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Abstract. A normal (respectively, graded normal) vector configuration A defines the toric ideal /4 of a normal
(respectively, projectively normal) toric variety. These ideals are Cohen-Macaulay, and when 4 is normal and
graded, /4 is generated in degree at most the dimension of / 4. Based on this, Sturmfels asked if these properties
extend to initial ideals—when A is normal, is there an initial ideal of /4 that is Cohen-Macaulay, and when
A is normal and graded, does /4 have a Grobner basis generated in degree at most dim(/ 4) ? In this paper, we
answer both questions positively for A-normal configurations. These are normal configurations that admit a regular
triangulation A with the property that the subconfiguration in each cell of the triangulation is again normal. Such
configurations properly contain among them all vector configurations that admit a regular unimodular triangulation.
‘We construct non-trivial families of both A-normal and non-A-normal configurations.
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1. Introduction

A finite vector configuration A = {a; : i = 1,...,n} C Z? defines the toric ideal I 5:=
(x"—x" :u,ve N, Y au =) av) inthe polynomial ring R := Kl[xy, ...,
x,] = K[x] where K is a field. Let cone(A), ZA and NA denote the cone, lattice and
semigroup spanned by the R, Z and N-linear combinations of .A where N is the set of non-
negative integers. Let dim(A) be the Krull dimension of R /I 4 which equals the rank of Z.A.
Assume dim(A) = d. The configuration A is normal if NA = cone(A) N Z.A and graded if
A spans an affine hyperplane in R¢. A finite set B C Z¢ such that NB = cone(A) N ZA is
called a Hilbert basis of the semigroup cone(A) N Z.A. If A is normal, the zero set of 1 4 is
a normal toric variety in A} of dimension d, and when A is also graded, it is a projectively
normal toric variety in IP’ﬁ'(_l of dimension d — 1. See [17] for details on toric ideals. A
survey of recent results and open questions on normal configurations can be found in [2].

It is well known that initial ideals of a polynomial ideal inherit important invariants of the
ideal such as dimension, degree and Hilbert function. Thus it is natural to ask if certain initial
ideals inherit further properties of the ideal such as Cohen-Macaulayness, Betti numbers or
reducedness (of the corresponding scheme). A result of Hochster [9] shows that when A is
normal, /4 is Cohen-Macaulay. If A is also graded, then I 4 is generated by homogeneous
binomials of degree at most d [17, Theorem 13.14]. Motivated by this, Sturmfels asked and
conjectured the following.
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Question 1.1  If Ais normal (more generally, if I 4 is Cohen-Macaulay), is there a mono-
mial initial ideal in, (I 4) of the toric ideal I 4 that is Cohen-Macaulay?

Conjecture 1.2 ( [18, Conjecture 2.8]) If A is a graded, normal configuration then I 4
has a Grobner basis whose elements have degree at most d = dim(A).

In this paper, we show that Question 1.1 has a positive answer and Conjecture 1.2 is true
when A is A-normal. These configurations were defined by Hosten and Thomas in [11].
We recall the definition. Let A be a pure (d — 1)-dimensional simplicial complex with
vertex set [n] := {1, ..., n}. We denote the set of facets (d-element faces) of A by max A.
Forasett C [n],let A, := {a; € A : i € t}. We say that A is a triangulation
of A if cone(A) = (U, cmax » cone(A,) and cone(A,) N cone(A,,) = cone(Ay,no,) for
all 0;,0; € max A. The Stanley-Reisner ideal of A is the squarefree monomial ideal
([Ticrxi © T &€ A) € R. A cornerstone in the combinatorics of toric initial ideals is the
result by Sturmfels that the radical of a monomial initial ideal in,(/4) of the toric ideal
1 4 is the Stanley-Reisner ideal of a triangulation A,, of A [17, Theorem. 8.3]. The ideal
in,, (1 4) is said to be supported on A,,. Triangulations supporting initial ideals of 7 4 are the
regular triangulations of A. A triangulation A of A is unimodular if for each o € max A,

ZA, = ZA.

Definition 1.3 If there exists a regular triangulation A of a configuration A such that for
eacho € max A, ANcone(A,) is a Hilbert basis of cone(A,)NZA, we call Aa A-normal
configuration.

Note that ZA is used in the semigroups of Definition 1.3. All A-normal configurations
are normal. In Sections 3 and 4, we prove our main results.

Theorem 3.1 Let A be a A-normal configuration. Then there exists a term order > such
that A = A, and in, (I 1) is Cohen-Macaulay.

Theorem 4.1 Let A be a graded A-normal configuration. Then there exists a term order
> such that A = A, and the Grébner basis of I 4 with respect to > consists of binomials
of degree at most d = dim(A).

It was shown in [11] that if A is A-normal then /4 has a monomial initial ideal that
is free of embedded primes. In Section 2 we recall the main features of this initial ideal.
Theorems 3.1 and 4.1 are proved by showing that this same initial ideal is Cohen-Macaulay
and, when A is graded, generated in degree at most d. Our proofs are combinatorial and
rely heavily on the structure of this initial ideal.

The set of A-normal configurations is a proper subset of the set of normal configurations.
They occur naturally in two ways. If A has a regular unimodular triangulation A, then A
is A-normal. If cone(A) is simplicial and we assume that its extreme rays are generated
by aj, ..., a,, then A is A-normal with respect to the coarsest regular triangulation A
consisting of the unique facet o = {1, ..., d}. These were the only examples known so
far. Specific instances of normal configurations that are not A-normal for any A are also
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known [11]. In Section 5 we construct non-trivial families of both A-normal and non-A-
normal configurations.

Theorem 5.4 There are families of A-normal configurations {A? C 7, d > S} where
cone(A?) is non-simplicial and A¢ has no regular unimodular triangulations.

Theorem 5.7 There is a family of normal, graded configurations {A? C 74, d > 10},
that are not A-normal for any regular triangulation A.

2. Background: An initial ideal without embedded primes

We now recall from [11] the initial ideal of /4 without embedded primes when A is A-
normal. The construction uses the standard pair decomposition of amonomial ideal M [19]
which carries detailed information about Ass(M), the set of associated primes of M. Recall
that every monomial prime ideal of R is of the form P, := (x; : j & 1) for some
T C [n]. The monomials of R that do not lie in M are the standard monomials of M.
The support of a monomial x" is defined to be the support of its exponent vector v—i.e.,

supp(x*) = supp(v) := {i € [n] : v; # O}.

Definition 2.1 ([19]) Let M C R be a monomial ideal. For a standard monomial x" of M
and aset T C [n], (X", 7) is a pair of M if all monomials in x" - K[x; : j € 7] are standard
monomials of M. We call (x", 7) a standard pair of M if:

1. (x", 7)is a pair of M,

2. T Nsupp(x*) = ¥, and

3. the set of monomials in x" - K[x; : j € 7] is not properly contained in the set of
monomials in x¥ - K[x; : j € 7] for any (x*, ) satisfying (1) and (2).

The set of standard pairs of M is unique and is called the standard pair decomposition of
M since this set provides a decomposition of the standard monomials of M. The standard
pair decomposition of M is usually not a partition of the standard monomials of M. If x" is
a standard monomial of M then there is a standard pair (x", 7) of M such that x" divides x"
and supp(x'™") C 7. In this case we say that x¥ is covered by (x", t). We also use (x", 1)
to denote the set of all standard monomials covered by it.

Theorem 2.2 (A) [19] Let M be a monomial ideal in R. Then,

(1) P, € Ass(M) if and only if M has a standard pair of the form (x, T).
(2) P. is a minimal prime of M if and only if (1, t) is a standard pair of M .
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(B) [17] Let M = in,,(I 4) be a monomial initial ideal of the toric ideal I 4. Then,

(1) if P, € Ass(M) then t is a face of the regular triangulation A, of A,

(2) P, is a minimal prime of M if and only if o € max A, and

(3) for o € max A,,, the number of standard pairs of M of the form (x, o) is vol(o), the
normalized volume of o in A,,.

We call x" and t the root and face of the standard pair (x", 7). Let A (respectively, A, )
be the matrix whose set of columns is A (respectively, A, ). The normalized volume of
o € max A, is the absolute value of the determinant of A, divided by the g.c.d. of the
non-zero maximal minors of A.

Theorem 2.3 ([11, Theorem. 5]) Let A be a A-normal configuration. Then there exists
a term order > such that A = A, and in, (I 4) is free of embedded primes.

The term order > needed in Theorem 2.3 is described in [11] and is not directly used
in this paper. The ideal in, (I 4) is shown to be free of embedded primes via an explicit
description of its standard pairs. This structure is crucial for this paper and hence we
recall it now. Assume without loss of generality that ZA = Z¢. For 0 € max A, let
FP, := {d ., 2a; : 0 < A; < 1} be the half open fundamental parallelopiped of
cone(A, ). Then FP, N Z4 has vol(o') elements including the origin.

e Fory € FP, NZ4, letx" be the cheapest monomial with respect to > among all x" € R
with Au = y. It was shown in [11] that supp(x"*) C oy, := {i : a; € cone(A,),i ¢ o}.

e The standard pairs of the initial ideal in, ({4) in Theorem 2.3 are precisely the pairs
(x"7, o) as y varies in FP, N Z¢ for each o in max A, . By Theorem 2.2, in, (1 4) is thus
free of embedded primes.

For the remainder of this paper we will denote the term order of Theorem 2.3 by >, the
toric initial ideal in, (1 4) of Theorem 2.3 by J and its set of standard pairs by S(J). Other
term orders will be denoted by w.

Example 2.4 Let A be the vector configuration consisting of the 13 columns of

1111111111111
A=]J0 1 2 3 01 2 3 012 30
0oo0o0o0T111122223

Then A is a graded supernormal configuration [10] which means that it is A-normal with
respect to every regular triangulation. Consider the regular triangulation

A = {{1, 4,13}, {4, 11, 12}, {4, 11, 13}, {11, 12, 13}}.

The configuration A and its regular triangulation A are shown in figure 1. The toric ideal
14 lives in R = Kla, ..., m]. In figure 1, we have labeled the points of .4 by the variables
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Figure 1. The graded supernormal configuration A of Example 2.4.

a,...,m corresponding to the columns of A, instead of by 1, ..., 13. The term order
> in Theorem 2.3 can be induced via the weight vector (7,5,3,1,5,3,1,1,3,1,0,1, 1)
refined by the reverse lexicographic order with b > ¢ > ¢ > f > i > g > j >
h >a >d > m > 1 > k. The initial ideal (computed using Macaulay 2 [7]) is J =
(jl, gl, hm, h*, j*, gj. ik, fk,il, fl, jh,cl, gh,ih,ch,ij, fj,ig, ek, el, bl, fh, g%, ck,
bh,cg,ej, i2, fi, 2, ak, fz, ci,eg,al,eh, fg,cj, bk, ha, cf, bg, ei, bi, ef, bf, ec, bc,

e?, be, b, dml) C R. Its standard pairs, grouped by the facets of A are:

faces roots
{1,4,13} L,b,c,e f g i bj
{4,11,13} l.gj

{11, 12,13} 1

{4, 11,12} I,h

For 0 = {1, 4, 13}, FP, consists of nine lattice points—Au for each exponent vector u
of the roots 1, b, ¢, e, f, g, i, j, bj. The last of these is (2, 2, 2)". The monomials x* of R
such that Au = (2, 2, 2)" in increasing order with respect to > are: bj, eg, ci, f2, ak. Thus,
(bj, {1,4,13}) € SUJ).

Remark 2.5 Ingeneral, the term order > is constructed as in Example 2.4. When presented
with a regular triangulation A for which A is A-normal then choose a weight vector that
induces the triangulation A such that no point is lifted higher than needs be to induce that
triangulation. Namely, every lifted point is in a lower facet of the convex hull of the lifted
configuration. Then break ties with any reverse lexicographic ordering with the vertices of
A being cheaper than any non vertex of A.

3. Cohen-Macaulayness

Theorem 3.1 Let A be a A-normal configuration. Then there exists a term order > such
that A = A, and in, (I 4) is Cohen-Macaulay.
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This is done by showing that J has a particular Stanley filtration [12] which implies
Cohen-Macaulayness [12, 15]. Stanley filtrations are special Stanley decompositions.

Definition 3.2 Let M C R be a monomial ideal. A Stanley decomposition of M is a set
of pairs of M, {(x", 7)}, that partition the standard monomials of M.

Remark 3.3 Every monomial ideal M has the trivial Stanley decomposition {(x", ¢) :
x" ¢ M}. There can be many Stanley decompositions of a monomial ideal.

We will show that the standard pair decomposition S(J) of J can be modified first to a
Stanley decomposition and then to a Stanley filtration of the needed form. For t C [n] let
;. : R — R, :=K[x; : i ¢ ] be the projection map where 7, (x;) = x; if i ¢ 7 and
m.(x;))=1ifi € 7.

Theorem 3.4 ([17, Section 12.D]) If 0 € max A, for a regular triangulation A, of A,
then ,(in, (1 4)) is an artinian monomial ideal in R, with vol(o )-many standard monomials
which are precisely the roots of the standard pairs (x, o) of in,(1 4).

Corollary 3.5 If (x", 0) is a standard pair in S(J), then every divisor of X" is also the
root of a standard pair in S(J).

Lemma 3.6 Let (x",0) and (x¥, T) be two standard pairs in S(J). If x* # x" then
x",o)Nx', t)=40.

Proof: Suppose x™ € (x", o) N (XY, 7). Then x™ = x"x™ = x'x™ with supp(x™) C o,
supp(x™) C 7 and supp(x"), supp(x") outside the vertices of A, and thus in particular,
outside o U 7. Hence, x" = x". d

Corollary 3.7 If A is normal, cone(A) is simplicial (generated without loss of generality
by aj,...,ay), and J is the special initial ideal of Theorem 2.3 supported on A, =
{{1,...,d}}, then S(J) is a Stanley decomposition.

Proof: Here A is A, -normal. All standard pairs in S(J) have face [d] and roots the
standard monomials of 7(4(J) and hence distinct and so, by Lemma 3.6, no two standard
pairs intersect. a

However, if |[max A, | > 1, then it is precisely the standard pairs in S(J) with a common
root that stop S(J) from being a partition. Such pairs always exist when |[max A, | > 1—for
instance, (1, o) is in S(J) for all o € max A, . We will use the combinatorial notion of
shellings to create new pairs that partition the standard monomials covered by each set of
standard pairs with a common root. In Section 2 we defined oy, := {i : a; € cone(A4,),i ¢
o }. The following lemma identifies the faces in all standard pairs that share a root.

Lemma 3.8 Ifx" is a root of a standard pair in S(J), then {c € maxA, : (x",0) €
S(J))} = {o e max A, : supp(x") C ojn}.
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Proof: Recall from Section 2 that if (x*, o) € S(J), then supp(x*) C oy,. Conversely,
suppose (x", 7) is a standard pair in S(J) and supp(x*) C oy, for some o # 7 in max A, .
Then supp(x*) C T, N 6jy = (T N 0 )in. Then Au € cone(Ayn,). Since Au € FP, N Z4 N
cone(Ayny), it is also in FP, N Z<. Further, x" is the cheapest monomial with respect to >
among all monomials x' in R with Au = Av. This implies that (x", o) is also a standard
pair of J. O

Definition 3.9 ( [16, Chapter 3, Definition 2.1]) Let C be a pure simplicial complex. A
shelling of C is alinear ordering F, . .., F; of the facets of C such thatforeach j,1 < j <'s,
the collection of faces of C supported in (f; U --- U F)\(F; U--- U F;_;) has a unique
minimal face. A simplicial complex C is shellable if it has a shelling.

Let F be a face of a simplicial complex C. Then star(F,C) :={G € C : FUG € C}is
the simplicial complex generated by all G € C containing F'. We sometimes write star(F)
for star(F, C) when C is obvious. The following is a mild generalization of Lemma 8.7
in [20].

Lemma 3.10 Let C be a pure shellable simplicial complex with shelling order Fy, .. ., Fs.
If F is any face of C then the restriction of the global shelling order to star(F, C) yields a
shelling of star(F, C).

Definition 3.11 For a root x" in §(J), let §(x") := ({0 : (x",0) € S(J)}.

In the following arguments we fix a root X" of a standard pair in S(J). By Lemma 3.8,
3x") =(){o € max A, : supp(x") C oi,} and

max star(§(x"), A,) ={o : (x",0) € S(J)} = {o € max A, : supp(x") C opn}.

Ifx" divides x", then star(§(x")) C star(§(x")). The regular triangulation A, is shellable [20].
In the rest of this section, we fix a shelling of A, . By Lemma 3.10, this induces a shelling
of star(§(x")). Let us assume without loss of generality that o, 07, ..., 0; is the induced
shelling order of the facets of max star(§(x")). For o; € max star(§(x")), let Qﬂf be the
unique minimal face in star(§(x")) as described in Definition 3.9. It is known [20] that
Ood ={ve o; : 0;\{v} C o;forsome! < j}. For each Qv define an interval I’ :=
{F: 0y CFCoj}.

Lemma 3.12 ( [20, pp. 247]) The simplicial complex star(6(x")) is the disjoint union of
the intervals Iy, j =1, ..., 1.

Example 2.4 (continued) Consider the root g of S(J) and the shelling order oy =
{4,11, 12}, 00 = {11, 12,13}, 03 = {4, 11, 13} and 04 = {1, 4, 13} on A, . Then o3, 04 is
the induced shelling order of star(5(g)). From this we attain the sets 07 = ) and o = {1}
and the intervals I* = {F : F C {4, 11, 13}} and [* = {F : {1} € F < {1,4,13}}.
Clearly, 17 U17* partitions star((g)) which is the simplicial complex generated by all faces
of {4, 11, 13} and {1, 4, 13}.
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Remark 3.13 Note that by construction, the partial union /' U/ U- - .U is a partition
of the subcomplex with maximal faces o1, 07, ..., 07 and that Qﬁ’ is not contained in this
partial union for any j > /.

Definition 3.14 For a root x" in S(J) and a facet 0 € max A, define the monomial

1 if o € star(6(x")), Q7 =0
mg = Hlng x;  if o e star(§(x")), Q7 # ¥
1 otherwise.

Recall that we have fixed a shelling of A, and thus, by Lemma 3.10, a shelling of
star(8(x")) for each root x" in S(J). Therefore, if o € maxstar(3(x")), QF is uniquely
defined. We return to the fixed root x" and the shelling o1, . . ., o, of star(§(x")).

Lemma 3.15 The standard monomials of J in U[j=1 (x", 0;) are partitioned by the pairs
Y my o)), j=1,...,1.

Proof: By Lemma 3.12, /' U [> U --- U I is a partition of star(5(x")). Hence, if
x' € U;:l (x", 0;) then supp(x'™") € Iy’ for a unique I,’. By construction, I, =
{F : supp(mgj) CF Cojlandsox’ =x" -x"" e (x"- my, o0;). This implies that
Utj-:l x", 0;)= U'j:1 (x"- my, o ;) where the inclusion C follows from the previous line
and D from the fact that (x" - mﬁf,crj) C (x",0;) foreach j = 1,...,1. To see that
Ufj:l (x" - my’, o) is a partition, suppose x¥ € (x" - m%, 0;) N (X" - my’, 0;) where i < j.
Then x¥™" has support in IJ' N Iy’ = ¥ which implies that x = x". However, for j > 1,
my # 1as Qg # ¥ which means that x" lies only in (x*, o). O

Example 2.4 (continued) As before, the monomial g is a root of S(J) with the shelling
order induced on star(5(g)) as above. We attain the monomials mg = 1and mg = a
which is clear from Q% = ¢ and Q% = {1}. Then (g, {4, 11,13}) U (g, {1,4,13}) =
(g, {4, 11,13} U (g - a, {1, 4, 13}) with the latter union being disjoint.

Theorem 3.16 Let o4, ..., o be the fixed shelling of A, . Then

s
(X" 2, ) ()
i=1 (x4,0;,)eS(J)

is a Stanley decomposition of J .

Proof: Lemma 3.15 showed how to make the union of the standard pairs of S(J) with a
common root a disjoint union of pairs of /. By Lemma 3.6, the union (1) of these disjoint
unions is a Stanley decomposition of J. O

The above Stanley decomposition can be organized to have more structure.
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Definition 3.17 [12] Let M C R be a monomial ideal. A Stanley filtration of M is a
Stanley decomposition of M with an ordering of the pairs {(x¥', ;) : 1 < i < r} such
that for all 1 < j < r the set {x¥, ;) : 1 < i < j} is a Stanley decomposition of
M; =M + (x¥+ x%+, ..., x"). Equivalently, the ordered set {(x"/, ;) : 1 <i <r}is
a Stanley filtration provided the modules R /M ; form a filtration K = R/My C R/M; C

R/My G -+ C R/M, = R/M with g5~ = K[x; : i € 7j].
-

Example 3.18 (from [12]) Let M = (x;x2x3) C K[xy, x2, x3]. Then

{(1,9), (x1, {1, 2]), (x2, {2, 3}), (x3, {1, 31}

is a Stanley decomposition of M but no ordering of these pairs is a Stanley filtration of M.
Alternatively, the ordered pairs (1, {1, 3}), (x2, {2, 3}), (x1x2, {1, 2}) form a Stanley filtration
of M.

We now show that the pairs in (1) can be ordered to yield a Stanley filtration of J. The
significance of this for us comes from a result of Simon [15], interpreted as follows by
Maclagan and Smith [12].

Theorem 3.19 [f M C R is a monomial ideal with a Stanley filtration such that for each
face t of a pair in the filtration, the prime ideal P is a minimal prime of M, then M is
Cohen-Macaulay.

The faces of pairs in the union (1) already index minimal primes of J. Thus to show
that J is Cohen-Macaulay all we need to do is to order the pairs in (1) so that the ordered
decomposition is a Stanley filtration. We do this using the following algorithm.

Algorithm 3.20 Input: The Stanley decomposition (1) of J .
Output: A Stanley filtration of J with the same faces as those in (1).
1: (Local Lists) For each o;,1 < i < s, order the pairs in (1) with face o; in any way
such that if (x" - m{, 0;) precedes (x - my', 0;) then X' does not divide x*. Call this

list L;.
2: (Global List) The global list L is obtained by appending L; to the end of L;_ for
i=2,...,58.
Proof: Letr; := Z;:I vol(oy) fori =1, ..., s. Thenr := r, is the total number of pairs

in (1). Write £ as [(x" -mfl’,, 7)) : 1 <Il<r]lwheret =0; whenr,_1 <[ <r; (rp:=0)
and x" - mfl’] is the root of the (! — r;_)-th pair in the local list L; constructed in Step 1 of
the algorithm. For 1 < j < r define the partial list £; := [(x" - mfl’l, 7)1 <Il<jland
the ideal M; := J + (x"+! ~mf,’j:‘1 , X2 mlrf,:zz U -my ). We need to prove that £
is a Stanley decomposition of M. Since L; is already a partition, it suffices to show that
the set of monomials in the pairs in £; is the set of standard monomials of M ;.

(i) The standard monomials of M are contained in the pairs in L ;: A standard monomial
x" of M is a standard monomial of J and hence is covered by a unique pair (x" -m, , 7/)
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in L. Also,x" ¢ (x+ -my*, ..., x% .m7 ) whichimplies thatx" ¢ (X" -my™,, T;44)
forany k > 1. Hence / < j and x" € (x" -ml’l’l, 7)€ L.

(ii) The monomials in the pairs in L; are standard monomials of M ;: Suppose X" lies
in the (unique) pair (x" - my, ;) € L;. Since x" ¢ J, it suffices to show that x" ¢

. Titl
gy | g Ut o T
(Wt emy T, X mu/).

Tj+1

Suppose x" € (x"+ -my},, ..., x" -my ). Then there exists p, j +1 < p <r such that

x"r - mf,’p [x" =x"-my -x7 where X7 is a monomial with support in 7;. Since supp(x"”)
and supp(x") are both in [n]\(t, U 1), it follows that x"»|x". Since / < p, by Step 1 of the
algorithm, 7, # 7;. Recall that (x, 7;) and (x"7, 7,,) are standard pairs of J. Since x"|x%,
by Corollary 3.5, (x7, ;) is also in S(J). This implies that t,, and 7; are two distinct facets
in star(§(x"7)). Since mf,’/ [x", Q‘T,’p (= supp(mf,’;,)) C supp(x")NJ:_, o € 7. However, this

. . . . . . T
is a contradiction since 7; precedes 7, in the shelling order on A, and hence Qu”p cannot

be in 7;. Thus mf,’] Jx" and x" ¢ (x"i+! - mf,’/.:'l, ..., x% -my ) and thus not in M. O
Example 2.4 (continued) As before, oy = {4,11,12},00 = {11,12,13},03 =

{4, 11,13} and o4 = {1,4, 13} is a shelling order on A, . The (ordered) local lists in
the Stanley filtration produced by Algorithm 3.20 are:

Ly =[(1,1{4,11,12}), (h, {4, 11, 12})],

Lo =1[(-m,{11,12,13})],

L3 =[(1-dm,{4,11,13}), (g, {4, 11, 13}), (J, {4, 11, 13})],

Ly=[1-a,{1,4,13}), (b, {1,4,13}), (c, {1, 4, 13}), (e, {1, 4, 13}), ([, {1, 4, 13}),
(g-a,{1,4,13}),(, {1,4,13}),(j - a, {1, 4, 13}), (bj, {1, 4, 13D)].

Proof of Theorem 3.1:  Algorithm 3.2 shows that the initial ideal J of Theorem 2.3 has
a Stanley filtration that satisfies the conditions of Theorem 3.19. This theorem guarantees
that J is Cohen-Macaulay. O

Remark 3.21 We remark that even when A is A-normal it is not true that all initial ideals
of I 4 without embedded primes are Cohen-Macaulay. Take A to be the columns of

1111 1 1 11

22101 1 11
A =

01212121

1 0200011

Then A admits a unimodular regular triangulation and is hence A-normal. The toric ideal
14 C Kla, ..., h]has codimension four and has 46 initial ideals without embedded primes.
Among them, the following two have projective dimension five.

(1) (acd,adg,afg,ae,ag?, ce,cf,eh, f*, bc*d, fgh)
(2) (acd,adg,afg,ae,ag?, ce,cf, eh, f*, fgh, g*h?)
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The initial ideals of 74 were computed using the software package CaTS [6] and then
checked for embedded primes and Cohen-Macaulayness using Macaulay 2. This example
was found by systematic computer search. The matrix presented above, suggested by the
referee, is a nicer row equivalent matrix to the matrix we found. We remark that the first
example of a monomial toric initial ideal without embedded primes that is not Cohen-
Macaulay was found by Laura Matusevich [13]. In that example, / 4 is not Cohen-Macaulay
and thus A is not normal.

4. Degree bounds

Theorem 4.1 [If A is a graded A-normal configuration, then there exists a term order >
such that A = A, and the Grobner basis of 1 4 with respect to > consists of binomials of
degree at most d = dim(A).

Theorem 4.1 settles Conjecture 1.2 for the subset of normal configurations that are A-
normal. Since A is graded, / 4 is homogeneous with respect to the usual grading of R where
deg(x;) = 1fori =1, ..., n. Hence it suffices to show that 7 4 has an initial ideal of degree
at most d. We will show that the initial ideal J from Theorem 2.3 satisfies this degree bound
when A is graded. This is done by classifying the generators of J into three types, each
of which have degree at most d. The classification arises naturally via the projection maps
{7, : 0 € maxA, } defined in Section 3.

Proposition 13.15 in [17] shows that Conjecture 1.2 is true whenever .4 admits a regular
unimodular triangulation. (See also Proposition 13.18 in [17].) Such configurations form a
proper subset of the set of A-normal configurations. For any configuration .A and positive
scalar ¢ we can define ¢ - A as the configuration given by multiplying each point in A by
the scalar c. Then for every graded normal A there exists a positive integer ¢ 4 such that the
configuration defined by all the lattice points in the convex hull of ¢4 - A admits regular
unimodular triangulations and thus has a Grobner basis of degree at most d. See [1] and [2]
for many such results.

Note that Conjecture 1.2 requires that .4 be both graded and normal.

Example4.2 Graded, but not normal: When A = {(1, 0), (1, p), (1, ¢)} with0 < p < ¢,
g >2and g.c.d(p,q) = 1, then I 4 = (x] "x{ — xI). Its two initial ideals are therefore
generated in degree ¢ > 2 =d.

Normal, but not graded: The normal configuration A = {(1, 0), (1, 1), (p, p+ 1)} where
p > 2 has the toric ideal 14 = (x;x3 — x2*"). Hence x,x3 — x/ ™" is the unique element in

both its reduced Grobner bases.

Remark 4.3 ( [17], Chapter 13) The bound in Conjecture 1.2 is best possible. Consider
the graded A-normal configuration A = {de;, de,, ..., de;, €] + e, + - -- + e;} where
d € N. (Note that cone(.A) is simplicial). Then I 4 = (xjx3 -+ x4 — xjH).

Consider the initial ideal J from Theorem 2.3 for a graded A, -normal A. Since A is
graded, we may assume without loss of generality that a; = (1, a) € Zdfori=1,...,n.
We will show that J is generated in degree at most d.
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For a 0 € max A,, recall that oy, := {i : a; € cone(A,), i ¢ o }. Define ooy =
{i : a; ¢ cone(A,)}. Then o U oy, U oy is a partition of [n]. Let J° := m,(J) be the
artinian ideal in R, = K[x; : j € ojp U 04y] from Theorem 3.4. Recall that the standard
monomials of J7 are the roots of standard pairs in S(J) with face . Since the supports of
these roots lie in 0y,, J° NK[x; : i € 0},] is a monomial ideal N° = (x*',x*2,...,x")
with supp(x¥') € oj,, and

J? = (xj:]€oou) + N°.

Lemma 4.4 Each minimal generator X¥' of N° is a minimal generator of J of degree at
most d.

Proof: A minimal generator x*' of N is the projection via 7, of a minimal generator
x"x of J where supp(x}') € o. Suppose supp(xy') 7 . Then x"' is a standard monomial
of J with supp(x*') C oy,. Hence x% is covered by a standard pair (x"7, o) of J. This
implies that all monomials of the form x"/x} as p varies are standard monomials of J which
contradicts that xV'xJ' is in J. Thus supp(xJ') = ¥ which implies that x* is a minimal
generator of J.

Since a; = (1,a}) € Z¢ for i € [n], each lattice point in the half open fundamental
parallelopiped FP, of cone(A,) lies on one of the d hyperplanes x; =0, ..., x;, =d — 1
in R?. Therefore, if y € FP, NZ?, then the 1-norm of u, which equals the first co-ordinate
of (Au, ) which equals y; is at most d — 1. This implies that deg(x") < d — 1. Thus all
standard monomials of the artinian ideal J? have degree at most d — 1 which implies that
the minimal generators of J° (and N) have degree at most d. O

Example 2.4 (continued) Foro = {1,4, 13}, J7 = (h, k,[) +(N° = (j2, gj,ij, fj,ig,
g2, cg,ej, i, fi,c%, f2,ci,eg, fg,cj, cf, bg, ei, bi,ef, bf, ec, bc, €%, be, b*)). Note that
all minimal generators of N are minimal generators of J of degree at most three.

Theorem 4.5 [f A is a graded normal configuration with cone(A) simplicial then I 4 has
a Grobner basis consisting of binomials of degree at most d.

Proof: Assuming that cone(.A) is generated by ay, ..., a4, A is A, -normal where A, is
the regular triangulation of .4 with the unique facet o = [d]. Here ooy = @.
We argue that all minimal generators of J have supportin oy, = {d + 1, ..., n}. Suppose

x* is a minimal generator of J with supp(x*) N [d] = F # #. Let G = supp(x*)\[d]. Then
G # (since otherwise x* would lie on the standard pair (1, [d]) of J whichis a contradiction.
Write x* = x*x* where supp(ar) € F and supp(ag) € G. Since G, F # #, X% is a
standard monomial of J which implies that x* is also a standard monomial of J as x%¢ lies
on some standard pair with face [d]. This is a contradiction and so F = {J.

The above argument shows that J and N have the same minimal generators. The degree
bound then follows from the proof of Lemma 4.4. O
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Theorem 4.5 proves Theorem 4.1 in the case where cone(A) is simplicial. When cone(.A)
is not simplicial, / may have minimal generators that are not pre-images under , of the
minimal generators of N (or even J?) as o varies in max A, . Our next step is to show
that for a 0 € max A, , the minimal generators of J that project under 7, to the minimal
generators x; € oo, of J? have degree at most d. We need a preliminary lemma.

Let Q be a (d — 1)-polytope in {x € R? : x; = 1} and let C be the cone over Q. Then
there exists a matrix S € R/*? such that C = {x € R? : Sx > 0} where each row of S is
the normal to a facet of C. Hence Q = {x € RY:x =1, Sx > 0}. Let Oy be the system
obtained by reversing all the inequalities in Q:

Orev ={xeR? : x; =1, Sx < 0}.
Lemma 4.6 The polyhedron defined by Q:ey is the empty set.

Proof: We may assume that Q has been translated so that the unit vector e; € R? lies
in the relative interior of Q. If x € C then by our assumption, x; > 0 which implies that
e; -X(= x1) > 0. This implies thate; € C* = {yS : y > 0} where C* is the dual cone to C.
(Recall C* :={ve R? : v-x > 0, forallx € C}.) Thus there exists some y>0,y#0
such that yS = e;. Therefore, if we choose v € Rt/ such that v = (0, 1, y) thenv > 0,
v # 0 and

1 0O --- 0

-1 0 --- 0
v.|Sut Sz o Sid | =0.

Sfl sz sfd

Let z = (1,—1,0,...,0) be the right hand side vector in the description of Q. by
inequalities. Then v -z = 1(—1) = —1 < 0 and by Farkas’ lemma [20, Proposition 1.7.],
Qrev =40. O

Lemmad.7 Leto beafacetof A, .Thenfor j € ooy, the minimal generators of J that are
preimages of the minimal generator x; of J° under the map r, are squarefree monomials
of degree at most d.

Proof: Leto € maxA,, j € ooy and P := x;XJ; be a minimal generator of J with
Y := supp(xy') € o. All minimal generators of J that project to x; under 7, look like P.
If Y = ¢, then x; is the only minimal generator of J that projects to x; and we are done.
Therefore, we consider the case where Y # (.

Suppose P is not squarefree. Then there exists ani € o such that m; > 1 where m; is the
i-th co-ordinate of m. Since P is a minimal generator of J, P /x; is a standard monomial
of J with supp(P/x;) = supp(P) = {j} UY. Hence there exists T € max A, such that a
standard pair with face t covers P /x;. This implies that supp(P/x;) = {j}UY C ©j, U t.
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SinceY Co,Y N1y, =P andthus,Y C tNo.If j € 7, then P is covered by the standard
pair (1, 7) which contradicts that P isin J. If j € 7, then a; lies in cone(A,). Since A
lies on the hyperplane {x € R? : x; = 1}, a; is in fact in the minimal Hilbert basis of both
cone(.A;) and cone(A) and hence x = e; is the unique vector in N” that satisfies Ax = a;.
Consequently (x;, 7) is a standard pair of J. But this implies that P lies on this standard
pair which is again a contradiction. Therefore, P is squarefree.

To argue that deg(P) < d, it therefore suffices to prove that Y C o. Suppose o = [d],
X[4] = ]_[,EU x; and P = x;Xq). Then for each i € [d], P/x; is a standard monomial of J
and is therefore covered by a standard pair (x, ') of J. The face v’ does not contain i since
otherwise P would be a standard monomial of J. In particular, vl # [d] for any [ € [d].
Also, j e T/ U ri';l foreachi € [d].

We now show that we may assume t/ N [d] = [d]\{i} for all i € [d]. Clearly, ' N [d] C
[d]1\{i} since i ¢ T'. Suppose a monomial in P/x; - K[x; : [ € [d]\{i}] lies in J. Then
it is divisible by a minimal generator of J that projects to x; under 7, all of which are
squarefree. Such a minimal generator would properly divide P which contradicts that P is
a minimal generator of J. Hence (P /x;, [d]\{i}) is a pair of J and therefore, contained in a
standard pair of /. We may assume that 7' is the face of this standard pair. Thus [d]\{i} C T’
and T/ N [d] = [d]\{i} as claimed.

Since A is graded, ', ..., 1% index (d — 1)-simplices in a regular triangulation of
conv(A), the convex hull of A. The simplex indexed by [d] is geometrically Q[d] = {x €
RY :si-x>0,x =1,i=1,2,...,d wheres; -a, = 0 for all I € [d]\{i} and
si-a; > 0.Now j e ' U ri’;l N ooy for each i € [d] implies that a; € Q[d]., where
Oldley ={xeR? :5;.x<0,x;=1,i=1,2,...,d}. Butby Lemma 4.6, Q[d];ey = ¥
which creates a contradiction. Therefore, x ;X4 is not a minimal generator of J and all
preimages P of x; have degree at most d. O

Example 2.4 (continued) For o = {1, 4, 13}, ooy« = {8, 11, 12} which index the variables
h, k, 1. The minimal generators of J that map to these variables under r,, are hm, ak, al, ha,
dml.

Finally we consider the minimal generators of J that do not project under 7, to minimal
generators of J° for any o € max A, . Such generators may exist.

Example 2.4 (continued) Consider the minimal generator gh of J. Then gh =
my14131(8h) = ma113(gh) = 7w 11.12(8h) = 7(11,12,13,(gh) is not a minimal generator
of J for any of the four facets o of A, .

Lemma 4.8 Let x™ be a minimal generator of J whose image under m, is not a minimal
generator of J? for any facet o of A,. Then x™ is a quadratic squarefree monomial.

Proof: Let v and 7’ be facets of A, and leti € 7y, j € 7/, with i, j ¢ Ty N 7/,. Then
XX is not covered by any standard pair of J and hence lies in J. Since A is graded, (x;, 7)
and (x;, v’) are standard pairs of J which implies that x;x; is a minimal generator of J.
Further, 77, (x;x ;) is not a minimal generator of J for any o € max A, . We will prove that
L:={xjx; : i € tin, j € 7,,andi, j ¢ Ty N 7,,} is precisely the set of minimal generators
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of J that do not project under 7, to a minimal generator of J forao € max A, . This will
prove the lemma.

Suppose x™ is a minimal generator of J such that 7, (x™) is not a minimal generator of
J? forany o0 € max A, . LetY := supp(x™).

Case (i)Y C oy, for someo € max A, :Thenx™ e N° = J°NK]x, : j € oj,]. Since x™ is
not a minimal generator of J? (and hence N?), some minimal generator of N° properly
divides x™. By Lemma 4.4, every minimal generator of N is a minimal generator of J
which contradicts that x™ is a minimal generator of J.

Case (ii) Y C o for some 0 € max A.: Then x™ is covered by the standard pair (1, o)
which contradicts that x™ € J.

Case (iii) Y € o U oy, for some o € max A, withY No # Band Y N oy, # @: Write
x™ = x™'x™" where  # supp(x™) C o and ¥ # supp(x™ ) C 0,. Then x™ € N€ all
of whose minimal generators are minimal generators of J. This implies that a divisor
of x™ is a minimal generator of J. Therefore, x™ is not a minimal generator of J, a
contradiction.

The above cases have shown that there is no single 0 € max A, suchthatY C o U oy,.
Therefore, there exist two distinct o, T € max A, and two indices i, j € Y such that
i€eoUapNtogand j € T U Ty N ooy

Case (a)i € o:Since j € ooy, X; X is not covered by any standard pair of J and so lies in J.
Since x;x; divides x™ and x™ is a minimal generator of J it must be that xX™ = x;x;. But
then 7, (x™) = x;, j € 0oy is a minimal generator of J¢ which contradicts our choice
of x™. Therefore this case cannot arise.

Case (b) j € t: By a symmetric argument to the previous, this cannot happen.

Therefore, the only possibility is that i € oj, and j € Tj,. Since i € 7oy and j € oy,
i, J ¢ oin N T;p. By the argument in the beginning of the proof, x;x; is a minimal generator
of J and so x™ = x;x;. Thus x™ lies in the set L as claimed. O

Proof of Theorem 4.1: Lemmas 4.4,4.7 and 4.8 account for all minimal generators of the
initial ideal J and show that they all have degree at most d. Since A4 is graded, the reduced
Grobner basis of 14 with initial ideal J consists of homogeneous binomials. Hence these
binomials have degree at most d. o

5. A-normal and non-A-normal families

In this last section we construct non-trivial families of both A-normal and non-A-normal
configurations. Recall that any configuration A is always A-normal with respect to all its
regular unimodular triangulations A. Also, a configuration A = {a,...,a,} C 74 for
which cone(.A) is simplicial is A-normal with respect to its coarsest (regular) triangulation
A = {{1,...,d}} if we assume that cone(A) = cone({ay, ..., a,}). Call A simplicial
if cone(A) is simplicial. We construct families of A-normal configurations that are not
simplicial and do not admit regular unimodular triangulations. By computer search, Firla
and Ziegler [4] found hundreds of normal simplicial configurations A in N* and N° (in the
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course of writing [5]) that admit no unimodular triangulations. Our first result in this section
is a construction that extends a Firla-Ziegler configuration to a family of non-simplicial A-
normal configurations—one in 74 foreachd > 5—without unimodular triangulations. This
is based on successive suspensions of a certain triangulation of Firla-Ziegler configurations.
In the second part of this section we construct a family of normal configurations (an A C Z¢
for each d > 10) that are not A-normal for any regular triangulation A. This is also done by
taking successive suspensions starting with a configuration discovered by Hibi and Ohsugi
in [8].

5.1.  A-normal families from Firla-Ziegler configurations

Each Firla-Ziegler normal simplicial A C N* without unimodular triangulations is the
Hilbert basis of the cone generated by ey, e;, e3, the first three unit vectors in R*, and a
vector v € N* of the form v := (a, b, ¢, d)' with0 < a < b < ¢ < d. In this subsection we
let A denote such a Firla-Ziegler configuration and let A,,, = {ey, e;, e3, v} be the extreme
rays of cone(.A). By definition, .4 is the unique minimal generating set of the semigroup
cone(A,.;) N Z*, and cone(A) C Rio. We construct an infinite family of A-normal, non
simplicial configurations with no unimodular triangulations, starting with a Firla-Ziegler A.

Lemma 5.1 The vector1 := (1,1, 1, 1) is contained in A.

Proof: Sincel = év+%e3+%e2+’1d;”el anda < b < ¢ <d,1 € cone(A,,,)NZ* =
NA. For every p = (p1, p2, P3, pa) € cone(A,,,) = cone(A) with py > 0, p; > 0 for
i =1,...,4 since the R>-linear combination of elements in A,,, that expresses p as an
element of cone(A,.,) must involve a positive multiple of v. On the other hand, the N-linear
combination of elements in A that expresses 1 as an element of N4 is the sum of distinct
vectors in A N {0, 1}*. At least one of these 0 — 1 vectors — say w — has a positive last
co-ordinate which implies that w = 1. Therefore, 1 is in .4, the minimal Hilbert basis of
cone( A, ) N Z4. O

Example 5.2 The first Firla-Ziegler A in N* has v = (1, 2, 3, 5) and A consists of the
columns of the matrix

S = O O

1
2
3
4

— =
N N = =
W NN =

1
2
3
5

S o o =
S o = O

The Hilbert basis of any rational polyhedral cone can be computed using the software
package Normaliz [3].

From a Firla-Ziegler A we will now recursively construct configurations .A¢ for each
d > 5suchthat AY ¢ N? is A-normal, cone(A¢) is not simplicial and A? has no unimodular
triangulations. For each d > Sletp;, = e, + -+ e4 € 74, p; = pst+es € 74
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and p; = p; —e; € Z9. Here e, is the d-th unit vector in R?. Letting A* := A (a
Firla-Ziegler configuration in N*), recursively define A9~ := {(a,0) : a € A9"!} and
A = Ay {p). p;}. We assume that p,; and p; are always the second last and last
elements of A“. Let A¢ have n, elements. We now construct a regular triangulation A? of
A4 as follows:

Suppose the first four columns of A* are e, e), e3,v. Let A* be the coarse regular
triangulation of .A* (and A4/) consisting of the unique simplex o = {1, 2, 3, 4}. It can be
induced with a weight vector w*=1(0,0,0,0,M,M,...,M, M) € Z'" where M is a large
positive integer. We want A° to consist of the simplices o) := o U{ns—1}and o, := oU{ns}.
This triangulation can be induced by the weight vector w® = (w*, 1, 1) € Z". We repeat this
construction for d = 6 to get the regular triangulation A® of A% consisting of the simplices

o1 Ufneg —1},00 U {ng — 1}, 01 U {ng} and o7 U {ne}.

This can again be achieved by the weight vector w® = (W, 2, 2) € Z"s provided M is still
big enough. In general we get the regular triangulation A? of A“ consisting of the simplices:

{o1 =0 U{ng — 1}, Vo € maxA""} U {05 = 6 U {ny}, Vo € maxA?"'}.

Let K; be a maximal subcone of cone(A?) of the form K, = cone(.Af’,]) and similarly let
K, be a maximal cone of the form K, = cone(AZz) induced by the regular triangulation
A4 Ford = 5 we have precisely two cones, one of the form K, the other K, but ford > 6
there are several cones of types K| and K.

Lemma 5.3 The configuration A’ has the following properties:

(1) Z(A’ NKy) =Z(A NKy) =73,

(2) A’ is non-simplicial,

3) A’ is A’-normal, and

4) A3 admits no unimodular triangulations.

Proof:

(1) Since ps = (1,1, 1, 1,0), p;r = (1,1,1,1, 1) and the first three unit vectors of R’
belong to A> N K, it follows that all unit vectors of R lie in Z(A> N K) which gives
the result. Similarly, Z(A3 N K;) = Z°.

(2) Since ps lies in the interior of cone(A%), the vectors p;r and p5 do not lie on a common
facet of the cone. Hence cone(A%) is a bipyramidal cone over cone(A“/) with six extreme
rays and is hence non-simplicial.

(3) The triangulation A is a regular triangulation of A°. We first argue that A> N K is
a minimal generating set of the semigroup K; N Z(A> N K;) Y g, Nz Suppose
q=1(q1,...,q5) € Ky NZ°. Since p? is the unique generator of K with a positive
fifth co-ordinate, q = g5 p;" +q where q = (¢1 — g5, 92 — 45, 43 — 45, 94 — q5, 0)' is the
unique expression of q as an R~ (-combination of p;’ and the other extreme rays of K.
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Since ¢} = 0,in fact,q' € cone(A*)NZ° = NA* ¢ N(K,N.A) where the equality (%)
follows from the normality of .A*. This in turn implies that q = g5 p5+ +q e N(K;nA).
(Note that g5 € N.) Similarly, A’ N K, is its own Hilbert basis. Thus, .A> is A%-normal.
Suppose T is a unimodular triangulation of 4% and 7 is a facet of 7. Then by (1),
|det(A3)| = 1and {ns — 1,ns} Nt # @.If {ns — 1, ns} C 7, then

EE S N |
* % x 1 1
A=1]x * % 1 1
S |
0 0 0 1 -1

which shows that |d et(A§)| € 27, a contradiction. Hence each maximal simplex in T
contains exactly one of p;’ or p; and T induces a triangulation 7’ of AY. Since T is
unimodular, 7’ gives a unimodular triangulation of .4* which is a contradiction as A*
has no unimodular triangulations. Therefore, we conclude that A3 has no unimodular
triangulations. O

Theorem 5.4 For eachd > 5, the configuration A has the following properties:

(1) Z(ANK) =Z(AY N Ky) =77,

(2) A? is non-simplicial,

3) A% is A4-normal, and

4) A9 admits no unimodular triangulations.

Proof: This theorem is proved by induction using Lemma 5.3 as the base step.

6]

(@)

3)

“)

Suppose the result is true for £k = d — 1. Then it follows that Z.A"" contains the first
d — 1 unit vectors of Z¢ which are therefore also in Z(A¢ N K,) and Z(A? N K>).
Since p; e Kin A4 (and p;, € KxN A4), we also get that e, € Z(AY N K;) (and
e € Z(A? N K3,)). Hence Z(A? N K1) = Z(A N K,) = Z4.
Assume by induction that A9~ is non-simplicial and that p,_; lies in the interior of
cone(A?~1). Then, py lies in the interior of cone(.A¢) and hence pj and p; do not lie on
a common facet of cone(A“). This implies that cone(A?) C R? has exactly two more
extreme rays than cone(A?~!") ¢ RY~! and hence is non-simplicial.
As in Lemma 5.3, A? is a regular triangulation of .A? for each d > 5. We assume by
induction that A?~! is A~!-normal and hence normal. The arguments that A N K
and A? N K, are minimal generating sets for K| N Z< and K, N Z¢ respectively follow
from a straight generalization of the arguments in Lemma 5.3.
Again we assume by induction that A?~! admits no unimodular triangulations. The rest
of the argument is also a straight generalization of the arguments in Lemma 5.3 (4).

O
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We have thus produced non-simplicial A-normal configurations without unimodular
triangulations in every dimension beyond four, starting with a Firla-Ziegler A in N*. The
construction applies to all such Firla-Ziegler configurations.

Every normal configuration A in dimension d < 3 admits a unimodular triangulation
and thus the only remaining dimension in which there might be non-simplicial A-normal
configurations without unimodular triangulations is dimension four. Here is an example.

Example 5.2 (continued) Consider the matrix B below obtained by appending the column
(1, 1, 1, 2) to the matrix A from Example 5.2.

100111111
010211221
B=lo 01312231
0005123 42

The configuration 3 given by the columns of B generate a four dimensional, non-simplicial
cone with extreme rays generated by columns 1, 2, 3,4, and 9. Columns 3 and 9 lie on oppo-
site sides of the linear span of columns 1, 2 and 4, and the determinant of the submatrix of B
consisting of columns 1, 2, 4, and 9 is one. The weight vector (0, 0, 0, 0, 10, 10, 10, 10, 1)
induces the regular triangulation A of 5 with maximal simplices {1, 2, 3, 4} and {1, 2, 4, 9}.
The configuration 53 is A-normal by construction. Further, this configuration has no regular
unimodular triangulations (confirmed using CaTS [6]).

5.2.  Non A-normal configurations from an example of Hibi and Ohsugi

Consider the graph Gyo shown in figure 2. In [8] Hibi and Ohsugi showed that the graded
normal configuration

Ao =1{e1+e; +e; : {i, j} € E(Guo),1 ¢ {i, j}}U{er +¢ : {1,i} € E(Gno)}

admits no regular unimodular triangulations, although it does have non-regular unimodular
triangulations. Further, the 15 points in Agg are all extreme points of the convex hull of

Figure 2. The graph Gpo giving the Hibi-Ohsugi configuration.
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Ano, denoted as conv(Ayp). Similar constructions of normal configurations arising from
graphs that have no regular unimodular triangulations are given in [14]. The (0, 1)-polytope
conv(Apo) C {x e R0 : x; =1} is empty which means that it has no lattice points other
than its vertices. Thus cone(Ago) which is the cone over conv(Agp) has 15 extreme rays
and is therefore non-simplicial.

Lemma 5.5 Let A C Z9 be a normal graded non-simplicial configuration in {x € R? :
x1 = 1} such that conv(A) is empty. If A does not have a regular unimodular triangulation
then A is not A-normal for any regular triangulation A.

Proof: Without loss of generality, we can assume that ZA = Z<. By the hypothesis,
every regular triangulation A of .4 has a maximal face o such that | det(A,) | > 2. Thus the
Hilbert basis of cone(A,) contains at least one vector q € Z¢ not in .A,. Since all vectors
in A are extreme rays of cone(A), none of them lie in cone(A, ) unless they are in A, . This
implies that A, = cone(A,) N A is not normal and hence A is not A-normal. O

Corollary 5.6 The Hibi-Ohsugi configuration Ao is not A-normal for any regular tri-
angulation A.

From .Ayo we now recursively construct configurations A foreach d > 11 such that A¢
is normal and graded but not A-normal for any regular triangulation A. For each d > 11
let p; = e, + e, € Z9. Letting A'” := A, recursively define

A= {(g) cae A1 } and AY:= {py} U4

Theorem 5.7 For each d > 10, the configuration A? is normal and graded but not
A-normal for any regular triangulation A.

Proof: It suffices to show that A satisfies the conditions of Lemma 5.5 for each d. For a
given d, A? is graded since it lies in {x € R? : x; = 1} and conv(A¢) is a (0, 1)-polytope
and hence empty. Further, cone(A?) is non-simplicial as cone(A?~") is non-simplicial for
alld > 11.

The configuration A'! is normal. To see thislet q := (g1, - - -, ¢11)" € cone(A")NZA.
Since the only extreme ray of cone(A!") with non-zero eleventh co-ordinate is p11, g11 < ¢1.
Further, q = ¢11p11 + q’, where ¢’ = (g1 — 911, 92, -+, q10, 0)', is the unique expression
of q as an R-(-combination of the extreme rays of cone(A!!"). The integral vector q' lies
in NA'" since A'? is normal and hence it lies in N.A'". Thus q € N.A''. By induction, it
follows that .A? is normal for all d > 11.

Suppose A!! had a regular unimodular triangulation. Then p;; would be a vertex in every
maximal face of this regular unimodular triangulation of conv(A). This in turn induces
a regular unimodular triangulation in A'"" and hence in A', a contradiction. Again, a
straightforward inductive argument shows that .4 has no regular unimodular triangulation
foralld > 11. O
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We have thus produced graded normal configurations that are not A-normal for any
regular triangulation A in every dimension d > 10.

Remark 5.8 A second infinite family of normal, graded, non-simplicial configurations
without regular unimodular triangulations, based on G o, can be found in [14]. The convex
hulls of these configurations are all empty since they are all 0, 1-configurations. Thus by
Lemma 5.5, they provide another infinite family of non-A-normal configurations.

Example 5.2 (continued) Non-A-normal configurations also exist in lower dimensions.
The columns of each of the following matrices are two such examples (confirmed using
CaTs [6]).

1 0011111 0 1 1111 1 1 11

01021221 0 0100 1 1 1 11

o013 2231 0], 001021122

000 52341 O 00O0T13 1223

000 O0O0O0OTO0OT1 -1 00 0 0S5 12 3 4
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