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Abstract. A certain squarefree monomial ideal Hp arising from a finite partially ordered set P will be studied
from viewpoints of both commutative algbera and combinatorics. First, it is proved that the defining ideal of
the Rees algebra of Hp possesses a quadratic Grobner basis. Thus in particular all powers of Hp have linear
resolutions. Second, the minimal free graded resolution of Hp will be constructed explicitly and a combinatorial
formula to compute the Betti numbers of Hp will be presented. Third, by using the fact that the Alexander
dual of the simplicial complex A whose Stanley—Reisner ideal coincides with Hp is Cohen—Macaulay, all the
Cohen—Macaulay bipartite graphs will be classified.

Introduction

Let P be a finite partially ordered set (poset for short) and write 7 (P) for the finite poset
which consists of all poset ideals of P, ordered by inclusion. Here a poset ideal of P is a
subset I of P such thatifx € I,y € P and y < x, then y € [. In particular the empty set
as well as P itself is a poset ideal of P. It follows easily that [7(P) is a finite distributive
lattice [12, p. 106]. Conversely, Birkhoff’s fundamental structure theorem [12, Theorem
3.4.1] guarantees that, for any finite distributive lattice £, there exists a unique poset P such
that £ = J(P).

Let P be a finite poset with |P| = n, where |P| is the cardinality of P, and let
S = K[{x,, yp}pep] denote the polynomial ring in 2n variables over a field K with each
deg x, =degy, = 1.

We associate each poset ideal / of P with the squarefree monomial

ur = nxp 1_[ Yp

pel peP\I

of S of degree n. In particular up = [],cp xp and uy =[] ,cp yp-
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The normal affine semigroup ring K[{u;};c7(p)] is studied in [9] from viewpoints of
both commutative algebra and combinatorics.
In the present paper, however, we are interested in the squarefree monomial ideal

Hp = ({ur}ieqr))

of § generated by all u; with I € J(P).

The outline of the present paper is as follows. First, in Section 1 we study the Rees algebra
R(Hp) of Hp and establish our fundamental Theorem 1.1 which says that the defining ideal
of R(Hp) possesses areduced Grobner basis consisting of quadratic binomials whose initial
monomials are squarefree. Thus R(Hp) turns out to be normal and Koszul (Corollary 1.2),
and all powers of Hp have linear resolutions (Corollary 1.3).

Second, in Section 2 the minimal graded free S-resolution of Hp is constructed explicitly.
See Theorem 2.1. The resolution tells us how to compute the Betti numbers 8;(Hp) of Hp
in terms of the combinatorics of the distributive lattice £ = J(P). In fact, if b;(L) is
the number of intervals [I, J] of £L = J(P) which are Boolean lattices of rank i, then
the ith Betti number 8;(Hp) of Hp coincides with b;(L). See Corollary 2.2. (A Boolean
lattice of rank i is the distributive lattice B; which consists of all subsets of {1, ... ,i},
ordered by inclusion.) Thus in particular for a finite distributive lattice £L = 7 (P), one has
Zi>0(—1)ibi(£) = 1. See Corollary 2.3. In addition, it is shown that the ideal Hp is of
height 2 and a formula to compute the multiplicity of S/Hp will be given. See Proposition
2.4 (and Corollary 2.5).

Let A p denote the simplicial complex on the vertex set {x,, ¥,},ep such that the square-
free monomial ideal Hp coincides with the Stanley—Reisner ideal I5,. In Section 3 the
Alexander dual AY, of Ap will be studied. Since the Stanley—Reisner ideal Hp = I, has
a linear resolution, it follows from [4, Theorem 3] that A}, is Cohen—Macaulay. It will turn
out that the Stanley—Reisner ideal /5y of A} is an edge ideal of a finite bipartite graph.
Somewhat surprisingly, this simple observation enables us to classify all Cohen—Macaulay
bipartite graphs. In fact, Theorem 3.4 says that a finite bipartite graph G is Cohen—Macaulay
if and only if G comes from the comparability graph of a finite poset.

1. Monomial ideals arising from distributive lattices

Work with the same notation as in Introduction. Let P be a finite poset with |P| = »n and
S = K[{xp, ¥p}pep] the polynomial ring in 2n variables over a field K with each deg x, =
degy, = 1. Recall that we associate each poset ideal I of P with the squarefree monomial
Uy = (]_[pel xp)(]_[pep\, yp) of S of degree n, and introduce the ideal Hp = ({u;};e7(p))
of S.

Let R(Hp) denote the Rees algebra of Hp and WWp the defining ideal of R(Hp). In other
words, R(Hp) is the affine semigroup ring

R(Hp) = K[{xp, yp}per, (uitliegry] (C KUxp, yplper. 1))
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and W is the kernel of the surjective ring homomorphism ¢ : K[x, y, z] — R(Hp), where

K[x,y, 2zl = K[{xp, yp}per. (21 }icqp]

is the polynomial ring over K and where ¢ is defined by setting ¢(x,) = x,, ¢(y,) = ¥,
and ¢(z;) = uyt.

For the convenience of our discussion, in the remainder of the present section, we will
use the notation P = {p, ..., p,} and write x;, y; instead of x,,, y,,. Let <., denote the
lexicographic order [5, p. 329] on S induced by the ordering x; > --- > x,, > y; > -+ > Y,
and < the reverse lexicographic order [5, p. 330] on K [{z;};c.7(p)] induced by an ordering
of the variables z;’s such that z; > z; if J C I in J(P). We then introduce the new
monomial order <1tex on T by setting

n n
(fo”yf”)(zh ---z[q) <?ex <l_[xfl"yi”)(z,;...11;/)
i=1 i=1

if either
. no_a b no_a b
Q) Hi:1 Xi Vi <lex Hi:l Xi i
or
. n a; b _ n ax{ br’ d ft
(i) [liox"y" =TIl x'y and 2y o2y, <Fzgpee -

Theorem 1.1 The reduced Grobner basis g<? (Wp) of the defining ideal Wp C K[X,Yy, Z]

with respect to the monomial order <ljeX consists of quadratic binomials whose initial
monomials are squarefree.

Proof: The reduced Grobner basis of Wp N K[{z;}1c7(p)] With respect to the reverse
lexicographic order <* coincides with Q<I:V(Wp) N K[{zr}regcp)l. It follows from [9] that
g<f Wp) N K[{zr}1eg(py] consists of those binomials

Z13J — ZIAJRIVI
such that 7 and J are incomparable in the distributive lattice 7 (P).

It is known [14, Corollary 4.4] that the reduced Grobner basis of Wp consists of irre-
ducible binomials of K[x,y, z]. Let

n n
f= (l_[xia‘y,‘h[>(zh "'Zlq) - (Hx;l"yib’)(zl{ "'Zl,;)
i=1 i=1
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be an irreducible binomial of K[x, y, z] belonging to g<lj (Wp) with

o)

its initial monomial, where z;, < --- < 2, and <=z

Let f & K[{z/}1eg(p)]. Let j denote an integer for which 7 A ¢ I;.Such an integer exists.
In fact, if I; C I; for all j, then each a; = 0 and each b, = 0. ThlS is impossible since
(T v D, - -z1,) 1s the initial monomial of f.

Let p; € I \;. Then pi belongs to each of [} !
of Iy, I, ..., I;. Hence a; > 0.

Let p;, € PW1thp,0 el \I suchthat I;U{p; } € J(P).Thusa;, > 0.LetJ = I;U{p, }.
Then the binomial g = x,oz I — YioZl belongs to Wp with x;,z I its initial monomial. Since
X;,z1; divides the initial monomial of f, it follows that the initial monomial of f must
coincides with x;,z;, as desired. O

Ay, ..., 1, and does not belong to each

It is well known that a homogeneous affine semigroup ring whose defining ideal has an
initial ideal which is generated by squarefree (resp. quadratic) monomials is normal (resp.
Koszul). See, e.g., [14, Proposition 13.15] and [6].

Corollary 1.2 Let P be an arbitrary finite poset. Then the Rees algebra R(Hp) is normal
and Koszul.

On the other hand, Stefan Blum [2] proved that if the Rees algebra of an ideal is Koszul,
then all powers of the ideal have linear resolutions.

Corollary 1.3 Let P be an arbitrary finite poset. Then all powers of Hp have linear reso-
lutions.

2. The free resolution and Betti numbers of Hp

Corollary 1.3 says that the monomial ideal Hp arising from a finite poset P has a linear
resolution. The main purpose of the present section is to construct a minimal graded free
S-resolution ' = Fp of Hp explicitly.

Let P be a finite poset with |P| = n and § = K[{x,, ¥,}pep] the polynomial ring in 2n
variables over a field K with each deg x,, = deg y, = 1. Recall that, for each poset ideal /
of P, we associate the squarefree monomial u; = (]_[pel x,,)(]_[pep\l yp) of § of degree n.
Let Hp denote the ideal of S generated by all u; with I € J(P).

The maximal elements of a poset ideal I of P are called the generators of 1. Let M(I)
denote the set of generators of 7.

The construction of a minimal graded free S-resolution F = Fp of Hp is achieved as
follows: For all i > 0 let IF; denote the free S-module with basis

e(l, T),
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where
IleJWP), TCP, INTCMUI), INT|=i and [IUT|=n+i.
Extending the partial order on P to a total order, we define for i > O the differential
0: F, —» F;,_
by

eI, T = Y (=1°U"TP(x,e(I\{p}. T) = ype(I, T\{p}),

pelnT

where for a subset Q C Pand p € Q weseto(Q, p)=1{qg € Q: q < p}l.
With the notation introduced we have

Theorem 2.1 The complex F is a graded minimal free S-resolution of Hp.

Proof: We define an augmentation ¢: Fy — Hp by setting

gle(I, T)) =uy

293

for all e(, T) € Fy. Note that if e(Z, T') is a basis element of Fy, then T = [r]\I, so that &

is well defined.
We first show that

]Fl ]F() Hp — 0

is a complex.
Lete(I, T) € Fy with I N T = {p}. Then

(e 0 9)(e(I, T)) = xpe(e(I\{p}, T)) — ype(e(d, T\{p}))

= xpupn(py — yptr = 0.

Thus 0 o € = 0, as desired.
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Next we show that d 0 d = 0. Lete(I, T) € F;,y and set L = I N T. Then

doadle(l, T))
= D (1P, e\ p), T)) — ypde(, T\{p})

peL
= Z(—l)“L’P)[x,,( Z (=1)7L\Pha)
PeL qeL.q#p

x (xge(I\{p. q}, T) — yge(I\{p}, T\{q}))>

—yp( Do (RO e(I\(g), T\Ip)) — yge, T\{p,q}»ﬂ

qeL.q#p
= ) (N g e(I\(p.q). T)
p.geL.p#q
— ) (PO, y e(I\{p}, T\lg))
p.geL.p#q
— Y (e ye(I\{g), T\{p)
p.geL.p#q
+ Y (SN y o1, T\{p, q))
PEL,.p#q
=0.
The last equality holds since (—1)°(E-P+o@\PLe) = _(—1)o L) toL\lg).p),

In order to prove that the augmented complex

]F] ! ]F() £ Hp — 0

is exact we show:

(1) Ho(F) = Hp,
(2) F is acyclic.

For the proof of (1) we note that the Taylor relations
rig =xprynseld) —xpgynreld), I,J e J(P)
generate the first syzygy module of Hp. Here we set for simplicity e(/) for the basis element
e(I, P\I) in [y, and denote by x, yp the monomial ]_[peA Xp ]_[qu Vq-

Observe that

rr,g = Xnirring —XnJriinJ-
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Hence it suffices to show thatr; ; € 9(IF) forall I, J € L with J C I.To this end we choose
asequence J = Iy C Iy C ... I,—y C I, = I of poset ideals such that I; = I;,_; U {p;}
for j =1,...,m. Then

m m j—1
rrg = § 1_[ Xpi HYW TLj 1y
k=1

j=1 \k=j+1
The assertion follows since ry; j,_, = —d(e(I;, P\1;_1)) for all j.

We prove (2), that is, the acyclicity of I by induction on |P|. If P = {p}, then Hp =
(xp, ¥p), and [F can be identified with the Koszul complex associated with {x,, y,}, and
hence is acyclic.

Suppose now that |P| > 1. Let g € P be a maximal element and let Q be the subposet
P\{q}. We define a map

¢I]FQ—)IFP, Ei(I, T)i—)e,(I,TU{q})
It is clear that ¢ is an injective map of complexes whose induced map Hyp = Hy(Fp) —

Hy(Fp) = Hp is multiplication by y,. Let G be the quotient complex Fp/IFy. Since the
multiplication map is injective, the short exact sequence of complexes

0 Fo Fp G 0
induces the long exact homology sequence
- —— H(G) —— Hi(Fp) —— H\(Fp) —— Hi(G) —— 0
By induction hypothesis, H;(Fp) = 0 for i > 0. Hence it suffices to show that H;(G) = 0
fori > 0.

The principal order ideal (¢) consists of all p € P with p < p. Let R be the subposet
P\(q), and let C be the mapping cone of the complex homomorphism

-V,
F R ——> F R-
Then we get an exact sequence

Here Fg[—1] is the complex Fy shifted to the ‘left’, that is, (Fg[—1]); = (Fg);—; for all i.
By our induction hypothesis F is acyclic. Thus from the long exact sequence

H\(C) ——> Hy(Fg) —> Hy(Fx) —> Hy(C) —> 0

— 5 H)C) —— H(Fp) — H;(Fr) ——>
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we deduce that H;(C) = 0 fori > 1. We also get H;(C) = 0, since Hy(Fg) = Hg, and
since multiplication by y, is injective on Hg. Thus we see that C is acyclic.

We now claim that C = G, thereby proving that G is acyclic, as desired.

In order to prove this claim we first notice that C; = (Fg);—; @& (Fg); for i > 0 (where
(Fr)—1 = 0). Thus if » = |R|, then C; has the basis C; = B;_; U 3;, where

B ={eI, T): I €eLR), TCR, INTCMW,|INT|=i,|[IUT|=r+i}.
On the other hand G; has the basis

G ={eld, T):1eLP),(@Cl, TCP, INTCMUI),|INT|=i,
IUT|=n+i}.

Let ; : C; = G; be the S-linear homomorphism with

e(1U(g), TU{q) ife(,T)e Bi;
Vile(I,T)) = .
e(1U(g), T) ife(1,T) € B;.
It is easy to see that all y; are bijections and induce an isomorphism of complexes. O

Suppose P is of cardinality n and P is an antichain, i.e., any two elements of P are
incomparable. Then B, = J(P) is called the Boolean lattice of rank n.

Let now £ be an arbitrary finite distributive lattice, and let I, J € £ with I < J. Then
the set

I,J1=MeLl:1<M<=<J}

is called an interval in L. The interval [/, J] with the induced partial order is again a
distributive lattice. Let b;(L£) denote the number of intervals of £ which are isomorphic to
Boolean lattices of rank i. In particular, by(L) = |L|. These numbers have an algebraic
interpretation.

Recall that for a graded S-module M,

Bi(M) = dimg Tor} (M, K)

is called the ith Betti-number of M. If F is a graded minimal free resolution of M, then
Bi(M) is nothing but the rank of F;.

Corollary 2.2 Let P be a finite poset, L = J(P) the distributive lattice and Hp the
squarefree monomial ideal arising from P. Then

(a) b;(L) = Bi(Hp) for all i;
(b) the following three numbers are equal:
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(1) the projective dimension of Hp;
(ii) the maximum of the ranks of Boolean lattices which are isomorphic to an interval
of L;

(iii) the Sperner number of P, i.e., the maximum of the cardinalities of antichains of P.

Proof: (a) For eachi > 0, let ; be the set of pairs (I, S), where I € £, S C M(I) and
|S| =i, and let B; be the set of basis elements e(I, T') of IF;. Then

B — J, e, T)—~ U, INT)

establishes a bijection between these two sets.

Since for each (I, §) € J;, the elements in S are pairwise incomparable it is clear that
[7\S, I] is isomorphic to a Boolean lattice of rank i.

Conversely, suppose [J, I] is isomorphic to a Boolean lattice of rank i. Then S = I\J
is of a set of cardinality i, and J U T € L for all subsets T C S.

Suppose that S ¢ M(I). Then there exists, g € Sand p € [ suchthat p > ¢q.If p € J,
theng € J,acontradiction. Thus p € S, and hence (J, p) € L. This is again a contradiction,
because it would imply that g € (J, p). Hence we have shown that (1, S) € J;.

It follows that the assignment e(I, T) — [I\(I N T), I] establishes a bijection between
the basis of IF; and the intervals of [J, I] in £ which are isomorphic to Boolean lattices.

(b) is an immediate consequence of (a) and its proof. O

Corollary 2.3 Let L be a finite distributive lattice. Then

Db = 1.

i>0

Corollary 2.3 is a special case of [12, Exercise 3.19 (b)] and the resolution constructed in
Theorem 2.1 is the cellular resolution [1] of the cubical complex appearing in Topological
Remark [12, pp. 178—179]. In the forthcoming paper [8], we construct such the resolutions
in more general contexts and show that these resolutions are cellular in some cases.

Let Ap be the simplicial complex attached to the squarefree monomial ideal Hp. In
the next section we will see (Lemma 3.1) that the Stanley—Reisner ideal attached to the
Alexander dual A} is generated by the monomials x,y, such that p < ¢. Hence for the
Stanley—Reisner ideal of A p we have

IAp = m (xp’ yq)-

P.9€P.p=q

In particular we get

Proposition 2.4 Let P be a finite poset. Then the squarefree monomial ideal Hp is of height
2, and the multiplicity of S/Hp is given by

e(S/Hp) =I{(p.q): p,gq € P, p <ql}l.
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Let I C S be an arbitrary graded ideal with graded minimal free resolution

0 —— P, S(—ay) @, S(-a;)) —— S
—_— S/ — 0.
Suppose the height of I equals /. Then by a formula of Peskine and Szpiro [11] one has
Bi

NGV VIS !
oS/ == (=1 ) _af;
Coi=1 j=1

Applying this formula in our situation and using Corollary 2.2 and Proposition 2.4 we get

Corollary 2.5 Let P be a finite poset with |P| = n, and let L = [J(P) be the distributive
lattice. Then

1 .
P @): g e P, p=gll =23 (=D (L) +i).

i>0

We close this section with an example. Let P be the poset with Hasse diagram

The distributive lattice £ = J(P) has the Hasse diagram

{a7b?c?d}
{a,b,c} {a,b,d}
{a,b} {d,b}
{a} {b}
0

Thus Hp = (uvwx, avwx, buwx, abwx, bduw, abcx, abdw, abcd). Here we use for con-
venience the indeterminates a, b, ¢, d, u, v, w, x instead of x,, and y,. The free resolution
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of Hp is given by

0 —— $3(—6) —— S10(=5) —— $%-4) Hp 0.
We see from the Hasse diagram that the ith Betti number of Hp coincides with number
of intervals of £ which are isomorphic to Boolean lattices of rank i. The number of pairs

(p, q) in the poset P with p < g is equal to 7, and this is also the number we get from
Corollary 2.5, namely (1/2)(—8-164+10-25—-3-36) = 7.

3. Alexander duality and Cohen—Macaulay bipartite graphs

We refer the reader to, e.g., [3, 10, 13] for fundamental information about Stanley—Reisner

rings.

Let P ={p1,..., p,} be a finite poset and S = K[x;, ..., x,, y1,..., ¥,] the polyno-
mial ring in 2n variables over a field K with each degx; = degy; = 1. We will use the
notation x;, y; instead of x,,, y,,, and set V, = {x1, ..., X, 1, ..., Yn}-

Recall that Hp is the ideal of S which is generated by those squarefree monomials
ur =(J] el x)(] pepyy i) With I € J(P). It then follows that there is a unique simplicial
complex Ap on V, such that the Stanley—Reisner ideal 1, coincides with Hp. We study
the Alexander dual A}, of Ap, which is the simplicial complex

Ap ={V,\F : F ¢ Ap)
onV,.

Lemma 3.1 The Stanley-Reisner ideal of A}, is generated by those squarefree quadratic
monomials x;y; such that p; < p; in P.

Proof: Let w = xy...x,y1...y,. If u is a squarefree monomial of S, then we write
supp(u) for the support of u, i.e., supp(u) = {x; : x; divides u} U {y; : y; divides u}.
Now since {supp(u;) : I € J(P)} is the set of minimal nonfaces of Ap, it follows that
{supp(w/u;) : I € J(P)} is the set of facets (maximal faces) of A},. Our work is to find
the minimal nonfaces of AY,. Since supp(w/ug) = xi - - - X, and supp(w/up) = yi - - Yn,
both {x, ..., x,}and {y;, ..., y,} are faces of A}.Let F C V, be a nonfaces of A}. Let
Fo=FN{xy,...,x,}and F, = {x; : y; € F}. Then F; # () and F, # . Since {x;, y;}
is a minimal nonface of A}, we will assume that F, N F\, = @. Since F is a nonface, there
exists no poset ideal I of P with Fy N{x; : p; € I} =¥ and F, C {x; : p; € I}. Hence
there are x; € Fy and x; € F, such that p; < p;. Thus {x;, y;} is a nonface of AY. Hence
the set of minimal nonfaces of A}, consists of those 2-element subsets {x;, y;} of V,, such
that p; < p; in P, as required. O

Let G be a finite graph on the vertex set [N] = {1, ... , N} with no loops and no multiple
edges. We will assume that G possesses no isolated vertex, i.e., for each vertex i there is an
edge e of G with i € e. A vertex cover of G is a subset C C [N] such that, for each edge
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{i, j} of G, one has eitheri € C or j € C. Such a vertex cover C is called minimal if no
subset C’ C C with C’ £ C is a vertex cover of G. We say that a finite graph G is unmixed
if all minimal vertex covers of G have the same cardinality.

Let K[z] = K|[z1, ... , zy] denote the polynomial ring in N variables over a field K. The
edge ideal of G is the ideal /(G) of K [z] generated by those squarefree quadratic monomials
z;z;j such that {i, j} is an edge of G. A finite graph G on [N] is called Cohen—-Macaulay
over K if the quotient ring K[z]/I(G) is Cohen—Macaulay. Every Cohen—Macaulay graph
is unmixed ( [15, Proposition 6.1.21]).

A finite graph G on [N] is bipartite if there is a partition [N] = W U W’ such that each
edge of G is of the form {i, j} withi € W and j € W’. A basic fact on the graph theory says
that a finite graph G is bipartite if and only if G possesses no cycle of odd length. A tree
is a connected graph with no cycle. A tree is Cohen—Macaulay if and only if it is unmixed
([15, Corollary 6.3.5]).

Given a finite poset P = {pi, ..., pn}, we write G(P) for the bipartite graph on the
vertex set {xi,...,x,} U{yi, ..., y,} whose edges are those {x;, y;} such that p; < p;
in P. Lemma 3.1 says that the Stanley—Reisner ideal of A}, is equal to the edge ideal
of G(P). Since the Stanley—Reisner ideal Hp = I, has a linear resolution, it follows
from [4, Theorem 3] that A}, is Cohen—Macaulay. Then [15, Theorem 6.4.7] says that A},
is shellable. Hence I, has linear quotients (e.g., [7]).

Corollary 3.2 The Alexander dual A}, is shellable and the ideal Hp has linear quotients.

We now turn to the problem of classifying the Cohen—Macaulay bipartite graphs by using
the Alexander dual A}.

Let G be a finite bipartite graph on the vertex set W U W’ with W = {iy, ... , i} and
W' = {ji,...,Ji}, where s < t. For each subset U of W, we write N(U) for the set of
those vertices j € W’ for which there is a vertex i € U such that {i, j} is an edge of G. The
well-known “marriage theorem” in graph theory says that if |U| < |N(U)| for all subsets
U of W, then there is a subset W” = {ji,, ..., ji,} C W with |W”| = s such that {iy, jg,}
isanedge of G fork =1,2,...,s.

Let G be a finite bipartite graph on the vertex set W U W' and suppose that G is unmixed.
Since each of W and W’ is a minimal vertex cover, one has |W| = |W'|. Let W =
{x1,...,x,and W = {y(, ..., y,}. Since (W\U) U N(U) is a vertex cover of G for all
subsets U of W and since G is unmixed, it follows that |U| < |N(U)| for all subsets U
of W. Thus the marriage theorem enables us to assume that G satisfies the condition as
follows: () {x;, ¥;} isanedge of G forall 1 <i < n.

Lemma 3.3 Work with the same notation as above and, furthermore, suppose that G
is a Cohen—Macaulay graph. Then, after a suitable change of the labeling of variables
Vi, .-+ Yu, the edge set of G satisfies the condition (8) together with the condition as
Sollows: (88) if {x;, y;} is an edge of G, theni < j.

Proof: Let A be the Cohen—Macaulay complex on the vertex set W U W’ whose Stanley—
Reisner ideal 5 coincides with 7(G). Recall that every Cohen—Macaulay complex is
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strongly connected and that all links of a Cohen—Macaulay complex are again Cohen—
Macaulay. Since both W and W' are facets of A, it follows (say, by induction on 7n) that,
after a suitable change of the labeling of variables xi, ..., x, and yq, ..., y,, the subset
Fi={y,..., Y, Xi+1,... , x,} is a facet of A for each 0 < i < n, where Fy, = W and
F, = W'. In particular {x;, y;} cannot be an edge of G if j < i. In other words, the edge
set of G satisfies the conditions (1) and (#f), as required. O

Theorem 3.4 Let G be a finite bipartite graph on the vertex set W U W', where W =
{x1,...,x, and W' = {y1,...,y,}, and suppose that the edge set of G satisfies the
conditions (8) and (8f). Then G is a Cohen—Macaulay graph if and only if the following
condition (tit) is satisfied:

@88) If {x;, y;} and {x;, yi} are edges of G withi < j < k, then {x;, y} is an edge of G.

Proof: (“Only if”’) Let G be a Cohen—Macaulay graph satisfying () and (#f) and A the
Cohen—Macaulay complex on the vertex set WU W’ whose Stanley—Reisner ideal coincides
with I(G). Let {x;, y;} and {x;, y.} be edges of G withi < j < k and suppose that {x;, y}
is not an edge of G. Since every Cohen—Macaulay complex is pure and since {x;, y} is a
face of A, it follows that there is an n-element subset F C W U W’ of G with {x;, yx} C F
such that F is independent in G, i.e., no 2-element subset of F is an edge of G. One has
v; € Fand x; ¢ F since {x;, y;} and {x;, y;} are edges of G. Since {x;, y,} is an edge of G
for each 1 < £ < n, the independent subset F can contain both x; and y; forno 1 <i < n.
Thus to find such an n-element independent set F' is impossible.

(“If””) Now, suppose that a finite bipartite graph G on the vertex set W U W' satisfies
the conditions (), (ff}) together with (fiff). Let < denote the binary relation on P =
{p1, ..., pa} defined by setting p; < p; if {x;, y;} is an edge of G. By (#) one has p; < p;
foreachl <i <n.By (#ff)if p; < p; and p; < p;, then p; = p;. By () if p; < p; and
Pj < D, then p; < pi. Thus < is a partial order on P. Lemma 3.1 then guarantees that
G = G(P). Hence G is Cohen—Macaulay, as desired. o

Corollary 3.5 Let G be afinite bipartite graph and A the simplicial complex whose Stanley—
Reisner ring coincides with I(G). Then G is Cohen—Macaulay if and only if A is pure and
strongly connected.

Work with the same situation as in the “if” part of the proof of Theorem 3.4. Let com(P)
denote the comparability graph of P,i.e.,com(P) is the finite graphon {p;, ... , p,} whose
edges are those {p;, p;} withi # j such that p; and p; are comparable in P. It then follows
from [15, pp. 184—185] that the Cohen—Macaulay type of the Cohen—Macaulay ring S/1(G),
where S = K[xy,...,X;, Y1,---, Yu], is the number of maximal independent subsets of
com(P), i.e., the number of maximal antichains of P. Hence G is Gorenstein, i.e., S/I(G)
is a Gorenstein ring, if and only if P is an antichain.

Corollary 3.6 A Cohen-Macaulay bipartite graph G is Gorenstein if and only if G is the
disjoint union of edges.
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