1* and denote by Ex the setwise stabilizer of X in E. Suppose X NI,
contains two connected components X |, X,. Since the stabilizer in U4(2) of a Petersen graph
is a maximal subgroup of U,4(2) (isomorphic to 2*.As) and the stabilizers of two different
Petersen graphs are different, we then get

E, = K,(E;NEx,, E;N Ex,) < K4Exnn, < Ex.
On the other hand, we also have E, < Ex and as we may assume x € resg(q) we deduce

that Ex > (E,, E,) acts flag-transitively on G. Hence IT = X. O

Lemma A.2 (5.3) Ifx,y € G?, x # vy, such that TT* = I1” then either x Ny = @ or I is
connected.

Proof: Set X := IT*. Suppose @ € x Ny, a € G'. Then in resg(a) the objects x and y
correspond to two maximal totally isotropic subspaces in the symplectic space related to
Spe(2). Since the stabilizer of such a subspace is maximal subgroup of Sps(2) (isomorphic to
28.L3(2)) and the stabilizers of two different subspaces are different we can argue as before:

E, =K., E,NE: E,NE,) < Ex.
Hence Ex > (E,, E,) is flag-transitive on G and IT = X. O
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As already mentioned in the proof of Theorem 1, the definition of the P-geometry P*
associated with X := IT* implies that E'x acts flag-transitively on P* and so (5.4) and [6]
imply that Ex involves M»;, or 3-M>,. Since none of them contains a subgroup isomorphic to
U4(2) and E, N E, acts non-trivially on X NI1, if X NI1, # ¥ we see that IT is disconnected
and so the first alternatives of (A.1) and (A.2) hold.

Lemma A.3 (5.6) The map B : P* — G is injective.

Proof: This can be proved similarly as (5.6) but using (A.1) and (A.2) instead of (5.2)
and (5.3). a

Lemma A4 (5.7) If {T1', 1%} € E(B) then T1' # %

Proof: By definition of the adjacency in B we have IT' = 1%, IT1*> = IT* for some
x,y € G? with |x N y| = 1. Hence the assertion follows from (A.2). O

Appendix B: An elementary proof of Proposition 6.6
Here we prove the explicit calculation of the graph Cy. The notation is as in Section 6.

Proof of Proposition 6.6: For C € Cg = V(Cp) and i > 0 we denote by D;(C) the set of
vertices at distance i from C in Cy. We fix some Cy € CS, and we set for short, D; := D;(Cy);
so Dy = {Cp}. We will determine the sizes of D;, i > 1, and the intersection array in a
series of steps.

(a) |Dy| =42 and |D; N D(C)| = 1 forany C € D;.

By (6.1)(ii) there are exactly 21 cliques from C? contained in Cy and by the diagram of B
each of them is contained in exactly two other cliques as Cy from C* which by connectedness
of Cy must be in Cg. This gives |D;| <42 and |D; N D{(C)| > 1 forany C € D;.

On the other hand, let Cy, C, € D with C; N Cy # C, N Cy. Then by (6.2)(iii) there is
exactly one element a € B! such that a € p(C;) N p(C>) N p(Cy). By (6.4) we have that
(y(Cy), y(Cyp), y(Cr)) is a path in the Schldfli graph B,. But y(C; N Cy) # y(C, N Cp)
as C; N Cy # C, N Cp. So y(Cy) and y(C») are distinct and non-adjacent vertices of B,.
This implies thatalso C; # C, and {Cy, C»} &€ E(Cp). Hence we have equality in both cases.

(b) |Ds| = 336 and | D; N D;(C)| = | D, N Di(C)| = 5 for any C € D;.

If C € D, then as in (a) there are a € B' and C, € D, such that (Cy, C;, C) is a path
of length two in one of the Schlifli graphs in C,. This implies that | D; N D{(C)| > 5 for
i = 1, 2. On the other hand, if C, € D;(C) N D; and (Cy, C3, C) is the corresponding
2-path in some Schléfli graph S, € C, then (6.5) implies that @ = b because Cy and C are
contained in a triangle. So C, must be one of the already discovered five neighbours and
|ID; N Di(C)| =5 and |D,| = @ = 336 holds.
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(c) Ifa € p(Cy) and C € Cy, C & Dy U D, U D, then there exists some C € Cy N C, such
that C and Cy are in the same connected component of C, and C € D(C).

Let Cy, Cy, ..., Cy := C be a shortest path in Cy between C and a vertex C; which is in
the same connected component of C, as Cy. Suppose k > 3.

As before there exists b € B! such that (C;, C,, C3)is a2-pathin C,. Thena, b € p(C));
hence {a, b}, is a vertex of C; for a suitable ¢ € % and ¢ determines a unique special 10-
clique C; € C; with {a, b}, € C;. Now C; determines a triangle containing C in C, and the
structure of the Schlifli graph shows that one of the other two vertices in this triangle must
be at distance one from Cs. In other terms, there exists some C € CoNCp, with CNCy = C;
and C € D (C3). But as a € p(C,) we see that C € C, and, in fact, C lies in the same
connected component as Cj, hence also as Cy. So we can replace our path by the shorter
path C, Cs, ..., C, and have a contradicton.

(d) Dy = @, | D3| = 512, and | D, N D{(C)| = |D3 N Dy(C)| = 21 for any C € Ds.

The first statement follows from (c) and the fact that the Schléfli graph has diameter 2.

Now let a € p(Cy) and let Cy, C, € D, N C, such that C; and C, are also at distance
two from Cy in C, and suppose C;, C, € D(C) for some C € Ds. Then there is b € B!
such that Cy, C, C; is path in C, and again by (6.5) either a = b or Cy, C, are contained
in a triangle. The first case is not possible since C € D3 and the diameter of the Schlifli
graph is 2. In the second case (6.5) also implies that, on the one hand, the triangle through
C; and C, must be in C,, on the other hand that the third vertex of it is C. So C € Dj
yields again a contradiction and we have shown that any two different vertices at distance
two from Cy in C, cannot be adjacent to a common vertex in D3. Since there are exactly 16
such vertices we get by (b) and (c) that | D3| = 16-32 = 512, |D, N Dy(c)| = 3832 =21,
and | D3 N Dy(c)| = |D1(C)| — | D, N Di(c)| = 21. This completes the proof of (i).

Now let D be the graph on the set of planes of the 6-dimensional unitary polar space
P(Us(2)) in which two planes are adjacent if they intersect in a line. Then D has the same
intersection array as Cy. Furthermore, each point or line P(Ug(2)) is uniquely determined
as the intersection of the planes containing it, i.e., as the subgraph of D induced on its
residue (which is either a Schlifli graph or a triangle). Since the objects of H are just the
vertices, triangles, and Schlifli subgraphs of Cy it is now easy to deduce the isomorphism
Ho = P(Ug(2)) from (i) and the diagram. O
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