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Abstract. We use elements in the quantum hyperalgebra to define a quantum version of the Désarménien matrix.
We prove that our matrix is upper triangular with ones on the diagonal and that, as in the classical case, it gives
a quantum straightening algorithm for quantum bideterminants. We use our matrix to give a new proof of the
standard basis theorem for the g-Weyl module. As well, we show that the standard basis for the g-Weyl module
and the basis dual to the standard basis for the g-Schur module are related by the quantum Désarménien matrix.
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1. Introduction

Let K be an infinite field, n and r fixed positive integers, and X a fixed partition of r. In
the classical case, the Désarménien matrix corresponding to A and n is an upper triangular
unimodular matrix that plays an interesting role in the representation theory of the general
linear group GL(n, K). It was first introduced in [4] where it was defined using Capelli
operators which, although it is not pointed out there, are elements in the hyperalgebra for
GL(n, K). Its original purpose was to act as tool for writing a given bideterminant as a
linear combination of bideterminants which come from semistandard A-tableaux. In [3],
Désarménien showed that the entries in the matrix may be determined in a combinatorial
manner by examining pairs of semistandard A-tableaux with entries from the set {1, ... , n}.

Since its introduction, the Désarménien matrix has appeared in anumber of places relating
to the polynomial representations of GL(n, K). J. A. Green gives a very nice proof of the
Carter-Lusztig basis theorem (see [1]) for the Weyl module A(X) for GL(n, K) in [7]. At the
heart of his proof is the Désarménien matrix. The proof directly shows that the Désarménien
matrix is the change of basis matrix between the Carter-Lusztig basis for A(A) and the basis
dual to the standard basis for the Schur module. In [6], J. A. Green uses a version of the
Désarménien matrix to give a basis of codeterminants for the Schur algebra S(n, r).

A symplectic version of the Désarménien matrix is given in [13]. This matrix has many
of the properties of the original Désarménien matrix and a version of it has proved useful
in providing bases of symplectic codeterminants for the symplectic Schur algebras in [2].

In Section 4 we will define quantum versions of the Capelli operators and use them to
define a quantum Désarménien matrix. We prove that our matrix is upper triangular with
ones on the diagonal. As well, we show that it can be used to give a quantum straightening
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algorithm for quantum bideterminants. Another quantum straightening algorithm is given
in [11].

A quantum version of the Carter-Lusztig standard basis theorem for the ¢g-Weyl module
corresponding to A was proved by R. M. Green in [8]. The contravariant dual to the g-Weyl
module, called the g-Schur module, has a basis of bideterminants given by semistandard A-
tableaux so the g-Weyl module also has a basis which is dual to this basis. Our Désarménien
matrix turns out to be the connection between these two bases. We prove this by giving a
new proof of the standard basis theorem from which this fact emerges.

2. Young tableaux

Throughout the article, K shall be an infinite field, #» and r shall be fixed positive integers,
and X shall be a fixed partition of r.

A k-tuple A = (Aq, Az, ..., Ag) of positive integers is a partition of r if Ay > Ay > -+ >
Ar and Zf;l A; = r. The Young diagram of shape A is a collection of » boxes arranged in k
left justified rows with the ith row consisting of A; boxes. A A-fableau is obtained by filling
the Young diagram of shape A with entries from the set {1, 2, ... , n}. A A-tableau is called
semistandard if the entries in its rows are weakly increasing from left to right and strictly
increasing from top to bottom.

Let I(n, r) denote the set of r-tuples with entries from the set {1, 2, ... , n}. It is often
convenient to associate to a given A-tableau a sequence I = (iy, ip, ... ,1,)in I(n,r) and
to associate to a sequence / in I(n, r) a A-tableau 7;. We do this by letting 77 denote the
A-tableau obtained by filling the Young diagram of shape A canonically down the columns
with the entries in / working from left to right and from top to bottom.

Example 2.1 Let X = (3,2). Then T = 3] is a semistandard A-tableau. We may

write T = T; where I = (1,4, 2, 6, 3).

—_
N[

We will often make use of the basic tableau, which we denote by 7. If s is the number
of rows in the Young diagram of shape A, then T}, is the A-tableau in which every entry in
the ith row is equal to i, for 1 < i < s. We denote by J(}) the sequence in I(n, r) that
satisfies Tj, = T).

Example 2.2 If A = (3,2), then T} = Uand J(0) = (1,2, 1,2, 1).

—_
DO | —

The symmetric group S, acts on I(n, r) on the right by

I-0="C(>16,---50rs), I =0(1,02,...,0)€I(n,r).
This action induces an action of S, on the set of A-tableaux with entries from {1, 2, ... , n}
byT;-0 =T;,.Let] =(1,2,...,r). We denote the tableau 77, for this particular choice

of I, by T.. The column stabilizer of T;,, denoted C (TA), is the set of o € S, which preserve
the columns of T,\ under this action.
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3. The quantum hyperalgebra

In this section, we construct the quantum analogue of the hyperalgebra for GL(n, K). We
then discuss the quantum analogues of the Schur and Weyl modules.

Let ¢ be an indeterminate and let A = Z[q, ¢~'] denote the ring of Laurent polynomials
in g. Let Q(g) be the field of quotients of A. The quantum enveloping algebra, which we
denote by Ugy), is the associative Q(¢)-algebra with generators E;, F;, K;, K;I with
1 <i <n, 1 <j <n,subject to the relations that follow. We let K; ;| denote K; K,]_ll.

KiKi_l = Ki_lKi =1 K:K; = K;K;

KiEj = g% EK; KiFj = g% 7% F;K;

EEj=E;E ifli—j| >1 F,F; = F;F; ifli — j| > 1
Kiiv1— K,',_;:_l

EiFj — FiE; = 4 p—

E}E; —(q+q DWEE;E;+E;E; =0 if |i—jl=1
F?Fj —(q+q WDFFiF + FiF} =0 if |i—j| = 1.

The algebra Ug,) is a Hopf algebra over Q(¢) with comultiplication

A Ugg) = Ugg) ® Ugg)

defined by

AEH)=1QFE +E ®K;ir1, AF)= K,-T,Ll QF+FE®1L, AK)=K; ®K;.
G.1)

Note that Ug,) possesses other comultiplications which are preferred by some authors.
Let a be a nonnegative integer. Define

qa_q—a
[a]zifl,
qg—49

and quantum factorial as
[a]! = [alla —1]...[1].

For X € Ug) anda € N, let

X K: a _S_HK' _ s—lel
X(a)=[]' and( ,/>=1—[q i—4 i
aj: a -




306 STOKKE

The integral form U 4 of Ug,), given in [12], is a quantum version of Kostant’s Z-form.
It is the Hopf .4-subalgebra of Ug(,) generated by the elements

K
Ef“’,:?}“lkj,l(jl,( J), aeN, 1<i<n l<j<n.
a

Let ¢ be a unit in K such that > # 1. We may regard our field K as an .4-algebra by
letting ¢ € A acton K by multiplication by ¢ € K. The quantum hyperalgebra is defined as

UKZUA®AK.

We will often say that M is a Ug-module, meaning that M is a U 4.-module so we have a
Uk -module via base change. We write u € Uk to mean the image of u in Uk via the map
¢ : Uy — Ug defined by ¢p(u) = u ® 1.

Let Vi) be the n-dimensional vector space over Q(q) with basis v1, ... , v,. Then Vg
is a Ug(g)-module, called the natural module, via

8 -1 -,
Ein:8i+1’jU[, I’;vj:6ijv[+1, K,-vj:q’fvj, Ki v =¢q VVj.

Denote the U 4-submodule of Vg, generated by vy, ..., v, by V4. The coassociative
comultiplication A defined in (3.1) defines a U 4-module action on Vf’. We will let V&
denote the Ug -module obtained by base change. Given I = (i, i2, ... , i) € I(n, r),define

vy eEVabyvy =v,Qv;, @ Q..
Define z; € V" by

= Z =) " v;00.4 (3.2)

oeC(Ty)

where /(o) denotes the length of the permutation o € S, and J(}) and C (Ty) are defined
in Section 2. Let A(}) 4 denote the left U 4-submodule of VE” generated by z,. The g-Weyl
module is the left Ug-module defined by

Ag(A) =AM B4 K.
We now define a quantum version of the algebra of polynomial functions on the set of

n x n matrices over K. As in [15], an n X n matrix A = (a;j)1<;, j<n With entries in an
A-algebra is a g-matrix if its entries satisfy the following relations:

ajxaj; = q_lailaik l<k<l<n
QikAjk = qilajka,-k l<i<j<n 3.3)
ajajx = ajiai| I<i<j=<n, l<k<l=<n )

1

aaj —ajax =(@q  —qQapay 1<i<j=<n, 1=<k<l=Zn.
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Define A,(n) to be the A-algebra with generators x;; subject to the relations which require
X = (xij)1<i,j<n t0 be a g-matrix.
It can be checked (see [15]) that A,(n) is a U 4-module with action

8t (3.4)

Eixy = 8iy1%is Fixy = 8uxiivr, Kixw = q% x, K,-_lxkz =q
and E;(PQ) = P(E; Q)+ (E; P)(K;i+1Q), F,(PQ) = (K, \,, P)(F; Q)+ (F;P)Q, K:(PQ)
= (K; P)(K; Q) where P, Q € A,(n). Of course we get a Ug-module by base change and
we also denote this module by A, (n).

Ifl =@y,...,i)andJ = (ji, ..., j)belongto I(n,r)withi; <i; < --- < i,,define
det, X} in A, (n) by

_K(a‘) o . . . . . .
2 (_q) XitjeyXizjo  + + Xir jor lf.ll <J2<::<Jr
o€ES,
I _
det, X; = o
o .
E (—q) Xi 1yt Xo=1@)ja - - Xiy 1 otherwise.
o€S,

Given A-tableaux S and T, where S is column increasing, the quantum bideterminant
(§:T) € Ay(n) is defined as

§:7)= (deth ;((11))) (deth ;((22))) T (deth i((ys)))

where s is the number of columns in the Young diagram of shape X and 7 (i) (respectively
S(i)) denotes the subsequence corresponding to the entries in the ith column of T (respec-
tively §). In this article, we are only interested in bideterminants of the form (75, : T), where
T,. is the basic A-tableau defined in Section 2. We take [T'] to represent the bideterminant
(T, : T). Note that X is fixed throughout, so 7 is always a A-tableau.

Let V(1) 4 be the A-span of the quantum bideterminants [7'], where the set runs over all
A-tableaux T with entries from the set {1, ..., n}. The fact that V(1) 4 is a U 4-invariant
submodule of A, (n) follows from [14, Proposition 2.1]. The g-Schur module, denoted V(1)
is the Ug-module given by base change.

There is an antiautormorphism t : U4 — U 4 defined by

W(E)=F, t(F)=E, t(K)=K,. (3.5)

We denote the induced map on Uk by t as well.
If M is a Ug-module, the contravariant dual of M, denoted M°, is just the dual space M*
with action defined as

uf(m)= f(t(wym), ueUx, me M, feM*.

In Section 5, we define a contravariant form on V®" and use it to explicitly construct the
contravariant dual to V, (). The resulting module will be isomorphic to A, (1). For a proof
of the following, see [5, Proposition 4.1.6].
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Theorem 3.1 The q-Weyl module is the contravariant dual to V,()L); that is
(Va()” = Ag(M).

We shall frequently use the following standard basis theorem for V,,(1). There are several
different proofs of this result; see for instance [9] or [10].

Theorem 3.2 The set {[T] : T is a semistandard A-tableau} forms a K -basis for V,(X).

4. A quantum version of the Désarménien matrix

In this section we define a quantum version of the Désarménien matrix. We introduce a
number of technical lemmas which will ease our task. Using (3.4), we may determine
the action of E;, F; or K; on a bideterminant [T ]. For a discussion of this action on
bideterminants, see [11, p. 7 and Example 2.2].

To define quantum analogues of the Capelli operators, we first define E;; and F;; recur-
sively in Uk as follows:

E;=Eiin, Ej=EEi1;—q 'Eiq1jE; and Fjj = Frpy jF; —q ' FiFipy .
It can be quite difficult to compute E;;[T] for an arbitrary A-tableau 7. We will frequently be

encountering tableaux for which the task becomes simplified, as illustrated by the following
example and Lemma 4.2.

—
—_

1]

1
21212  Then
316|8
5

Example 4.1 LetT =

AW |—

Ess[T] = (E3Es — q ' Es6E3)[T]
= E3E44[T], since E3[T] = 0 (see [11, Example 2.2])
= E3(E4Es — q ' EsE4)|[T]
= E3E4E5[T] since E3E5E4[T] =0.

Lemma 4.2 Suppose that T is a column increasing h-tableau that coincides with T, in
the first i — 1 rows. Suppose also that if m is an integer withi < m < j, then m does not
appear in the ithrow of T. Then Ej[T] = E;Eiyy ... E;_[T].

Proof: We fix j and induct on i in the operator E;;. If i = j — 1, the result is trivial.
Suppose that Ey;[T] = ExEpyr...Ej4[T]fori < k < j— 1.If ani 4 1 appears
in T, our hypotheses force an i to appear in a column above it so E;[T] = 0. Thus
EijlT] = EiEi1 jIT]1 — q 'Eiy1 jEilT] = E;Eiyy ... E;[T]. |
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Given I € I(n,r), define d(/) to be the number of pairs (a, b) which satisfy a < b and
i, < ip. Forinstance,if I = (1,2,1,4,3),thend(l) = 7.

Lemma 4.3  Suppose that j > i. Then Ej;(x{;) = [r]lx];.

Proof: We will show that Ej;[T] = [s]! 3, g~4D[T;] for 1 < s < r where the sum runs
over all r-tuples / which contain s entries equal to i and r — s entries equal to j and T is
the one-row tableau with r entries equal to j. Then, if we let s = r, this is precisely the
statement of the Lemma. The statement holds for s = 1 since

EjlT1=EEi...Ej[TI=EEw...Ej2Y ¢ ™[Tyl=Y q " IT],
M J

where the sum runs over the r-tuples J which contain one i and » — 1 entries equal to j.

Now suppose that for all 1 < m < s we have E}[T] = [m]! }_, q~%D[T;] where the
sum runs over all 7-tuples / which contain m entries equal to i and r — m entries equal to j.
Then Efj (T1=[s—11'), q’d(’)Eij [T;] where the sum is over the r-tuples / which contain
s — 1 entries equal to i and » — (s — 1) entries equal to j. Now Z, Ei;[T;] = ZJ vrslTy]
where y;; € Z[g, ¢~'] and the sum runs over all J which contain s entries equal to i and
r — s entries equal to j. Furthermore, y;; = 0 in case J cannot be formed by changing a
jinItoani. Thus ES[T]1=1[s—11'3, 3, q~%Dy;;[T;], where the sum runs over all
J which contain s entries equal to i and r — s entries equal to j and all / which contain
s — 1 entries equal to i and r — (s — 1) entries equal to j. We now prove that for each J
with s entries equal to i and » — s entries equal to j , we have Y, ¢~ Dy;; = [s]lg~?),
where the sum is over all / which yield J when a j in I is changed to an i. Fix such a
J. Let I, be the r-tuple that comes from changing the first i from the rightin J toa j, I,
the r-tuple that comes from changing the second i from the right in J to a j, etc. Then
Y a v =Y a7 Wy

For each k with 1 < k < s, let oy be the number of j’s to the right of the kth i from the
right in J. Then d(I}) = Zf:l o —ap + (s —k) =d(J) — ax + (s — k). To examine y;, ;
we apply E;E;y... E;_; to [T} ] and look at the coefficient of the portion of this sum that
gives J. Since g% is introduced by the E;_; operator and g*~! is introduced by the E;
operator, y;,; = g %g* L.
It follows that

s

N s
qud(lk)ylkj — qud(anwqu — qud(J)[S]
k=1 k=1

k=1

and this completes the proof.
O

Lemma 4.4 Let T be a semistandard \-tableau that coincides with T, in the firsti — 1
rows. Suppose that there are r entries equal to j in the ithrow of T. Suppose also that if m is
an integer withi < m < j then m does not occur in the ith row of T. Then Ei’j [T] = [r]'[S]
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where S is identical to T except that the r entries equal to j in the ith row of T have been
replaced by i’s.

Proof: Suppose that the r entries equal to j appear in the ith row of 7 in columns a
through b = a + r. We argue that applying E; affects only the portion of the tableau in
which these j’s occur. The lemma then follows from Lemma 4.3.

From our assumptions on 7', it follows that if & > b there are no entries between i — 1
and j + 1in the kth column 7'(k) of T'. Thus, the operators E;, ... , E;_; do not affect these
columns and KZ(}H[T(k)] =[T(k)] fork >bandi <€l <j—1.

Ifi < m < j and m appears in T, it must appear below the ith row in some column
T(k) with k < a. Suppose that [S] is a bideterminant in the sum E;_;[T] that comes
from changing a j below the ith row of T to a j — 1. Any bideterminant in the sum
Ei(Eit1 ... Ej_»[S]) comes from changing an i + 1 below the ith row to an i in some
bideterminant [S'] in the sum E;;; ... E;_[S]. There is an i in the ith row above this i,
so E;[S§'1 =0and E;(E;;; ... E;_»[S]) = 0. Thus all bideterminants in the sum E;_;[T]
come from changing a j in the ith row of T to a j — 1. Continuing this argument, we see
that every bideterminant in the sum E; E; 1 ... E;_1[T] comes from changing a j in the ith
row to an i. Inductively, it follows that E;, affects only those j’s in the ith row of T'. O

We now define operators E7 and Fr in Ug. The operators Fr also appear in [8]. Given
a semistandard A-tableau 7" with k < n rows, define

Er= [] B} andFr= ] FJ” (4.1)
1<i<k 1<i<k
i<j<n i<j<n

where y;; is the number of entries equal to j in row i of 7. The product E7 is ordered

_ ) Vkk+1) (van) 23) (1n) 13) - (V12)
Er = Ep;, "'Ek,k-:l . ES ...E23 ElnI ...El31 Elzl and

_ ) p(ri3) Vi) (v23) (Van) V1) Vin)
Fr=F,"F3;" ... F F3= .. Fy, "'Fk,k++1 B i

1n

Definition 4.5 Given a semistandard A-tableau 7 and a column increasing A-tableau S,
define ,(S, T) = ¢ where c is the coefficient of [7;] in the expansion of E7[S] into a
linear combination of basis elements.

Order the set of A-tableaux by declaring S < T if the row sequence of § is less than the
row sequence of 7' with respect to the lexicographic order on I(n, r). In Example 4, for
instance, 71 < T>.

Definition 4.6 The quantum Désarménien matrix is the matrix

Qq =[824(T1, TP, sez,

where 7, = {I € I(n,r) : T; is a semistandard A-tableau}.
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We begin with an example to motivate the next theorem.

Example 4.7 LetT = 1] so Q,(T, T)

=1.

! 6] Then E7[T] = EQE\[T] = [ 1

Theorem 4.8  Suppose that T is a semistandard A-tableau. Then Qg (T, T) = 1.

Proof: By Lemma 4.4, we have E ﬁz[T] = [y12]![U] where U is the single tableau that
results from changing the y;, entries equal to 2 in the first row of T to ones. Thus, E EZ‘Z) [T] =
[U]. Suppose that Eﬁ/j'.'fll) ... Eg'Z)[T] = [U] where the first ;1 +y12+- - -+, j—1 columns
of the first row of U contain ones while the remainder of U is identical to 7. By Lemma
4.4, we have E(l’;”)[U] = [U'], where the entries in the first y; + y12 + - - - + y1; columns
of the first row of U’ are ones and the remainder of U coincides with 7. This proves
that E iﬁ‘”) - E g”)[T] = [U] where the first row of U consists entirely of ones and the
remainder of U’ is identical to T. The general result follows by repeating the argument for
each of the rows in T'. O

If Vis a Ux-module and x = (xi,..., x») an n-tuple of non-negative integers, the
weight space associated to y is the subspace

VX={veV:Kv=q%v, 1 <i<n}.

A vector v € VX is a weight vector of weight x. The weight of a bideterminant [7] in
Vy(A)is x = (x1, ... , Xa) Where x; is equal to the number of i’s that occur in the tableau
T. In particular, [7}] is the unique bideterminant in V,(1) with weight A. We will require
the following fact, which is easily shown by induction.

Lemma 4.9 Suppose that [T] has weight x = (X1, X2, - - - » Xn)- Then E;;[T] belongs to
the weight space Ay(\)* where oo = (x1, ..., xi +1, ..., x; — 1, ..., X

Theorem 4.10 Suppose that S and T are column-increasing h-tableaux and suppose that
T is semistandard.

L. If Q4(S, T) # O then [S] and [T] have the same weight.
2. If S is semistandard and Q,(S, T) # O then S < T.

Proof: By Lemma 4.9, if [S] and [T'] do not have the same weight, E takes [S] and [T']
to different weight spaces. By Theorem 4, E7[T] lies in the weight space V,(1)*. Thus
Q,(S, T) = 0, which completes the proof of 1.

To prove 2 we assume that [S] and [T'] have the same weight. Suppose that S > T and
let ¢ be the first entry in the row sequence of 7' which differs from the corresponding entry
s in the row sequence of S so that s > . Let i be the row of the Young diagram in which ¢
occurs in 7. Suppose that the number of #’s in the ith row of S is equal to k so y;; > k. Thus
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Er[S] = ...E7"ME® EY?[S] where y;; — k > 0. Repeatedly applying Theorem
4.4 we have EX .. EIYEV?[S] = [k]!...[y13]![y12]![U] where the first i — 1 rows of U
and the first y;; 4+ ;.41 + - - - + k columns of the ith row of U coincide with T, and the
remainder of U coincides with S. But there are no ¢’s in the ith row of U and any which
appear below the ith are in the first y;; + ¥;;+1 + - - - + k columns. Since each of these
columns contains an  in a row above such a ¢, we have E;’;’_k[U] =0so Er[S]=0. O

Corollary4.11  The quantum Désarménien matrix is an invertible upper triangular matrix.

The following lemma allows us to deduce a straightening algorithm for quantum bide-
terminants. For an alternative straightening algorithm, see [11].

Lemma 4.12 Suppose that S and T are column-increasing A-tableaux and that T is
semistandard. Suppose also that [S] and [T] have the same weight. Then

E7[S] = Q4(S, DIT.].

Proof: Since [S] and [T'] have the same weight, E7[S] and E7[T] both lie in the weight
space Vq()u)’\. Thus E7[S] = c[T)] = 24(S, T)[T]. |

To get a g-straightening algorithm, we use the fact that any bideterminant with weight x
can be expressed as a linear combination of semistandard bideterminants of weight x and
then call on the Désarménien matrix to give us the coefficients in the decomposition. Let
2,4, be the submatrix of €2, that runs over the ,(S, T') where [S] and [T'] have weight
x .- Let Ii( = {I € 7, : [T;] has weight x}. If U is a column increasing A-tableau such that
[U] has weight x, then [U] = Zlezf ar[T;]. If J € I} then

Qq(U, THIT,] = Er,[U] by Lemma 4
= Z arEr,[Ty]

1T}
= Y arQ(T1, THIT;].

1€}

Thus [, (U, TI)]1eI§ = [al]leZ{ 2,4 and since £2, , is invertible, we have

lar)err = [Q(U. T jezr (R0 7" (4.2)

Example 4.13 Let A = (2,1),n = 3, and x = (1, 1, 1). There are two semistandard
A-tableaux which give bideterminants of weight x;

T, = 2] and T, = 1[3],

|L».)>—A
\]
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To find 2, (T}, T7), we compute E7,[Ti] = E3[T1] = (¢ — g~ MI[T;]. Thus,

-1
= (L 1Y
= o 1

Let T =

Z L. Then Ef,[T] = EpEn[T] = q[T;], so (T, T;) = q. Furthermore,

Q,(T, T;) = —1. Let ay, and arg, be the coefficients of [77] and [73] respectively in the
straightening decomposition of [T']. Then

g ' —q

| ) = (¢, —¢*), and [T] = q[Ti] — ¢*[T>].

1
(aTl? aTz) = (qv _l)<0

5. The connection between two bases of A, ()

A quantum version of the Carter-Lusztig basis theorem was proved by R. M. Green, [8].
The g-Weyl module also has basis dual to the basis of V,(A) in Theorem 3. We would like
to discover the relationship between these two bases. We shall prove the standard basis
theorem using the quantum Désarménien matrix at the end of this section. Our proof also
shows that the standard basis for A,(A) and the basis dual to the basis of semistandard
bideterminants for V, (1) are connected by the quantum Désarménien matrix.

We first construct the contravariant dual to V,(1). We begin withamap ¢ : ver Vy(A).

Proposition 5.1 The K-linear map ¢ : V& — V(1) given by ¢(v;) = [T;] is a Ug-
epimorphism.

Proof: Itis clear that ¢ is an epimorphism, so we need only prove that ¢p(uv;) = u[T;] for
each r-tuple J and each u € Ug. Suppose first that A = (1”) so that ¢(v;) = [T;] where T
is a one-column tableau. Let @ denote the number of entries equal to i in 7. If @ > 2 then
d(Kivy) = q[T)] = 0= K;¢p(v,). If a < 2, we also have ¢(K;v,) = q°[T;] = K;p(vy).

To prove ¢(E;vy) = E;¢(v;), we may assume that J contains at least one i + 1, for
otherwise equality follows trivially. Suppose first that the number of entries equal to i 4 1
in J is larger than two. Then E;¢p(v;) = E;[T;] = 0 = ¢(E;[T,]). Next suppose that the
number of entries equal to i + 1 is less than or equal to two. Then if J also contains an i,
E;v; =Y apvy where each M in the sum has at least two entries equal to i, from which
it follows that ¢(E;v;) = 0 = E;¢(vy).

Now suppose that J contains no entries equal to i and one or two entries equal toi 4 1. If
J contains exactly one i 41, then E;v; = vy where M is identical to J except that the i 4 1
has been replaced with ani. Thus, ¢(E;v;) = [Ty] = E;[T,]. Now suppose that J contains
exactly two entries equal to i + 1 and no entries equal to i. Then E;¢(vy) = E;[T;] = 0. As
well, p(E;v;) = [Ty] + g~ '[Tar] where the tableaux Ty, and Ty are the same except that
an i and an i + 1 have been interchanged. But [Ty] 4+ ¢~ '[Tx] = O (see [14, Proposition
2.1]) so ¢(E;v;) = 0. The proof that ¢(F;v;) = Fi¢p(vy) is similar.
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For the general case, let © = (u,..., us) be the conjugate of the partition A =
()L],... ,)»k). Given I € [(I’l,l"), let I = (i11,i21,... ,l'ml,... ,ils,... ,l"uxs), 11 =
(1150215 - - - ,l.'ul]),... , Iy = (i, Dog, o e 9imb‘) so that v; = vy, ®v12®~-~®v1s.Themap

6:Ve — V(1) ® V(o) ® - - - ® V4(ius) defined by
(v, ®v, ® - Qvy,) =¢(v,) @(v,) @+~ @ P(vy,)

is a Ug-homomorphism. As well, the map v : V,(11) ® V4(12) ®@ ... ® V,(1s) — V4(R)
givenby Y ([T, 1® [T,,]® - - @[T}, ]) = [T}, [T1,] . .. [T1,]is a Ux-homomorphism. Thus,
¢ = ¥ 00 is a Ux-homomorphism as well. O

If V. and W are two Ug-modules, a bilinear form (,) : V x W — K is said to be
Uk -contravariant if for all u € Ug, v € V,and w € W, we have (uv, w) = (v, t(u)w),
where t is the antiautomorphism defined in (3.5). We want to define a Uk -contravariant
form on V® and use it to construct the g-Weyl module as is done in the classical case
by J. A. Green in [7]. To do so, we introduce the following notation. Given I € I(n, r),
define B(I) to be the number of pairs (a, b) for which a < b and i, # i}. For example, if
I =(1,3,2,1) then B(I) = 5. Define a bilinear form (, ), : V¥ x V¥ — K by

(i, vs)g = q" P81y,

For example, (v ® 13 ® 1, ® V1, VIO V3 ® V2 ® V1) = ¢°.

Theorem 5.2 The form (, ), : V& x V& — K is a Ug-contravariant form.

Proof: Let I, J € I(n,r) and let a be the number of entries equal to i which occur in 7
and let b denote the number of entries equal to i which occur in J. Then (K;v;, v;), =
q{vr, vy)q and (vy, Kjvy)y = by, vy)q. Both are equal to zero if / # J andif I = J
thena = b so (K;v;, vs)g = (v, Kivy)g.

Let! =(iy,...,i,)and J = (ji, ..., jr). Applying (3.1), we have

Fi(vp) = (K Lvi) @+ @ (K L) ® (Fru )+ -+ + (Fivy, ) ® v, ® -+~ ® v;, and
Ei(v) =, @vj, ® -+ ® (Evj)) + -+ + (Eiv)) ® (Kii10)) ® ... @ (Kiiy1v),)-

We will prove that (Ki,_il+1”i1 ® - ® Kifiﬂr]vikfl ® Fv, ® --- ®v;,vy)4 is equal to
(vy, Vj, R Q E,-vjk ® Ki,iijkH R Q K,-,,-ijr)q for a fixed k with 1 < k < r. We
may assume that the r-tuples / and J coincide before and after the kth place so we replace
all such i;’s in the first form by j;’s. We may also assume that v;, = v; and v;, = v;4. Thus
=0 s Ji=to by Jrtts oo 5 Jr)s J =Ctseee s Jk=15 8+ 1, kg1, -+, jr). Suppose that
there are a; entries equal to i which occur in the r-tuple J prior to the kth place and suppose
that there are a, entries equal to i + 1 which occur in J prior to the kth place. Let b; denote
the number of entries equal to i which appear in J after the kth place and b, the number of
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entries equal to i + 1 that appear after the kth place. Then

(Kiivi ® - ® Kl v ® Fivy @ - @ v, vg), = ¢~ "q¢"", and

(v, v, @ ® Ejvi1 ® Kijg1v),,, ® - ® Ki,i+1vjr)q =q"q"¢"".
But g~ 4 g®qPV) = g~ g ghDrathi—a=b — gbig=bu B and this completes the proof.
O

We now take V), to be the orthogonal complement to N = ker¢ with respect to the form
(, )¢ Itis clear that V; , is a Ug-submodule of V®" and the form (, ), : Vi , x V,(A) - K
defined by

(6, ¢y = (X, ¥)g, X E€Vig, yeV GRY;

is a non-degenerate contravariant form since (, ), is non-degenerate and contravariant and
¢ is a Ug-homomorphism. Thus V, , = (V,(1))° viathe map ¢ : V; ; — (V,(1))° defined
by

V() = (x,y)g, X € Vig, ¥y € V().

One can adjust [7, Proposition 2.7e] appropriately to get a quantum version of that result
from which it follows that Vj , = A, ().

The following proof of the standard basis theorem for A, (1) shows that this basis and
the basis dual to the basis of Theorem 3 are related by the Désarménien matrix. Recall the
definitions of Fr and z, from (4.1) and (3.2).

Standard basis theorem— The set {F7z, : T is a semistandard A-tableau} is a K-basis
Sor A (M).

Proof: By definition z; € A,()). Let T; and T; be semistandard A-tableaux and let (, ),
be the non-degenerate contravariant form on A, (1) x V, (1) defined in (5.1). Then

(Fr 2., [TJ])q = (2. ET,[TJ])q = (21, Qg(Ty, THIT,] + ZaM[TM])qv
M

where each [T)] in the sum has weight different from A. But for each M in the sum, we
have (z;, [Tu])y = (21, vm)q = 0. Thus

(F1,23, [TsDg = @2, Ty, TOITDg = 4(Ts. Tz, vai), = 47Ty, T).

So for each J € I, we have (Fr,z, [T/, = ¢PY™QuT,,T)). Since Q, =
[,4(Ty, T1)l1ez, is an upper triangular invertible matrix and the set of semistandard
A-tableaux forms a K-basis for V, (1), the set {Frz, : T is a semistandard A-tableau} is
a K -basis for A,(%). d
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