J Algebr Comb (2006) 24:83-101
DOI 10.1007/s10801-006-9103-x

Mixable shuffles, quasi-shuffles and Hopf algebras

Kurusch Ebrahimi-Fard - Li Guo

Received: 20 June 2005 / Accepted: 27 December 2005
© Springer Science + Business Media, LLC 2006

Abstract The quasi-shuffle product and mixable shuffle product are both generaliza-
tions of the shuffle product and have both been studied quite extensively recently. We
relate these two generalizations and realize quasi-shuffle product algebras as subalge-
bras of mixable shuffle product algebras. As an application, we obtain Hopf algebra
structures in free Rota—Baxter algebras.

1. Introduction

This paper studies the relationship between the mixable shuffle product and the quasi-
shuffle product, both generalizations of the shuffle product.

Mixable shuffles arise from the study of Rota—Baxter algebras. Let k be a commu-
tative ring and let A € k be fixed. A Rota—Baxter k-algebra of weight A (previously
called a Baxter algebra) is a pair (R, P) in which R is a k-algebraand P : R — R is
a k-linear map, such that

P(x)P(y) = P(xP(y)) + P(P(x)y) + AP(xy), Vx,y € R. (1)

The concept of Rota—Baxter algebra was introduced by the mathematician Glen
Baxter [3] in 1960 to study the theory of fluctuations in probability. It was motivated by
the work of Spitzer on random walks [41]. Rota greatly contributed to the study of the
Rota—Baxter algebra by his pioneer work in the late 1960s and early 1970s [36, 37, 38]
and by his survey articles in late 1990s [39, 40]. Unaware of these works, in the early
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1980s the school around Faddeev, especially Semenov-Tian-Shansky [42], developed
a whole theory for the Lie algebraic version of equation (1), which is nowadays well-
know in the realm of the theory of integrable systems under the name of the (modified)
classical Yang-Baxter equation.' In recent years, Rota—Baxter algebras have found
applications in quantum field theory [8, 9, 15, 16, 17], dendriform algebras [1, 10, 13,
31], number theory [22], Hopf algebras [2] and combinatorics [21].

Key to many of these applications is the realization of the free objects in which
the product is defined by mixable shuffles [23, 24] as a generalization of the shuffle
product. The shuffle product is a natural generalization of the integration by parts
formula and its construction can be traced back to Chen’s path integrals [7] in 1950s.
It has been defined and studied in many areas of mathematics, such as Lie and Hopf
algebras, algebraic K -theory, algebraic topology and combinatorics. Its applications
can also be found in chemistry and biology. It naturally carries the notion of a Rota—
Baxter operator of weight zero.

Another paper [26] on a generalization of the shuffle product, called the quasi-
shuffle product, was published by Hoffman? [26] in the same year as the papers [23, 24]
on mixable shuffle products. Hoffman’s quasi-shuffle product plays a prominent role
in recent studies of harmonic functions, quasi-symmetric functions, multiple zeta
values [25, 27,28, 4] (where in special cases it is also called stuffle product or harmonic
product) and g-multiple zeta values [5].

Despite the extensive works on the two generalizations of shuffle products, it appears
that they were carried out without being aware of each other. In particular, the relation
of quasi-shuffles with Rota—Baxter algebras seems unnoticed. For example, in the
numerous applications of quasi-shuffles to multiple zeta values in the current literature,
no connections with Rota—Baxter algebras and mixable shuffles have been mentioned.
In fact, concepts and results on Rota—Baxter algebras were rediscovered in the study of
multiple zeta values. For instance, the construction of the stuffle product in [5] follows
easily from the construction of free Rota—Baxter algebras in [6], while the generalized
shuffle product in [19] is the same as the mixable shuffle product in [23, 24].

The situation is similar in the theory of dendriform algebras. Even though both
quasi-shuffles and Rota—Baxter algebras have been used to give examples of dendri-
form algebras [1, 10, 12, 33], no connection of the two has been made. Also, in the
work of Kreimer, and Connes and Kreimer [29, 30, 8, 9] on renormalization theory in
perturbative quantum field theory, both the shuffle and its generalization in terms of
the quasi-shuffle, and Rota—Baxter algebras appeared, in different contexts.

It was noted in [11] that the two constructions should be related. Our first goal of
this paper is to make this connection precise. We show that the recursive formula for
the quasi-shuffle product has its explicit form in terms of the mixable shuffle product.
Both can be derived from the Baxter relation (1) that defines a Rota—Baxter algebra
of weight 1. We further show that the quasi-shuffle algebra on a locally finite set, to
be recalled below, is a subalgebra of a mixable shuffle algebra on the corresponding
locally finite algebra. With this connection, the concept of quasi-shuffle algebras can
be defined for a larger class of algebras.

! The latter Baxter is the Australian physicist Rodney Baxter.
2 Hoffman mentioned in [26] that there was also a generalization in the thesis of F. Fares [18].
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This connection allows us to use the Hopf algebra structure on quasi-shuffle algebras
to obtain Hopf algebra structures on free Rota—Baxter algebras, generalizing a previous
work [2] on this topic. In the other direction, considering the critical role played by
the quasi-shuffle (stuffle) product in recent work on multiple zeta values and quasi-
symmetric functions, this connection should allow us to use the theory of Rota—Baxter
algebras in the studies of these exciting areas [14].

The paper is organized as follows. In the next section, we recall the concepts of shuf-
fles, quasi-shuffles and mixable shuffles, and describe their relations (Theorem 2.5).
In Section 3, we use these connections to obtain Hopf algebra structures on free
Rota—Baxter algebras (Theorem 3.3).

2. Shuffles, quasi-shuffles, and mixable shuffles

For the convenience of the reader and for the ease of later references, we recall the
definition of each product before giving the relation among them.

2.1. Shuffle product

The shuffle product can be defined in two ways, one recursively, one explicitly. We will
see that Hoffman’s quasi-shuffle product is a generalization of the recursive definition
and the mixable shuffle product is a generalization of the explicit definition.

Let k be a commutative ring with identity 1x. Let V be a k-module. Consider the
k-module

T(V)= @ yen,

n>0

Here the tensor products are taken over k and we take V° = k.
Usually the shuffle product on 7' (V) starts with the shuffles of permutations [35, 43].
For m, n € N, define the set of (m, n)-shuffles by

S(m,n) = {o € Siman

o' <o '@ <... <o (m),
clm+ D<o lm+2)<...<o'm+n)["

Here S+, is the symmetric group on m + n letters.
Fora=a1®..®a,cV® b=b®...Qb, € V¥ ando € S(m, n), the el-
ement

ola® b) = Ug(1) ® Us(2) R...Q Uo(mtn) € V®(m+n)’
where
bi—m, m+1<k<m+n,

{ak, 1 <k<m,
Up =
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is called a shuffle of @ and 4. The sum

alllb:= ) o@®b) (2

oeS(m,n)

is called the shuffle product of @ and b. Also, by convention, a III b is the scalar
product if either m = 0 or n = 0. The operation III extends to a commutative and
associative binary operation on 7' (V'), making 7' (V) into a commutative algebra with
identity, called the shuffle product algebra generated by V, which we denote by the
pair (T'(V), ). Itis well-know [43] that, when V is a vector space over a field k, then
(T (V), III) is endowed with a coproduct (deconcatenation), making it into a Hopf
algebra.

The shuffle product on 7'(V') can also be recursively defined as follows. As above
we choose two elements a| @ -+ - ® a,, € V" and b) ® --- @ b, € V®", and define

alll(by @b, @ ...Qb,) =aph1 b, ® ... Q by,
@MP®ar®...Q a,)lby =bpa; Qar, ® ...R a,,, ap, by € V®0:k,

and

(al®®am)m(bl®®bn)
=a1®(@®...0a)b ®...0b,))
+b0® (@ ®...Q0a)(b,®...Qby)), ai, bj e V. (3)

Lemma 2.1. For every element v € V, the K-linear map Py :(T(V), 1) —
(T(V), ), Puy(a) := v ® a is a Rota—Baxter operator of weight zero.

Proof: Leta i =a1® - - ®a, € V¥ and b :=b, ® --- ® b, € V®". It is evident
from the recursive definition of the shuffle product in (3) that Py(a) I Py (b) =
Puy(a 1T P (b)) + Pwy(Pwy(@) L b). O

2.2. Quasi-shuffle product

We recall the construction of quasi-shuffle algebras [26]. Let X be a locally finite set,
that is, X is the disjoint union of finite sets X,,, n > 1. The elements of X, are defined
to have degree n. Elements in X are called letters and noncommutative monomials in
the letters are called words. Define X = X U {0}. Suppose that there is an operation

[L]: XxX—=X &

with the properties

S0. [a¢,0] =Oforalla € X;
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S1. [a,b] = [b,a] foralla, b € X;

S2. [[a, bl,c] =[a, [b, c]] foralla, b, c € X;

S3. either [a, b] =0 for all a, b € X, or deg([a, b]) = deg(a) + deg(b) forall a, b €
X.

We define a Hoffman set to be a locally finite set X with a pairing (4) that satisfies
conditions SO-S3. Even though the original paper [26] only considered k to be a subfield
of C, much of the construction goes through for any commutative ring k. So we will
work in this generality whenever possible. Consider the k-module underlying the
noncommutative polynomial algebra 20 = k(X), that is, the free k-algebra generated
by X. The identity 1 of 2 is called the empty word.

Definition 2.2. Let k be a commutative ring and let X be a Hoffman set. The quasi-
shuffle product * on 2 is defined recursively by

e lxw=w=x*1=w for any word w;
e (awy) * (bwy) = a(w; * (bwy)) + b((aw)) * wy) + [a, b](w; * wy), for any words
wy, wy and letters a, b.

When [, -] is identically zero, * is the usual shuffle product I1I defined recursively
in Eq. (3).

Theorem 2.3 ((Hoffman)[26]). (1) (A, %) is a commutative graded K-algebra.

(2) When [-, -] =0, (A, x) is the shuffle product algebra (T (V'), I11), where V is the
vector space generated by X.

(3) Suppose further K is a subfield of C. Together with the deconcatenation comulti-
plication

A:A—>AQA w — Zu@v

uv=w

where uv is the concatenation of words, and counit
€e:A—->Kk wtr §,1,

(U, %) becomes a graded, connected bialgebra, in fact a Hopf algebra. When
[a,b] =O0foralla, b € X, the Hopf algebra is the shuffle product Hopf algebra.

2.3. Mixable shuffle product

We next turn to the construction of mixable shuffle algebras and their properties [23].
The adjective mixable suggests that certain elements in the shuffles can be mixed or
merged. We first give an explicit formula of the product before giving a recursive
definition which, under proper restrictions, will be seen to be equivalent to Hoffman’s
quasi-shuffle product.

Intuitively, to form the shuffle product, one starts with two decks of cards and puts
together all possible shuffles of the two decks. Suppose a shuffle of the two decks is
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taken and suppose a card from the first deck is followed immediately by a card from
the second deck, we allow the option to merge the two cards and call the result a
mixable shuffle. To get the mixable shuffle product of the two decks of cards, one puts
together all possible mixable shuffles.

Given an (m, n)-shuffle o € S(m, n), a pair of indices (k,k+ 1), 1 <k <m +n,
is called an admissible pair for o if 0 (k) < m < o(k + 1). Denote 77 for the set of
admissible pairs for o. For a subset T of 77, call the pair (o, T') a mixable (m, n)-
shuffle. Let | T' | be the cardinality of T'. By convention, (o, T) = o if T = (. Denote

Stm,n) ={(0,T) |0 € S(m,n), TCT°} (5

for the set of mixable (i, n)-shuffles.
Let A be acommutative k-algebra not necessarily having an identity. We will define
another product, the mixable shuffle product, on the tensor space

T(A) = @ 4%

k>0

and use it to construct the free commutative Rota—Baxter algebra on A. For a =
Q.. Qa, cA®", b=bQ®...Qb, € A% and (o, T) € S(m, n), the element

G(a ® b; T) = M(T(l)®u(f(2)® ‘e ®u(r(m+n) S A®(m+n7|T\)’
where for each pair (k, k + 1), 1 <k <m +n,

5 Uo (k)Uo (k+1)s (k,k+1eT
Uy ®ua =
OF ot { Uoty ® Uoistyy (kik+1)&T,
is called a mixable shuffle of the words a and b.
Now fix A € k. Define, for a and b as above, the mixable shuffle product

asth:=ash = Z M“o(a@b;T)e@A@k. (6)

(U,T)ES(m,n) k<m+n

As in the case of the shuffle product, the operation ¢* extends to a commutative and
associative binary operation on

THA) :=PA* =404 ...
k>1

Making it a commutative algebra without identity. Note that this is so even when A
has an identity. This is similar to the case of tensor algebra. In any case, we take the
unitarization

1L, (A) := 111}, (A) :=k@@A®k —k0ADA®®® ..., (7)
k>1
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and obtain a commutative algebra with the identity 1 being 1 € k [23]. We call it the
mixable shuffle algebra.
Suppose A has an identity 14. Define

II,(A) := [ 4 (A) == AQ L, (A)  (8)

to be the tensor product algebra. More precisely, the product ¢ = ¢, on III; (A) is
defined by

(ao ® a) o3 (b ® b) := (apho) ® (a f b), ag, by € A, a, b € IIT(A)  (9)

and is called the augmented mixable shuffle product. Thus we have the algebra
isomorphism (embedding of the second tensor factor)

a1 (I} (A), of) = (14 @ I} (A), 0).  (10)

The pair of products o, and o; is a special case of the double products in Rota—Baxter
algebras. See the remark after Theorem 2.4.
Define the k-linear endomorphism P4 := P4 ; on III,(A) by assigning

Pilap®a)=1,QayQa, a € A", n>1, an
Pi(ag®c) =14 ®cay, c € A% =k

and extending by additivity. Let j4 : A — III,(A) be the canonical inclusion map.
Call (I, (A), P4) the (mixable) shuffle Rota—Baxter k-algebra on A of weight A.
The following theorem was proved in [23].

Theorem 2.4. The shuffle Rota—Baxter algebra (111, (A), P,), together with the nat-
ural embedding ja, is a free commutative Rota—Baxter K-algebra on A of weight
A. More precisely, for any Rota—Baxter Kk-algebra (R, P) of weight A and alge-
bra homomorphism f : A — R, there is a Rota—Baxter Kk-algebra homomorphism
f : (10, (A), Py) — (R, P) such that f = f o j4.

The reader might find it unusual to see two products 0; and ¢, defined on the same
underlying module @1 A*. This is in fact typical in Rota—Baxter algebras. Let (R, P)
be a Rota—Baxter algebra of weight A. Then

x*xpy:=xP(Q)+ Px)y+ixy, Vx,y € R,

defines an associative product on R, and, together with the linear operator P : R — R,
gives another Rota—Baxter algebra structure on R. This is called the double structure
on (R, P), denoted by (R, xp, P) to emphasize the different product. Furthermore,
P :(R,xp, P) — (R, P) is a Rota—Baxter algebra homomorphism: P(x xp y) =
P(x)P(y). This property is known to mathematicians since the 1960s. The Lie algebra
variation was independently discovered by physicists working in classical integrable
systems [42]. In general, we use the product on R to obtain the “double product”
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*p. In the construction of the free Rota—Baxter algebra reviewed above, we did the
opposite. We constructed the product o, first and use it to obtain ©;. But o is the
double product of ¢;, that is,

xofy:xok Pa(y) + Pa(x)on y + Ax oy y. (12)

This is not immediately clear just from the definitions of the products, but follows
by considering Theorem 2.4, which necessarily implies the map P4 to be a weight A
Rota—Baxter operator. For then we have

Lo y)=0140x) 0, (14 ®y)
= Pa(x) o3 Pa(y)
= Pa(x 05 Pa(y) + Pa(x) 01 y + Ax 0, y)
=14 ® (x 01 Pa(y) + Pa(x) 02 y + Ax 0, ).

As P, is injective, we obtain Eq. (12). We will return to this property in the proof of
Theorem 2.5.

2.4. The connection

We now establish the connection between quasi-shuffle product and mixable shuffle
product.

Letk be a commutative ring with identity. Let X = U,,>; X, be a Hoffman set. Then
the pairing [-, -] in (4) extends by k-linearity to a binary operation on the free k-module
A = k{X} on X, making A into a commutative k-algebra without identity. Further A
is graded, with homogeneous components A, = k{X,}, the free k-module generated
by X,,.Let A = k @ A be the unitary k-algebra spanned by A. Then A = k{X} where
X = {1} U X with 1; := (1, 0) the identity of A. Here and in the rest of the paper,
we will use 1, (instead of 15) to denote this identity of A. We will call A (resp. A)
the algebra (resp. unitary algebra) spanned by X.

With the notations in Eq. (7) and (8), we have embeddings

B : L (A) — 1L (A) — 1L, (A),

a — a — 14 ®a. (13)

of k-algebras. Here the first embedding is induced by the embedding A < A and the
second embedding is the natural one, H_Ij{(A) - LA =A® I_Hf(A).

Theorem 2.5. For a Hoffman set X, the quasi-shuffle algebra A = K(X) is isomor-
phic to the algebra H_II((A) and thus to the subalgebra 14 ® I_ka(A) of the free

commutative Rota—Baxter algebra 111y, (A) of weight 1y.
Proof: We define

fiX—> XCA=A® CII (A)
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to be the canonical embedding. We note that both 2, with the concatenation product,
and ]_HK((A), with the tensor product, are the free unitary non-commutative k-algebra
on X, that is, the tensor algebra on A. Thus f extends uniquely to an isomorphism
f:UA— I_ka(A) of vector spaces such that for any letters ay, - - -, a, € X, we have

fla-a)=a1®---®a, € A%

To prove that f is also an isomorphism between 2, with the quasi-shuffle product
*, and I_ka(A), with the mixable shuffle product <>1+k, we just need to show that f
preserves the products. We first note that the recursive relation of * in Definition 2.2 can
be inductively defined as follows. Forany m,n > landa :=a; ---a,,,b := by -- - b,
witha;,b; € X, 1 <i <m, 1 < j < n, define a * b by induction on the sum m + n.
Thenm +n > 2. When m + n = 2, we have a = a; and b = b,. Define

a*b:albl +b1611 +[a1,b1]. (14)

Assume that a * b has been defined for m +n > k > 2 and consider a and b with
m +n =k + 1. Thenm + n > 3 and so at least one of m and n is greater than 1. Then
we define

a*b=a1b1--'bn +b1(a1*(bz-'-bn))+[a1,b1]b2~'-bn, Whenmzl,n22,

(15)
axb= al((az---am)*bl) +biay---ay + |ay, bilay---a,,, whenm >2,n =1,
(16)

axb=ai((a:--am)* by -by)) +bi((@ - an)* by by))
+lay, bil((az - aw) * (by -+ by)), whenm,n > 2. (17)

Here the products by * on the right hand side of each equation are well-defined by the
induction hypothesis. Then we define the multiplication by 1y by claiming that 1 is
the identity.

We now prove the multiplicity

flaxb)= fl@) o] f(b). (18)

by a similar induction on m + n. When m + n = 2, then m = n = 1. Hence by Eq.
(14), we have

flar *by) = flaiby + biay + a1, bi]) = a1 @ by + by @ ar + [ay, by].

This is precisely f(a;) ot f(b;) = a; o b; by Eq. (6) since the first two terms are
the shuffles of a; and b; and the third term comes from the only admissible pair (1, 2)
for the (1, 1)-shuffle id € S(1, 1).
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Assume that Eq. (18) has been proved for m +n > k > 2 and consider a and b
withm +n=k+ 1. Theneitherm =1landn >2, orm>2andn=1,orm > 2
andn > 2. We will check Eq. (18) whenm > 2 and n > 2. The other cases are similar.

By Eq. (9), we have

(14 ® f(@) o1, a4 ® f(B) =14 ® (f(a) o}, f(B)).

On the other hand, by Theorem 2.4, P4 is a Rota—Baxter operator. So we have

(14 ® f(@) o1, (14 ® (b)) = Pa(f(@) o1, PA(F(B)) (by Eq.(11))
= P4(F(@ 01, Pa(F®) + Pa(f(@) o1, f(@) + (@) o1, FB))
(by Rota — Baxter relation Eq. (1))
=1,® (@@ an o, 14 Qb &+ ®b,)
+14®a1®@ - ®an) o, L1 @ ®by) + (a1 Q- Qay) o1, (b
(by definitions of f and P,)
= 1,8 (@ ® (@& ®a,) o b1 ®b)
+01® (1 @ @an) of (r®--- ®by))
b1 ® (@ @+ ®an) of, (2@ ®by))  (by Eq.9)
=14 ® (@1 ® F (@ an) % by b)) + b1 ® F((@ - an) % (b2 by)
+lan bi1® F(ar - am) % (by - b,,))) (by induction hypothesis)
=1, ® f(ar((@ - an) b1 b)) + bi (@ an) (b b))
+lar, bi)((@r -+~ @) % (by -+ bn))) (by definition of f))

=1, ® (f(@ -+ an x(br-+by)) by Eq.(17).

Since the map a — 1, ® a is injective, we have f(a * b) = f(a) 0;:{ f(b). This com-
pletes the induction. Thus when A = 1,wehave f(a * b) = f(a) o] f(b)forall words
a and b with m,n > 1, and hence for all a and b with m, n > 0 since when m =0
orn =0, we have a = 1 or b = 1 and the multiplications through * and <>}Lk are both
given by the identity. This proves the first isomorphism. The second one then follows
from Eq. (13). O

The theorem can also be proved by showing that o satisfies the same recursion
relations (14)—(17) of . We record these relations for later applications.
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Lemma2.6. Fora :=a; ® - Qayandb :=b; @ --- ® by, in 11, (A), we have

(i) acTb=a, ®b; +b ®a, + Ala;,b;], whenm,n =1,

(i) aoTh=a1®b Q- @b, +b @ (a1 0T (b ® - ® b))
+Arla, b11®@b,®---®b,, whenm =1,n > 2,

(iii) aoThb=a1Q (@2 ® - ®an) 0T b)) +b®a1® - Qay (19)
+Ala, bl ®a, ® - ®a,, whenm >2,n =1,

(v) aoThb=a1®(@® - ®ay) ot (b1 ®--- @ by))
+b1 @ (a1 ®@ - ®@an) ot (2 @ -+ @ by))
+ra, b1 ® (2 ® - ®@ay) ot (b ® - ®by)), whenm,n > 2.

Proof: We will only prove the fourth equation. Verifications of the others are simpler.
Using Eq. (9) and the Rota—Baxter operator P4(x) = 14 ® x, we have

1,@@o"bh)=140a) o1, ®b)
= P(a) o Py(b)
= PA(a O Ps(b) + Pa(a) o b+ Aa <>b)
=Paao(1y®b)+ (14 ®a) o b+ ra o b)
:1A®(a1®((az®-~-am)<>+b)+b1®(a<>+(bz®--~®bn))
+ilar, b1]1® (a2 ® -+ Q ap) oF (b2®"'®bn)))-
By the injectivity of P4, we have (iv). g

We now prove the following consequence of Theorem 2.5 and Theorem 2.3.

Corollary 2.7. Under the same assumptions of Theorem 2.5 and the additional as-
sumption that K is a subfield of C, for any A € K, the subalgebra IH;'(A) of IH;'(A)
and the subalgebra 1, ® 111 (A) of 111, (A) are Hopf algebras.

In the next section, we will extend this Hopf algebra to a larger Hopf algebra in ITI, (A).

Proof: Because of the isomorphism (10), we only need to prove for one of the sub-
algebras for any given A. When A = 1, the first part follows from Theorem 2.5 and
Theorem 2.3. When A = 0, the first part is well-known (see [26], for example).

Now assume A # 1, 0. We will construct an algebra isomorphism

g 14 @ I (A) — 1, @ LI (A).

Then the Hopf algebra structure on the later algebra gives a Hopf algebra structure on
the former one.
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We first note that, if P is a Rota—Baxter operator of weight 1k on an algebra, then
Q := AP is a Rota—Baxter operator of weight A on the same algebra. This is clear
since multiplying A2 to the weight 1 Rota—Baxter equation of P:

P(x)P(y) = P(xP(y)) + P(P(x)y) + P(xy),
we obtain the weight A Rota—Baxter equation of Q:

0(x)Q(y) = Q(xQ(y) + Q(Q(x)y) + 2 Q(xy).

This applies in particular to the free commutative Rota—Baxter algebra 11y, (A) of
weight 1. Thus (IH1k(A), Q), where Q = AP, 1,,1s a Rota—Baxter algebra of weight
A. Here, to avoid confusion, we have used P, j, to denote the Rota—Baxter operator
P, of weight 1y and will use P4, to denote the Rota—Baxter operator of weight A on
111, (A). By Theorem 2.4, (I, (A), P, ;) is the free Rota—Baxter algebra over A. So
the natural algebra embedding f : A — A — III;,(A) induces a homomorphism

F (L(A), Pyy) — (g, (A), Q)

of Rota—Baxter algebras of weight A, such that f (ap) = ag for ag € A. We will use
the following lemma.

Lemma 2.8. Foranyn > 0Oanday, ---,a, € A, we have

f(a()®"'®an):)"n(a0®"'®an)- (20)

Proof: We prove the equation by induction on n > 0. When n = 0, we have f(ag) =
f(ap) = ay, so the equation is true. Assume that the equation has been proved forn =
k > 0 and consider ay ® - - - ® ar4; € A?*+D C III, (A). Then using the properties
of f, P4, and ©,, together with the induction hypothesis, we have
f@®- - @au) = flago, 14 ®@a1 ® - ® a41))

= flao o5 Pas(a ® - @ ax41))

= flap) o1, Q(f(a1 ® -+ ® ar41))

= ag o1, APa 1, (Va1 ® -+ ® ap41)

= Magon, 14 ®a1 ® -+ ® k)

= )\.k+1a0 R Q akt1-
This completes the induction. g
Since A is invertible, £ has an inverse defined by

fllap® - ®a)=1"ay® - @ay.
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Therefore I11, (A) is isomorphic to Hllk(ﬁ). Forly,®a; ®---®a, € 1, @ A®", we
have

fAa®a® - ®a)=A"1,0a1® - ®a, =1,91"a1 ® - Qay

which is again in 1, ® A®". Similarly f'(14 ® A®") C 1, ® A®". Thus f restricts
to an isomorphism from 14 ® H.I;”(A) toly ® H_Ifk(A) and thus transfers the Hopf
algebra structure from the image to the preimage. g

3. Hopf algebras in Rota—Baxter algebras

We first recall the following theorem from [2].

Theorem 3.1 (Andrews-Guo-Keigher-Ono). For any commutative ring K with iden-
tity and for any A € Kk, the free Rota—Baxter algebra 111, (K) is a Hopf k-algebra.

As shown in [2], when A = 0, we have the divided power Hopf algebra.

We now extend this result to ITI(A) for a k-algebra A coming from a Hoffman set
X. To avoid confusion, we will use 1y for the identity of k and 1, for the identity of
A even though they are often identified under the structure map k — A of the unitary
k-algebra A.

Fix a A € k. First note that, as a k-module,

k) = Pk =ko ko k™ + - --

n>0

There are two copies of k in the sum since k®° = k = k®!. The identity of IIT" (k) is
the identity in the first copy, which we denote by IE’O = 1as we did in (7). The second
copy of Kk, as well as its tensor powers k®", n > 2, are tensor powers of k-modules.
They are isomorphic as k-modules, but not identical. If we take 1y as a k-basis of k,
then we have

(k) =kl ©kl, @kIPF @ - = @m@",

n>0
where lfk, k > 1, are tensor powers of the vector 1x. Then

(k) = k@ I*(k) = k(lk® ) & Pk ® 1)

n>1

with the identity 1x ® 1. Since Kk is the base ring, the algebra homomorphism (10)
gives

o (IITT(k), o) = (1 ® I (k), ¢) = (I1I(K), o).
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Thus, by Theorem 3.1 we get
Lemma 3.2. Forany A € k, (II7(k), ¢T) is a Hopf algebra.
For now let A be any unitary k-algebra with unit 1. Then

) =P~ =xeoiei”e. .

n>0
and
II(A) = AQIIT(A) = (A kl) @ A2 @ A®3 .. ..

Since ITI(A) is an A-algebra, and hence a k-algebra, we have the structure map y :
k — III(A) given by y(c) = cl4 ® 1. By the universal property of the free k-Rota—
Baxter algebra I1I(k), we have an induced homomorphism y : ITI(k) — ITI(A) of
Rota—Baxter algebras. It is given by [23]

Yy @18 =1, ®12", n > 0.
Let
yT TN (k) — T (A), 12" — 19", n > 0.
We have the following commutative diagram
T (k) AN T+ (A)

J J
II(k) = k ® II* (k) - II(A) = A ® III*(A)

where the vertical arrow are the injective maps to the second tensor factors.

Theorem 3.3. Letk C C be afield. Let X be a Hoffman set and let the algebras A and
A be the algebra and unitary algebra generated by X (as defined before Theorem 2.5).
Let . € k.

(1) The algebra product of y*(II1" (k)) and IIIT(A) in It (A) has a Hopf algebra
structure that expands the Hopf algebra structures on y T (111 (k)) (see Lemma 3.2)
and 1T (A) (see Corollary 2.7).

(2) The algebra product of y(11(K)) and 1, ® 1117 (A) in II(A) has a Hopf algebra
structure that expands the Hopf algebra structures on y (1I(K)) (see Theorem 3.1)
and 1, ® 1T (A) (see Corollary 2.7).

See Theorem 3.6 for a characterization of the elements in these Hopf algebras.
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Proof: Since the the isomorphism « : IITT(A) — 1, ® III*(A) in (10) restricts to
isomorphisms y T (1111 (k)) — y(II(k)) and IIT*(A) — 1, ® IIIT(A), we only need
to prove the first statement. Since the tensor product of two commutative, cocommu-
tative Hopf algebras is a Hopf algebra [34, 32], assuming Proposition 3.4 which is
stated and proved below, we see that y T(III*(k)) o™ (1 ® IIIT(A)) is a Hopf algebra
for any A € k by Theorem 3.1 and Corollary 2.7. 0

Proposition 3.4. Forany weight ). € K, let o" be the mixable shuffle product of weight
*. The two subalgebras y (1117 (k)) and 1117 (A) of II1T(A) are linearly disjoint.
Therefore, y* (11 (k)) o+ III1(A) is isomorphic to the tensor product y(III(k)) ®
(14 ® III*(A)).

Proof: Letk € C, X, X, A and A be as in Theorem 3.3. Since X is locally finite,
it is countable. So we can write X = {y, | n > 1}. Also denote yy = 14, the unit of
A. Thus X = {y, |n € N} and A = @,0ky,. Forr > l and I = (iy,---,i,) € N,
denote yg; = yi, ® -+ ® y;,. Then

A% = @ kygr, A% = @ky@,,.

IeN_ ITeN

By convention, we define N* = Ngo = {/},and ygy = 1. Let Z = U,>oN_ and 7 =
Ur>oN". We then have

T+ (A) = P kyer, A = D kyer.
IeT 1€l

Recall that

y T (k) = P k15"

n>0

So to prove that @,k 1§" and 111" (A) are linearly disjoint under the product o™, we
only need to prove

Claim 3.1. The set {1?" ot yer | n > 0, I € T} is linearly independent.

Before proceeding further, we give a formula for the product 15" o* yg; which
expresses a mixable shuffle product as a sum of shuffle products in Eq. (2).

Lemma 3.5. Foranym > 0and I € I, we have

®. +
lAmQ y®[ =

m
g @ 130" llyg,.
i=0

i=
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Proof: Define the length of / € N to be £(I) = r. We will prove by induction on
w=m+ £(). Whenw = 0, wehave m = £(I) = 0. Then 1%’” and yg; are both 1, so
the lemma is clear, as it is if either m = 0 or £(/) = 0. Suppose it holds for all 15" o+
Yer With m + € < w. For given 18" and yg; = y;, ® --- Q@ y;, withm > 1, r > 1
andm+r=w,lety =y,®---®y; if r >1and y =1if r = 1. Applying the
recursive relation of o™ in Eq. (19), the induction hypothesis, the Pascal equality and
the recursive relation of II1 in Eq. (3), we have

197 0% yor =14 @ AF" " 0% yor) +yi, ® AF" o7 )+ Ay, @ A"V 0T y)

m—1 m
=1,® (Z )\i <:1> lf’(ml’)Hly@,) + 3, ® (Z )\i (n:l) lf(ml)my/>

i=0 i=0

m—1
+Ay;, ® (Z Al (n,.l) 1§(m1')lﬂy’>

i=0
1,® (Z Al <l> 151 ’)Hly@) + 3, ® (Z 8 (n_'> l?m_”ﬂly)
i=0
< i n—1 m—i /
+, ® (ZA (1) 15 )IHy>
(m—1— l)]-_-l—_-[y I) _’_y“ (Z )\’i (:’) lf(m—i)my/>
i=0

& Zk’ (") 1®(m I)Hly I FATY® () 1111y,

[,
S
®
3
‘M‘
>
<
N—
[
= Q

Since y;, ® (11IIy") = y;, ® y' = y = 19°TITy, we get exactly what we want. O

We continue with the proof of Proposition 3.4. Forr > 1,let [r] = (1, ---, r). For
a sequence I = (iy,---,i,) € N", denote SSupp(I) (called sequential support) for
the subsequence (with ordering) of I of non-zero entries. For an all zero sequence
I =(0,---,0) and the empty sequence @, we define SSupp(l) = . We then get a
map

SSupp : T — 1.

Clearly, T = {I € T |SSupp(I) = I}. So

7= J 1esSSupp™\(D).
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For each I € 7, consider the subset O; = {yg; | J € SSupp~'(I)}. Then we have

ver |1 €I} = U 1e701.

So Oy span linearly independent subspaces of II1(A).

By Lemma 3.5, 19" o™ yg;, n >0, is in the linear span of O;. Thus to prove
Claim 3.1 and hence Proposition 3.4, we only need to prove that, for a fix I € Z, the
subset {1§" o™ yg; | n > 0} is linearly independent.

Suppose the contrary. Then there are integers n; > n, > -+ >n, > 0andc; # 0
in k such that }/_, ¢;1%" o+ y; = 0. Express this sum as a linear combination in
terms of the basis ;. By Lemma 3.5, the coefficient of lf"‘ ® y; is ¢, SO we must
have ¢; = 0, a contradiction. O

It is desirable to characterize the elements in the Hopf algebra y+(IIIT(k)) o+
II*(A). This is our last goal in this article. Recall that the length of yg; with
I e N, r >0, is defined to be {(yg,) = €(I) = r. For a given I € N, the sum
> yegus over J € N" with SSupp(J) = SSupp(I), is called the one-shuffled element
of ygs, denoted by O(ygr). So O(yg) is the sum over elements of O; of length
£(I). For example, if I = (2,0, 1), then the corresponding one-shuffle element of
Yor =214 @ y1is O(ye) =2 @14 @ y1 + 14 ® 2 ® y1 + y2 ® y1 ® 14. On
the other hand, O(yg;) is yg; if I is either an all zero sequence or an all non-zero
sequence. It is so named because the sum can be obtained from shuffling the subse-
quence of yg; of the 14-entries with the subsequence of I of the non-1,4 entries (from
SSupp(I)). To putitin another way, define a relation ~ onj'by I ~ Lif () = £(1»)
and SSupp(1l,) = SSupp(l,). Then itis easy to check that ~ is an equivalence relation
and a one-shuffled element is of the form ) yg, where the sum is taken over all J in
an equivalence class.

We now give another version of Theorem 3.3.

Theorem 3.6. Under the hypotheses of Theorem 3.3, the subspace of 1T (A) spanned
by one-shuffled elements form a Hopf algebra that contains the Hopf algebras
y Tt (K)) and TITH(A).

By Theorem 3.3, we only need to prove the following lemma.

Lemma 3.7. The product of y*t(IIIT(k)) and TIIT(A) in IIT(A) is given by the
subspace generated by one-shuffled elements.

Proof: To prove the lemma, let U be the product of y*(III"(k)) and IIIT(A) in
IIT*(A), and let V be the subspace of one-shuffled elements of IIT*(A). Then by
Lemma 3.5 and the comments before the theorem, we have U € V. Toprove V C U,
we only need to show that, for each k > 0 and I € (N*)", n > 0, the one-shuffled
element lfl‘ T xg; is in U. When n =0, xg; = 1. So lfl‘ Ml xg; = lfk which is
in yT(III*(k)) and hence in U. When n > 1, we use induction on k. When k = 0,
then l‘ffk I xg; = xg; which is in III*(A), hence is in U. Assume that it is true for
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1®k

. k < m and consider lf”‘ I xg,;. By Lemma 3.5, we have

m
15" 0" yor = Z)\i (7) 157" yg,.
i=0

The left hand side of the equation is in U and, by induction, every term on the right
hand side except the first one (with i = 0) is also in U. Thus the first term, which is
1"l yg, is also in U. This completes the induction. g
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