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Abstract. Type II matrices were introduced in connection with spin models for link invariants. It is known that
a pair of Bose-Mesner algebras (called a dual pair) of commutative association schemes are naturally associated
with each type II matrix. In this paper, we show that type II matrices whose Bose-Mesner algebras are imprimitive
are expressed as so-called generalized tensor products of some type II matrices of smaller sizes. As an application,
we give a classification of type II matrices of size at most 10 except 9 by using the classification of commutative
association schemes.
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1. Introduction

Throughout this paper M[i, j] denotes the (i, j)-entry of a matrix M and u[h] denotes the
h-th entry of a vector u. Let M be an m x n matrix whose entries are all nonzero. We
associate an n x m matrix M~ defined by the following.
MU=

Let 7 denote the identity matrix and let J denote the all 1 square matrix of suitable size.

Let Mat,,(C) denote the set of n x n complex matrices. W € Mat,(C) is said to be a
type Il matrix if WW~ = nl. It is clear that if W is a type II matrix, then the transpose ‘W
of the matrix and W™ are type II matrices as well. Hence for a matrix W € Mat,(C) whose
entries are nonzero, we have the following.

_ =~ Wi, h] ..
WW™-=n-1<% ———— =§;;-n foralll <i,j<n
£ W), h
“~ Wih,i] .
& ——— =¢§;;-n foralll <i,j<n
,;W[h,n /

S W W=n-1I
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The definition of type II matrices was first introduced explicitly in the study of spin
models. See [1, 3, 4, 6-9, 13] for details.

Example 1.1

(1) Let ¢ be a primitive n-th root of 1. Then the matrix W = W(Z,) € Mat,(C) defined
by Wi, j] = ¢“=DU=D is a type Il matrix. W(Z,) is called a cyclic type II matrix of
size n.

(2) Leta bearootof the quadratic equation #2 + nt + n = 0. Then the matrix W € Mat,,(C)
defined by W[i, j] = 1+ §; jx is a type Il matrix. W is called a Potts type II matrix of
size n.

Let W € Mat,(C) be a type II matrix. If S, S’ € Mat,(C) are permutation matrices and
D, D' € Mat,(C) are nonsingular diagonal matrices, then it is easy to see that SDWD'S’
is also a type II matrix (See Section 2). We say that two type Il matrices W and W' are
type 1l equivalent if W' = SDWD'S’ for suitable choices of permutation matrices S, S and
diagonal matrices D, D’. It is clear that this defines an equivalence relation on the set of
type Il matrices.

For a type II matrix W € Mat,(C) and for 1 < i, j < n, we define an n-dimensional
column vector ule by the following.

Wih, il
Wik, j1’

ul,[h] =

Let

NW) = {M € Mat,(C) | u,W] is an eigenvector for M forall 1 <i, j < n}
It is known that A/(W) is the Bose-Mesner algebra of a commutative association scheme.
N (W) is called a Nomura algebra. Moreover, there exists a duality map from N (W) to
N(W). N (W) is called the dual of N(W). We often say N (W) has a dual (See Section 2).

We are interested in determining type I matrices of small sizes. Type II matrices at most
size 5 have been completely determined (See [7, 14]). We are also interested in the Bose-
Mesner algebras which appear as the Nomura algebras of type Il matrices. Type Il matrices
whose Nomura algebras are Span(/, J) are difficult to determine. On the other hand, in the
classification of spin models, we do not need to determine type II matrices of this case [15].
In this paper we consider the case N (W) # Span(/, J).

LetU,, U,, ..., U, besquare matrices of sizen,andlet V|, V5, .. ., V,, be square matrices
of size m. Let W = WU, Uy ..., Up) @ (Vy, Vo, ..., V,) be a square matrix of size mn
such that the (7, j)-block WIli1, [j1] is defined by the following.

Wi, L = AV,

where A, j[h, k] = 8, Upli, j1(G,j = 1,...,nand h,k = 1,...,m). We call W the
generalized tensor product of Uy, Uy, ..., U, and Vi, V,, ..., V,.In Lemma 4.1, we show
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that if Uy, U, ..., U, and V|, Vs, ..., V, are type Il matrices, then Wisa type II matrix.
We are informed by K. Nomura that the special case of this result was already noticed by
V.ER. Jones. K. Nomura and U. Haagerup also considered some special cases of this result
[5, 12].

Now we state our main result.

Theorem 1.1 Let W be a type Il matrix of size mn. Let J,, be the all 1 matrix of sizen > 2,
and let I, be the identity matrix of size m > 2. Then the following are equivalent.
(i) There exists a permutation matrix S such that J, ® I,, € N(SW).

(ii) N (W) is an imprimitive Bose-Mesner algebra with a system of imprimitivity having
blocks of size n.

(iii) W is type II equivalent to a generalized tensor product (U1, Uy, ..., Uy,) ® (Vi, V2,
s Vi), where Uy, Uy, ..., Uy, and Vi, Vo, ..., V, are type Il matrices of size n and
m respectively.

According to the classification of commutative association schemes [11] and considering
the fact that /(W) has a dual, for type Il matrices of size at most 10, one of the following
holds.

(a) N (W) is a Bose-Mesner algebra of an imprimitive association scheme.
(b) dim N (W) =3 or p for W of size p = 5,7, 9.
(¢) N(W) = Span(/, J).

Applying Theorem 1.1 to the case of (a), W is expressed as a generalized tensor product of
type II matrices of size at most 5. Moreover, the following hold.

Theorem 1.2 Let W be a type Il matrix of size at most 8 or size 10. Then one of the
following holds.
(i) N(W) = Span({, J).
(i) W is type Il equivalent to a cyclic type Il matrix.
(iii) W is type Il equivalent to a generalized tensor product of type Il matrices of smaller
sizes.

Recently, T. Matsumura [10] showed that there is no type II matrix W such that
dim N (W) = 3. According to his result, the above theorem is true for the case of size
9. As for the results concerning small four-weight spin models, the reader is referred to
[4, 15].

2. Preliminary results

Let W be a type Il matrix. Then we can define a mapping ¥ = Wy from N (W) to Mat, (C)
by the following.

Mu}'; = W(M)[i, jlul; for M € N(W),
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i.e., the (i, j)-entry of W(M) is the eigenvalue of M associated with the eigenvector ulW]
The map W is called the duality map.

Proposition 2.1 Let W be a type Il matrix in Mat,(C). Then the following hold.
(1) Forall 1 <i < n, the set of vectors {uzvi | 1 < j < n}islinearly independent.
(2) N(W) is the Bose-Mesner algebra of a commutative association scheme.
(3) The duality map ¥ = Wy is a linear isomorphism from N (W) to N(W) = N (W™)
satisfying the following conditions.
(@) Y(I)=J and ¥(J) = nl.
(b) W(MN) = W (M) o W(N) forall M, N € N(W).
(©) W(M o N) = (1/n)¥(M)Y¥(N) forall M, N € N(W).
(4) Let V' = Wyy. Then for every M € N(W), we have ¥'(V(M)) = n'M.

Proof: All assertions can be found in [7, Theorem 1]. (1) is the statement (23) in its proof.
O

Let B denote the Bose-Mesner algebra of a commutative association scheme X =
(X, {Ri}o<i<a)- Then there are two canonical bases. One of them is the set of adjacency (or
associate) matrices {Ag = 1, Ay, ..., Ay} satisfying A; o A; = §; ;A;, and the other is the
set of primitive idempotents {Eg = (1/|X|)J, Ey, ..., Eg} satisfying E; E; = §; ; E;. Let

d d
. 1 .
Aj = ZP:’(J)E]', E; = X Z%(])Aj'
= =

The base change matrices P with P[i, j] = p;(i) and Q with Q[i, j] = g;(i) are called
the first eigenmatrix and the second eigenmatrix respectively. For the general theory of
commutative association schemes and that of Bose-Mesner algebras, the reader is referred
to the excellent monograph [2].

Let W € Mat,(C) be a type II matrix. We use the following notation. Let X (resp. X”)
be a commutative association scheme with the Bose-Mesner algebra N (W) (resp. N (‘W)).
Let Ao, Ay, ..., Ay be the adjacency matrices in N (W), and let Eqy, Ey, ..., E; be the
primitive idempotents. By the previous proposition, the dimensions of N (W) and N (‘W)
are equal. Let A[, A, ..., A}, be the adjacency matrices in N (W), and let E{, E|, ..., E},
be the primitive idempotents. Let ¥ = Wy, and W' = Wyy.

Corollary 2.2 Let W € Mat, (C) be a type 1l matrix. Then, by a suitable arrangement of

indices, the following hold.

(1) W(A;) =nE. and V(E;) = Al.

(2) W'(E) ="A; and V'(A)) = n'E;.

(3) The first eigenmatrix P of X is the second eigenmatrix Q' of X' and the second
eigenmatrix Q of X is the first eigenmatrix P’ of X'.

Remarks In this paper, we use the above ordering of the idempotents so that P = (Q’,
although it is customary to use the standard ordering of them so that P = Q'.
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Proposition 2.3 Let W be a type Il matrix in Mat,(C), let A € Mat, (C) be a nonsingular
diagonal matrix, and let S be a permutation matrix such that S[x, y] = 8o(x),y, where o is

a permutation on X = {1, 2, ..., n}. Then the following hold.
w _ AW _ Alyyl WA
(D) u,, =ucy =3y -

) u)v(V\S = u(‘;v,l(x)’o,,(v), and uf"\v = Suyy.
(3) AW, WA, SW and WS are type Il matrices.
@ NW) =NAW) =NWA) = N(WS) and SN(W)' S = N(SW).

(5) Wys(M) = "'SUy(M)S for M € N(WS) = N(W).
Proof: Straightforward. See also [7, Section 3.2]. O

Remarks Two Bose-Mesner algebras 3 and B’ in Mat, (C) are combinatorially isomor-
phic if there exists a permutation matrix S in Mat, (C) such that B = SB’'S. Hence by (4)
in the above proposition the Bose-Mesner algebras AN'(W), N (AW), N (W A), N (WS) and
N (SW) are all combinatorially isomorphic.

3. Type II matrices

In this section, we prove several results which will be useful to determine type II matrices
W when a Bose-Mesner algebra contained in A/(W) is given.

Proposition 3.1 Let W € Mat,,(C) be a type Il matrix. Let B be the Bose-Mesner algebra
of a commutative association scheme contained in N (W), and let Ay, Ay, ..., Ay be its
adjacency matrices and Eg, E1, ..., E4 be its primitive idempotents, which satisfy the
conditions (1)—(3) in Corollary 2.2. Let V. = C" and V; = E;V. Suppose

d d
1
A=Y piWEw Ei=-Yqh)A.
=0 =0
Then the following hold.
(1) Let T =TI = {h |u)}/; € V;}. If Alls. 1] = 1, then

Wi, j1 x Wis, hl
Wis, jl i Wit hl

=n-Ei[s, t] =q).
hell

() Let A = AY = (i | Ai[h, j1=1} and let ¥ = Wy IfuY, € V,, then
i s,t

WIj, sl ) Wih,11 _ W(A)[s, 1] = pi(D).

WIij, t] &= Wih, s]
(3) Let'E; = E;. Then uff/t € V; if and only 1futWY e V.

Lemma 3.2 Let ¥ = Wy be the duality map from N (W) to N(W). Then the following
hold.
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(1) u”—u forevery1<st<n

) E; u u lfand only if W(E;)[s, t] = 1.
3) \IJ(A )u = nu L if and only if A;[t, s] = 1.
(4) For M eN(W) \IJ(tM) (M.

Proof: All of the assertions are clear from the definitions and Corollary 2.2. The last
assertion is a consequence of the following.

t 1 ’
V(M) = ;‘I’(‘I’ (W(M)) ="W(M),
by Corollary 2.2. O
Proof of Proposition 3.1: Let ¥ = WUy and W' = Wyy.

(1) Since W'(W('E;)) = n - E;, we compute W('E;)u . Note that W('E;) is a (0, 1) matrix
as it is an idempotent with respect to a o- product W(E)[j, h] = W(E)[j,h] =1
if and only if W(E;)[h, j] = 1. On the other hand, lIJ(E )[h j] = 1 if and only if
Euhj _uXVJ, ie., W(E)[h, jl=1ifandonly if h € l'[’ = I1. Hence, we have the
following.

W[S,j] _ tr. W .
W[L]‘] - (\IJ(E’)us,t)[J]

n

W(E) L), hlu [h]

n- Eis, t]

=

= |l

oy s o WS, hl
=S W(E)[j.h
2 (‘Ei)lj, b W]
_— Wis k]
Wt h]’

This proves (1).
(2) Since W' (W('A;)) =n-A; and A;[h, j] = lifandonly if & € A, we have the following.

Wilh, t] 1 _WIh,t]
= A;lh,
,;W[h,s] ,; e s

Z W[h t]
B I W[h,]

= Z (WAL, B

Wilh, t]
Wih, s]

1
;(\lf’(\IJ(Ai»uZK)U]

Wij, 1]
Wi, sl

1
;‘I’(‘I’ (W(AD)ILz, 5]
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= WAL, S]W[j, N
Wlij. 1]

= W(A)ls, 1] Wijsl'

Now it remains to show that W(A;)[s, t] = p;(l). This follows from the following.
d
W(Als, u), = Al = pi(Equl, = pihu,,
h=0

asu), € V; = E;V. This proves (2).
(3) Since W('E;) = W(E;), we have the following.

u' e Vi & 1 =W(E)s, 1]="V(E)[s, 1] = V(E)[t, 5]
=4 um e V. 0

Lemma 3.3 ([15]) Let W be a type Il matrix in Mat,(C), and Ey = %J, E, ...,E;be
orthogonal idempotents of N(W) expressing I as a sum, i.e.,

E,E; =4, jE;, forO0<i,j<d, and I=Ey+E + ---+E,.

Then W is type Il equivalent to amatrix U = [Uy, Uy, ..., Uglwiththe following properties.

(1) Uy = j, where j denotes the all ones column vector.

(2) U;isann x m; matrix with ones in the first row and no zero entries, where m; = rankFE;.

(3) The column space of U; equals the column space of E;. In particular, the columns of
each U; are linearly independent.

@) N(W) =N().

Proof: Since all entries of W are nonzero, there exist nonsingular diagonal matrices D
and D’ such that DW D’ has j as the first column and the entries of the first row are all ones.

Let W =DWD' = [w,w,,...,w,]. Sincew| = j, ulW1 =w,; fori =1,2,...,n. Since
N(W) = N(DWD') = N(W’), the set of column vectors of W’ forms a basis of common
eigenvectors of Span(Ey, Ey, ..., E;). Since E;’s are idempotents, the eigenvalues are 1

or 0. Hence E;w j =w;or0.Sincew ; = Iw; = Egw; + Eyw; +---+ Egwj, eachw
is contained in exactly one column space of E;’s. Hence by a suitable rearrangement of the

order of the vectors w, w,, ..., w,, we have a matrix U with the properties (1)—(3). Since
U is obtained by multiplying a permutation matrix S to W’ from the right, U = W’'S =
DWD'S and it is type II equivalent to W and N(W) = N (U) as desired. O

In the light of the previous lemma and Corollary 2.2, we consider the following situation.
Let W € Mat,(C) be atype Il matrix. Let ¥ = (X, {R;}o<i<q) be acommutative association
scheme with the Bose-Mesner algebra B C N(W). Let Ag, Ay, ..., Az be the adjacency
matrices in BB, and let Eg, Eq, ..., E4 be the primitive idempotents in B. Let B’ = W(B).
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Then B’ is a Bose-Mesner algebra of a commutative association scheme X’ which is dual
toX.Let A} = W(E;)and E} = %\IJ(A,-). Then Aj, A}, ..., A} are the adjacency matrices

in B, and E, E1, ..., E}; are the primitive idempotents in 3.

For a matrix M €Mat,(C) and the set of indices A=/{ij,iz,...,ix} and I1=
{j1, j2s - - - jm}, let M[ A, T1] denote the submatrix of M consisting of the rows iy, iy, .. ., ix
and the columns ji, ja, ..., jm-LetW = [w,wo, ..., w,]. Assumew | = j and the entries

in the first row of W are 1. Assume the following.

1. A, ={h| Ailh, 1] = 1}.
2. T, ={h|Ejwy=w,}.

As an application of Proposition 3.1, the following hold.

Proposition 3.4 Let W be a type Il matrix satisfying the condition above. Let Wy, =
WIA;, I1;]. Let j denote the all one vector of appropriate size. Then the following hold.
D) Winj =qn@)j.

2) Win = pi(h)y.

3) Win)"j=pjh)j.

@) Wi~ = qu())y-

(5) Win(Wjn)~ =n-Ey[A;, Ajl

We define two matrices S and T of sizen x (d + 1) and (d + 1) x n.

Sth, j1= o Thi,hl= -
0 otherwise 0 otherwise
Corollary 3.5 Under the hypothesis of Proposition 3.4, the following hold.
(1) WS =S0.
(2) TW = ‘PT.
(3) W-T ='TP.
4) SW- =10°s.

Proof: The matrix equations are direct consequences of the assertions (1)-(4) in
Proposition 3.4. O

4. Generalized tensor products

In this section we give some properties of generalized tensor products and the proof of
Theorem 1.1.

Lemma 4.1 Let Uy, Us, ..., U, be square matrices of size n, and Vi, V, ..., V, be
square matrices of size m. Let W be a generalized tensor product of Uy, U,, ..., U, and
Vi, Va, ..., V,.. Then the following are equivalent.

(1) W isa type Il matrix.
2) U, U, ..., Uy, Vi, Va, ..., V, are type Il matrices.
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Proof: (1) = (2). Since W is a type Il matrix,

iz Wimth — 1) +x,m(j — 1)+ y]

mam WimG =D +x,m( =1 +y]

forl <h,i<mandl <x <m.

LHS — ii ApjVilx, y]

j=1 y=1 Aigjvj[x’ vl

_ ZZM
s (i, j1V;[x, y]
_ Uslh, j1 (< Vilx, vl
N ; Uli, jl (VX_; V./[X’Y]>
U,lh, j]
— Uili, j1°

Hence

i.e., U, is a type Il matrix of size n for 1 < x < m.

Similarly, since W is a type II matrix,

ZZ Wimth — 1)+ x,m(@ — 1)+ y]
Wimh — 1) +x,m@ — 1) + z]

= mnéy ;,

= mnéy,;,

pATY

27

forl <i <nand1 <y, z < m. By computing the left hand side of the above equation,

we have the following.

= Vilx, y]
= m v,25
< Vilx, 2]

i.e., V; is a type Il matrix of size m for 1 <i <n.
2)= D).

e W[m(h—1)+x m(j —1)+z]

'Zl "N Api Vilx, y]

= = An;Vjlx, zl

& i U.lh,i]Vi[x, y]

£ 22U [, j1V)Ix, 2]
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i:i: Vilx, y]
ot UMJ]‘MLA
Vilx, y]
_n(S,jZV[x a0
_ Vilx, yl
= l]ZV[XZ

= mnS[,ij,z. O

The following lemma is well known. See also [2].

Lemma 4.2 Let M € Mat,,,,(C). Suppose M satisfies the following.
1) Mol =1

2 M=MoM.
(3) mM = MM.
@) 'M=M.

Then there exists a permutation matrix S such that 'SMS = I, ® J,,.

Lemma 4.3 Let W € Mat,,,(C) with nonzero entries. Then the following are equivalent.
i W=U,...,U,Q V..., V) for some matrices Uy, ..., U, and Vy, ..., V, of
sizes n and m respectively.
@) Forl <i,h<nandl <x,y,z <m,

Wix,m@i — 1) +yl  Wlmh—1)+x,m@ — 1)+ y]
Wix,mGi—D+z1  Wmh—1D)4+x,mi—1)+z]

Proof: (i) = (ii) is obtained by the direct computation. Assume (ii). We have the following.

Wimh — 1) +x,mi — 1) +y]  Wimh—1)+x,m@i —1)+z]
Wix, m(ii — 1)+ y] N Wlx, m(i — 1) + z]

forl <i,h<nandl <x,y, z <m.

The above equation implies that the ratio of W[m(h —1)+x, m(@ — 1)+ y]to W[x, m(i —
1) 4+ y] does not depend on the choice of y for 1 <y < m.

Fix y = 1. Set

. Wimh—D+x,mGi — 1)+ 1]
hi ™ Wix,m@i — 1)+ 1] ’

where 1 <h,i <mnand1 <x <m.

Define square matrices V; of size m by V; = WJ[1], [j]l for 1 < j < n, and U, of size
nbyUx[i,j]zti’fjforl§x§mand1§i,j§n.

Then we can verify W = (Uy, ..., Uy,) @ (Vi, ..., V). O



TYPE I MATRICES 29

Lemma 4.4 Let Uy, U,, ..., U, be type Il matrices of size n and let Vi, V5, ..., V, be
type Il matrices of size m. Let W be a generalized tensor product of Uy, U,, ..., U, and
Vi,Va, ..., Vo . IfM e N(V)) for 1 <i <n, then J, @ M € N(W).

Proof: Let Vy . be a column vector of W defined as follows.

niVilx, yl

1] -1 -
Tmth — 1)+ x] = Ah,V[xz]

where | < h,i,j <mnandl <x,y,z <m.
The following hold.

((Jn ® M)V ) Im(h — 1) +x]
= ZZ(] ® M)[m(h — 1)+ x, m(h' — 1) + X'V L [m(h' — 1) + x]

_ ZZM[X’ x/] Ah’,iVi[x . ]
p Ap i Vilx', z]
_ ZZM l.]V[x ¥l
U [h’ J1Vilx', z]
_ / U}C'[h/vi] ‘/i[x,7 Y]
= ;M[x,x ] (Z Ul j]) Vo2l

_n(S,]ZMxx Vil¥', J]

Vilx’, z]

= n8i,j(Muy:Z)[x]

Since M belongs to N'(V;), the following hold.

(Jn ® MIVY) = ad; ;v
where o € C. Hence J, ® M € N (W). O
Proof of Theorem 1.1: (i) = (ii). Suppose that there exists a permutation matrix S such
that J, ® I,, € N(SW). Let Ay, ..., Ay be the basis of Hadamard idempotents of N (SW),
where Ag = I and Ay + --- + A,y = J. By a suitable arrangement of indices, there exists
a permutation matrix S’ such that

Ag+ -+ A, =85, ® J)S € N(SW)
for some s with 1 < s < d — 1. Hence N (W) is an imprimitive Bose-Mesner algebra

whose imprimitive equivalence class is of size n. By Proposition 2.3, N(W) and NV (SW)
are combinatorially isomorphic. Therefore we obtain (i) = (ii). For the detail see [2].
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(ii) = (i). Suppose N (W) is an imprimitive Bose-Mesner algebra, whose imprimitive
equivalence class is of size n. There exists a permutation matrix S such that

AO + -+ As - tS(Im ® -]n)S
for adjacency matrices Ay, ..., Ay, where | <s < d — 1 by [2, Theorem 9.3]. Hence
I, ®J, € SN(W)'S = N(SW).

Since W and SW are type II equivalent, We have (ii).

(1) = (ii1). Let W be a type II matrix of size mn satisfying the condition (i). We may
assume J, ® I,, € N(W). Then Wy (J, ® I,,) € N(W). Let M = \IIW(%J,Z ® I,,) and let
M' = 1J, ® I,. Then the following hold.
1y mMJ=1J.

Q) M'=M'M'.
@) IM=MmoM.
(4/) IM/ — M/.

Next, we consider the duality. By Proposition 2.1(3) and Lemma 3.2(4), the following hold.

(1) Uy(M') o Wy (J) = Wy (J).

(2) Uy(M') = Wy(M') o Wy (M).
3) Lwy My = Lwy)By (M.
@) Wy(M') = Yy (M.

Ttisclearthat M = Wy (M') = \IIW(% J, ®1,,) satisfies the conditions (1)—(4) in Lemma 4.2.
Hence there exists a permutation matrix S of size mn such that Wys(J, ® I,,) = SYyw(J, ®
I)S =nl, ® J,,. Hence nl, ® J,, € N((WS)) (See Proposition 2.3(3)). Since N'(WS) =
N (W), we replace W by WS if necessary. Therefore we assume that W satisfies

\IIW(JH &® Im) e nln ® Jm.

Leta=m(G@—1)+yandb=m@{ —1)+zforl <i <n,1 <y, z<m. Compare the
(m(h — 1) + x) entry of the both sides of

(Jn ® L)uy ), = Wy (J, ® Ly)la, blu),,

for1 <h <n,1 < x < m. The left hand side is

X":W[m(j—l)ﬂ,a]

— _ W —
2 ® =1+ Ky K= D

k=1 j=1
The right hand side is

Wim(h — 1) + x, a]
Wmh — 1)+ x,b]’

n(l, ® Jyla, blu),[mth — 1)+ x] =n
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Hence we get

i Wim(j — 1) +x,al  Wlm(h—1)+x,a]

S Win(j—D+x.b] | Win(h— D)+ x.b]°

Observe that the left hand side does not depend on /. Hence the right hand side is also
independent of the choice of . Therefore we have (ii) of Lemma 4.3, and thus W =

Wi, ..., U ®(V,...,V,) for some matrices Uy, ..., U, and Vi, ..., V, of sizes n and
m respectively. By Lemma4.1, Uy, ..., U, and V|, ..., V, are type Il matrices. This shows
that W satisfies (iii) in Theorem 1.1.

(iii)) = (i). By Lemma 4.4, it is clear. O

Remarks K. Nomura illustrated generalized tensor products by functions as follows.

Fix nonempty finite sets X, Y. For functions:

f:XxYxX— C,
g: Y xXxY—C,

we define their generalized tensor product
fRg: X xYxXxY—C
by

(f ® &)x1, y1, X2, y2) = f(x1, y1, X2)8(Y1, X2, ¥2).

5. Examples of generalized tensor products
5.1.  Generalized tensor products of size 2m

In this section, we describe the method to express type II matrices as generalized tensor
products. We use the same notation for A; ; as in the previous section.

ftU, =U,=---=U, =Uwewrite U ® (Vi, Vo,...,V,) instead of (U, U, ...,
Up) @ (Vi, Vo, ..., V).

Proposition 5.1 Let Uy, U,, ..., U, be type Il matrices of size 2 and let Vy, V; be type
Il matrices of size m. Then the generalized tensor product (U1, Uy, ..., Uy,) @ (Vi, Vo) is
type 1I equivalent to the generalized tensor product U ® (V1, V) where U = [} _11 ], and

V= A ARV
Proof: Straightforward. O
For type II matrices W, W’ of the same size, we say W is right type Il equivalent to

W’ if there exist a nonsingular diagonal matrix D and a permutation matrix S such that
W' = WDS.
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Proposition 5.2 LetU =[] |1, and let Vi, V,, V| and V; be type Il matrices of size m.
Let W = U ® (Vy, V,).Then the following hold.
(@) If V| is type Il equivalent to V, then W is type Il equivalent to U @ (V{, L) for a type
1l matrix L of size m.

(i) If V, is right type II equivalent to V,, then W is type II equivalent to U @ (Vi, V).

Proof: Straightforward. O

5.2.  Examples
Let W be a type II matrix such that N (W) # Span(/, J). Recall V(W) has a dual.

5.2.1. The case of size 6. Let W be a type Il matrix of size 6. According to the classification
of association schemes of size 6 [11], it is easy to see that N'(W) is imprimitive. Hence by
Theorem 1.1, W is type II equivalent to a generalized tensor product of type II matrices of
size 2 and those of size 3.

Let
1 1 1 1 1 1
1 1
U= | b Vi=|1l w w|, Vho=|a aw aw? |,
1 w2 w b bw? bw

where w® = 1, w # 1 and a, b € C — {0}. By Proposition 5.1 and Proposition 5.2, W is
type Il equivalent to U ® (Vy, V2).

Remarks Let C, € Mat,(C) denote a permutation matrix defined by C,[i, j1 = i41,,
where indices are regarded as elements in Z,. For type II matrices W of size 6 one of the
following holds.

(i) N(W) = Span(/, J).
(i) W is type II equivalent to a cyclic type II matrix W(Zs) and there is a permutation
matrix S € Mat,,(C) such that

SN(W)'S = N(SW) = Span(I, C, C?, ..., C?),

where C = Cg.

(ili) W or 'W is type II equivalent to U ® (Vy, V), where (a, b) is not a member of
{(&1, £1), (Fw, £w?), (fw?, £w)}. Moreover, there are permutation matrices S, T €
Mat, (C) such that

SN(W)'S = N(SW) = Span(I, C + C° + C°, C*, C*),
TN(W)T = N(T'W) = Span(l, C + C*, C* + C°, C?),

where C = Cg.
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The statement (iii) implies the existence of the generalized tensor product which is essen-
tially different from an ordinary tensor product since N(U ® (V1, V»)) = N(U)QN(V;) =
NWU®V,) = N(W(Z)) fori = 1,2, where U, V;, V, are the matrices defined above and
(a, b) satisfies the condition in the statement (iii).

5.2.2. The case of size 8. Let W be a type Il matrix of size 8. According to the classification
of association schemes of size 8 [11], it is clear that N (W) is imprimitive. Hence by
Theorem 1.1, W is type II equivalent to a generalized tensor product of type II matrices of
size 2 and those of size 4.

Let
1 1 1 1 1 1 1 1
1 1 1 -1 x =i 1 -1 —
U= , Vi= , V= 8 s )
1 -1 1 1 -1 -1 1 1 -1 -1
1 -1 —& A 1 =1 —u pn

where A, u € C — {0}. By Proposition 5.1 and Proposition 5.2, W is type II equivalent to
U ® (Vi, SDV;) where S is a permutation matrix of size 4 and D is a diagonal matrix of
size 4.

5.2.3. The case of size 10. Let W be a type Il matrix of size 10. According to the classifi-
cation of association schemes of size 10 [11], it is clear that A/(W) is imprimitive. Hence
by Theorem 1.1, W is type Il equivalent to a generalized tensor product of type II matrices
of size 2 and those of size 5.

Let
11 1 1 1 a 1 1 1 1
11 1 n n ¥ 7 Il « 1 1 1
U:[1 _1], Vi=|1 7 gt n |, Va=|1 1 a 1 1],
1 ¥ n n I 1 1 o 1
1 7t 9 g 1 1 1 1 «

where n° = 1,7 # 1, and « satisfies the equation « + a~! + 3 = 0. By Proposition 5.1
and Proposition 5.2, W is type II equivalent to one of the following.

i) U ® (V1,8DVy),
(ii) U ® (V1,SDV>),
(i) U ® (V2, SDV)),
(iv) U ® (V, SDV,),

where S is a permutation matrix of size 5 and D is a nonsingular diagonal matrix of size 5.
See also [14].
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6. Type II matrices of size 7

For the determination of type II matrices of size 7, we need to consider the case N (W)
is primitive. In the first subsection, we prove a lemma which will be helpful to determine
them.

6.1. Submatrices of type Il matrices

Lemma 6.1 Let U be a square matrix of size 3, whose entries are all nonzero. Let « be a

complex number satisfying o # 1.

(1) Suppose UJ = JU = oJ and U~J = JU™ = aJ. Then there are complex numbers
u, v and w and a permutation matrix S of size 3 such that

u
US=|w
v

S T <
< < g

(2) Moreover, suppose

3 a @
UUT=|a 3 «
o a 3

Then there is a complex number y such that yu, yv, and yw are the roots of x> —
ax?+ax—1=0.

Proof: LetU[i, j1 =u; j,si = u;1u;ou;3 and t; = uy jus juz j, where 1 <i, j < 3.
(1) By our assumption, we have the following.

o =u; +uip+tuz = u;+uy;+usz; foreveryl <i,j<3.

B 1 1 1 1 1 1
o = = — _— _
U1 Z3%) U3 ui,j Uz, j us,j
W U3 T U U3 T WU U U3 U U3 U U
S t; ’

forevery 1 <i,j <3.
Hence u; ; is a common root of the following equations.
x> —ax? + s;ax —s; =0,
x¥ —ax? + tiox —t; =0.
Hence it is a root of the difference (s; — ¢;)(@x — 1) = 0. If @ax — 1 = 0, then u; ; is
a root of x> — ax?> = 0. Since u; ; # 0, this implies u; ; = & and a@ = 1. This is
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not the case. Thus s; = ¢; for all i, j. Let s = s; = t;. We conclude that the both sets
{wi1, u;2, u; 3} and {uy j, uy ;, us ;} coincide the set of roots of the equation,

x> —ax?+sax —s = 0.

Let {u, v, w} be the set of the roots of the equation above. Then we have the assertion.
2) SinceUU[1,2] =aand UU[2, 1] = &, we have

u v ow
—+-+—=0q,
woou v

1 1 1 _
—_——+—— =aq,
u/w v/u  wjv

u vow
— . .2 =1.
w ou v

Hence the set {u#/w, v/u, w/v} coincides with the set of the roots of the following
equation.
X —ax?+ax—1=0.

Now the assertions follow. O

6.2. Type Il matrices of size 7

A commutative association scheme which properly contains the association scheme of class
1 has the relation matrix defined as follows.

[0 1 1 2 1 2 27

20 11 21 2

2201 1 21 1 3 3
R=|1220112|, P=0=|1 a al,
21 22011 1 @
1 21220 1
(11212 2 0]

where £ = @V DT and o = £' + €2 + £, @ = £3 + £5 + £°.

We now apply results in previous sections to determine type II matrices W of size 7
such that A'(W) contains the Bose-Mesner algebra of the commutative association scheme
determined by the data above.

First assume that W is normalized in the sense of Lemma 3.3. In particular, the entries
in the first row and the first column are 1, and the second to the fourth column vectors span
the column space of E| and the fifth to the seventh column vectors span the column space
of E,. Using the relation matrix R above, we have the following. Here j denotes the all one
column vector of length 3.
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Iy = {1}, IT; ={2,3,4},and I1, = {5, 6, 7}.

Ao ={1}, Ay =1{4,6,7},and A, = {2, 3, 5}.

Woo =[11, Wo1 = Woo =Y, Wio=Wyo=.

Wi =W[{4,6,7},{2,3,4}], Wi» = W[{4,6,7}, {5,6,7}],
Wa1 = WI{2, 3,5}, {2, 3, 4}], and W, , = W[{2, 3, 5}, {5, 6, 7}].

-

By Proposition 3.4, we have the following lemma.

Lemma 6.2 The following hold.

(1) Wouj = Winj =Wap) j =W 1) j=aj.
2) Wapj=Wiij=Wa)j=W)j=aj.
(3) YWar =jWip=5(Wan)™ =5 (W)~ =ay.
@) W =W =Wy )~ =W, =aj.
(5) W (Wa )™ = Wi i(Wy 1)~ = M.

6) Wo (Wi 1)~ =W o(Wap)” =T.

(T) Wan(Wa2)™ = Win(Win)™ = M.

(8) Wao(Wi2)™ = Wi (W) =T.

Here bars denote the complex conjugates and

3 o @ a a o
M=|a 3 o, and T=|a& o &
a a 3 a a a

Proposition 6.3 Let W be a type Il matrix of size 7. If N(W) contains a Bose-Mesner
algebra of an association scheme isomorphic to the association scheme defined by the
relation matrix R above, then N (W) has dimension 7 and it is isomorphic to the Bose-
Mesner algebra of a regular group scheme of Z.

Proof: We use Lemma 6.1 to determine the possibilities of W; ; defined above. Let { =
¢*™¥=1/7 Then the roots of the following equation x> — ax? +@x — 1 = O are ¢, £% and
¢*. Hence there is a permutation matrix S of size 3 and we have one of the following.

. ¢ ¢t

Wy S=U, or —-U", where U=|¢* ¢ ¢*
o 4 42

¢t ¢

Moreover, (Wy 1)~ = (Wa1)~'T and Wy = M((Wy.1)")~'. It is easily checked by the
calculation that W, | § = U is the only possibility. Since the complex conjugates of W,
and W), satisfy the same equation, the following is the only solution if we take suitable
permutation matrices S} and S, of size 3.

Wz,lSl = U, and Wl.zsz = l_]
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Hence we have the following.

1 1 1 1 1 1 1

1 ¢ ¢ s pBp

| S S S S o

1ttt

I S S S

I CIN I S A S S o

1P ¢ ¢t
Now the assertion is obvious. d
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