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Abstract. We establish a Morris type recurrence formula for the root system C,. Next we introduce cyclage

graphs for the corresponding Kashiwara-Nakashima’s tableaux and use them to define a charge statistic. Finally
we conjecture that this charge may be used to compute the Kostka-Foulkes polynomials for type C,,.
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1. Introduction

The multiplicity K, , of the weight u in the irreducible finite dimensional representation
V(1) of the simple Lie algebra g can be written in terms of the ordinary Kostant’s partition
function P defined from the equality:

1
1_[ m = ;'P(,B)xﬁ

« positive root

where § runs on the set of nonnegative integral combinations of positive roots of g. Thus
‘P(B) is the number of ways the weight 8 can be expressed as a sum of positive roots. Then
we have

Kipw= Y (=1)OP(+ p)— (1 + p))
oeW

where W is the Weyl group of g.
There exists a g-analogue K ,(q) of K, , obtained by substituting the ordinary Kostant’s
partition function P by its g-analogue P, satisfying

1
= Y PUBN.
aposl;[eroot (1 - qxa) ; ! *

So we have

K@) = > (=1YOP0(+ p) — (1 + p)).

oceW
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As shownby Lusztig [17] K, ,,(g) is a polynomial in ¢ with non negative integer coefficients.
These polynomials naturally appear in the classical theory of Hall-Littlewood polynomials.
They coincide with the Kostka-Foulkes polynomials that is, with the entries of the transition
matrix between the basis of Hall-Littelwood polynomials and the basis of Schur functions
[18]. Many interpretations of the Kostka-Foulkes polynomials exist. For example, they
appear in the filtrations of weight spaces by the kernels of powers of a regular nilpotent
element, and degree in harmonic polynomials [1, 2, 6]. We recover them in the expansion
of the Hall Littlewood polynomials in terms of the affine Hecke algebra (see [19]).

For type A, _; the positivity of the Kostka-Foulkes Polynomials can also be proved by a
purely combinatorial method. Recall that for any partitions A and p with n parts the number
of semi-standard tableaux of shape A and weight u is equal to the multiplicity of the weight
w in the finite dimensional irreducible module of U,(sl,) with highest weight A. In [14]
Lascoux and Schiitzenberger have introduced a beautiful statistic ch, on standard tableaux
called the charge and, by using Morris recurrence formula, have proved the equality

K@= )Y, ¢™" ()

TeST (),

where ST (w);, is the set of semi-standard tableaux of shape A and weight . Set A, =
{1 < --- < n}. The charge may be defined by endowing ST (u) the set of semi-standard
tableaux of weight u with a structure of graph defined from Lascoux-Schiitzenberger’s
plactic monoid. Recall that the plactic monoid is the quotient set of A% the free monoid on
A, by the Knuth relations

bax ifa<x<b

abe{axb ifx<a<bd’

For any tableau 7" we denote by w(7') the column reading of T that is, the word obtained
by reading the columns of 7' from right to left and from top to bottom. The cyclage graph
structure on ST (w) can be defined as follows. We draw an arrow T — T’ between the two
tableaux 7 and T’ of ST (w), if and only if there exists u in A} and x # 1 € A, such that
w(T) = xu and w(T’) = ux. Then we say that 7’ is a cocyclage of T. The essential tool
to define this graph structure is the insertion algorithm for the semi-standard tableaux. The
cyclage graph ST () contains a unique row tableau L, which can not be obtained as the
cocyclage of another tableau of ST (w). Let T, be the unique semi-standard tableau of shape
1 belonging to ST (w). Then there is no cocyclage of T),. For any T € ST (u) all the paths
joining L, to T have the same length. This length is called the cocharge of T and denoted
cochy (7). Similarly, all the paths joining T to T}, have the same length called the charge
of T. The maximal value of chy is [|u|| = cha(L;) = > ,(i — D)i;. Moreover the charge
and the cocharge satisfy the equality cha(7) = ||| — cochu(T) forany T € ST (w).

The initial cocyclage of the tableau T of reading w(7') = xu with x # 1 is obtained by
inserting x in the sub-tableau of T of reading u. Every tableau T € ST () can be related
to T, by a sequence of initial cocyclages. So it is enough to consider initial cocyclages to
define chy.
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The charge of T can also be defined directly from w(7) when u is a dominant weight.
Moreover it can be characterized in terms of the geometry of the crystal graph B()) asso-
ciated to V(L) [12].

In this article we restrict ourselves to the root system C,,. Our aim is two folds. First we
establish Morris type recurrence formula for type C, and use it to give explicit formulae
for Kostka-Foulkes polynomials when A is a row partition or a column partition of height
2. Next we introduce a cyclage graph structure and a notion of charge for type C,,. For any
dominant weight A, let V(1) be the finite dimensional irreducible U, (sp2,)-module with
highest weight A. In Kashiwara and Nakashima [11] have given a combinatorial description
of B(}) the crystal graph of V(1) in terms of symplectic tableaux analogous to the semi-
standard tableaux for type C,,. From the plactic monoid and the insertion algorithm described
in [15] it is natural to try to obtain cyclage graphs for symplectic tableaux. Nevertheless the
situation is more complex than for type A, _;. First we have to restrict the possible cocyclage
operations to the initial cocyclage to avoid loops in our cyclage graphs. Moreover if we use
the complete insertion algorithm for type C,, the number of boxes of the cocyclage of a
tableau 7 may be strictly less than that of 7' due to the contraction relation in the plactic
monoid. The cyclage graphs obtained by this mean seem to be not relevant to define a charge
related to the Kostka-Foulkes polynomials. To overcome this problem we will execute
the insertion algorithm without this contraction relation and consider that the symplectic
tableaux are filled by letters of the totally ordered alphabet

Co={n<---<l<l<---<n}
which can be naturally embedded in the infinite alphabet
Co={ << - <l<l<---<n<--}

Our convention for the alphabet C, is not identical to that of [11] to dispose of a natural
infinite extension of C,. Denote by ST(n) the set of symplectic tableaux defined on C,. If
T e ST(n) the initial cocyclage (without contraction) of 7 does not belong to ST(n) in
general but belongs to ST(n 4 1). So it is natural to consider the cyclage graph structure of
ST = nL)Jl ST(n).

Let 1 be a dominant weight for the root system C,. With our convention ; may be
identified with the partition (uz, .. ., ). We are going to endow ST(u) the subset of ST
containing the symplectic tableaux 7' such that for any m > 1, the number of letters k in
T minus the number of letters k is uz if k& < n, 0 otherwise with a structure of cyclage
graph. This structure is more complex than for type A,. In particular ST(u) decomposes
into connected components. These components can be isomorphic and do not necessarily
contain arow tableau. We define on ST(u4) a charge statistic ch,,. Many computations allows
us to conjecture that an analogue to (1) exists for type C,, with the charge ch,. However it
seems to be impossible to derive it from our Motris type recurrence formula.

In Section 1 we recall the Background on Kostka-Foulkes polynomials and crystal basis
theory that we need in the sequel. We also summarize the basic properties of the insertion
algorithm introduced in [15]. Section 2 is devoted to the Morris type recurrence formula for
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type C, and its applications. In Section 3 we define the cyclage graph structure on ST(1)
and give some of its properties. Finally we introduced ch,, in Section 4 and conjecture that
it permits to compute the Kostka-Foulkes polynomials for type C,,.

2. Background
2.1.  Kostka-Foulkes polynomials for type C,

We choose to label the Dynkin diagram of sp,, by

0 1 2 3 4 -1
0= 0—6—0—0—-"0. 2)

The weight lattice P, of C, can be identified with Z" equipped with the orthonormal basis
&, i =1,...,n. We take for the simple roots

ap=2¢ and o =g —¢,i=1,....,n—1
Then the set of positive roots of spy, is
RI={e;—e5, 6 +e5withl < j <i <nyU{2withl <i <n).

Denote by Pn+ the set of dominant weights of sp,,,. Write Ao, . .., A, —; for the fundamentals
weights. Then we have A; = g3 +--- + 77,0 < i < n — 1. Consider A € PnJr and set
A= Z:‘:ol AiA; with &; € N. The dominant weight A is characterized by the partition
Xy ..., A7) where A; = o+ --+h_,i=1,...,n Inthe sequel we will identify A
and (A, ..., A7) by setting A = (Az, ..., A7). Then L = Ajej + - - - + Azg; thatis, the A;’s
are the coordinates of A on the basis (e5, ..., €1). Let p be the half sum of positive roots.
We have p = (n,n—1,...,1). Forany A € P}, set |A| = Az + - - - + Af.

The Weyl group W, of sp,, can be regarded as the sub group of the permutation group
ofC, ={i,...,2,1,1,2,...,n} generated by s; = (i,i + DG, i+ 1),i=1,...,n—1
and s = (1, 1) where for a, b € C, with a # b, (a, D) is the simple transposition which
switches a and b. Note that any o € W, verifies (i) = o(i) fori € {1, ..., n}. We denote
by [ the length function corresponding to the set of generators s;, i =0,...n — 1.

The action of 0 € W,, on 8 = (B3, ..., B1) € P, is given by

O(ﬂﬁsaﬂi)z(ﬂg”ﬂ?)

where B7 = B, if o@i)e{l,..., i}and B? = —Bs) otherwise.
Let O, be the set of nonnegative integral linear combinations of positive roots. For any
B =(Bi,...,B1) € P, we set xP=xk".. -xfT where x1, ..., x, are fixed indeterminates.

The g-analogue P, of the Kostant function partition is defined by

1
I1 =Y PyBx’ and PuB)=0 if B¢ Q.

—axa
wert LTI fooh
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Definition 2.1.1 Let A, u € P,". The Kostka-Foulkes polynomial K; ,(¢) is defined by

Kiw@) =Y (=D OPyah+ p) = (1t + p)).

oeW,

Let 8 € P,. We set

ag= ) (=1 - xF)

oeW,
where o - x** = x?®)_ The Schur function sz is defined by

_ e
=
When A € Pn+ , 5, s the Weyl character of V(1) the finite dimensional irreducible U, (s p2,)-
module with highest weight A. For any o € W,,, the dot action of o on 8 € P, is defined by
ocoB =o0-(B+ p)— p. We have the following straightening law for the Schur functions.
For any B € P,, ss = 0 or there exists a unique » € P, such that s5 = (—1)"“)s; with
o€ W,and A =0 o B. Set K = Z[q, ¢g~'] and write K[P,] for the K module generated
by the x#, B € P,. Set K[P,]V" = {f e K[P,], 0 - f = f for any o € W,}. Then {s;} is
a basis of K[ P,]"".
To each positive root o, we associate the raising operator R, : P, — P, defined by

Ru(B) =+ B.

Given ay, ..., o, positive roots and 8 € P,, we set (Ry, ... Ry, )sp = SRay o Rap (B)- Com-
posing the action of raising operators on Schur function should be avoided in general. For
example (R, Ry, )(sg) is not necessarily equal to (R,, )(Rq,5s) (see example p 360 in [19]).
For all B € P,, we define the Hall-Littelwood polynomial Qg by

1
Qp = Hm Sp

aeR;

I _ o0 kpk
where — 7= = Y 04 Ry

Theorem 2.1.2 [19] Forany A, u € P}

n >’

K, .(q) is the coefficient of s, in Q,, that is,

0, = Z K. 1. (q)s)..

reP;y

When n = 1, the root system C; can be regarded as the root system A; and the Kostka-
Foulkes polynomial K ,(q) where A and u are partitions of length 1 satisfies

KA,M(C]) — q(\llflul)ﬂ_ (3)
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Lemma 2.1.3 Consider A, 1 € Pn“r such that Az = pz and write ' = (A=, ..., A1),
,U/ = (Mm’ R I‘LT)' Then Kku(q) = KN,,UJ(q)~

Proof: K, ,(q) is the coefficient of s, in

1 1 1
= II 1—gR 1 —gR 1—gR Su
1<jen - T A% 1jaicn T T A Nei—es 1 <ian + T A eite

but since Az = pz none of the raising operators involving ez contribue to K ,,(g). Thus
K. .(q) = Ky ,,0(q), the coefficient of s, in

I1 (# M —— TI ;>Sﬂ,_

1<jenat \L = aR2; 20, V=R 20, 1 — G R

2.2.  Crystal Graphs for Type C,

Recall that crystal graphs for the U, (s p2,)-modules are oriented colored graphs with colors
i €{0,...,n—1}. Anarrowa — bmeans that f;(a) = band & (b) = a where é; and f; are
the crystal graph operators (for areview of crystal bases and crystal graphs see [10]). A vertex
v € B satisfying &;(v°) = Oforanyi € {0, ..., n—1}iscalled a highest weight vertex. The
decomposition of V into its irreducible components is reflected into the decomposition of B
into its connected components (see (6) below). Each connected component of B contains a
unique highest weight vertex. The crystals graphs of two isomorphic irreducible components
are isomorphic as oriented colored graphs. The action of é; and f; on B B' = {b ® b';
b € B,b’ € B’} is given by:

fiwy®v ifei(u) > &)

% . “4)
u® fi(v) ifegi(u) <e(v)

f?(u@v)={

and

. B u®éj(v) if g;i(u) < &(v)
al®v) = {exu)@v it gi(w) > £:(v) ®)
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where g;(u) = max{k;é‘f(u) # 0} and ¢;(u) = max{k;f”f(u) # 0}. The weight of the
vertex u is defined by wt(u) = Zf;t(w[(u) —5i(W)A;.

3 3 3 45 1 8% 1 4 2 3 3
33 323 45 13 2% 34 23 3 33
2] 2] 2] 2] 20
3 3 » 5 12 134 » 32
Iy 1l 1y 1) 1y
1 31 3 31 i 2 a1 21 & 31 ©
0ol ol 04 04 04 04
1 31 3> 31 A5 11 1 5 21 3 31
1y 1y 1) 1y
2 3 3 M 2 % 12 2 3
2] 20 2] 2] 2]
333 3 5 132 134 3 33

The 3 connected components of B(A2)®2 forn = 3.
The following lemma is a straightforward consequence of (4) and (5).

Lemma 2.2.1 Letu ® v e B® B'u Q@ v is a highest weight vertex of B ® B’ if and only
ifforanyi € {0,...,n — 1}é;(u) = 0 (i.e. u is of highest weight) and &;(v) < ¢;(u).

The Weyl group W, acts on B by:

si(u) = ()P Oy if gi(u) — e;(u) > 0,
si(u) = (€)@ if gi(u) — &) < 0. (7)

We have the equality wt(o (1)) = o (wt(u)) for any o € W, and u € B. Forany A € P,
we denote by B()) the crystal graph of V(1).
According to (2) we have

BA, ):a' S i1 ...

= 1 =0 1 n-2 n—1
—-2—>1—-1=-2---=>n—-1— n.

Kashiwara-Nakashima’s combinatorial description of the crystal graphs B()) is based on
the notion of symplectic tableaux analogous for type C, to semi-standard tableaux.
We defined a total order on C, by setting

Ch={i<--<l<l<.--<nl.

For any letter x € C, we set X = x. Note that our convention for labelling the crystal graph
of the vector representation are not those used by Kashiwara and Nakashima. To obtain the



210 LECOUVEY

original description of B(A) from that used in the sequel it suffices to change each letter
k e {l,...,n} of C, into n —k + | and each letter k € {I,...,7} into n — k + 1. The
interest of this change of convention will appear in Sections 4 and 5.

We identify the vertices of the crystal graph G, = &; B (A,—1)® with the words on C,,.

For any w € G, we have wt(w) = dj&; + dy—&;—7 - - - +djey where forany i =1,...,n
d; is the number of letters i of w minus the number of its letters i. Using Formulas (4)
and (5) we obtain a simple rule to compute the action of &;, f; ors; i € {0,...,n — 1}

on w € G, that we will use in Section 4. Consider the subword w; of w containing only
the letters i + 1,7,i,i + 1ifi # 0 and the letters 1, 1 otherwise. Then encode in w; each
letter i + 1 or i by the symbol + and each letter i or i + 1 by the symbol —. Because
é;(£) = fi(£) = 0in B(A,_;) ® B(A,_;) the factors of type & may be ignored in w;.
So we obtain a subword wEl) in which we can ignore all the factors & to construct a new
subword wl@ etc. .. Finally we obtain a subword p(w) of w of type

pw) = ="+
Then we have the

Note 2.2.2

e When r > 0, é;(w) is obtained by changing the rightmost symbol — of p(w) into its
corresponding symbol + (i.e.i + 1 intoi andi intoi + 1ifi #0, 1 into 1 otherwise) the
others letters of w being unchanged. When r = 0, é;(w) = 0.

e When s > 0, f;(w) is obtained by changing the leftmost symbol + of p(w) into their
corresponding symbols — (i.e. i intoi + 1 and i + 1 into i if i # 0, 1 into 1 otherwise)
the others letters of w being unchanged. When s = 0, f;(w) = 0.

e When r > s, s;(w) is obtained by changing the r — s rightmost symbols — of p(w)
into its corresponding symbol 4. When r < s, s;(w) is obtained by changing the s — r
leftmost symbols + of p(w) into their corresponding symbols —.

In the sequel we will need the following definitions and notation:

A column on C, is a Young diagram C of column shape filled from top to bottom by
increasing letters of C,,.

The height 2(C) of a column C is the number of its letters.

C(n, h) is the set of columns of height /& on C, i.e. with letters in C,.

The reading of C € C(n, h) is the word w(C) of C;' obtained by reading its letters from top
to bottom.

The column C contains the pair (z, z) when C contains the unbarred letter z > 1 and the
barred letter 7 < 1.

Let C; and C; be two columns. We will write C; < C, when i2(C;) > h(C,) and the rows
of the tableau CC, weakly increase.
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Definition 2.2.3 Let C be a column on C, and I = {z; < --- < z,} the set of unbarred
letters z such that the pair (z, Z) occurs in C. The column C is n-admissible when there
exists a set of unbarred letters Jo = {t; < --- < t,} C C, such that:

e 11 is the lowest letter of C, satisfying: #; > z1,1; ¢ C and 7 ¢ C,
e fori =2,...,r,t; is the lowest letter of C, satisfying: ; > max(t;_.z;), t; ¢ C and
i ¢ C.

In this case we write:

e rC for the column obtained from C by changing z; into #; for each letter z; € I¢,
e [C for the column obtained from C by changing 7; into #; for each letter z; € I¢.

Consider C = 2
3
As usually, we associate to each partition A = (Az, ..., A7) the Young diagram Y (X)
whose i-th row has length A, —77. By definition, a n-symplectic tableau T' of shape A is a

filling of Y (1) by letters of C, satisfying the following conditions:

e the columns C; of T = C| - - - C, are n-admissible,
e fori=1,....,5s —1:rC; <ICiy;.

The set of n-symplectic tableaux will be denoted ST (n).
T =C,C,---C, € ST(n), the reading of T is the word w(T) = w(C,) - - - w(C2)w(Cy).

From [11] we deduce the

Theorem 2.2.4

(1) The vertices of B(Ap) p = 0,...,n — 1 are in one-to-one correspondence with the
readings of n-admissible columns of height n — p.

(i1) The vertices of B(A) are in one-to-one correspondence with the readings of the n-
symplectic tableaux of shape A.

More precisely Kashiwara and Nakashima realize B(}) into a tensor power B(A,_;)®".
Givenp =0, ...,n—1, B(A,) can then be identified with the connected component of G,
whose highest weight vertex is b = 7ii(n — 1) - - - p + 1. In this identification, the vertices
of B(A ) are the readings of the admissible columns of heightn — p. If A = Z';;i) A 2Ny,
B()) is identified with the connected component whose highest weight vertex is b, =
bt @ BN

By identifying U, (s p2(,—1y) with the sub-algebra of U, (s p,) generated by the Chevalley’s
generators ¢;, f;andt;,i =0,...,n — 1, we endow B(A) with a structure of crystal graph
for type C,—. The decomposition of B(1) into its U, (spax—1))-connected components is
obtained by erasing all the arrows of color n — 1.
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2.3.  Insertion scheme for symplectic tableaux

In [15] we have introduced an insertion scheme for symplectic tableaux analogous for type
C, to the bumping algorithm on Young tableaux. Now we are going to summarize the
properties of this scheme that we shall need in Section 4.

Consider first a letter x and a column C. The insertion of the letter x in the n-admissible
column C is denoted x — C. If x is strictly greater than the greatest letter of C thenx — C
is the column obtained by adding a box containing x on bottom of C, thatis,x — C = -
Now suppose that x is less than the greatest letter of C. Then x — C is a symplectic tableau
of two columns defined recursively as follows:

if C = contains only one column then x — [a] =
if C =% contains two letters,

1. x—>:ifa<x<bandb7éc'l

2. x —> H9ifx <a<bandb # X,
I r

3. x—> bilor]ifg = hand b < x < b,
4. Ee:ﬁ“|ifx=l_7andl_)<a<b.

Consider a n-admissible column C of height k& > 3 and suppose we have defined our
insertion for the n-admissible columns of height < k. If w(C) = ay, dots, ay_1a; and

x = = , then we have y > a;_, and the column C’ of reading a; - - - a;_»y is
'k k

n-admissible. Write

di | z |
Sk1 —> C' =
dr—1
and set
d] VA |
x—>C=| .
di—1
di
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This can be pictured by
a a a di |z ]
X = |2 |= Ak—2|= Q2=+ =
Ax_1 k1| |Ok—1| ¥ di—1
ae | | x| a dy dy

During each step we apply one of the transformations 1 to 4 above. We have proved in [15]
that x — C is then a n-symplectic tableau with two columns respectively of height 4(C)
and 1.

Example 2.3.1 Suppose n = 5.

f‘_‘

i -

—1 | 2

120
.5—)2:

— |3

3

— | 4

4

=1 |5

3 7] 7] [ 7] (2] [3]3
B 2 2 2 2 313 3
e 4—|2]= 2 |= 2=|2]2|=|2 =[]

3 3 3]s 2 2 B

4| [a]s3 3 3 3 3]
Remarks

(i) If C is n-admissible and x — C is a column, then this column is (n + 1)-admissible
but not necessarily n-admissible.
(i1) From transformations 1 to 4 we obtain the plactic relations

bax ifa<x<b and b#a

abx = . _and
axb ifx<a<b and b#Xx
{be:(b+1)(b+1)x ifb<x<b ®
abb=ab—-1b-1) itb<a<b

introduced in [15]. These relations are not sufficient to define a plactic monoid for type
C,. We need a contraction relation which permits to obtain a n-admissible column from

a non n-admissible one. Let C’ =} be a non n-admissible column on C, such that C is

n-admissible and x a letter. In this case we can prove that there exists an unbarred letter z
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maximal such that the pair (z, Z) occurs in C" and
card{t € C,, |t| =z} >n—z+ 1.

Write D for the column obtained by erasing the pair (z, Z) in C’. Then D is n-admissible
and the contraction relation is defined by

w(C" =, w(D) 9
In fact this last relation is not needed to define the cocyclage in Section 4.

Definition 2.3.2 The congruence obtained by identifying the words of C¥ which are equal
up to relations (8) is denoted = .

(iii): Whenx — C = is a tableau of two columns we have
hC)=h(C") and C' <C. (10)

Now we can define the insertion x — T of the letter x in the n-symplectic tableau 7.
Write T = Cy---C, where C;, i = 1, ..., r are the n-admissible columns of 7. If x is
strictly greater to the greatest letter of Cy then x — T is the tableau obtained by adding a box
containing x on bottom of C;. Then x — T belongs to ST(n 4 1) but not to ST(n) in general
since its first column may be non n-admissible. Otherwise write x — C = where C|
is an admissible column of height #(C;) and y aletter. Thenx — T = C{(y — C,--- C})
that is, x — T is the juxtaposition of C| with the tableau obtained by inserting y in the
tableau C; - - - C,. In this case x — T is a n-symplectic tableau [15].

Example 2.3.3 Suppose n = 3. Then

i|i]2 2[1]2]2]
2> |1—01 =112 .
3] 203

Remarks

(i) The insertion scheme described above do not suffice to define a complete insertion
algorithm (that is such that x — 7 € ST(n) if T € ST(n) and x € C,) for the n-
symplectic tableaux since the first column C’ of x — T may be not n-admissible when
x is greater than the greatest letter of C;. To obtain a complete insertion algorithm we
have to apply relation (9) to C’. This give a column D of reading x; - - - x,. Finally we
compute successively the insertions x,(— x,—; -+ - (x; = C - - - C,)). In the sequel
we only use insertion algorithm without the contraction relation (9).

(ii)) To each w = x;---x, € C of length r we can associate recursively a symplectic
tableau P(w) by setting P(w) = if r = 1and P(w) = x, - P(xy---x_1)
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otherwise. If P(w) belongs to ST(m) withm > n, results of [15] implies that P(w) =,
w. Moreover P(w) is the unique m-symplectic tableau with this property. Denote by
~ the equivalence relation defined on the vertices of G,, by w; ~,, w; if and only if
w; and w, belong to the same connected component of G,,. Given two words w; and
wy such that P(w;) and P(w;) belong ST(m) we have the equivalences

wy =y wy < P(wy) = P(wy) & P(wi) ~n P(wy). Y

Moreover we have for any o € W,

P(o(w)) = a(P(w)). (12)

(iii) The insertion algorithm is reversible in the sense that if we know the tableau 7’ such
thatx — T = T’ and the shape of T we can recover the tableau 7 and the letter x. This
follows from the fact that the transformations 1 to 4 are reversible. More precisely, T’
has one box more than 7. Let y be the letter belonging to that box. Then if we apply
transformations 1 to 4 from right to left starting from y, we recover T and x.

(iv) In Section 4, we will need to find for a fixed tableau 7" all the pairs (x, T) where T is
a symplectic tableau and x a letter such that x — 7 = T"’. The outside corners of the
tableau 7' are the boxes ¢ of T’ such that there is no box down and to the right of ¢ in
T'. By (iii) the pairs (x, T') are obtained by applying the reverse insertion algorithm to
the outside corners of 7’.

1]2]
2| - Then by applying reverse insertion

Example 2.3.4 Suppose n = 3 and T’ =

[w =T

i[1]2]

) and

2y,
2

algorithm to each outside corners of 7’ we obtain the pairs (3, 1
L= 3

1]
(L[]
3

[=Tror

3. Morris type recurrence formula

In this section we introduce a recurrence formula for computing Kostka polynomials analo-
gous for type C,, to Morris recurrence formula. It allows to explain the Kostka polynomials
for type C, as combinations of Kostka polynomials for type C,_;. We embed type C,_;
in type C,, by identifying U, (sp2,—1)) with the sub-algebra of U,(sp,,) generated by the
Chevalley operators ¢;, f; and #;, i = 0,...n — 2. The weight lattice P,_; of U,(sp2,)
is the Z-lattice generated by the ¢;, i = 1,...,n — 1 and P;’_1 = P,j’ N P,_; is the set
of dominant weights. The Weyl group W,_; is the sub-group of W, generated by the s;,
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i =0,...n—2 and we have R;il = R, N P,_;. Given any positive integer r, write (),
for the row partition (p, 0, ...0) of length n. To obtain our recurrence formula we need
to describe the decomposition B(y)® B((r),) with y € P} and r >0 an integer into its
irreducible components. This is analogous for type C, to Pieri rule.

3.1.  Pieri rule for type C,

Lety = (ya,...,¥1) € P,,*. By Theorem 2.2.4, the vertices of B((r),) are the words
L= @0 M. @

where k;, k; are positive integers, (x)* means that the letter x is repeated k times in L and
ki+---+ki+ki +---+k, =r. Let b, be the highest weight vertex of B(y).

Lemma 3.1.1 b, ® L is a highest weight vertex of B(y) ® B((r),) if and only if the
following conditions holds:

W) vi—kizy—=fori=2,...,nandyi —k; =0,

() yi—ki+ki <ymr—kipfori=1,...,n— L.

Proof: By Lemma 2.2.1, b, ® L is a highest weight vertex if and only if for any m =
1,...r, each vertex b, ® L,, (where L,, is the word obtained by reading the m leftmost
letters of L) is a highest weight vertex. It means that (y; — k,, .., ¥s — ks, ¥;=1, ..., 1) and
Va — kny ooy ¥Ym — kw1, Vi — ke + ki, .., ¥1 + ki — ki) are partitions respectively for
s=mn,...,landt =1,...,n — 1. This is equivalent to the conditions

Vs —ks >y, fors=mn,...,2 and y;—k >0
Vi—ki+ki<yor—kgy fort=1,...,n-1

O
Corollary3.1.2 B(y)®B((r),) =®Ar € P} B()\)@C;-' where c}’},r is the number of vertices
L € B((r),) such that

Q) ks —ki=r—y;fori=1,....,n,
(i) A S Ay —kggfori=1,...,n—1,
(i) A; —k; > A5+ kioy — k=g fori =2,...,nand A\ —k; > 0.

Proof: The multiplicity c}’},r is equal to the number of highest weight vertices b, ® L €
B(y) ® B((r),) of weight A. The condition wt(b, ® L) = A is equivalent to

vi—ki+ki=x fori=1,...,n
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which gives (i). The assertions (ii) and (iii) are respectively obtained by replacing for any
i, ¥5 by A; + k; — k; in assertions (ii) and (i) of the previous lemma. O

Remarks

(i) In the above corollary, c;,, is the number of ways of starting with y, removing a

horizontal strip to obtain a partition v and then adding a horizontal strip to obtain A.
(i) B(y) ® B((r),) is not multiplicity free in general.

3.2.  Recurrence formula
Consider y € P;" and r a positive integer. We set
(y®r),={rePf ¢, #0}

with c;’r defined as in Corollary 3.1.2.

Theorem 3.2.1 Let u € P withn > 2 and write 1 = (5, ') where |4z is the first part
of wand W = (W;—, - .., U1) € P;r_l. Then

+00 +00
A
Qu= D 22" Y & Kaw @Sy (13)
ngnt] r=0 m=0 Ae(Y®r),_

Proof: We start from Q, = (]_[aem #)Su- By Proposition 3.5 of [19] we can
write

1 1
o= | T —pm | | (T | >

o« ¢ RS R,
a¢ RT

n—1

Then by applying Theorem 2.1.2, we obtain

1
ou=| [] —= |l X Kw@su.ny |- (14)

1 —¢gR
a ¢ RF q R« reP)
0‘¢R:71
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Set Ry = Ry, . fori =1,...,n—1land R; = R,, 1, fori =1, ..., n. Recall that for any
B e Pi_i, Riy(B) =B + ¢z — & and R;(B) = B + €5 + ;. Then (14) implies

+0o0 +00

Y K@ | DD > g™ (Ry)™ (R (R

reP r=0 m=0 kj+-+k;—p+k+--+k,1=r

Ou

- '(Rn1)"”‘(Rn_1)k"‘S<uM)) '

+00 400

Oy = Z ZQMH Z K. (q) Z S(utAr+2m dm ki — ki,

r=0 m=0 rePt kit tky 4k, o =r

n—1

s Atk — k).
Fix A, m and r and consider

S = E , S(uaAr-+2m A4k —k;—p, -+ Ak —kp) -
kit -tk tkittky o =1

Sety = (A1 +kn—1 — k=1, ..., A1 + ki — k7).

1. Suppose first that there existsi € {1, ...,n—2}suchthatA; > A7 —kj77. Set ¥ = s;oy
that is

V=siymrtn—1,. . ygrtn—i+ Ly
tn—i,...yi+D—Mm—1,... 1.

Then ys = ys fors #i + 1,4, 7 = 5 — 1 and % =, y;z7 + 1 that is

Vimm=rithk—k—1
r=hmg ki kg + 1

Write ki1 = ki, ki = kivt, kg = Agp — A + ki + land & = Ap — Agg + kg — L
To make our notation homogeneous set k, = k, for any ¢ # i,i + 1,7,i + 1. Then
k A — A7 + k7 — 1 = 0 since

A > A — kigr. We have l;m > 0and k; =
Ai > Mg — k7. Moreover kj + --- + k;— + ki + --- + k,_1 = r and for any
sefl,...,n—2}
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2. Suppose that A; < Azzg —kpgforalli =1,...,n—2and A\; —k; < 0.Set = spoy.
Then y5 = 75 for s # 1 and 1 = —A7 — k; + k1 — 2. Write k; = k;, k; = k; for any
i=2,. n—landsetlzl =ki—A—1,kf =k +i;+ 1. Wehave k; > 0, 3; <
)‘z+1 le foranyi =1,...,n—2and A; —kj < 0. Moreover ki +- - - +kz_1 + ki +

+k 1 =T

3. Now suppose that A; < A;77 — kg forany s € {1,...,n — 2}, A1 — k1 > 0 and there
exists i € {I,...,n — 2} such that Aigr — kg < )r + ki — k;. Define y = s; oy
as above. Set kl+1 = kg ki = ki, kit = A — Agr — ki + ki + kgp — 1 and
ki = Ot = A = ki) + kig1 + ks + 1. Write k, = k, forany ¢ # i, i +1,7,i + 1. We
obtaink; > Oand k; 1 > Osince A; < A7 — k77 and Am—km < A; +k; — k;. Since
ks = ks forany s = 1, . — 1, wehave A; < Ay — kg foranys € {1,...,n—2}
and Aj — k; > 0. Moreover the assertion )»l T — kg < A + ki — k; holds since it is
equivalent to 0 < k; 11 + 1. Finally kj + +k +k1 + -4 k,_1 = r and for any
se{l,...,n—2}

Denote by E; E; and E3 the sets of multi-indices (ki, ..., k;=1, k1, ..., k,—1) such that

ki +k;=+k +- - +k,_1 = r and satisfying respectively the assertlons 1,2, 3. Let
x be the map defined on E; U E, U E3 by

xy)=79.

Then by the above arguments y is a bijection which verifies x(E;) = E; fori = 1, 2, 3.
Now the pairing y <> 7 provides the cancellation of all the s, with y = (A= + ky—1 —

k=, ..., A1 + ki — ki) such that (ky, ..., ks, k1, ..., k,) € Ey U E, U E5 appearing in S.
Indeed s, +r+2m,y) = —S(ua+r+2m,7)- By Corollary 3.1.2 it means that
S = Z C;,rs(l’«h‘*‘f"‘zm,}’)
yePr,
Y EW D
and the theorem is proved. O

Note that the theorem is also true for n = 2. In this case R,_; is the set of positive roots of
the root system A;.

Corollary 3.2.2 Let v,u € P, such that pz > v,—. Suppose vi > w; (otherwise
K, ,(q) =0)and setl = vy — s, vV = (v, =, ..., v1). Then

KV,[J.(Q): Z qr+m Z Cl}:/,rK)\,u’(Q)'

r42m=I AE(V'®r),—1
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Proof: Let m,r be two integers such that (u; +r+2m,v') = v. Thenl = r + 2m.
Consider ¢, +r,+2m,,y) and S, +2m,,) appearing in (13). Suppose that there existso € W,
such that (uz + re +2my, y) = 0 o (s +7r +2m,v') = oz +r +2m +n, v, +
n—1,...,vi+1)—(n,...,1). We can not have o (p) = nn with p € {1, ..., n} otherwise
Wi +ry +2m, <0.Seto(p) =nwith p € {1,...,n}.If p < n we must have

Vp + p = Wp + 1y + 2my +n.

Thus v, = pp+re+2m,+n—p > uz which contradicts the hypothesis uz > v,—. Hence
o(n) = nandr,+2m, = [ thatisoc € W,,_;. Moreover we have y = V' since wov’ = y and
v, ¥ € P,_1.This proves that s, +r+2m,.) can not be obtained by applying the straightening
law for Schur functions on S, +r,+2m,.y) With (uz + 7 + 2m., ¥) # (uz + 7 + 2m,v").

Then the corollary directly follows from (13) and Theorem 2.1.2. O

Now suppose that v = (p), = (p,0,...,0) € P, . Then by Corollary 3.2.2 for any
u € P} we must have

K@= Y ¢ Ky, (@) (15)
r+2m=I

with/ = p—u; and u’ defined as in statement of Theorem 3.2.1. This implies that K ,,), ,.(¢)
may be computed recursively. We are going to give an explicit formula for K(,), ,(q). The
vertices of B((p)n), = {L € B(pA,_1), wit(b) = )} are the words

L=mb" - @ka@nQy. .. @
with u; =k —k; fori =1,...,nandkj+---+ ki + ki +---+k, = p.

Proposition 3.2.3 Ler p > 1 be an integer. For any u € P;% we have

W 0,(L
Kppoul@) =q"" Y~ ¢"®
LeB((p)n)n

where fy() = 31_ (n — Dy and 6,(L) = 371_, (2(n — i) + D(k; — ).

Proof: We proceed by induction on n. Suppose n = 1 we have fi(n) = 0. We can
write L = (1)?~%(1)¥ and uj = 2k; — p. Thus 6;(L) = kj — ui = (p — pg)/2 and the
proposition is true by (3).

Now suppose the proposition true for n — 1. First note that f,,(u) = f,—1(u) + Z:':_ll 7
where p’ is defined as in statement of Theorem 3.2.1. The set of vertices obtained by erasing
the letters n and 7 in B((p),),, is the disjoint union of the B((r),—1), withr € {0, ..., [ =
D — Wp) since the number of letters n or 7i belonging to a vertex L € B((p),), is a least
equal to p;. Its reflects the decomposition of B((p),), into its U,(spa—1))-connected
components. Consider L € B((p),), and denote by L’ the vertex obtained by erasing all
the letters n and 72 in L. Let r be such that L' € B((r),—1),y. Thenr € {0, ..., [} and ] — r
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is even since it is equal to the number of pairs (n, 77) erased in L. We set! — r = 2m. Then
ki = s +m.
We have

n—1
On(L) = 0,1 (L) +2 ) (ki — ) + (kn — pua).
i=1
From the equality r = ), _,_, | i + 22,1 (ki — i) we deduce
n—1
On(L) =01 (L) +7 =Y g +m.
i=1

Set

K= Y ghwrhw,

LeB((p)n)u

Then by the above arguments

K — Z Z O A= X0 it o ORI

r+2m=l L'€B((r)n-1),y

— Z qr+mx Z q9y171(L')+fn—1(M/).

r42m=l L'€B((r)n—1),

Thus we obtain by the induction hypothesis

K=Y ¢""Ke), (@
r+2m=lI

Finally K = K;),..(g) by (15). O

Corollary 3.2.4 Write (1), for the partition of length n equal to (1, 1,0, ..., 0). Then

n—1
K2),0(9) = Z g%
i=1

To prove this corollary we need the more general lemma above

Lemma 3.2.5 Write (17), for the partition of length n (1,...1,0,...,0) with p > 2
parts equal to 1. Then

Kary,.0(q) = (g — DKyro(q) + qKary,_,.0(q) + qgKqar2y,_, 0(q)

where y? = (2,1,...,1,0,...,0) P,:I contains p — 2 parts equal to 1.
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Proof: With & = 0 formula (13) becomes

+00 +00
+. s
QO = Z Z qu ' § Cy,rK)»,O(q)S(r+2m,y)-
yep;, r=0m=0 Ay @)t

By using the straightening law for Schur functions and Theorem 2.1.2 we have to find all
the (r + 2m, y) such that there exists o € W,,_; satisfying o o (r + 2m, y) = (17), that is

or+2m+n,ys+n—-1,....n+H=mw+1,....,.0—p+2,n—p,..., 1.
(16)

We have r 4+ 2m +n > n hence o (1) € {n,n — 1}.

(i) Ifo(7) =7ithenr = landm = 0. Fork ¢ {1,n}, y +k > 1 thuso(1) = 1.Bya
straightforward induction we obtain o (k) = k fork € {1, ..., n— p}. Moreover we have
vk +k < nfork < n. This implies that y,— € {0, 1} since y,—7+n—1>n —1. We
can not have y,—7 = 0 otherwise y; = 0 for any k < n and the value » in the left hand
side of (16) is not attained. Hence y,—7 = 1 and o(n — 1) = n — 1. By induction we
can prove that y,—t = --- = y,—77 = lando(k) = kfork e {(n—1,...,n—p+1}.
It meansthato =id,r =1,m =0and y = (1r=-h,_,.

(ii) If o(7) = n — 1 then R = m = 0. By using similar arguments than above we obtain
Yaoi =2, Vumz =+ = Vazps1 = land y,—5 = - - -y = 0. It means that o = s, and
y = y?. Note that s(,,r) = —s(1r), since s, o (0, y?) = (17), and I(s,) = 1.

Finally by Theorem 2.1.2 we must have

K(l”)n,O(q) =g X Z C?lpfl)nil,]K)».O(q) - KVI’,O(q)
re((1P=1)_1® 1)y
=(q — DKyro(@) +qKar,_ 0 +9Kar2), 0.

|

Proof: (of Corollary 3.2.4). We proceed by induction on n. For n = 2, K12 (g) = q°.
Suppose the corollary true for k < n. Then by applying Lemma 3.2.5 we obtain

Ka2,.0(9) = (@ — DK@), ,.0(q@) + 9Ka2),_,.0(q) + 4.
It follows from Proposition 3.2.3 that

n—1

Ko, o@) =) q*".
i=1
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Thus

n—1 n—2 n—1 n—1
Ko@) =@q-DY " " +q) " +qg=>) ¢ =) ¢*"
i=1 i=1 i=1 i=1

n—2

+Zq2i+l +q= niqu%.
i=1

i=1

d

Note that we can not deduce an explicit formula for K(r), o(g) with p > 2 from the
recurrence formula of Lemma 3.2.5 as we have done in Proposition 3.2.3 since we have
no explicit formula for K, » o(q) as soon as p > 2. Nevertheless we will give a conjectural
general formula for K(;», 0(g) in Section 5.

4. Cyclage graphs for symplectic tableaux

Given a symplectic tableau T € ST(n), we can factorize w(7) in a unique way by setting
w(T) = xu where u is a word and x is a letter. It is easy to verify that u is also the reading
of a symplectic tableau, say T, € ST(n). The initial cocyclage operation on T consists of
the insertion x — T,. We are going to see that all the initial cocyclage operations are not
relevant for defining a charge.

It follows from Paragraph 2.3 that the tableau obtained by cocycling a tableau T € ST(n)
does not belong to ST(n) in general but belongs to ST(n + 1). To overcome this problem we
are going to define our cocyclage operation directly on the complete symplectic tableaux
set ST = U,>1 ST(n).

4.1. Cocyclage operation

Set Coo = Uy,>1 C,. Then Cy is totally ordered by < . Given any T € ST there exists an
integer m > 1 such that T e ST(m). Recall that d; is the number of letters i of 7 minus
the number of letters i. For any weight u € P,, we will say that T € ST is a tableau of
weight u if T € ST(m) withm > n,d; =0fori > nandd; = pug fork =1, ..., n. For
any u € P,, the set of tableaux of weight w is denoted ST(w). If T € ST(u), the number
of letters k with k > n which belong to T is equal to the number of letters k.

Let w € C¥, and write w = xu with x aletter and u € CZ,. The cocyclage shift £ is the
map defined on C%, by

E(w) = ux.
Lemma4.1.1 Foranyn > 1,0 € W,, and w € C%,, £(c(w)) = o(§(w)).

Proof: The proof is analogous to that of Proposition 5.6.1 of [16]. O
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Consider a symplectic tableau T = C; --- C, € ST(m) with r > 1. We will say that the
cocyclage operation is authorized for T if there is no letter y € C,, such that y € C; for all
i=1,...,rand y ¢ T. Thus, since each column of 7 contains at most one letter y, the
cocyclage operation is not authorized for 7 when there exists aninteger p € {1, ..., m} such
that |d}| is equal tor. If the cocyclage operation is authorized for 7', we write w(T') = xw(T;)
where T, € ST(m) and x € C,,. and we set

UT)=x — T..

Remarks

(1) U(T) belongs to ST and wt(U(T)) = wt(T). More precisely, if T € ST(m) then
U(T) € ST(m) if the heights of the first columns of T and U(T) are equal, and
otherwise U(T) € ST(m + 1).

(i) If wt(T') = 0 then the cocyclage operation is always authorized.

(iii)) By convention there is no cocyclage operation on the columns.

(iv) Suppose that T' contains r columns. Then the number of columns of 7, is r or r — 1.
Thus U(T') contains at most r 4+ 1 columns since its shape is obtained by adding one
box to that of T,. Moreover U(T) contains 7 + 1 columns only if the height of its
rightmost column is equal to 1.

(3|2 i[3]4] (3|2
Example 4.1.2 Consider the tableaux T; =(5(3|1|, 7> =[3|3| and T35 =|3[3|1} Then the
2 2 3
cocyclage operation is authorized for 7} and 75 but not in T3. For T}, we obtain
413|1
X1 =2,T1s= 312
2
and
a|3]1]
u(h) =|3|2
213

Similarly we have

Wl

X =4,Th, =

IS
[\
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and

(O8]}

[\S]]

U) =

NSNS

Lemma 4.1.3 Suppose T € ST(m) and consider o € W,,. Then the cocyclage operation
is authorized for T if and only if it is authorized for o (T). In this case we have U(o(T)) =
o (U(T)).

Proof: The first statement follows from wt(7T) = wt(U(T)) and the second statement
follows from Lemma 4.1.1 and (12). a

4.2.  Cyclage graphs

We endow the set ST with a structure of graph by drawing an array T — 7" if and only if
the cocyclage operation is authorized on 7 and U(T) = T'. Write I'(T) for the connected
component containing 7. Let 7 be the translation operation on letters of C, defined by
t(k) = k+ 1 and t(k) = k + 1 for k > 1. We write ¢(w) (resp. t(T)) for the word (resp.
the tableau) obtained by applying ¢ to each letter of w € C (resp. to each letter of T €
ST).

Lemma 4.2.1

(i) Suppose T € ST(m). Then I'(T) and I'(c (T)) are isomorphic for any o € W,,.
(ii) The cyclage graphs T'(T) and T (¢t(T)) are isomorphic.
(iii) Suppose that Ty # T, € T'(T) are such that U(T;) = U(T;) = T. Then Ty and T,
have different shapes.

Proof: Assertion (i) follows immediately from Lemma 4.1.3.

Let w; and w; be two words of C,,. Then w; =, w, if and only if t(w;) =11 t(w>).
This implies that P(t1(w)) = t(P(w)) for any word w € C. Hence t commutes with U.
Since ¢ is a bijection, it is also an isomorphism between I'(T") and I"(¢(T")) which proves
(ii).

Suppose that T, T, € ST(m) have the same shape X. Write w(7}) = xw(R) and w(7T>) =
yw(S) with x, y two letters and R, S two symplectic tableaux. Then w(R)x =,,+1 w(S)y
since P(w(R)x) = P(w(S)y) = T. Then R and S have the same shape Y obtained by
deleting one box in the rightmost column of X. The highest weight vertices of the connected
components of G, containing w(R)x and w(S)y may be respectively written w(Yy)xo and
w(Yy)yo where Yy € ST(m + 1) is the highest weight tableau of shape Y. The congruence
w(R)x =,,41 w(S)y implies the congruence w(Yy)xo =,,+1 w(¥p)yo. Thus we must have
wt(w(Yg)xo) = wt(w(¥p)xp). It means that xo = yy. Hence w(R)x and w(S)y are congruent
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and belong to the same connected component. This implies that w(R)x = w(S)y, thus
xw(R) = yw(S) and T} = T». So (iii) is proved. ]

Assertion (i) of the above lemma permits to restrict to the cyclage graphs I'(T) with
T € ST(n) and u € P,". Suppose first that & = 0. By remark (ii) above, the cocyclage
operation is always authorized on symplectic tableaux of weight O with at least two columns.
So we can define from T a sequence (7,) of symplectic tableaux by setting 7y = 7" and
Tis1 = U(Ty) while T is not a column.

Proposition 4.2.2 Let Ty € ST(0) and let Tyyy = U(Ty). Then the sequence (T,)
is finite without repetition and there exists an integer e such that T, is a column of
weight 0.

To prove this proposition we need two technical lemmas. Given two words w, w, € CZ%,
write w; <dw, if w; and w, can respectively be written w; = u;x;v and wy = uyx,v where
uy, Uz, v € Cyand xy, x, € C satisfy x| < x. It means that < is the inverse lexicographic
order on words of C%, . For any symplectic tableau T with r > 1 columns, we denote by
N,(T) the number of boxes belonging to the r — 1 rightmost columns of 7.

Lemma4.2.3 Consider v € P,\ and v € ST(1) a tableau withr > 1 columns. Let T, T’
two tableaux of I'(t) such that T = UD(t) and T’ = UD(t) withi > 0 an integer. Then
the following assertions hold.

1. Forany j, S = UY)(t) contains at most r + 1 columns and if it contains r + 1 columns,
the height of its rightmost column is equal to 1.

2. Suppose that T contains r or r + 1 columns and N,(T) = N,(T’). Then only one of
the following situations can happen:

(1) T and T' contain r columns and their r-th columns have the same height.
(ii) T contains r columns and T' contains r + 1 columns.
(iii) T and T’ contains r + 1 columns.
(iv) T containsr+ 1 columns, T’ contains r columns and the height of the last column
C/ of T' is equal to h(C,) + 1.

Moreover in each case we can write w(T) = x,w(T,) and w(T") = x w(T)) with
w(T)<iw(T).
3. Supposethat T containsr orr + 1 columns and N,(T) # N,(T’). Then N.(T) > N,(T").

Proof:

1. We proceed by induction on j starting from j = 0. If § = U")(r) contains at most
r columns, then by Remark (iv) before Example 4.1.2 the assertion is true for U(S).
Now if S = UY(t) contains r + 1 columns, then S, contains r columns and U(S)
contains either r columns either r 4+ 1 columns with only one box in its rightmost
column.
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2. In case (i) the box which is added to T, during the insertion x, — T, appears on the
bottom of the last column C, , (eventually empty) of T,. This insertion can be written
Xe > Ty = (o » C1-+ - Cro)Cry = (Cy---C_D(y — C,,) that is, x, is first
inserted in the sub-tableau composed of the r — 1 leftmost columns of 7, which gives
a new tableau C| -~-C;71 and a letter y. This letter is then inserted on the bottom
of C, .. Suppose that there exists an integer i € {1,...,r — 1} such that C} # C;.
Then if we choose i minimal we have w(C;)<w(C;) by (10) and finally w(T,)<w(T).
Now if C; = C; fori = 1,...,r — 1 we have y = x, and x, € C;, X, ¢ C; for
any i = 1,...,r — 1. So the letter x, belongs to all the columns of 7. Then x, is a
barred letter since 4 € P;f and r > 1. Moreover %, ¢ C* for x, — C7 is a column.
Thus X, ¢ T. This contradicts the fact that the cocyclage operation is authorized for
T.

In case (ii) a new column of height 1 is added to the shape of T,. The insertion
can be written x, — T, = (x, = C1---Cr_)Crs = (C;---Cl_ )y — Cpy) =
Ci---C,_,C/ [ that is, x, is inserted in the sub-tableau composed of the r — 1 left-
most columns of T, which gives a new tableau C i cee CLI and a letter y. This letter
is then inserted in C, . which gives the column C; , and the letter x;. If y # x., we
terminate as in case (i). Otherwise we have C; = C; foranyi = 1,...,r — 1. We can
not have x/, = x, since it would imply that x, € C, . which is impossible since C,
can not contain two letters x,. Thus x| > x., w(C} ,)<w(C,.) and finally w(T;))<w
(T).

Case (iii) is similar to case (i) with 2(C,) = 1.

In case (iv) C,; contains only the letter x, and a new box appears on the bottom
of the column C, of T, during the insertion x, — T,. The insertion can be written
Xy > To =xo = (C1---C) = (C}---C/_ )y = Cry) = C---C,_|C], that is
X4 is inserted in the sub-tableau composed of the r — 1 leftmost columns of 7, which
gives the tableau (C| - - - C/_,) and the letter y. This letter is then inserted on the bottom
of C, , which gives the column C;q*. Suppose that y = x,. We must have x, € C;, and
Xy ¢ Ciforanyi = 1,...,r — 1. Then x, = g with ¢ > 1 that is, is a barred letter
as in (i). Moreover X,, x, ¢ C, because x, — C, is a column. Thus dz(w(T)) = r.
Now T contains r + 1 columns, hence T # 7. Let j minimal such that R = U%~/)(1)
contains r columns. Then dz(w(R)) = dz(w(T')) = r. Thus the cocyclage operation in
not authorized in R and we obtain a contradiction. It means that y # x,. So we can
terminate as in case (i).

3. Itis clear from the definition of the cocyclage operation.

O
Lemma 424 LetT = C;---C, € ST(0) with r > 1 columns. Then there exists an

integer k such that Ty has at most r — 1 columns. Moreover if k is minimal the sequence
To, . .., Ty is without repetition.

Proof: Let m > 1 be an integer such that Ty, ..., T, have r or r 4+ 1 columns and
N.(T;) = N.(T) forany i = 1,...,m. Then by Lemma 4.2.3 we can write w(7;) =
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Xisw(T;4),i =0, ..., m with
W(Tn )<+ QT ) <w(To 4)- (17)

This implies that the sequence T, ..., T, is without repetition. Now suppose that T €
ST(n). Then, by Remark (i) after Lemma 4.1.1 and the fact that N, (7;) = N,(T) the height
of the first column of any tableau 7;, i = 0, ..., m is always equal to that of Ty. Thus
T; € ST(n) foranyi = 0, ..., m. Denote by p the number of boxes in 7j. Since the number
of symplectic tableaux with p boxes belonging to ST(n) is finite there exists an integer
s1 minimal such that N,(T5,) = N,(T) + 1 or T, has at most r — 1 columns. Then the
sequence Ty, ..., Ty, is without repetition. If 7§, has at most » — 1 columns we take k = ;.
Otherwise Ty, has r or r 4+ 1 columns and we can obtain similarly starting from 7, an
integer s, minimal such that N,(T;,) = N,(T5,) + 1 or T;, has at most r — 1 columns. The
sequence Ty, ..., Ty, is without repetition. Then the sequence T, ..., Ty, is also without
repetition. Indeed a tableau 7; with i € {0, ...,s; — 1} can not be equal to a tableau 7;
with j € {s1,..., s — 1} since N.(T;) # N,(T;). By induction we can construct T,
from T, while T;; has r or r + 1 columns, such that N,(T,,,) = N,(T;,) + 1 and the
sequence T, ..., Ty,,, is without repetition. The procedure terminates since the number of
boxes belonging to the columns r and r + 1 decreases by 1 to each step. So the lemma is
proved. O

Proof: (of Proposition 4.2.2): Let » > 1 be the number of columns of 7. By Lemma
4.2.4 , we can obtain from T = Ty a tableau 7}, with at most r — 1 columns and such
that the sequence Ty, ..., T, is without repetition. If » — 1 > 1 we can obtain a tableau
Ty, from T;, with at most r — 2 columns and such that the sequence T, ..., Tj, is without
repetition. We can define Ty ,, from T}, while r —s > 1 such that the sequence Ty, ..., Ty, ,,
is without repetition. It is clear that the procedure terminates when 7, = T, is a column of
weight 0. O

It follows from Proposition 4.2.2 that wt(T}) = wt(T3) 7 I'(T}) = I'(T3) in general. For
example all the columns of weight 0 occur in different connected components.
We give below
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®

(ii)

Given T’ € ST, it is possible to find the tableaux T (if there is any) such that U(T') =
T'. To do this we find all the pairs (x, T}) obtained by applying the reverse insertion
algorithm on the outside corners of 7’. By definition of U, the tableaux T are precisely
those which verify w(T) = xw(T,) for a pair (x, T,). They are determined by the pairs

(x, T,) for which xw(T}) is the reading of a symplectic tableau. For example 7’ =

has only one outside corner which gives x = 1 and T, = . There is no tableau T
1

such that U(T) = T’ since 1(111) is not the reading of a symplectic tableau.

In the definition of U(T') we have restricted to the authorized cocyclages. For type A
the cyclage graphs take also into account non initial cyclages. When 7 is of dominant
evaluation that is wt(7') is a dominant weight, they are obtained by considering all



KOSTKA-FOULKES POLYNOMIALS 231

the factorizations w(7) = yw(Y) in the plactic monoid with y # 1 a letter and Y
a semi-standard tableau. The use of non initial cocyclages with symplectic tableaux

is problematic because it can make appear loops in the cyclage graphs. For example
3|3 _ - _ I

consider Z =[i| . Then w(Z) = (33 1 =5 2(211) =; 2 121. Now if we compute
.

P(£(2 121)) we obtain Z' = P(1212)=}> 112] 50 we have a loop since U(Z') = Z

(see the cyclage graph I'(1]1]1]1] above).

(iii) For type A, every semi-standard tableau belongs to the cyclage graph containing a

—_

row tableau. By considering 1b we see that such a property is false with the

symplectic tableaux even if we consider non initial cyclages. This explains why we
have to consider the cocyclage operation and not the cyclage one.

4.3.  Reduction operations

Consider T € ST(p) with . € P;F. If the cocyclage operation is not authorized for 7', then
T does not contain any letters n. Indeed there exists p € {1, ...n} such that up is equal to
the number of columns of T'. Thus z = pp since uz > fp. So each column of T contains
aletter 77 and no letter n. Let T be the tableau obtained first by erasing the letters 7 in T next
by applying ¢ to the letters x € T such thatii < x < n. It is easy to verify that Ty € ST(u')
with ' = (w; =, . . ., i, 0) € P;F. Now if the cocyclage operation is not authorized on Ts,
we can compute (7§)s and so on to obtain a symplectic tableau 7" which is either a column of
weight 0 (eventually empty) either a symplectic tableau for which the cocyclage operation
is authorized. We will say that 7" is obtained by reduction operations from 7. By conven-
tion we set 7' = T if the cocyclage operation is already defined for the symplectic tableau 7.
Remark When a reduction operation is done in T € ST(u) with u € P, 5 is equal to
the first part of the shape of 7. To define a charge statistic on symplectic tableaux related to
Kostka-Foulkes polynomials, it seems natural by Lemma 2.1.3 to impose that the charges
associated to T and 7" should be equal as we will do in Section 5.

From T € ST(u) we can compute a sequence of symplectic tableaux by setting 7o = T
and

U(f’k) if U(YA}() is not a column

(U(Ty)) otherwise
while f"k is not a column.

Proposition 4.3.1 The sequence (T,) is finite without repetition and the last symplectic
tableau obtained is a column of weight 0 (eventually empty).

Proof: Suppose first that there is a loop in the sequence (7)) that is, there exists two
integers k and s such that 7 = Tj4,. Then T; = T, foranyi =k, ...,k + s — 1. Choose
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p € {k, ..,k + s — 1} such that the number of columns of T}, is minimal among all the
tableaux 7;, i = k, ...,k + s — 1. Denote by r the number of columns of T,. Then by
assertion 1 of Lemma 4.2.3, T, ..., Ty+y—1 contain r or r + 1 columns since every T;,
i =k,...,k+ s — 1 can be obtained by cocyclage operations from 7,. We must have
N (Ty) < - -+ < Ny(Tj+s). This implies that N, (Ty) = - - - = N (Tj15—1) for Tpys = Ty.
Then by assertion 2 of Lemma 4.2.3 we can write w(7T;) = x;.w(T; )0 =k, ...,k +s
with

w(Tk+s',*)<] ce <]w(Ts,>k)~

We obtain a contradiction since w(Tjs..) = w(T; ). It means that there is no loop in the
sequence (7},). Hence this sequence is without repetition.

Now suppose that this sequence is infinite. Then there exists an integer a such that the
sequence (7,,)n>0 is infinite without reduction operation. In the proof of Lemma 4.2.4
the hypothesis & = 0 is only used to assure that the sequence of the cocycled tableaux
is defined. It means that this lemma is still true for the sequence (7,44).>0. Thus we
can define by induction as in proof of Proposition 4.2.2 an infinite sequence of tableaux
(Ty,)j>0 such that T, = T, and for any j, T, , has one column less than 7,,,. We derive a
contradiction since the number of columns of 7, is finite. It means that the sequence (7,,) is
finite.

Finally 7, the last tableau of this sequence is necessarily a column such that 7, = T},
that is, 7,, is a column of weight 0. O

)
Example 4.3.2 The cocyclage operation is not authorized for 7' = . We have T' =

. Then T} = and I, = () = .

4.4. Embedding of cyclage graphs

Each connected component I'(7) contains a tableau ¥ which admits no cocyclage. This
tableau is necessarily unique. Suppose that Y € ST(m) .Then I'(T) C ST(m) thus is finite.
Moreover for any Z € I'(T) there exists an integer k such that U¥)(Z) = T. This means
that I'(7") has a tree structure.

Proposition 4.4.1 Let u € P, and consider T,, € ST(w). Suppose that there exists
J < i =< nsuchthat u; > u; > 0. Set v € P, defined by vi = pug for k # i, ],
v; = u;j — 1 and v; = pj + 1. Then there exists a tableau T, € ST(v) and a unique
embedding from I'(T,) to I'(T,) which commutes with U and preserves the shape of the
tableaux.
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Proof: Wehave seen that I'(7},) has a finite number of vertices. Write m > n for the lowest
integer such that I'(7},) is contained in ST(m). By abuse of notation we also denote y and
v the weights of P, definedby u = (0, ...,0, sz, ..., uj)andv = (0,...,0, vz, ..., v7).
Leto € W, suchthato(i) =m,0(j) =m — land o(k) = kfork # i, j. Set o () = u’
and o (v) = v'. Write Ty = o(T,). We have I'(T,;) C ST(m). Then for any T € T'(T,),
Fm_1(w(T)) # 0. Indeed the crystal graph G"~1 obtained by erasing in G,, all the
arrows of color i # m — 1 and all the letters x ¢ {m,m — 1, m — 1, m} is a Uy(sly)y—1-
crystal where U,(sl>),—1 is the sub-algebra of U,(sp2,) isomorphic to U, (sl;) generated
by em—1, fu—1 and t,,_. The vertex w(T),,—; of G™~D obtained from w(T) is of weight
(s u;ﬁ) # 0. Since u; > pu; > 0 we have uy; > /,Ll/n_l > 0. Thus w(T),,—1 is a highest
weight vertex and there is an arrow of color m — 1 and length u/, — u:n —

from w(T).

Now consider T € I'(T,/) such that U(T) = T’ is defined. Write w(T) = x,w(T,). We
must have x, # m since the cocyclage operation is authorized for 7. Moreover x, # m.
Otherwise the first column of 7’ would contain the letters m and m (because w;, > 0) and
T’ ¢ ST(m). We are going to prove that

which starts

j‘mfl(x*w(T*)) = x*fmfl(w(T*))' (19)

It suffices to establish (19) for x, = m — 1. When x, = m — 1 there is no letter m — 1
in the second row of T since T’ € ST(m). Thus all the letters m — 1 of T belong to its
first row. Denote by 7; the sub tableau of 7 containing all the columns whose the lowest
letter is /m. The tableau T can be regarded as the juxtaposition 77, of the tableaux T
and 7, where 7T is the sub-tableau obtained by considering the columns of 7" which do
not occur in 7j. Then 77 do not contain any letter m or m — 1 and 7, do not contain
any letter /m. Suppose that fm,l(x*w(T*)) = f,,,,l(x*)w(T*). Then with the notation of
Note 2.2.2 we can write p(w(73)) = (+)° since x, = m — 1 = + is not ignored during
the encoding procedure. The pairs (4) ignored are pairs im — 1,m — 1) or (m — 1, m)
for m do not belong to w(73). Since p(w(7>)) contains only symbols +, all the letters
m — 1 can be paired with letters m — 1. Thus the number of letters m — 1 in w(73) is
strictly greater than that of letters m — 1. It is also true for w(7T") because w(7}) does
not contain any letter m — 1. This contradicts the inequality w/,_, > 0. Thus (19) is
true.

Denote by V the symplectic tableau of reading fm_l(w(TM/)). We are going to prove
that ¥ : I'(T),) — TI'(V) defined by W(T) = S if and only if w(S) = f‘m_l(w(T))
is an embedding which commutes with U and preserves the shape of the tableaux. We
have W(U(T)) = P(fn—1(w(Ty)xy)). Suppose that there exists p € {1, ..., m} such that
\/p is equal to r the number of columns of S. Then since U(T) is defined and v; = pu;
for any k # m, m — 1 we must have p € {m,m — 1}. If v, = r then we have uj, =
r + 1 which is impossible for T contains only » columns. If vr’nf1 = r then we obtain

/ /

W > rsince u

=T land uj;, > Mo This contradicts the fact that the cocyclage
operation is authorized for 7. Hence the cocyclage operation is authorized for S and we
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can write

U(S) = UMW(T)) = PE(Ff m-1(xsw(T) = PEu(fru1(w(T))))
= P(fm-1(w(T))x,).

Thus we have to show that

FnarW(T)xy) = Fuet (w(T))xs.

By (4) it is equivalent to

Om—1(W(Ty)) > €p_1(xs). (20)

We have seen that x, # m and for x, # m — 1 (20) is true since &,_1(x,) = 0 and
@m—1(w(T,)) > 1. Suppose that x, = m — 1. Then the vertex of G/~ obtained from
w(T,) as above is of weight (s, ;= — 1). Thus @—1(W(T})) > wp — U=y +1 > 2
for wn > w,;=. So (20) is satisfied. It is clear that T and W(7') have the same shape.
Moreover by (iii) of Lemma 4.2.1 W is the unique map from W I'(7,/) to I'(V) which
commutes with U and preserves the shape of the tableaux. Finally, using o~! we obtain
from ¥ a unique embedding ¥, satisfying V,(T) = o~ Wo (T) from I'(T,) to I'(T,) with
T, = o~ "Wo(T),). O

Note that 7, is not unique in general since I'(v) = {I'(T), T € ST(®)} may contain
fewer connected components isomorphic to I'(T;,).

Corollary 4.4.2 Let u € P, and T, € ST(w). Write respectively m and p for the sum
of the non zero parts and the number of zero parts in . Define k € P,f, » by ki =1 for
p+1<i<m+ pand«k; = 0 otherwise. Then there exists a tableau T, € ST(k) and a
unique embedding of T'(T,,) into I'(T,) which commutes with U and preserves the shape of
the tableaux.

Proof: The corollary directly follows by composing embeddings obtained in the previous
Proposition. O

Example 44.3 If n = 3 and p = (2,1,0) then « = (1,1, 1, 0). The cyclage graph

r lni of (18) may be uniquely embedded in I' lnni
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5. A charge for symplectic tableaux
5.1. Definition of ch,

Definition 5.1.1 Let C be a column of weight 0. Write Ec ={i > 1,i € C,i + 1 ¢ C}.
The charge ch, (C) of the column C is

ch,(C) =2 Z(n — ).

ieEc
Note that for any column 7 of weight 0,

chy11(C) = ¢ch,(C) + 2card(Ec) and  chy,(1(C)) = ch,(C).

Moreover for any i > 1, we have &(w((C))) = {; Mi<Ec (see (5)). Thus for any n-
admissible column C of weight 0
n—1
ch,(C) = 22(” — e (w(C)). 21
i=1

Now consider T € ST(u) with u € P,:L. Let {Tp, ..., T,} with T, = Cr a column of
weight O be the sequence obtained from 7 as in Proposition 4.3.1).

Definition 5.1.2 The charge ch,(T) is
¢h,(T) = ch,(Cr) + p.

Remark
(i) For any tableau 7' we have by Lemma 4.2.1 (ii)
chy1(#1(T)) = chy(T).

(ii) If the cocyclage operation is authorized in 7', then ch,(U(T')) = ch,(T) — 1. Otherwise
ch,(T) = ch,(T).

5.2.  Conjectures

Conjecture 5.2.1 Let A} and A? , be respectively the k-th and (n — k)-th fundamental
weights of U, (sl,). Set ;x = A + A ,. Then we have the equality:

Kayo0(q) = Kﬁ,o(qz)
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where K /{i ,O(qz) is the Kostka-Foulkes polynomial for the root system A,_; corresponding
to ;4 = 0 evaluated at ¢>.

Write B(2k)o = {b € B(Ay), wt(b) = 0}. By identifying U, (s/,) with the subalgebra of
U,(sp2,) generated by the Chevalley’s generators ¢;, f; and t;, i = 1,...,n — 1, B(Ax)
has a structure of crystal graph for U, (s/,) obtained by erasing all the arrows of color O that
we denote B4(A;). This graph decomposes into non isomorphic connected components
and in this decomposition By(2k) is exactly the set of vertices of weight O of the connected
component isomorphic to B4 ()

By Theorem 5.1 of [12] we can write

A 2 2d'(w(C
K}quo(q ) = Z q (w(C))
w(C)eB(2k)y

with d'(w(C)) = Z;:]l (n — i)e;(w(C)). Then it follows from (21) that Conjecture 5.2.1 is
equivalent to the equality

h, (C
Knolg)= Y q™O.
w(C)eB(2k)y

So by Corollary 3.2.4, this conjecture is true for k = 1.

More generally many computations suggest that ch, is an analogue for the root system
C, of Lascoux-Schiitzenberger’s charge on semi-standard tableaux.

Conjecture 5.2.2 Consider A, u € P,". Then

KAJL(‘I) = Z thn(T)

w(T)eB(),
where B(A), = {T € B(A), wi(T) = u}.

Example 5.2.3

1. Suppose n =4, A0 = (2,1, 1, 1) and u = (1, 1, 1, 0). There are 4 tableaux in ST(4)
of shape A" and weight 11("). They appear in the cyclage graph of Example 4.4.3. Set

QO
I
|_|>—||[\)||L».)||.l>||
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We have chy(C) = 0 since C= . Hence the charges of these 4 tableaux are 1, 2, 3 and
4. This gives the Kostka-Foulkes polynomial Ko ,0(q) = g +¢*> + ¢° + ¢*.

2. Suppose n = 3, A? = (2,2,0) and u® = (0, 0, 0). There are 6 tableaux in ST(3) of
shape A and weight u®:

T,

—il | NI
—
\S)
—
—1| Wl
(O8]
(S]]
(O8]
[\S]}

,T2=1 WEES 1,T4= WEES i and Tg =

w
J—
QY | =
\S]]
w

Note that T, T3 € l" and I'(T)) is given in (18). We obtain

Ch3 (T]) =2+ Ch3

and ch3(T3) = 6. Moreover T5 = ¢(T1) and Ty = #(T3). Thus ch3(T5) =4 — 2 = 2 and
ch3(Ts) = 8 — 2 x 2 = 4. By an easy computation we obtain

Hence ch3(7y) = 4 + 2(2 — 1) = 6. This gives the Kostka-Foulkes polynomial K;e ;.0
(@) =q*+2¢* +2¢° + ¢°.

Remark
(i) Once ch, defined on ST, it is possible to define ch, for any words of C%, by setting
ch, (w) = ch, (P (w)).

Then given wy, w, € C;;, the congruence w; = w, implies that ch,(w;) = ch,(w,),
that is ch, is a plactic invariant. We recover a property of the Lascoux-Schiitzenberger’s
charge ch, for type A [14] [20]. Nevertheless, it seems difficult to define ch,, directly
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on words as it is possible for chy. In [12], the statistic ch, is characterized in terms
of the combinatorics of crystal graphs. We have not found such a characterization for
the symplectic charge ch,,.

(i) It seems to be impossible to define a simple charge statistic on ST(n) by using a
cocyclage operation taking into account the contraction relation (9) and relevant for
computing Kostka-Foulkes polynomials. Consider for example 7 = forn = 3.
If we apply cocyclages operations based on the complete insertion scheme (with the
contraction relations) we obtain the symplectic tableaux of ST(3),

e S 211 |3
i|i[1] 121 [2]1]2] E -
0 [l G BB
- - 2l

is not a 3-admissible column). We know by Proposition 3.2.3 that a charge for 7 must

necessarily be odd and by Corollary 3.2.4 a charge for E must be even. So we can not

deduce the charge of T from that of E by simply counting the number of cocyclage
operations. !
(iii) Lascoux-Schiitzenberger’s proof of the equality

K)\,u(q) = Z thA(T)

w(T)EB(M),

for type A is based on the Morris recurrence formula. We have seen that Theorem 3.2.1
can be regarded as an analogue of this formula for type C,. It permits to decompose a
Kostka-Foulkes polynomial for type C, in terms of Kostka-Foulkes polynomials for type
C,—1. Unfortunately a charge statistic must take into account the contraction relations to
be compatible with the decomposition obtained in this way since the partitions A such that
B()\) appears in a decomposition of type B(y) ® B((r),—1) may be such that |X| < |u|. This
is a reason why we are not able to deduce Conjecture 5.2.2 from Theorem 3.2.1.
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