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Abstract. A purely combinatorial construction of the quantum cohomology ring of the generalized flag manifold
is presented. We show that the ring we construct is commutative, associative and satisfies the usual grading
condition. By using results of our previous papers [12, 13], we obtain a presentation of this ring in terms of
generators and relations, and formulas for quantum Giambelli polynomials. We show that these polynomials
satisfy a certain orthogonality property, which—for G = SL,(C)—was proved previously in the paper [5].
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1. Introduction

Let us consider the complex flag manifold G /B, where G is a connected, simply connected,
simple, complex Lie group and B C G a Borel subgroup. Let t be the Lie algebra of
a maximal torus of a compact real form of G and ® C t* the corresponding set of roots.
Consider an arbitrary W -invariant inner product (, ) on t. The Weyl group W is the subgroup
of O(t, {,)) generated by the reflections about the hyperplanes ker o, @ € ®*. To any root
o corresponds the coroot

v. 2«
(o, @)
which is an element of t, by using the identification of t and t* induced by (, ). If {1, . .., o}
is a system of simple roots then {c’, ..., "} is a system of simple coroots. Consider
{A1, ..., A} C t* the corresponding system of fundamental weights, which are defined by
)Li(oz;) = §;;. It can be shown that the Weyl group W is actually generated by the simple
reflections s| = Sg,, - . ., S| = S4 about the hyperplanes ker«y, .. ., kero;. The length [(w)

of w is the minimal number of factors in a decomposition of w as a product of simple
reflections. We denote by w, the longest element of W.

Let B~ C G denote the Borel subgroup opposite to B. To each w € W we assign the
Schubert variety X,, = B~.w. The Poincaré dual of [X,,] is an element of H*™)(G/B),
which is called the Schubert class. The set {0, | w € W} is a basis of the cohomology1
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module H*(G/B). The Poincaré pairing (, ) on H*(G/B) is determined by:

1, if u = wov

us Ov) = . 1
@ 00) {0, otherwise M

According to a theorem of Borel [2], the ring homomorphism S(t*) — H*(G/B) defined
by

is surjective and it induces the ring isomorphism
H*(G/B) =~ R[{»}/ 1w, 2

where Iy is the ideal of S(t*) = R[A(, ..., A;] = R[{A;}] generated by the W-invariant
polynomials of strictly positive degree. Recall that, by a result of Chevalley [4], there exist
[ homogeneous, functionally independent polynomials uy, ..., u; € S(t*) which generate
Iw. We identify H*(G/B) with Borel’s presentation and denote them both by H. So

H=H"(G/B) =R[{rs}]/Iw.
In this way the homogeneous elements of 7 will be of the form

[f]1= f mod Iy,

where f € R[{A;}] is a homogeneous polynomial. In particular, the degree two Schubert
classes will be [A;], 1 <i <.

In fact we would like to see all Schubert classes as cosets of certain polynomials in the
presentation (2). A construction of such polynomials was obtained by Bernstein et al. [1],
as follows: To each positive root o we assign the divided difference operator A, on the ring
R[{X;}] (since the latter is just the symmetric algebra S(t*), it admits a natural action of the
Weyl group W):

Aty =151 _Of“f ,

f € R[{A;}]. If w is an arbitrary element of W, take w = s, ...s;, a reduced expression
and then set?

szAail O"'OAafk'

The polynomial
1
Cuwy = ——
W

acdt
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is homogeneous, of degree /(wy) and has the property that A, c,,, = 1. Toany w € W we
assign

Cy = Aurlw(,cwo
which is a homogeneous polynomial of degree /(w) satisfying

1 i -y = —
AUCwZ{va’ if ((wv™) =I(w) — I(v) 3)

0, otherwise
for any v € W (see for instance [9, Chapter 4]).
Theorem 1.1 ([1]) By the identification (2) we have
oy = [cwl,
forany w e W.

The main goal of our paper is to construct in a purely combinatorial way a certain
“quantum deformation” of the ring H. This will depend on the “deformation parameters”
q1, - --,q;, which are just some additional multiplicative variables. Let us begin with the
following lemma, which was proved for instance in [12] (see also [15] or [3]). Recall first
that if « is a positive root, then the height of the corresponding coroot «" is by definition

ht(e”) =my + - -+ + my,
where the positive integers m, ..., m; are given by

o =ma) + - +ma). 4)
Lemma 1.2 For any positive root a we have that I(s,) < 2ht(a“) — 1.
Denote by & the set of all positive roots a with the property that

I(sy) = 2ht(a) — 1.
We will obtain in Section 3 a complete description of the elements of ®* (see Lemma 3.1).
One can easily deduce from this that if the root system of G is simply laced, then &+ = ®*.

The following divided difference type operators on R[{};}, {g;}] have been considered

by Peterson in [15]:

Aj=xj+ Y @™ A, 1=<j=<I (5)

aedt
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where we use the notation

o m

v m
9 =49 ---9 >

with my ..., m; given by (4). It is obvious that A; leaves the ideal Iy ® R[{g;}] of
R[{A;}, {¢;}] invariant, hence it induces an operator on H ® R[{g;}].

The following result® was stated by Peterson [15] (for G = SL(n, C), a proof can be
found in [5]).

Lemma 1.3 The operators Ay, ..., A; on R[{A;}, {gi}] commute.

We will prove this lemma in Section 3 of our paper. The operator i defined in the next
lemma will be an important object in our paper.

Lemma 1.4 The map ¥ : R[{A;}, {¢:}] = R[{\i}, {q:}] given by

v (f) = f{A} {giH(D),

f € R[{A;}, {qi}] is an isomorphism of R[{q;}]-modules. For f € R[{A;}, {q;}] of degree
m with respect to Ay, ..., A, we have

I _ I — m
= =

:(nf)f_<nz1>1/,(f)_|_...+(—l)m_2< " )me_z(f)
m—1

+ =Dy,

where (”11), e (m"_ll) are the binomial coefficients.

The proof follows in an elementary way from the fact that the degree of f — ¥ (f) with
respect to Ap, ..., A; is strictly less than the degree of f (the details can be found in [12,
Lemma 3.4)).

Our aim is to investigate the ring defined as follows (note that for G = SL(n, C) a similar
object has been considered by Postnikov [16]).

Theorem-Definition 1.5 The composition law x on the R[{q;}]-module H ® R[{q;}] =
R[{A:}, {g:}1/Uw @ R[{g:}]) given by

[f1xlgl = W@ (O @), f.g € RIAY, ai)] (6)

is well defined, commutative, associative, R[{q;}]-bilinear, and satisfies:
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e deg(a x b) = dega + degb, for any two homogeneous elements a, b of H ® R[{q;}],
where we assign

deg[r;] =2, deggq; =4, 1<i<l.

e (Frobenius property) (a xb, c) = (a, bxc), forany a, b, c € H, where (,) is the R[{g;}]-
bilinear extension of the Poincaré pairing on 'H.

We will call = the combinatorial quantum product on H ® R[{g;}].

We will prove this theorem at the beginning of Section 2.

A complete knowledge of the combinatorial quantum cohomology R[{g; }]-algebra de-
fined in the previous theorem can be achieved by finding the structure constants (which are
in R[{g;}]) of the multiplication » with respect to the basis consisting of the Schubert classes
oy = [cw], w € W. Like in the classical situation (see the beginning of this section), we
can obtain this information about (H ® R[{g;}], ) as follows:

(a) describe it in terms of generators and relations (i.e. find the quantum analogue of Borel’s
presentation (2))

(b) determine representatives of the Schubert classes in the quotient ring obtained at (a)
(i.e. find the quantum analogue of the Bernstein-Gelfand-Gelfand polynomials, see
Theorem 1.1).

The next two theorems give solutions to problems (a), respectively (b). The first theorem
can be interpreted as the combinatorial version of B. Kim’s theorem [11]. Our proof, which
can be found in Section 2, is a direct application of a more general result obtained by us in
[13].

Theorem 1.6 Let I}, denote the ideal of R[{);}, {q;}] generated by Fy({\;}, {—(a’, &)
g}, 1 <k <1, where Fy are polynomials in 2l variables which represent the integrals of

motion of the Hamiltonian system of Toda lattice type associated to the coroot system of G
(for more details, see Section 2). Then the map

(H ® Rl{g;}] = RI{A:}, {gi})/Uw @ Rlgi]). ») — RI{A:} {g: /15,
given by

fmod Iy = ¢~'(f) mod Iy,
f € RN}, {gi)], is an isomorphism of R[{g;}]-algebras.

Alternatively, one can see that /), is the ideal of R[{A;}, {¢;}] generated by the polynomials
Y uy), ..., v~ '(uy), which is the same as ' (Iyy) (see Proposition 2.1).
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What follows now is the combinatorial version of the main result of [ 12], where a quantum
Giambelli formula for G / B has been obtained. In the context of our present paper, we obtain
the same formula by a straightforward application of Theorem 1.6 and Lemma 1.4.

Corollary 1.7  The isomorphism described by Theorem 1.6 maps the Schubert class o,, =
¢y mod Iy to the class modulo I3}, of the polynomial

I——=1y)
wil(cw) = %(C‘w)

[ l i—of ! -2
<l)cw—<2>w<cw>+-~+<—1) (1_1>w (cu)

+ (=D ey,

where | denotes l(w).

We will also show that the polynomials described by Corollary 1.7 satisfy a certain
orthogonality condition (similar to (1)) with respect to the “quantum intersection pairing”
(see Proposition 2.3).

Remarks 1 The actual quantum product o on H*(G/B) ® R[{g;}] is defined in terms of
numbers of holomorphic curves which intersect “general” translates of three given Schubert
varieties (for the precise definition, one can see [6] or [7]). The quantum Chevalley formula
describes the multiplication of degree two Schubert classes by arbitrary Schubert classes.
More precisely, in terms of the identification (2) (see also Theorem 1.1), it states that

[Ai] o [ew] = Ai([cwD. )

This formula was announced by Peterson in [15] and then proved by Fulton and Woodward
[7]. In order to relate (7) to our product x, we note that

Ai([ew]) = [Ai(cw)] = [A @Y (cw)] = [ o))l = [Ai] * [cw] 3
where we have used that ¥ (A;) = A;. We deduce that

[Ailolew]l = [Ail*[ew]l, 1<i<lweW.
This implies that

[Cv] o [Cw] = [Cv] * [Cw]a
for any v, w € W, because both (H ® R[{g;}], x) and (H ® R[{g;}], o) are generated by
[A1], ..., [A] as R[{g;}]-algebras. Now, since x = o, the results about » which we prove
in our paper hold for o as well. In this way we are able to recover results about the actual

quantum cohomology ring Q H*(G/B) = (H ® R[{g;}], o) (see [11, 12] for the o-versions
of Theorem 1.6 respectively Corollary 1.7).



COMBINATORIAL QUANTUM COHOMOLOGY 337

2. We hope that a similar approach can be used by considering instead of the root system
of G an arbitrary affine root system and obtain in this way a combinatorial model for
the quantum cohomology ring of the infinite dimensional flag manifold LK /T, which is
investigated in [14].

2. Definition and presentations of (H ® R[{q; }1, %)

Our first concern is to show that the combinatorial quantum product x described by Eq. (6)
is well-defined.

Proof of Theorem 1.5: Letus note that in fact we can define the product x on R[{A;}, {¢;}],
as follows:

fre =y (NHY @) =@ HUAD gD, ©)
1, g € R[{\i}, {qi}]- If g € Iy ® R[{g;}], then the last expression in (9) is in Iy & R[{g;}]
as well (since the latter is invariant under any A ;, 1 < j < ). We deduce that Iy ® R[{g;}]
is an ideal of the ring (R[{A;}, {gi}], *). The quotient of the latter ring by the former ideal
is just (H ® R[{g;}], »). It is commutative, associative and satisfies the grading condition

deg(axb) = deg a+deg b, because thering (R[{A;}, {¢;}], *) is commutative and associative,
and the operator A; defined by (5) satisfies

deg A;i(f) =deg f + 2,
for any homogeneous polynomial f € R[{};}, {g;}] (provided that deg 1; := 2, deggq; :=

4).
In order to prove the Frobenius property, we only have to check that

([Ail* [eo]s [ewD = ([eo], [Ai] * [cw]) (10
forany 1 <i </, v, w € W. In turn, (10) follows from the fact that

[Ai] % [cw]l = Ai([cw])
(see Eq. (8) in the introduction), the definition (5) of A; and the equation

(Ag,[eo], [ew]) = (o], Ay, [ew D,
v,w e W,a € ®F, which is a consequence of (1) and (3). a

We are interested now in obtaining a presentation of the ring (H ® R[{g;}], %) in terms
of generators and relations. One way* of obtaining this is as follows:
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Proposition 2.1 Let qu‘, be the ideal of R[{A;}, {q;}] generated by " (uy), ..., ¥~ (u)).
The map

Y (H@R[{gi}] = R} {g:1]/Uw @ RI{gidD. %) — RI{A). {g:)1/13
given by
f mod Iy @ R[{gi}] + ¥ ~'(f)mod I,
f e R[{r:}, {gi}] is a ring isomorphism.
Proof: From the definition (9) we can see that
Y RUAY {gi)] %) — @RI {9, ) (11)

is aring isomorphism. As pointed out before (see the proof of Theorem 1.5), the combinato-
rial quantum cohomology ring (H ® R[{g;}], ») is the quotient of the ring (R[{A;}, {gi}], *)
by its ideal Iy ® R[{g;}]. Note that the latter—regarded as an ideal of (R[{A;}, {g;}], x)—is
generated by the same fundamental W -invariant polynomials u, ..., u;. This is because
for any f € R[{A;}, {¢;}] we have

frue=f-ug,

k =1,...,1. Consequently, the ring isomorphism (11) maps the quotient of (R[{A;}, {g;}],
*) by the ideal generated by u;, . .., u; isomorphically onto the quotient of (R[{X;}, {¢;}], -)
by the ideal generated by Y, . T ). |

As pointed out out in the introduction, we are also able to deduce B. Kim’s presentation
[11] for the combinatorial quantum cohomology ring. In fact Theorem 1.6 is a straightfor-
ward consequence of the following result, which was proved in [13]:

Theorem 2.2 ([13]) Let @ be anR[{q;}]-bilinear product on HQR[{q;}] with the following
properties:
(i) e is commutative
(i) e is associative
(iii) e is a deformation of the usual product, in the sense that if we formally replace all g;
by 0, we obtain the usual product on 'H
iv) (H @ R[{gi}], ®) is a graded ring with respect to deg[A;] = 2 and degq; = 4
V) [l e[A;] = [Ad[A ]+ 6ig,
(vi) di([Aj]ea)g =dj([Ai]ea)s, foranya e H,1 <i,j<l,andd =(dy,...,d)) >0

.....

a)d € H)
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Then the following relation holds in the ring (H @ R[{q;}], e):
Fi({l2ile), { = (o, &)ai}) = 0, (12)

1 < k <1, where Fy are the integrals of motion of the Toda lattice associated to the coroot
system of G (see below). Moreover, the ring (H @ R[{gq;}], ®) is isomorphic to R[{A;}, {g:}]
modulo the ideal generated by Fr({A;}, {— (o), 0)')qi}), 1 <k <.

The Toda lattice we are referring to in the theorem is the Hamiltonian system whose
phase space is (R¥, Y!_, dr; A ds;) and Hamiltonian function

/ !
_ \Y2 AW 2s;
E = E <Otl-,Olj)l,I]+E e,
i i=1

i,j=1

It turns out (see for instance [8]) that this system admits / independent integrals of motion
E = F,, F,, ..., F;,whichare all polynomial functions in variablesry, .. ., 1y, eX . e
and satisfy the condition

Frha, oo 250, ...,0) = up(Ay, .00 A, (13)
where uy, ..., u; are the fundamental W -invariant polynomials (see Section 1). According
to Theorem 2.2, the ring (H ® R[{g;}], ) is generated by [A(], ..., [M], q1,-.-,q, and
the relations are obtained by taking all polynomials F; and for each of them making the
replacements

rie [Aile,  e¥i —(aiv,a,-v>qi, 1<i<lI.

It is easy to see that the combinatorial quantum product « satisfies the hypotheses (i)—(iv)
of Theorem 2.2. We prove condition (v) as follows:

Al x 2] = [ QD] x [V A )] = [ (Aid )] = [Ai(A )] = [MiA; + 8ijq;],
1 <i, j <. In order to prove (vi), we note that the coefficient of q“v in
[Ajlxa = Aj(a)
is A;(eV) Ay, (a); thus for the multi-index d = «¥ = A(@¥)ay + - -+ + A(a¥)a)” we have
di([Aj1*a)a = 2i(@)r (@) A, (a),
which is symmetric in i and j.
Our next goal is to show that the “quantum BGG-polynomials” (see Theorem 1.1)

¥l (cw), w € W, satisfy a certain orthogonality property, which can be thought of as
the quantum version of (1). For any f € R[{A;}, {g;}] we denote by [ f], its class modulo
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I}},. By Theorem 1.6, the set {[¥~'(c,)], | w € W} is a basis of R[{;}, {g:}]/1}}, as an
R[{g;}]-module. Define

([f1g) = o,

where the elements «,, of R[{g;}] are defined by

[f]q = Z aw[wil(cw)]q-

weW

Consider the pairing (, ) on R[{A;}, {qi}]/lg[, given by

([f1q. [gly) = ([f&ly)-
Proposition 2.3  We have that

1, if u = wov

(¥ Cely, [ e]y) = {

0, otherwise

Proof: Write

[ oy el = Y awly ™ )y

weW

which means that the polynomial

Y )y ) = Y ey ew) (14)

weW
isin 1&,. Consider v of the expression (14), take into account that ¥~ (¢, )({[A: 1%}, {¢;}) =

[cw] and that W(I;’V) = Iy ® R[{g;}] (see Proposition 2.1) and obtain in this way the
following equality in H ® R[{qg;}]:

[cd *[e] = ) awlew]

weW
If (, ) denotes the usual Poincaré pairing® on H ® R[{g,}], we deduce that
oy, = ([eul * [ev], 1) = ([eu], [en])

where we have used the Frobenius property of . The orthogonality relation stated in the
lemma is a direct consequence of Eq. (1). O
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3. Commutativity of the operators A;,..., A;
The goal of this section is to provide a proof of Lemma 1.3. Let us start with the following

recursive construction of the elements of ®+ (the latter has been defined immediately after
Lemma 1.2).

Proposition 3.1 A positive root « is in ®* if and only if it is simple, or else there exist
k>2andiy,... iy €{1,...,1}such that

a =S5 ...s,-z(a,-l)
and
a,-,.H(s,vl ...siz(ail)v) = -1,
forall1 < j <k — 1. When this is true, the expression
So = Siy -+ - SiySi\Siy - - - Si,
is reduced and we have
aV :aiv1+"'+ai\:’
hence ht(a™) = k. All roots Sipeeesplog), 1 < j < k, are in ®F.
Proof: First we use induction on k > 1 to prove that any root of the form described in

the lemma is in ®*. Since any simple root is in ®*, we only have to perform the induction
step. Assume that k > 2. The root

ﬂ = Siy - Sh, (Ol,'l)

satisfies the hypotheses of the lemma, hence it is in ®*. Moreover, we have o;, (8Y) = —1,
hence

o« =s5,(BY)=B"+a,
which implies that

ht(e") = ht(BY) + 1. (15)
In particular, « is not a simple root. Also because ;, (@) = 1, we deduce that the roots

S (oz[k) = a;, — a;,(«")a and s;, 54 (aik) = (“(%‘i)“ik (av) — l)a,-k — o (@)
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are both negative. Consequently we have
I(sq) = I(si,5asi;) +2 = I(sp) +2 = 2ht(B") — 1 + 2 = 2ht(a”) — 1,
where we have used (15). Hence @ € &7,

Now we will use induction on I(s,) in order to prove that any element of ®* can be
realized in this way. If /(s,) = 1, then « is simple, hence it is of the type indicated in the
lemma. Assume now that @ € & is not simple. There exists a simple root «; such that
a(a;”) > 0 (otherwise we would be led to a(e¥) < 0). Also o; (") must be strictly positive,
hence the roots

se(o)) = —aj(a@)a and  s;8.(q;) = (a(aiv)oti((xv) — 1)05[ —a;i(a)a
are both negative. We deduce that I(s;s,s;) = /(sy) — 2. From

si(@) = si(@”) = a’ — (e’

it follows that s;(«) is a positive root which satisfies ht(s;(«)") = ht(a“) — o;(a”). By
Lemma 1.2, we have that:

1(sy) = 1(si5¢8i) + 2 < 2ht(s;(c)") — 1 +2
=2ht(a”) — 1+ 2(1 — a;(@")) < 2ht(a™) — 1.

Since a € &%, the two inequalities from the last equation must be equalities. In other

words, sjc € &+ and o;(aV) = 1, the latter being equivalent to o; ((s;)Y) = —1. We use
the induction hypothesis for s;o, which has the property that I(ss,o) = I(siSaSi) = [(S¢) — 2
and the induction step is accomplished. O

The following property of ®* will be needed later.
Lemma 3.2 Ifa, B € ®* are such that

[(sesg) = 1(so) + 1(sp)
and suSp # SgSa, then a(BY) < 0.

Proof: We use induction on /(sg). If B is simple, the condition /(sesg) = [(sy) + 1 is
equivalent to the fact that the root s, (8) = B — B(a" )« is positive, which implies S(a) < 0,
and then a(B") < 0. We cannot have a(8") = 0, since otherwise s, and sg would commute.

The induction step will follow now. Let us assume first that the root system involved here
is not of type G,. Consider o, B € ®T both non-simple; by Proposition 3.1, 8 is of the form
B = si(B), where B € ®* and «;(BY) = —1. Suppose that a(8") > 1. Since o;(8Y) = 1,
the root sg(a;) = o; — B is negative, hence I(sgs;) = I(sg) — 1. From I(sqsg) = I(s¢) +1(sp),
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we deduce now that /(s;s,) = [(sy) + 1, hence the root s,(¢;) = o; — «; (@) is positive,
which implies «; () < 0.

Claim. a;(a") # 0.

Because otherwise s; and s, commute, hence

[(spsa) = I(spSiSasi)
= I(spsise) — 1
= l(s,-sBs,-sa) -2
= I(spsq) — 2
= I(sp) — 2+ 1(52)
= l(sp) + I(s4)

where the second equality holds since /(sgs;so) = [(sp) + I(se) + 1 > I(sgsy). By the
induction hypothesis, we must have E(av) < 0. On the other hand we have

B@) =siBa’) = B(sia”) = Bla”)

the last number being strictly positive. This contradiction concludes the claim.
From the claim we deduce that

a(BY) =a(p”) —a(e) = 2. (16)
Since the root system is not of type G,, we must have equality in (16), hence
a(e) = —1. (17)

We distinguish the following two possibilities:
(i) o # B. From (16) we deduce that || || < ||«||. Since ||B]| = ||si ]| = ||B]], we have
that ||8]] < ||a||, hence a(BY) > 2. Consequently,

a(BY) =a(B”) —a(e)) = 3, (18)

which cannot happen as long as the root system is not of type G».
(ii) & = B. This means that 8 = s; (@),

ai(e@’) = —1, (19)
and B8 = «" + ;. From (17) and (19) we deduce that

SasiSo () = —a,
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which is a negative root, hence

l(sasﬁ) = 1(505i508i) = [(Sa8i85¢) — 1 < 1(so) +1(5i8e) — 1
= 1(Sa) + 1(5iSa8i) — 2 = [(54) + 1(sp) — 2.

This is a contradiction.

Now let us consider the case when the root system is of type G,. Let o, a3 be the standard
basis of the root system G, with ||o|| > ||a2|]. By Proposition 3.1 we can see that &
consists of ay, aa, so(a1) = a1 + 3an, and s152(oe;) = 201 + 3. Since a(BY) > 1 and
none of @ and B is simple, we can only have « = s15,(2;) and 8 = s,(c¢1), which implies
Sq = $152515251 and sg = 575152, hence 5,58 = 5152515251528152 = (s152)*; but the latter is
the same as (s,s1)?, having length 4, which is strictly less than /(s,) + I(sg) =5+3=8.
The contradiction shows that also in this case we must have «(8") < 0. O

Lemma3.3 Ifa,p e & with [(5a5p) = I(so) + [(sp) and sosg # SgSa, then there exists
y € ®F such that

a\/_'_ﬁ\/:y\/.

Proof: By Lemma 3.2, one of the numbers a(8") and 8(«") is — 1. We will actually prove
thatif B(e") = —1thensg() € ® (itis obvious thatsg(a)” = sp(@") = o¥+Y). We will
use induction on /(sg). If B is simple, the result follows immediately from Proposition 3.1.
Consider now the case when 8 € ®* is non-simple; by Proposition 3.1, 8 is of the form
B = si(B), where B € ®F and o;(BY) = —1. From I(sgs;) = I(sg) — 1 and I(s455) =
I(sq) + [(sp) it follows that I(ses;) = I(se) + 1, hence so(a;) = o; — o () is positive,
which means o;(a") < 0. We show that the only possible values for a; (") are —1 and 0.
Otherwise, the root system is not simply laced and the roots « and «; are short, respectively
long; on the other hand, o;(8Y) = 1, so ||o;|| < [|B]] and B(«x¥) = —1, so [|B]] < ||«
which gives a contradiction.

Case 1. a;(a") = 0. This implies s; () = «, hence
—1 =) =si(B)a") = Bsi(@)") = B@").

From the induction hypothesis, sz(a) = sisp() := y is in d*. We also have that
ai(y”) = ai(sisp@”)) = —ai(sp(@”)) = —ei(a’ + p*) = —1.

By Proposition 3.1, the root 5;(y) = sg(«) is in o,

Case 2. a;(a”) = —1. We have again that

—1=B@") =si(B)@") = Blsi(@)").
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By Proposition 3.1, the root s;(«) is in ot A simple calculation shows that
spsisa(a)) =a — (1 +a(e)))e; — (1 +a(BY)B

which is a positive root. Consequently we have
l(sBsX,.(a)) = l(sESisasi) = l(sBs,SO,) +1= l(slg) + 1(s;84S;) = l(sB) + l(sxi(a)).

From the induction hypothesis we deduce that sz(s;(@)) = s;sg(e) := y is also in &*. But
as before,

ai(y”) = —ai(@” + BY),
the right hand side being now 0. It follows that y = s;(y) = sg(a). d
We are now able to prove Lemma 1.3:

Proofof Lemma1.3: Denote by A* the operator of multiplicationby A; onR[{Ay, ..., A},
1 <i <. The following formula can be found for instance in [9, Chapter 4, Section 3]:

Aphf —wiiw™ A, = > i (BY) s, (20)
Bed* l(wsp)=l(w)—1

where w € W. Put w = s, in (20) and obtain that:

A2 =0 = M@ )a)A, + > 1) Ags,
ye®t,I(sy5y)=I(s4)—1

‘We deduce that:

AjA; = a) 4+ D M@g® MiAy, + D ri@ g AA,,
aed+ aed+

= Y a@ i@ )G @A,
acdt

+ > 2@ i )g A,
aedt,y @ I(sys5,)=l(sa)—1

+ Z )‘j(ﬂv))‘i(av)qﬂv-’—av Asﬂsa'
B,8€dF ,I(sp55)=I(sp)+1(s5)

Denote by X4, ..., X5 the five consecutive sums in the right hand side. It is obvious that
(AiAj)*, X1 + Xy and X3 are symmetric in i and j. We split X4 = X 4+ X}, where X
contains only terms corresponding to « simple (consequently y = o« and Ay is the
identity operator) and X consists of the remaining terms. We also split X5 = X + X2,
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where X contains only terms corresponding to 8, § with sgss = s555, and X7 consists of
the remaining terms.
We only need to show that

E:{ + 2;’ = Z ){j(av))hi()/v)qa Ags,
aE@*,yetlﬁ,l(susy):l(sd)f121

+ > 2B T A,
B,8€®,1(s555)=1(sp)+1(s5),5855F555p

is symmetric in i and j. To this end, let us take first two arbitrary elements g, § of &+ with

[(sgss) = I(sg) + I(s5) and sgss # ss5p; by Lemmas 3.2 and 3.3, there exists o € &+ such
that ¥ = BY + §¥; we will show that:

o there exists a unique y € ®* with S8y = SgSs and [(s45,) = 1(sy) — 1,
e for y determined above, the sum

2@ () Ay, + 2 (BINE) Ay, = (il )i (yY)
A BIMG N Ay, = S5 Ay,

is symmetric in i and ;.

By Lemma 3.2, we distinguish the following two cases:

Case 1. B(8Y) = —1, which implies @ = s5(8), so the condition 5,5, = sgss is equivalent
to y = B. Note that

[(sq) =2ht(e”) — 1 =2(ht(BY) + ht(8")) — 1 = I(spss) + 1 = [(sqsy) + 1.
We deduce that
55’8 =@ (BY)+ 1 (BN =1 (B (B + 18X (BY) + A (B (8Y)

which is obviously symmetric in i and ;.

Case 2. 8(8") = —1, which implies that @ = s5(8), so this time the condition s45, = 555
is equivalent to y = =s5,(8). Because §(a") = 1, the number «(8") is strictly positive,
hence the root 5,(8)" = 54(8%) = 8§¥ —a(8V)a¥ = 8Y —a(§¥)(BY +8Y) is negative, so we
must have y = —s5,(8). We have again that

I(sq) = 2ht(e) — 1 =2(ht(BY) + ht(8")) — 1 = I(spss) + 1 = I(ss,) + 1.
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This time we can express Si‘;"s as follows:

LY = =1 (@ )i(5a(8¥)) + A;(B)IA(8Y)
—j (@) Ri(8") = A )ar(8") + A (BV)Ai(8Y)

= =2 (§DNi(8") + A i) (8Y),

which is again symmetric in i and j.
In order to complete the proof, we must show that the map

{(B,8) € DT x O : I(spss) = I(sp) + (s5), Sps5 7 $s58)
= {(a,y) € DT x O 1 I(s45,) = I(55) — 1}
givenby oY = B + 8" and sgs5 = sus,, is bijective.

Injectivity. Suppose that there exist two different pairs (81, §1), (82, §2) which are mapped
to a given («, y). By looking at Cases 1 and 2 from above, we see that we must have
B1(8)) = —1, 82(B)) = —1 and correspondingly

81 = sy(a)’ ﬂl =V and 82 = _Sot(y)v :62 = Saz(a)'

‘We deduce that
—1=81(8) =y, @) =y —y@)y’)=—y@).

If a(yY) = 1, then §; = o — y = &, hence also 8; = B,, which is a contradiction. If
a(yY) > 2 then the roots 8 = s, (2¥) =a” — y” and

B, =ss@)=y"+A—alyNe’ =—[a" —y" + () — 2]

cannot be simultaneously positive, which is again a contradiction.

Surjectivity. We take a € ®* non-simple, y € ®* with / (Sa8y) = I(s¢) — 1 and show that
there exists 8,8 € &1 with g¥ +8Y = o, SaSy = SpSs and sgss # s5sp. Consider the
reduced decomposition so = s, . .. 5i,Si,Si, - - - i, given by Proposition 3.1. By the “strong
exchange condition” (see for instance [10, Section 5.8]) we distinguish the following two
cases:

Case A. sy = Sig i, Si;Sijp -+ Si for some j between 2 and k. We deduce that y =
Si, - - - 8i;,, (@), the latter being a positive root since the expression s;, . .. s;,,,s;; is reduced.
We notice that

y@)=s;... s,-H,(a,-j)(s,-k e Si (otlvl)) = a;, (sij e Si (alv])) =1,
where we have used Proposition 3.1. The root

sy@) =iy ... 8, osip(ay)
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is positive, because the expression

SaSy = Sip -+ - 80,81, 8iy - - .S,‘/ N

Siy

is reduced, which implies that s;, ...35;; ...s; is reduced as well. We set B = y and § =
sy (@), so that §¥ = s, (") = a” — y", which implies «¥ = " 4 §". We obviously have
SgSs = SaSy, hence

I(sgss) = 2ht(a”) — 2 = 2ht(B") — 1 + 2ht(y ") — 1.

From Lemma 1.2 we deduce that 8 and § are both in &+ and [(sgss) = 1(sp) + 1(ss). If we
had sgss = ss55p, then 545, = 5,54, hence s, (o) = «; this is not true, as a(y ) > 0.

Case B.

Sy = Sip oo Sy SiySiy - v - S,‘iilS,‘I.S,'jil e oS08 Siy - - Sy

= SaSi; - - .S,'/.HS,'/.SI'HI e Si Sa
which implies that

Y = —Sq (S[A . S,’jJrl (Oll‘/.)) = Sip oo o SinSiySiy - e S,'Fl (Ol,‘/.).

A straightforward calculation shows that y (¢¥) = 1. Weset§ = —sq(y),and B = —su5, ()
(it is not difficult to see that both s,(y) and sqs, (a) are negative roots). We have that
8V = —yY4alyV)a¥and B¥ = y¥ — (a(y") — Da", which implies that 8¥ 4+ 8 = «".
We can easily check that sgss = 545, . As in the previous situation, we show that 8 and § are
both in in &1 and we have [(sgss) = 1(sg) +1(ss). If we had sgss = 5558, then so5, = 5}, 54,
hence —s,(y) = y; this implies @ = 2y, which is not true. O
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Notes

1. Only cohomology with coefficients in R will be considered in this paper.

2. One can show (see for instance [9, Chapter 4]) that the definition does not depend on the choice of the reduced
expression.

3. The proof of this result given in [12] relies essentially on the associativity of the ring Q H*(G/B), which is a
highly nontrivial fact; the proof of Lemma 1.3 we are going to give here is entirely in the realm of root systems.

4. I am grateful to the referee for suggesting me this idea.

5. Actually its R[{g; }]-linear extension.
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