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Abstract The group PGL(2, ¢) has an embedding into PGL(3, ¢) such that it acts
as the group fixing a nonsingular conic in PG(2, ¢). This action affords a coherent
configuration R(g) on the set L£(g) of non-tangent lines of the conic. We show that
the relations can be described by using the cross-ratio. Our results imply that the
restrictions R (¢g) and R_(g) of R(g) to the set L, (g) of secant (hyperbolic) lines
and to the set £_(g) of exterior (elliptic) lines, respectively, are both association
schemes; moreover, we show that the elliptic scheme R_(g) is pseudocyclic.

We further show that the coherent configurations R(g?) with ¢ even allow certain
fusions. These provide a 4-class fusion of the hyperbolic scheme R, (¢?), and 3-class
fusions and 2-class fusions (strongly regular graphs) of both schemes R (g?) and
R_(g?). The fusion results for the hyperbolic case are known, but our approach here
as well as our results in the elliptic case are new.

Keywords Association scheme - Coherent configuration - Conic - Cross-ratio -
Exterior line - Fusion - Pseudocyclic association scheme - Secant line - Strongly
regular graph - Tangent line

1. Introduction

Let g be a prime power. The 2-dimensional projective linear group PGL(2, ¢) has an
embedding into PGL(3, ¢) such that it acts as the group G fixing a nonsingular conic
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in PG(2, q) setwise, see e.g. [8, p. 158]. Such a conic consists of ¢ + 1 points forming
an oval, that is, each line of PG(2, ¢g) meets O in at most two points. Lines meeting
the oval in two points, one point, or no points at all are called secant (or hyperbolic)
lines, tangent lines, and exterior (or elliptic) lines, respectively. There is precisely one
tangent through each point of an oval; moreover, if ¢ is even, then all tangent lines
pass through a unique point called the nucleus of the oval, see e.g. [8, p. 157].

It turns out that the group G acts generously transitively on both the set £, of
hyperbolic lines and the set £_ of elliptic lines. Thus we obtain two (symmetric)
association schemes, one on £ and the other on £_. We will refer to these schemes
as the hyperbolic scheme and the elliptic scheme, respectively.

Our aim in this paper is to investigate these two association schemes simultaneously.
Alsoinvestigated here is a particular fusion of these schemes when g is even. In fact, the
hyperbolic and elliptic schemes are contained in the coherent configuration obtained
from the action of G on the set £L = £, U L_ of all non-tangent lines of the conic
O, and the fusions of the two schemes arise within a certain fusion of this coherent
configuration.

These schemes as well as their fusions are not completely new, but our treatment
will be new. For g even, the elliptic schemes were first introduced in [9], as a family of
pseudocyclic association schemes on non-prime-power number of points. The hyper-
bolic schemes, and the particular fusion discussed here for g an even square, turn out
to be the same as the schemes investigated in [3]. The fact that the particular fusion
in the hyperbolic case again produces association schemes has been proved by direct
computations in [6], by geometric arguments in [5], and by using character theory
in [14]. The fusion schemes for ¢ an even square in the elliptic case seem to be new.

The contents of this paper are as follows. In Section 2 we introduce the definitions
and notations that are used in this paper. Then, in Section 3 we introduce the embedding
of PGL(2, g) as the subgroup G = G(QO) of PGL(3, ¢) fixing the conic O in PG(2, q).

With each non-tangent line we can associate a pair of points, representing its in-
tersection with O in the hyperbolic case, or its intersection with the extension O, of
O to a conic in PG(2, ¢?) in the elliptic case. In Section 4 we show that the orbits of
G on pairs of non-tangent lines can be described with the aid of the cross-ratio of the
two pairs of points associated with the lines. These results are then used to give (new)
proofs of the fact that the group action indeed affords association schemes on both
L, and L_. Moreover, these results establish the connection between the hyperbolic
scheme and the scheme investigated in [3].

In Section 5 we develop an expression to determine the orbit to which a given pair
of lines belongs in terms of their homogeneous coordinates.

From Section 6 on we only consider the case where g is even. In Section 6 we
derive expressions for the intersection parameters of the coherent configuration R(q)
on the non-tangent lines £ of the conic O; so in particular we obtain expressions for
the intersection parameters of both the hyperbolic and elliptic association schemes
simultaneously. We also include a proof of the result from [9] that the elliptic schemes
are pseudocyclic. In [11] we will prove that the schemes obtained from the elliptic
scheme by fusion with the aid of the Frobenius automorphism of the underlying finite
field F, for ¢ = 2" with r prime are also pseudocyclic.

Then in Section 7 we define a particular fusion of the coherent configuration. The
results of the previous section are used to show that this fusion is in fact again a
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coherent configuration, affording a four-class scheme on the set of hyperbolic lines
and a three-class scheme on the set of elliptic lines. The parameters show that the
restriction of these schemes to one of the classes produces in fact a strongly regular
graph, with the same parameters as the Brouwer-Wilbrink graphs (see [2]) in the
hyperbolic case and as the Metz graphs (e.g., [2]) in the elliptic case. This will be
discussed in Section 8. In fact, the graphs are isomorphic to the Brouwer-Wilbrink
graphs (in the hyperbolic case) and the Metz graphs (in the elliptic case). For the
hyperbolic case, this was conjectured in [3] and proved in [5]; for the elliptic case,
this was conjectured for ¢ = 4 in [9], and will be proved for general even ¢ in [10].

2. Definitions and notation
2.1. Coherent configurations

As a general reference for the material in this section, see, e.g., [1, 4, 7]. A coherent
configuration is a pair (X, R) where X is a finite set and R is a collection {Ry, . .., R}
of subsets of X x X satisfying the following conditions:

1. R is a partition of X x X;

2. there is a subset Rgiag of R which is a partition of the diagonal {(x, x) | x € X};
3. for each R in R, its transpose RT = {(y, x) | (x, y) € R} is again in R;

4. there are integers pl’-‘j, for 0 < i, j, k < n, such that for all (x, y) € Ry,

{zeX|(x.2)eR and (z.y) € R;}| = pf;.

The numbers pl’-‘j are called the intersection numbers of the coherent configuration.
Each relation R; can be represented by its adjacency matrix A;, a matrix whose
rows and columns are both indexed by X and

I, if (x,y) € R;;
Ai(x,y) = i
(x: ) 0, otherwise.

In terms of these matrices, and with 7, J denoting the identity matrix and the all-one
matrix, respectively, the axioms can be expressed in the following form:

1.A+A +---+A,=J;

2. Yo Ai = I, where Raiag = {Ro, ..., Ru};
3. for each i, there exists i * such that AiT = Aj;
4. foreachi, j € {0, 1, ..., n}, we have

AiA; =) phAs
k=0

As a consequence of Properties 2 and 4, the span of the matrices Ag, Ay, ..., Ay,
over the complex numbers is an algebra. It follows from Property 3 that this algebra
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is semi-simple, and so is isomorphic to a direct sum of full matrix algebras over the
complex numbers.

The sets Y € X suchthat {(y, y) | y € Y} € R are called the fibres of R; according
to Property 2, they form a partition of X. The coherent configuration is called homo-
geneous if there is only one fibre. In that case one usually numbers the relations of R
such that Ry is the diagonal relation.

Remark 1. The existence of the numbers pY  and pf , for all diagonal relations R, €
‘Riag implies that for eachrelation Ry € R there are fibres ¥, Z suchthat R, € Y x Z.

A coherent configuration is called symmetric if all the relations are symmetric. As
a consequence of the above remark, a symmetric coherent configuration is homoge-
neous. Usually, a symmetric coherent configuration is called a (symmetric) association
scheme. In this paper, we will call a coherent configuration weakly symmetric if the
restriction of the coherent configuration to each of its fibres is symmetric, that is, each
of its fibres carries an association scheme.

A fusion of a coherent configuration R on X is a coherent configuration S on X
where each relation S € § is a union of relations from R.

As a typical example of coherent configuration, if G is a permutation group on a
finite set X, then the orbits of the induced action of G on X x X form a coherent
configuration; it is homogeneous precisely when G is transitive, and an association
scheme if and only if G acts generously transitively on X, that is, for all x, y € X,
there exists g € G such that g(x) = y and g(y) = x. The coherent configuration is
weakly symmetric precisely when G is generously transitive on each of its orbits on
X.

2.2. Association schemes

In the case of an association scheme, Properties 2 and 3 are replaced by the stronger
properties:

2. Ag=1;and

3. each A; is symmetric.

As aconsequence of these properties, the matrices Ag = I, Ay, ..., A, spanan algebra
A over the reals (which is called the Bose-Mesner algebra of the scheme). This algebra
has a basis Ey, E, ..., E, consisting of primitive idempotents, one of which is \_Jl(l J.
So we may assume that Ey = ﬁJ. Let u; = rank E;. Then

mo=1, wo+p1+---+u, = X].

The numbers g, i1, ..., M, are called the multiplicities of the scheme.
Define P = (P;(i))o<i, j<n (the first eigenmatrix) and Q = (Q;(i))o<i, j<n (the sec-
ond eigenmatrix) as the (n + 1) x (n 4+ 1) matrices with rows and columns indexed
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by 0, 1,2, ..., n such that
(Ag, Ay, ..., Ap) = (Eo, Ey, ..., EQ)P,

and
|X|(Eo, Ev, ..., Ex) = (Ao, AL, ..., Ap)Q.

Of course, we have
P=X|107", 0=Ix|P".

Note that {P;(i) | 0 < i < n} is the set of eigenvalues of A; and the zeroth row and
column of P and Q are as indicated below.

Lov oy L
1 1
P = . ) Q =
1 1
The numbers vy, vy, ..., v, are called the valencies (or degrees) of the scheme.

Example 2.1. We consider cyclotomic schemes defined as follows. Let ¢ be a prime
power and let ¢ — 1 = ef with e > 1. Let Cy be the subgroup of the multiplica-
tive group of F, of index e, and let Cy, Cy, ..., C.—; be the cosets of Co. We
require —1 € Cy. Define Ry = {(x,x): x € F;}, and for i € {1,2, ..., e}, define
Ri ={(x,y) | x,y €eFs,x —y € Ci_1}. Then (F,, {R;}o<i<.) is an e-class symmet-
ric association scheme. The intersection parameters of the cyclotomic scheme are
related to the cyclotomic numbers ([13, p. 25]). Namely, for i, j, k € {1,2, ..., e},
given (x, y) € Ry,

p,’-} =lzeF,lx—zeCio1,y—zeCj}l=HzeCix | 1+z2eCil]. (1)

The first eigenmatrix P of this scheme is the following (e + 1) by (e + 1) matrix (with
the rows of P arranged in a certain way)
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with Py = Y%, n;C’, where C is the e by e matrix:

andn; =) pec, ¥(B), 1 <i < e, for a fixed nontrivial additive character ¥ of F.
Next we introduce the notion of a pseudocyclic association scheme.

Definition 2.2. Let (X, {R;}o<i<n) be an association scheme. We say that
(X, {Ri}o<i<n) 1s pseudocyclic if there exists an integer ¢ such that p; =t for all
iell,...,n}.

The following theorem gives combinatorial characterizations for an association
scheme to be pseudocyclic.

Theorem 2.3. Let (X, {R;}o<i<n) be an association scheme, and for x € X and 1 <
i <n,let Ri(x) ={y | (x,y) € R;}. Then the following are equivalent.

(1) (X, {R;}o<i<n) is pseudocyclic.
(2) For some constant t, we have v; =t and ZZ:I Plzfj =t—1forl <j<n.
(3) (X,B)isa2— (v, t,t — 1) design, where B={R;(x) | x € X,1 <i < n}.

For a proof of this theorem, we refer the reader to [1, p. 48] and [9, p. 84]. Part (2) in
the above theorem is very useful. For example, we may use it to prove the well-known
fact that the cyclotomic scheme in Example 2.1 is pseudocyclic. The proof goes as
follows. First, the nontrivial valencies of the cyclotomic scheme are all equal to f.
Second, by (1) and noting that —1 € Cy, we have

Zpk] Z|{Z€Co|1+Z€C1 i}

k=1
=1[C|l-1=f-1

Pseudocyclic schemes can be used to construct strongly regular graphs and distance
regular graphs of diameter 3 ([1, p. 388]). In view of this, it is of interest to construct
pseudocyclic association schemes. Fore > 1, the cyclotomic schemes discussed above
are nontrivial examples of pseudocyclic association schemes on prime power number
of points. Very few examples of pseudocyclic association schemes on non-prime-
power number of points are currently known (see [9, 12],and [1, p. 390]). The examples
from [9] can be found in Section 6. More examples of such association schemes will
be given in [11].
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3. The group PGL(2, g) as the subgroup of PGL(3, ¢) fixing a nonsingular
conic in PG(2, ¢q)

Through the usual identification of F,; U {oo} with PG(1, ¢) given by
x o (x, DT, 00 < (1,0)7,

the 2-dimensional projective linear group PGL(2, g) acts on F, U {c0}, with action
given by

ax +b
cx +d

2
For any four-tuple («, 8, v, d) in (F, U {oo})* with no three of «, B, y, 8 equal, we
define the cross-ratio p(«, B, v, §) by

b
Cc

(@ —7)(B —5)
9 9 ’6 Z—’
P by 0= =y

with obvious interpretation if one or two of «, 8, y, § are equal to co. For example, if
o = 00, then we define

ﬂ, lf ,31)/,8¢OO,
B-v

p(co, By, 8) =1 1 if B =o00(soy,d # 00);
0, if y:oo(soﬂ’(s#oo)’
0, if Szoo(soﬂ’y#oo)

(We will return to this interpretation later on.) Note that the cross-ratio is contained in
F, U {c0}; moreover, note that

o, B, 8, v) = p(B,a,y,8) =1/p(a, B, ¥, 3). (3)
Also, it is easily verified that
pla, B,y,8)=1ifandonlyifa = Bory =34. @)

Observe that, with the above identification of F, U {oco} with PG(l, ¢), if v, =
(o, 1) ", vg = (Bo. B1) T, v, = (y0, ¥1)T, and vs = (8, 8;)" are the four points in
PG(1, g) corresponding to «, B, y and § in F, U {00}, respectively, then p(c, B, y, 6)
can be identified with the point

((oy1 — @170)(Bod1 — B180), (o8t — a180)(Bovi — Bivo)) 5)
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of PG(1, g), which can be more conveniently written as

(det(va, v,) det(vg, va)) ©)

det(vy, vs) det(vg, v,)

Note that the expression in (6) is equal to the zero vector only if three of the four
vectors vy, Vg, Uy, Us are equal, which we have excluded. Therefore, (6) allows us to
interpret the value of the cross-ratio as an element in PG(1, ¢).

We will need several well-known properties concerning the above action of
PGL(2, ¢) and its relation to the cross-ratio. A proof of the following theorem can
be found in [8, Section 6.1]. But to make the paper self-contained, we give a quick
sketch of the proof here.

Theorem 3.1. (i) The action of PGL(2, q) on ¥, U {00} defined in (2) is sharply 3-
transitive.

(i) The group PGL(2, q) leaves the cross-ratio on F, U {00} invariant, that is, if
A € PGL(2, q), then p(A(a), A(B), A(y), A(8)) = p(a, B, y,9d) for all a, B,y,6 €
F, U {co} with no three of o, B, y, 8 equal.

(iii) Moreover, if Qi = {{a, B} | o, B € F, U {00}, a # B}, then the action of
PGL(2, q) on Q24 x Q24 has orbits

Odiag = {({a, B}, {, BY) | {a, B} € 24},

and

0{r,r’1] = {({0[, ﬂ}5 {J/, 3}) | {O[, ﬂ}’ {% 3} € Q-H {O[, ﬂ} 7é {V’ 5}7 )O(O[’ ﬂ? Vs 8)
e {rr

forr e (F; U {ooh\{1}.

Proof: (Sketch) Itis easily proved that the triple (oo, 0, 1) can be mapped to any other
triple (o, B, y) with«, B, y all distinct. So PGL(2, g) acts 3-transitively on F, U {oo}.
Since PGL(2, ¢) has size (¢*> — 1)(g> — q)/(q — 1) = (¢ + 1)q(g — 1), part (i) fol-
lows.

From the representation (6) of the cross-ratio, we immediately see that PGL(2, g)
indeed leaves the cross-ratio invariant, so part (ii) holds.

We have that p(00,0,1,8) =6 for all § € F, U {oo}. Also, for {«, B}, {y, 8} €
., we have that p(a, 8, y, 8) € {0, oo} if (and only if) {«, 8} N {y, §} # @. These
observations are sufficient to conclude that p takes on all values in F,; U {oo}\ {1} and
that the orbits are indeed as stated in part (iii). g

For any element £ in some extension field F,» of F,, we define a point P: in
PG(2, g™) by

P:= (.81
@Springer
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furthermore, we define

Py =(0,1,007
and

Prnue = (1,0,0)7.

We will denote by O, the subset of size ¢” + 1 of PG(2, ¢") consisting of the
points P, where & € Fn U {oo}. It is easily verified that for each m, the set Oyn is
a nonsingular conic in PG(2, ¢), and constitutes an oval. We will mostly write O
to denote O, and O to denote O,. For each & € F», there is a unique tangent line
through P: given by

te = (=28, 1,8H)* (7
if & # oo, and
s = (0,0, D, 8)

Note that #¢ is contained in PG(2, ¢) if and only if £ € F, U {oo}. Also note that if g
is even, then the point Py, is the nucleus of the conic, that is, all tangent lines to O
meet at the point Pyyc.

The group PGL(2, ¢) can be embedded as a subgroup G of PGL(3, ¢) fixing O
setwise, by letting

b ad +bc ac bd

a

A= ( ) > 2ab at b . ©)]
c d

2cd t d?

Indeed, we have the following.
Theorem 3.2. Under the embedding (9), the group PGL(2, q) fixes Oyn setwise for
each m; in particular, an element A € PGL(2, q) maps a point P¢ on Oyn to the point
Py, where A(&) is defined as in (2).
Proof: Itis easily verified that the image of A (which we will again denote by A) maps
any point P = (§, £2, 17 to the vector ((a& + b)(cE + d), (a& + b)?, (cE +d)>)T,
which represents the point Pa). So indeed G fixes O n setwise. O
Remark 2. If we identify Oy with Fyn U {oo} by letting

Pg <> S,

then G acts on Oy~ in exactly the same way as PGL(2, ¢) acts on Fy» U {oo} with the
action given in (2). In fact, it turns out that G is the full subgroup G(O) of PGL(3, q)
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fixing O setwise, see e.g. [8, p. 158]. This can be easily verified along the following line.
Assume that a matrix A in PGL(3, ¢) fixes O setwise. Then for each x in F,, U {oc} the
image A P, is on O, hence satisfies the equation X*> = Y Z. Working out this condition
results in a polynomial of degree three that has all x € F, as its roots. Therefore, for
g > 3 all coefficients of the polynomial have to be zero, implying that A must have
the form as described above. For g = 2, 3, the claim can be easily verified directly.

4. A coherent configuration containing two association schemes

The action of the subgroup G = G(O) of PGL(3, ¢) fixing the conic O as described
in the previous section produces a coherent configuration R = R(g) on the set L of
non-tangent lines of O in PG(2, ¢q). Here we will determine the orbits of G(QO) on
L x L, and show that we obtain association schemes on both the set £ of hyperbolic
lines and the set £_ of elliptic lines. First, we need some preparation.

In what follows, we will repeatedly consider “projective objects” over a base field
as a subset of similar projective objects over an extension field. (For example, we will
consider PG(2, ¢) as a subset of PG(2, ¢?) and PGL(2, ¢) as a subset of PGL(2, ¢?).)
In such situations it is crucial to be able to determine whether a given projective object
over the extension field is actually an object over the base field. The next theorem
addresses this question.

Theorem 4.1. Let F be a field and let E be a Galois extension of F, with Galois group
Gal(E/F). Let A be an n x m matrix with entries from E. Then there exists some
A € E\{O} such that AA has all its entries in F if and only if for all o € Gal(E/F)
there exists some [, in E such that A° = us A.

Proof: Note that given x € E, we have x € F if and only if x =x for all ¢ €
Gal(E/F).

(1) If » € E\ {0} such that A A has all its entries in F, then for o € Gal(E/F), we have
A7 A° = LA, hence with u, = L/A%, we have A° = u, A.

(ii) Conversely, suppose that A° = pu, A for every o € Gal(E/F). If A = 0, then we
cantake A = 1. Otherwise, let a be some nonzero entry of A. Since A° = u, A, we
have that a® = pea.SetA = a~'.ThenA’ = (a~")° = (a°)~!, hence A = A% ;.
As a consequence, (AA)? = A7 A% = (A/us)be A = AA. Since this holds for all

o € Gal(E/F), we conclude that A A has all its entries in F.
O

Remark 3. The usual method to prove that some scalar multiple A A of a matrix A has
all entries in the base field is to take A = a !, for some nonzero entry a of A. (Itis easy
to see that if such a scalar exists then this choice must work.) However, this approach
often requires a similar but distinct argument for each entry of A separately. The
above theorem can be used to avoid such cumbersome case distinction, and therefore
deserves to be better known. Although the result is unlikely to be new, we do not have
a reference.
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Consider a point P = (x, y,z)' in PG(2, ¢?). If some nonzero multiple AP has
all its coordinates in F,, then we may regard P as actually belonging to PG(2, g).
Let us call such points real, and the remaining points in PG(2, ¢?) virtual. Similarly,
we will call a line in PG(2, qz) real if it contains at least two real points, and virtual
otherwise. It is not difficult to see that each real line £ = (a, b, ¢)* in fact contains
q + 1 real points and that ¢ is real if and only if some nonzero multiple A(a, b, ¢) has
all its entries in F,. As a consequence, the real points in PG(2, q?) together with the
real lines in PG(2, qz) constitute the plane PG(2, ¢), a Baer subplane in PG(2, qz).

Now let £ € £ be any non-tangent line to O in PG(2, ¢). Then ¢ extends to a
real line in PG(2, ¢%) (which by abuse of notation we shall again denote by ¢). By
inspection of (7) and (8), we see that all tangent lines 7z to O = O, in PG(2, ¢*)
are either virtual tangent lines (if & € F2\F,) or real tangent lines in PG(2, g) (if
& € F, U {oo}). Therefore £ cannot be a tangent to O, hence it must intersect O in
two points, P, and Pg, say. In fact it is easily seen that either o, 8 € F, U {00} (if £
is hyperbolic), or § = a? with a € F2\F, (if £ is elliptic). We will let £, and L£_
denote the set of hyperbolic and elliptic lines, respectively, and we will say that a line
in L (respectively £_) is of hyperbolic type (respectively, of elliptic type). Also, we
define

Q+ = {{a7ﬁ} | avﬂ EFq U{OO}, o #13}7 Q— = {{avﬁ} | IB :aq’ o Equ\Fq}v

and
Q = Q+ U Q,.

Note that according to the above remarks, for € € {—, 4} there is a one-to-one
correspondence between lines in £, and pairs in €2, such that £ € L, corresponds to
{, B} € Q if LN O = {P,, Pg}. Also note that if £ and m are two lines in £, with
corresponding pairs {«, 8} and {y, 8} in €2, respectively, and if g, is an element of
G(O) corresponding to A € PGL(2, g), then g4 maps ¢ to m precisely when A maps
{a, B} to {y, 8}, that is, if {y, §} = {A(x), A(B)}. So the action of G(O) on L and that
of PGL(2, ¢) on 2 are equivalent.

Definition 4.2. Let £, m be two non-tangent lines in PG(2, ¢), and suppose that £ N
O = {Py, Pgyand m N O = {P,, Ps}. We define the cross-ratio p(£, m) of the lines
¢and m as p(€, m) = {r,r~'}, where r € F,2 U {00} is defined by

r=pa, B,y,9).

We will now show that the cross-ratio essentially determines the orbits of G(Q) on
L x L. The precise result is the following:

Theorem 4.3. Given two ordered pairs of non-tangent lines (£, m) and (£', m") with
L #£mand ! # m', there exists an element of G(O) mapping (£, m) to (¢', m’) if and
only if

(1) € and ' are of the same type,

(i) m and m’ are of the same type, and

@ Springer



168 J Algebr Comb (2006) 24:157-193

(iii) p(¢, m) = p(¢', m").

Proof: We first show that (i), (ii) and (iii) are necessary. Let, 8, v, 8, &', ', ', 8’ €
F,2 U {oo} be such that

LN @ = {Pa, Plg}, mnN @ = {Py, Pg}, K/ N @ = {Po/, Pﬂf}, m/ N @ = {Pyr, P,;/}.

As already remarked above, there exists some element g4 € G(O) mapping ¢ to
¢ and m to m’ if and only if, under the action as in (2), the associated matrix A €
PGL(2, ¢) maps {«, B} to {«’, B’} and {y, 8} to {y’, §'}. Now any element of G(O)
obviously maps a hyperbolic line to a hyperbolic line and an elliptic line to an elliptic
line, hence (i) and (ii) are indeed necessary; and by Theorem 3.1, part (ii), after
interchanging y’ and &’ if necessary, we have p(a, 8, ¥, 8) = p(&/, B', ', 8’). So we
see that (iii) is also necessary.

Conversely, assume that the conditions (i), (ii) and (iii) hold. By applying Theo-
rem 3.1, part (iii), with ¢? in place of ¢, we conclude from condition (iii) that (after in-
terchanging y’ and 8’ if necessary) there exists a (unique) matrix A € PGL(2, ¢%) map-
pinga toa’, Bto B,y to y’, and § to §'. We have to show that actually A € PGL(2, g),
that is, some nonzero multiple LA of A has all its entries in F,. So let

= ()

According to our assumptions, we first have that A maps («, 8) to (¢/, B’), that is,

aa +b , ap+b
— —

ca+d cB+d p (10)

We distinguish two cases.
If both o, &’ € F, U {oo}, then also B, B’ € F, U {o0}. Now from (10) we conclude
that

ala + b1 _ ac +b
cla+di ca+d

Hence « is a zero of the polynomial

Fa(x) = (a%x + b)) (cx + d) — (ax + b)(c?x + d?)
= (a%c — acx?> + (a%d — ad? + bic — bc?)x + (b?d — bd?).

Note that this also holds for « = co if we adopt the convention that a polynomial
of degree at most two has co as a zero if and only if the polynomial has actually
degree at most one. Indeed, F4 has oo as its zero if and only if a/c = a?/c?, and
o' = A(c0) = a/c. So we conclude that if ¢ and ¢ are both hyperbolic, then «, and
by a similar reasoning also S, are zeroes of the polynomial F4(x).

On the other hand, if both «, o’ € F2\F,, then also 8 = «? and ' = ' are in
F,2\F,. By raising the second equation in (10) to the g-th power, we again conclude
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that

ala + b1 _ ac +b
cla+di ca+d’

hence again we have that o, and similarly o7, is a zero of the polynomial F4(x).

In summary, if A maps («, 8) to (¢/, B’), we can conclude that both @ and 8 are
zeroes of F; hence according to our assumptions all four of «, 8, v, § determined
by the lines £ and m are zeroes of the polynomial F4(x). Now since £ # m, we have
H{a, B, v, 8}] = 3. Consequently F4(x) is the zero polynomial, that is,

ac? e Fy, bd? € F,, a’d —bc? =ad? —bic € F,. (11)
Now we want to apply Theorem 4.1. With
® =ad — bc? =ad? — bic, A =det(A) = ad — bc # 0,
we have that

a® = a(a?d — be?) = a?’'d — balc = al A,
b® = b(ad? — bic) = abld — b?"'c = bA,
c® = c(ald — be?) = clad — be?t = ¢1A;
d® = d(ad? — bic) = ad’™" — dibc = dIA;

hence AYA = Ad, ie., A7 = (P/A)A. By Theorem 4.1, we may now conclude that
essentially A € PGL(2, g). O

Corollary 4.4. The group G(O) is generously transitive on both L and L _.

Proof: Let £, m be two distinct lines in £. Obviously, p(£, m) = p(m, £). Hence
according to Theorem 4.3, there is an element in G(QO) that maps (¢, m) to (m, £), i.e.,
interchanges ¢ and m, if and only if £ and m are of the same type. g

Our next result relates the value of the cross-ratio p(£, m) of two lines £ and m to
their types. Let us define the subsets Bg and B; of F,2 U {oco} by

By = (F, U{ooh\{1},  Bi={xeFp.\{1}]|x?=x""}.

Note that |Bg| = |B;| = ¢, also the intersection of By and B, is empty if ¢ is even,
and contains only —1 if ¢ is odd. We have the following.

Lemma 4.5. Let £, m be two distinct non-tangent lines in PG(2, q), and let p(£, m) =
(A, A7), where A € F,2 U {c0}. Then A is contained in By if £ and m are of the same
type, and contained in By if £ and m are of different type.
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Proof: Easy consequence of the fact that if o, 8, ¥, 6 € F, U {oo} and &, n € Fj2\
F,, then p(a, B,y,68) and p(§, &9, n, n?) are both in By while p(§, &7, y, 5) and
o(a, B, n, n?) are both in B;. O

Fore,¢ € {1, —1} and for L € By (if e = ¢ = 1), or L € Bx\{0, 00} (ife = ¢ =
—1),0r A € By (if € # ¢), we define

Rpay(€, @) ={(€,m) € Le x Ly, £ #m | p(€,m) = {1, A7}

We observed earlier that p(¢, m) # 1 and p(€, m) = {0, oo} if and only if £ and m
are equal or intersect on . Hence according to Theorem 4.3 and Lemma 4.5, each
of the non-diagonal orbits of G(O) on L x L, that is, each non-diagonal relation of
the coherent configuration R obtained from the action of G(O) on £ x L, is actually
of the form R, ,-1,(€, ¢) with the restrictions on A as given above. Moreover, since
G(0) is transitive on both £, and £_, we have that

[Rpa-1y(€, @) = |Lelvp a1y(€, @),

where the numbers vy, ,-1,(€, ¢) are the valencies of the coherent configuration R. In
order to finish our description of the orbits of G(O) on L x L, we will show that each
of the orbits defined above is indeed nonempty.

Theorem 4.6. We have that

2Ag—1), if e=¢=1and{x 17"} ={0,00);
vy, @) =1 (g —¢€)/2, if qisoddand ) = —1;
q — €, lf )»EB(]_,sg_d))and)x;é—l,0,00.

(Here § is the Kronecker delta.)

Proof: Fix aline £ € L., and let £ N Oy = {P,, Pg}, where {a, B} € Q.. We want
to count the number of m € L4 such that m N O,2 = { Py, Py} with {x, y} € Q4, and
(€, m) = {x, A7}, where

(@ —x)(B—Y)
A= B, x,y) = —————. 12
pla, B, x, y) @B —n) (12)

@ Springer



J Algebr Comb (2006) 24:157-193 171

Now we note the following. First, we have A € {0, oo} if and only if {&, B} N {x, ¥} #
@, that is, if and only if the corresponding lines £ and m intersect on O,2. Hence

2g—1), if e=¢p=1,
V.)€ 9) = 0, otherwise.
Next, we have x = y in (12) only if A = 1, which is excluded. Also by interchanging x
and y, the cross-ratio X in (12) is inverted, and the only cases where A = A larer =1
(which is excluded) and A = —1. As a consequence, for A € (Bg U B1)\{0, oo} the
number vy, ,-1,(€, ¢) equals the number of solutions (x, y) of (12) with {x, y} € Q4
if g is even or A # —1, and is equal to half of the number of such solutions if A = —1
and g is odd.

First, let € = 1. According to Theorem 4.3, we may assume without loss of gener-
ality that « = oo and 8 = 0, so that (12) reduces to A = —y/(—x) = y/x. If ¢ = 1,
then x, y € F, U {oo} and A € F,\{0, 1}; in that case for each x € F,\ {0} there is a
unique solution y € F, so there are ¢ — 1 solutions in total. Similarly, if ¢ = —1,
then x € F2\F,, y = x9, and A € By. So (12) reduces to A = x?1 and again there
are precisely ¢ — 1 solutions for each A € B;.

If € = —1, then we have o € F2\F,; and B = . First, if ¢ =1, then x,y €
F, U {co} and A € B,. In that case we see immediately from (12) that AY = 1/A. For
each A € By, let z and u be the unique solutions of the equations A = («¢? — z)/(a — 2)
and A = (¢ — u)/(a? — u), respectively. Now for y = oo the unique solution of (12)
is x = u; for y = z the unique solution is x = oo, and it is easily seen that for each
y € F;\{z} there is a unique solution x € F, of (12). So there are precisely g + 1
solutions of (12) in this case. Finally, if ¢ = —1, then we have x € F2\F,, y = x4,
and A € F,\{0, 1}. In that case, the desired solutions of (12) satisfy

(@ —x)(a? — x7) = Ma — xD)(@? —x),

with x € F2\F, and x # o, «?. For each A € F;\{0, 1}, this equation has at most
g + 1 solutions in F,2\F,. On the other hand, there are g*> — g — 2 choices of x
with x # «, a?; consequently, the average number of valid solutions equals (q2 —
q —2)/(qg —2) = q + 1. Since the average number of solutions equals the maximum
number of solutions, there must be exactly g + 1 solutions for each A € F,\{0, 1},
and the result stated for ¢ = ¢ = —1 follows. 0

By combining Theorems 4.3 and 4.6 we obtain the following result.

Theorem 4.7. (i) The action of the group G(O) on L affords a weakly symmetric
coherent configuration R(q).

(ii) The restriction of R(q) to the fibre L of hyperbolic lines constitutes an associ-
ation scheme R(q) (or H(q)), with q /2 classes if q is even and with (q + 1)/2
classes if q is odd. The non-diagonal relations are precisely the sets Ry, ,-1,(1, 1)
with A € By, with corresponding valencies vy, ,-1; = v, ,-1y(1, 1).

(iii) The restriction of R(q) to the fibre L_ of elliptic lines constitutes an asso-
ciation scheme R_(q) (or £(q)), with q/2 — 1 classes if q is even and with
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(g — 1)/2 classes if q is odd. The non-diagonal relations are precisely the sets
Rpan(=1,=1) with » € F;\{0, 1}, with corresponding valencies vy, ;-1 =
U{)L’)‘—l}(—l, _l)

We will refer to the association schemes H(g) and £(g) in part (ii) and (iii) of the
above theorem as the hyperbolic and elliptic scheme, respectively. The hyperbolic
scheme was recently investigated in [3] as a refinement (fission) of the triangular
scheme. The elliptic scheme was first described in [9] but our approach here is new.

5. An expression based on homogeneous coordinates of lines to index the
relations of R(q)

Lete,¢ € {—1,1} and let (£, m) € L. x L,. In this section we will develop an ex-
pression p(£, m) that can be used to index the relation of R(g) containing (¢, m), in
terms of the homogeneous coordinates of £ and m.

We need some preparation. Consider the function f : F,» U {oo} — F,2 U {oo}
defined by

1 . .
m, if q 1S even;
f& =9 |
-4+ ———, if gisodd,
4+—2+x+x—1 if giso

for x € F2\{0, 1}, f(1) =00, and f(0) = f(0c0) =0 if g is even and f(0) =
f(00) = 1/4if g is odd. (Note that the values of f on oo, 0, 1 are consistent with the
general expression for f(x) when we interpret 1/0 = oo and handle oo in the usual
way.) This function has a few remarkable properties. To describe these, we introduce
some notation. For ¢ = 2" and for e € F», let T, = T.(g) denote the collection of
elements with absolute trace e in F,, that is,

T, = {x € F, | Tr(x) = x4 x4y = e}

For g odd, we let Ty and T denote the collection of nonzero squares and non-squares
in F,, respectively, that is,

To = {x* | x € F}\ {0}
and Ty = F,\ ({0} U Ty). Note that in the case where ¢ is even, it is well known that

To={x*+x | x € F,}

Lemma 5.1. The function f has the following properties:

(i) f(x) = f(y)ifand only if x = y orx = y~';
(i) f(x) =occifand only if x = 1;
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(iii) if q is odd, then f(x) =0 ifand only if x = —1;
(iv) f(x) € F, ifand only if x € Bo UBy;
(v) if q is even and x € F2\{0, 1}, then

1 1
=gt ey
and if q is odd and x € F2\{0, 1, —1}, then

x+2+x 1)
o= (es)
Hence for x € F2 U {00} and e € F», we have that f(x) € T, if and only if x €
B.\{-—1}.

Proof: Note first that f(x) = f(y)if and only if x + 1/x = y + 1/y; hence part (i)
follows. Parts (ii) and (iii) are evident. To see (iv), first note that f(x)? = f(x9),
then use part (i) to conclude that f(x) € F, U {oo} if and only if x? € {x, x~'}. The
expressions for f(x) in part (v) are easily verified. Since f(co) = 0 € Ty if g is even
and f(o0) = 1/22 € Ty if g is odd, the expressions in (v) imply that f(x) € Ty if and
only if x € (F, U {oo})\{1, —1}. Now the remainder of part (v) follows from (iv). [J

Next we determine the type of a line in terms of its homogeneous coordinates, and
we establish relations between the homogeneous coordinates of a line and the points
of intersection of this line with the conic O,.

Lemma 5.2. Let £ be aline in PG(2, q) with homogeneous coordinates £ = (z, x, y)l,
andlet £ N Op = {Py, Pg}, wherea, f € F2 U {oo} and a = B if £ is a tangent line.
Define A(¢) € F, U {0} by

xy/z?, if qiseven;

AO=0N 12 —day), if gisodd

(i) We have that £ € L_yy if and only if A({) € T,, and £ is a tangent line to O in
PG(2, q) if and only if A(€) = oo.
(i) Ifx # 0, then

a+p=—z/x, af = y/x; (13)

and if x = 0, then

a=c0, p=-y/z (14)
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Proof: Note first that by definition o, 8 are the solutions in F > U {oc} of the quadratic
equation

E+xE°+y=0.
(Here, by convention, £ = oo is a solution if and only if x = 0.) Now (i) follows
from the standard theory on solutions of quadratic equations and (ii) follows from this

equation by writing it in the form x(§ — a)(§ — ) = 0. O

Now let (¢, m) € L. x L4 be a pair of distinct non-tangent lines in PG(2, ¢), and
let «, B, y, 6 be such that

EN O, = {Py, P}, mNO, ={P,, Ps}.
Furthermore, let £ and m have homogeneous coordinates
— 1 — (5 ¥
t=(z,x,y), m=(z, %,y

In the previous section we have seen that the orbit of the action of G(O) on £ x L
containing the pair (£, m) is R, ,-11(€, ¢), where

p=pla, By, o).
Now we define the modified cross-ratio p(£, m) of the lines £ and m by

1

p+p7t
Ly ! if ¢ is odd
-+ 1 is odd.
4 24p+p! I

if g is even;
AL, m) = f(p)=

We will now use the previous lemma to express g(£, m) in terms of the homogeneous
coordinates of £ and m. Let o : F;, — Ty U {0} be defined by

xX+x, if q is even;

x2, if g is odd.

o(x)=
Then the result is as follows.

Theorem 5.3. If £ = (z, x, y)* and m = (Z, %, ¥)* are two non-tangent lines and if
A = A) and A = A(m), then

272 =o((xy +Xy)/zD)+ A+ A, if qiseven;
(2x§ 428y — 22 AA/A=o(xF + Xy — £)AA, if q is odd.

(xy 4+ %y)> + (2 + ¥)(yZ 4+ J2)
pL,m) =
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Proof: Let p = p(a, B, v, §) with «, B, y and § as given above, and let p = f(p).
Initially, we will assume that x, ¥ # 0. First we observe that

. (o — BP(y — 87

-2 = .
T S T @ — BB

s)

Now (¢ — B)? = (a + B)* —4af = (—z/)c)2 —4y/x, and similarly (y — 8)? =
(—z/%)*> — 49 /%, hence

2=2 2=2 : :
z°7°/(x“x"), if g iseven;
@—pry —spp = | 22/ T

= C 16
1/(AAX?%?), if ¢ is odd. (16

Moreover, straightforward but somewhat tedious computations show that

(@ =)o =8B —y)p -9
= (@Y —aBla+B)(y + 8)++p)’ys+ap(y® +8)—(a + By sy + §)+(y8)’
= (07 — Xy)* + (17 — F)(yZ — 52)/(2°%?).
By combining these expressions we obtain in a straightforward way the desired

expressions for g. Finally, it is not difficult to check that the expressions for p are also
correct in the case where one of x, X is equal to zero. O

In what follows, we will use the elements of F,; to index the relations of the coherent
configuration R = R(q), and the modified cross-ratio ¢ to determine the relation of
a given pair of distinct non-tangent lines. For €, ¢ € {—1, 1} and A € F,, we define

Riag(€. €) :={(, ) | L € Lc}
and
Ri(e, ) :={(l,m) € L x Ly | £ #m, p(,m)=A}.

Here Rjag(l, 1) and Rjag(—1, —1) are the two diagonal relations on the fibres £
and £_. By Lemma 4.5, the types of £ and m alone determine whether 4(¢, m) is
contained in Ty or in T (except in the case where p(¢, m) = 0 if ¢ is odd). This can
also be seen from Lemma 5.2 together with the expressions for p(£, m) in Theorem 5.3.
In order to state the next theorem concisely, we define for e € F»,

. T., if ¢ is even,

T =
¢ T, U {0}, if g isodd;

and Tj = To\ {0}.
Now a careful inspection of Theorem 4.7 in fact shows that we have the following.
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Theorem 5.4. The non-diagonal relations R, (€, ¢) of the coherent configuration
R(q) are nonempty precisely when

@) e:¢:landkeT§;
(i) € #pand » € TT; or
(iii) e =¢ =—1and X € T} if q is even or A ET(J{\{I/4} if q is odd.

6. The intersection parameters of R(q) in the case of even characteristic

In the rest of this paper, we always assume that q is even. Here we will determine
the intersection parameters of the coherent configuration R(g) in the case of even
characteristic. In this case, the results from the previous section can be resumed as
follows. By Lemma 5.2, a line £ in PG(2, ¢) is non-tangent to O if and only if it
can be represented in homogeneous coordinates as ¢ = (1, x, y)J- with x, y € F; if
A =xy €T, then ¢ € L. with ¢ = (—1)°. Moreover, Theorem 5.3 implies that if
¢=(,x,y)t € Loandm = (1, z, u)* € L, are two non-tangent lines with xy € T,
and zu € Ty, then € = (—1)*, ¢ = (—1)/, and

P m) = (xu+ y2)* + (xu + yz2) +xy + 2u = x*u® + 32 + (1 + 2y + w).
17)
Lemma 4.5 (or Theorem 5.4) shows that (¢, m) is contained in T, r. The above
expression for p(£, m) also implies this fact since (xu + yz)*> + (xu + yz) € T. Fur-
thermore, we recall that p(¢, m) = 0 precisely when £ = m or when £ and m are lines
in £; that intersect on O. For later reference, we state these observations explicitly.

Lemma 6.1. Letc € ¥y, ande, f e Fo. If (€, m) € Re(e, ¢) withe = (—1)° and ¢ =
(=D, thenc e Teis. Moreover, ifc =0, thene = ¢ = 1.

Corollary 6.2. Let a,b,c € F,, and let e, f, g € Fo. Write € = (—1)°, ¢ = (—1)/,
and 6 = (—=1)8. If L € L, m € Ly, and n € Ly with p(€,m) =c, p(¢,n) = a, and
o(n,m) = b, then Tr(c) = e+ f, Tr(a) = e + g, and Tr(b) = f + g; in particular,
a+b+ceT,.

In order to determine the intersection parameters of R(g), we need to do the follow-
ing. Choose any pair (£, m) € R.(€, ¢), withe = (—1)°and ¢ = (=D, say, and then
count the number of lines n € Ly, with 6 = (—1)8, say, such that (¢, n) € R,(¢, 0)
and (n, m) € Ry(0, ¢). Now note that according to Lemma 6.1, there are such lines n
only if Tr(c) = e + f, Tr(a) = e 4+ g, and Tr(b) = g + f, and so, in particular, only
if a + b 4 ¢ € Ty. These observations motivate the following definitions.

For all a,b,c € F,, for all €, ¢ € {—1, 1}, and for all lines £, m with (¢, m) €
Rc(€, ¢) (so £ # m), we define

va(l) = va(€) = {n € L\{E} | p(£, n) = a}l, (18)

Pap(t,m) = p,(€) = I{n € L\{£,m} | p(€,n) = a and p(n, m) = b}|, 19)
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and
Tap(,m) =1, (€)= [{n € L] p(¢,n) =aand p(n, m) = b}|. (20)

The above observations show that the numbers in (18) and (19) are valencies and
intersection parameters of R(q).
We also note that since p(¢£, £) = O for all lines £ € £, we have the following:

Lemma 6.3. Leta,b,c € F,and lete € {—1, 1}. Then

75 »(€) = Py »(€) + 84.00b.c + Sp.00ac-

In what follows, we will sometimes use the symbol oo to indicate a diagonal relation
and write Ruo(€, €) instead of Rgiag(€, €). Remark that the intersection parameters
involving a diagonal relation are p;%,(€) = 84.5va(€), P, ,(€) = p.c, and pg (€) =
8a.c-

According to Lemma 6.3, in order to obtain all intersection parameters, it is suffi-
cient to compute the numbers rr;" p(e)fora,b,c € F, witha + b + ¢ € T(. We begin
with the following observation.

Lemma 6.4. For all a, b, c € F,, we have n{ ,(€) = mj ,(—=1)"€) and p; ,(¢) =
Ph o (=D e).

Proof: The number 7/ ,(€), with € = (1), counts the number of lines n € £ such
that p(€, n) = a and p(n, m) = b, for some pair of distinct non-tangent lines £, m
with £ € L. and p({,m) = c. By Corollary 6.2, we then have m € L, with ¢ =
(—1) and f = e+ Tr(c); hence all these lines n, and no others, contribute to the
number nlf’a((—l)”T‘(C)). This proves the first equality; the other equality follows
from Lemma 6.3. O

For v € F,, we define ¢, = (1, v, v)*. Note that
Py, bure) = A(ly) =17,
forany c € F,.

Theorem 6.5. Leta,b,c € Fy witha + b+ c € Tg and c # 0. For each e € F, and
for each v € F, with Tr(v) = e, we have

me (€)=Y [z €F,U{o0} |2 +2z=v+ac/T’}]

{1+2|Teﬂ{ac}|, if a+b+c=0;
= 2 . *
2Zr IT, N{ac/t%}|, if a+b+ceT:,
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where € = (—1)°, and the summations are over the two elements t € ¥, such that
4+ t=a+b+c (Ift =0, then z = o0 is supposed to be the only solution of the
equation 7> +z = v + ac/t>.)

Proof: We choose ¢ = €,12 and m = £,y in the definition (20) of 7/ ,(€). Ac-
cording to (17), we conclude that 7 ,(¢) equals the number of lines n = (1, x, )t
for which the following holds.

{ﬁ(evm, n) = 2 + )P +02x +y) +xy+v=a

A, Lpeyn) = (0 + )P + )’ + 0+ 02 + ) +xy +v+e=b
2D
By adding the two equations, we see that (x, y) € Fé must satisfy

Px+y)) + P+ y)=a+b+e.

Since a + b + ¢ € Ty, there are two elements 7 € F, such that 241t =a+b+ec.
Noting that ¢ # 0 by assumption, we see that (x, y) € Fé is a solution of (21) if and
only if
x+y=1t/c'/?
(22)
X2+ xr/e? /e vt e =a+ v

Now we distinguish two cases. If t = 0 (which is possible if and only ifa + b + ¢ =
0), then (22) reduces to x> = a + v, which has a unique solution. Otherwise, 7 # 0,
then the substitution z = xc'/?/t + v'/2¢!/2 /1/2 transforms (22) into the equation

22+ z=v+ac/t?

with z € F,,. The two cases can be conveniently combined by interpreting z = 00 as
the only solution of the above equation when v = 0.

To obtain the last expression, note that if z runs through F,, then 72+ z+ v runs
through T, twice. g

Corollary 6.6. Let b, c € F, with b+ c € Ty and ¢ # 0. Then for each e € F, we
have that

7€ (€) = 1+25€!1, if b=c; 23)
007 46,4, if b+ceT::

where € = (—1)°.

To complete the determination of the intersection parameters, we compute the
numbers 7 L?, »(€). (These numbers can also be derived from knowledge of the valencies
and the other intersection numbers by using relations between these numbers that are
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valid in any coherent configuration, but the direct approach is simple enough and more
revealing.)

Theorem 6.7. Leta, b € F,. Then nl (1) = 0 and

qg+1, ifa=b=0;
mey() =11, if a=1b#0;
2, if a+beT;.

Proof: It follows from Corollary 6.2 that the numbers 713’ »(€) arenonzeroonlyife = 1
and Tr(a) = Tr(b). Take £ = (1,0, 0)L and m = (1, 0, 1)*. Note that P, = (0, 1,0)"
and Py, =(0,0,1)" are on £ and P, and P, = (1,1, 1) are on m, hence £ and m
intersect on O so indeed p(¢, m) = 0. Now count the number of non-tangent lines
n = (1, x, y)* such that

pl,n)=xy=aand p(m,n) =x>+x+xy=>b,
or, equivalently,
Xy =a, xX>4+x=a+b.

Now if @ + b € Ty, then the equation x> + x = a + b has two solutions x in F,, and
for each x # 0O the first equation xy = a has the unique solution y = a/x. Finally,
for x = 0 (which can occur only if @ = b), there is no solution y if a # 0 and there
are g solutions y if a = 0.

O

By combining Lemma 6.3 with our results for the numbers 7, ,(€) we obtain all
intersection parameters. For the sake of completeness, we also state the values of the
valencies. From Theorem 4.6, we obtain the following.

Theorem 6.8. Fora € F,, we have

2(q¢ — Ddey, if a=0;

va(€) = q — €, if a €Fy.

In even characteristic the elliptic association scheme £(g) has all valencies equal to
q + 1. We will use the expressions that we have derived for the intersection parameters
to show that, in fact, the elliptic scheme is pseudocyclic.
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Theorem 6.9. (i) For all b € Tj and € € {—1, 1}, we have that

> plyle)=q—451.

aeTy
(ii) The elliptic association scheme E(q) is pseudocyclic.

Proof: (i) Lete = (—1)°. Using Lemma 6.3 and Theorem 6.5, we see that for b € T,
we have

D ophyle) =" ml,(e)

* *
aeTy aeTy

=450+ .2 Y [P°T.N{a})

a€Ty {r|t24+1=h}

=—45.0+2 Y [T°T.NT
{t|t241=b}

= —48,0+2.2.q/4

=q — 486,0.

(ii) The non-diagonal relations of the elliptic scheme £(g) are R.(—1, —1) withc € T§.
So the claim follows from part (i) together with Theorem 2.3. Il

Let ¢ = 2" and let k be an integer with gcd(k, r) = 1. The field automorphism
x> x2 provides in a natural way a fusion of the coherent configuration R(g) as
follows. Let the orbits of 7; on F, be Co = {0}, Cy, ..., C,. Define new relations

R{S(€,¢) = Ucec, Rele, ).
Now since
Pan(€) = Do) ()
it follows immediately that the fusion
R™ ={R}*(e.¢)| j=0.....n,e.¢ € {—1,1}}

is a coherent configuration, which obviously is again weakly symmetric. The valencies
of this new coherent configuration are of the form

VIe) = D vele).

ceCj

Now consider two association schemes obtained from this configuration by restricting
to the set of hyperbolic or elliptic lines, respectively. It is not difficult to see that such
a scheme has all valencies equal precisely in the elliptic case with ¢ = 2" and r prime.
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An old conjecture from [9] states that in this case the scheme is again pseudocyclic.
In a subsequent paper [11] we will prove this conjecture.

7. Fusion schemes in the case of even characteristic

In this section, we will assume that the field size is of the form ¢> with ¢ even. Our
aim is to show that a certain fusion of the coherent configuration R(g?) on the set
L(g?) of non-tangent lines in PG(2, ¢?) is again a coherent configuration. We remark
that this fusion does not seem to be induced by a group action. We will write Sy to
denote the collection of elements with absolute trace zero in F,, that is,

and let So = To(q);

Sl = Fq\SO

denote the collection of elements with absolute trace one in F,,. Also, we will write
Ty = To(qz) and T to denote the elements in F ;> with absolute trace equal to O or 1,
respectively. As before, for any set U, we write U* to denote the set U\ {0} and U to
denote the set U\ {0, 1}.

We now define the following relations for two distinct lines £ and m in L£(g?).

* R : oL, m) e Sg;
*Ry: AL, m) € Sy;
® R;y: o, m) € To\Fy;
® Ry: pl, m)=0;
* Rs: o, m)eT.

Furthermore, welet Ry = {(£, £) | £ € L(qz)} denote the diagonal relation. In addition,
fore,¢p € {—1,1} and k =0, ...,5, we let Ri(¢, ¢) denote the restriction of R; to
L(q%) x L4(g?). For later use, we define sets R; fori = 1,2,...,5by

R, =Sj. R, =S, R; =To\F,, R, = {0}, Rs =T;.
Also, weletr; = |R;| fori =1, ...,5, so that
rn=I(@q—2)/2, r=q/2, r3=gq(qg—2)/2, ry =1, rs =q>/2.
Note that for distinct lines £, m € ,C(qz) andfork = 1,...,5,wehavethat (¢, m) € R;

if and only if p(€, m) € Ry.
Not all the relations Ry(e, ¢) are nonempty.

Lemma 7.1. We have that Ry (e, ¢) is nonempty only if

() ke{0,1,2,3}, € = ¢;
(iVk=4e=¢=1;
(i) k = 5, € # ¢.
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Proof: Since T = R; UR; UR3, R4 = {0}, and Rs = T}, this follows directly from
Lemma 6.1. O

Each of the relations Ry (e, ¢) is a fusion (a union) of relations of the coherent con-
figuration R(g%) on L(g?). We want to show that this fusion, which we will denote by
R(g?), in fact defines a new coherent configuration. Since this coherent configuration
is again weakly symmetric, the restrictions to both £, (g?) and £_(g?) define fusions
H(g?) and E(g?) of the hyperbolic and elliptic association schemes H(g?) and £(g?)
defined earlier. In fact, the 4-class fusion H(g?) of the hyperbolic association scheme
is not new: it was first conjectured to be an association scheme in [3] and later this
conjecture was proved in [6] (by a direct proof), in [5] (by a geometric argument),
and in [14] (using characters). The 3-class fusion E(g?) of the elliptic scheme seems
to be new. We will prove these fusion results by determining the valencies and the
intersection parameters of the fusion.

For all i, j,k € {1,...,5}, for all c € Ry, for all €, ¢ € {—1, 1}, and for all lines
£, m with (€, m) € R.(¢, ¢) (so £ # m), we define

v;i(0) = vi(e) = |{n € LgH\{€} | p(€, n) € Ry}, (24)
and

pi.j(€.m) = p} (€)= l{n € L(gH)\{L. m} | p(£.n) € R; and p(n, m) € R;}].
(25)
Our aim in this section is to show the following.

Theorem 7.2. The numbers v;(¢) and pl{f j(€) are well-defined, that is, they do not
depend on the particular choice of the lines £ and m. As a consequence, the relations
Ry (e, ¢) constitute a coherent configuration R(qz) which is a fusion of R(qz). The
numbers v;(€) are the valencies ofR(qz); their values are v;(€) = r,~(q2 —e)ifi #4
and vy(€) = 2(q> — 1)8..1. The numbers le‘(, j(e) are the intersection parameters of
R(q?); their values are given inTables 1 to 5.

We will prove this theorem through a sequence of lemmas. First note that we do
not need to compute all the intersection parameters since we have the following:

Lemma 7.3. (i) We have that pﬁo(e) = péﬁi(e) = 0,; and pgj(e) = v;(€)d; .

(i) If one of pllf’j(e) and 17];',,‘(6) exists, then so does the other and p/j‘.,i(e) = pﬁj(e) if
k=1,...,4and p;’i(e) = pzj(—e).

(iii) If four of the numbers pf.f i(© for j =1,...,5 exist, then so does the fifth, and

5
> pk i) = vi(e).
j=0

Proof: Part (i) and (iii) are trivial and part (ii) follows from Lemma 6.4. O
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(3)sa 0 0 0 0 S
0 104 120(z — b)bg 120(1 — b)g 120(z — b)e v

0 120(z — b)bg ¢/ b(T+ b —p) + by — (D) °/bGT+ b +7) — b) /(T + )¢+ b + ) — (D) €

0 1201 — b)g /b3 + b +7) — D) (>—-12/b)b >+1¢/b(T+2¢) =t/ pG+1) 14

0 129(z — b)g /DT + 2+ b +1) — D) >+17/b(T+2¢) — 2/ b+ 1) (1 +2)2—=b(1—1/b) I

S ¥ € z 1 ('l
QV.\ .N.i SIQUINU UONIASIAU] T dqe],

(3)sa 0 0 0 0 S
0 ¢4 120(z — b)bg 120bg 120(¢ — b)g v

0 19(z — b)bg /DT + b — )+ by — ¢b) T((G+7)—b) b /(G + DY+ b6+ ) — D) €

0 12¢bg G+ —b) b /G =DbG+ )b /(1 + 27— b)b T

0 129(¢ — b)g UG+ DY+ DG +1) — D) /(1 +2)¢—b)b W+T+2/bOS+1) -1/ PG+ 1D I

S v ¢ z I (»'ld

o) w& SIOQUINU UOT)OISIAU] | J[qE],

@ Springer



184 J Algebr Comb (2006) 24:157-193

Table 3 Intersection numbers p? j(E). Herer = g% —2q — 1

pi i) 1 2 3 4 5
1 (@ —(e+Hg+4e+1)/2 qlg—€—-2)/2 (q/2—1)g*—2q —¢€) 2(g —2)8c1 0
2 q(qg—e—2)/2 q(q — €)/2 (q> =29 — €)q/2 28,1 0
3 (q/2—1(g* —2q —¢€) (q* — 29 — €)q/2 (¢ —4q* + (4 — 3€)q + 8e)q/2 2rdc, 0
4 2g — 2)be. 28 1 28, 45, 0
5 0 0 0 0 vs(e)

Table 4 Intersection numbers p; j(D;here r = q> —2q —1

p;fj(l) 1 2 3 4 5
1 (g —2)(q —3)/2 q(qg —2)/2 q(q —2)*/2 q-2 0
2 q(qg —2)/2 q(qg — 1)/2 q*(q —2)/2 q 0
3 q(g —2)*/2 q*(q —2)/2 q(q —2)r/2 q(q —2) 0
4 q—2 q q(q —2) q? -1 0
5 0 0 0 0 vs(1)

Table 5 Intersection numbers pf_ j(e)

p; (€ 1 2 3 4 5
1 0 0 0 0 v1(€)
2 0 0 0 0 va(€)
3 0 0 0 0 v3(e)
4 0 0 0 0 v4(€)
5 vi(—€) va(—¢€) v3(—€) v4(—€) 0

Our next result justifies all the zero entries in these tables.

Lemma 7.4. We have that pl]f’j(e) =0fori, j,k=1,...,5 in the following cases.
(i) One or three of i, j, k are equal to 5.

(i)k=4ande = —1.
()i =4orj=4k=1,2,3, ande = —1.

Proof: Direct consequence of Lemma 7.1. d

As a consequence of Lemmas 7.3 and 7.4 we immediately obtain the intersection
parameters pj () fork = 5.

Theorem 7.5. The numbers pi j(e) exist and are as in Table 5.
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To determine the remaining intersection parameters, we proceed as follows. For
ceF,, fore € {—1,1},and for A, B C F >, we define

7y ple) = Z 7, 5 (€).

acA,beB

Note that by Lemma 6.3, if the numbers pff j(e) exist, then for all ¢ € R, we have

phie) =D pLy(€) =k g (€) = 84i8jk — 8a;bik. (26)
acR; beR; '

So to prove our claim we have to compute the numbers 7. R, (¢) and show that they
do not depend on the choice of ¢ in R;. We need the followmg simple results.

Lemma 7.6. Let f, g € Faand e € {—1,1}. If A C T} and B C Ty, then

Ty (€) = e1(q> + 1),
B(e) = jTB 1(€) = 2| Bl3¢,18¢.,0,
and
78 5(€) = A B| — |A N B)Sc.18 .
Proof: Direct consequence of Theorem 6.7. O
Lemma 7.7. Let g, h € Foande € {—1,1}. If B C T; and c € T}, then

ﬂ{%},{o}(e) = 486,18h,0
and

ioy.5(6) = 75 10, (=1)"€) = 8, w((1 = 28c.1)8ce + 4| BlSe.1).
Proof: Direct consequence of Corollary 6.6. g

Using the above results, we now determine the intersection parameters involving
the relation Ry.

Theorem 7.8. The intersection parameters p;f ;(1) exist and are as in Table 4.
Proof: According to (26) and Lemma 7.6 we have that
Py (1) =7y g, (1) = 25,4

27‘j, if je {1, 27 3},
T g2—1, if j=4.
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This gives the values for pij as in Table 4.

Next we consider p;‘,j(l) with i, j € {1, 2, 3, 5}, where we assume that either i =
j=S5ori, je{l,2,3}. According to (26) and Theorem 6.7, we have that

p} (1) = g, g, (1)
. 2r,-rj, if i 75 j;
Qe -D+D=r@r -1, ifi=j.

In view of Lemma 7.3, this is sufficient information to obtain the remaining values for
p;fj(l) in Table 4. O

Theorem 7.9. The intersection parameters pﬁ, j(l) and pff 4(1) exist and are as stated
in Theorem 7.2.

Proof: If j =k=35 or if j, ke {l,2,3}, and if ¢ € Ry, then using (26) and
Lemma 7.7 we find that

Pﬁ,j(l) = iR, (1) — 8k
4r;, if j#k;
|42, if =k

This produces the values for pi" j(l) as claimed. The other values follow from
Lemma 7.3.
O

To complete our determination of the intersection parameters, we compute the
numbers 7§ ¢ (€) for i, j € {0,1} and ¢ € FZZ. Note that both S} and S;f are one of
S:.8;
R;, R,. Since

7T§,»,Sj (€)= ﬂé‘j,s’; (e)+ 5:’,077{‘6}75‘7 () + 3j,077§?,{0}(5) + 51’,031',077{%},{0}(6) (27)

and since we know already the numbers JT{CO}’RZ(E), TR, 10,(6), and ”fO}, 0y (€) with
s, t € {1, 2}, knowing ngiqu (¢) will enable us to find the numbers 7g g (€).
We need some preparation. For r € F,, let us define

Sr :={x € Fp2 | Trg, (x) =x4xl4 -+ x1?=r)
and

G ={xeFp|x'+x=r}

We will use the following properties.

Lemma 7.10. The above definitions of So and Sy coincide with the definitions of So
and S; given earlier. Moreover,
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(i) Go =F,, thesets G, withr € F, areprecisely the additive cosets of F, in (F 2, +),
and G, + G; = G,y forallr, s € F,. We also have that G, = rG, forr € F;.
(ii) The map F : x — x> 4+ x maps G, two-to-one onto S,. In particular, we have
IS/| = q/2, and the subsets S, with r € ¥, partition To. Also, the subsets S,
withr € F, are the cosets of Sg in (To, +); we have that S, +S; = S, for all
r,s €F,.
(iii) For eachr € F, we have G,2;, =S, US, 1.

Proof: Part (i) follows from the fact that the map x — x? + x from F > to itself is
F,-linear with kernel F, and image F,.
Next, if x € F» satisfies x? +x = r, then

TrFq(x2+x) =2+ + >+ 4.+ &2+ x)1?
=x+x?=r,

hence F maps G, to S,. Note that the image of F,> under F is Ty; hence part (ii) now
follows from the fact that F is F,-linear with kernel F, C Gy.

Finally, if x? + x = r, then F(x)? + F(x) = r> 4+ r, hence S, (and similarly S, )
are subsets of G,2,. Since S, and S, are disjoint and both have size g /2, the result
follows.

Remark that Gy = F,, hence Sy consists of the elements in F, with trace zero, and
since Go = So U S, we have S; = F,\Sy. So the definitions of Sy and S; coincide
with the ones given earlier in F,. g

Now to compute ”sc,- S,-(E) for e = (—1)° with e € F,, for i, j € {0, 1} and for ¢ €
F(’;z, we start with the expression

ng/_.sj_(e) = Z Z 7, 5 (€)

a€sS; be§;

=3y ( a+b+co+2Z|T Nfac/t }|)

a€eS; beS;

where the sum is over all T € F*, such that t> + 1 = a + b + c. (The last equality
was obtained by using Theorem 6.5.) Obviously, 71§hs,(e) is nonzero only if a +
b + c € Ty, hence only if ¢ € Ty. So assume that ¢ € S,’f with k € F,. We will write
r =i+ j + k. Now in the above expression for 7TS S (€), we first sum over b € S;. If
b runs through S;, then by Lemma 7.10, part (i), we have thata + b + c runs through
S, and the sum is over all T € G}. So we obtain that

LN OESY (ar,o +2 ) |T.N {ac/r2}|)

aes; 24reS,

T#0
=8.0q/2+2) Y |T.N{ac/t?}|

aeS; 1eG}
=8.0q/2+2 ) [T.NSi(c/T?).
1eG}
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Now we have the following.

Lemma 7.11. Leti,e € Fy and )\ € FZZ‘ Then

8e0q/2, if A€ Gg;
T, NS;Al = § 8e.iq/2, if L€ Gy;
a/4 if Ae G, withr € F\{O, 1).

Proof: Sincei € F,, wehave S; C F,. Forany s € §;, we see that As € T, precisely
when e = Trpqz/pz(ks) = Trg, (s(A? + 1)), that is, when su € S, where u = A9 + 1.
Now u = 0 if and only if A € Gy, in which case for all s € S; we have that s € S,
precisely when e = 0. If u # 0, then the above shows that [T, N S;A| =[S, N S; wu|.
Note that S, and S; i are both hyperplanes of F,, (considered as a vector space over
F), so the size of the intersection equals &, ;¢ /2 if 4 = 1 (which occurs precisely
when A € G|) and g /4 otherwise. (|

In order to use this result, given ¢ € S} and r = k 4+ i + j with i, j € F», we have
to determine for how many T € G* we have ¢/t2 € Gy, and for how many 7 € G/,
we have ¢/1% € Gy. The result is as follows.

Lemma 7.12. Leti,j e Fo, k € ¥y, r =k +i+ j, lett € G}, and let c € S}. Write
c= y2 + y with y € Gy. Define 1, 11, and ©, by 102 =cr/(r+1), 112 = yr, and
r22 =(y + Dr. Then

(1) 7o, 71, and T, are zero if and only if r = 0;
@ii) for r # 1 we have 1ty € G,, and for u = 1 or 2 we have 1, € G, if and only if
i=j;
(iii) ¢/t? is contained in Gy if and only if either r =0, orr # 0, 1 and T = 10;
(iv) ¢/t? is contained in Gy if and only if r # 0 and T € {11, T2}.

Proof: Obviously, since ¢ # 0 we have y # 0, 1; hence foru =0, 1, 2, t, = 0 pre-
cisely when r = 0. Also, r € F, and by Lemma 7.10 we have ¢ € Sy C Gy =
G,2,,; hence

@ + 10 = (¢! + O/ + D)2 =+ )/ + 1) =1,
so 79 € G,. Also, since y € G; we have that
o T =00y =0
so 71 € G, if and only if k = r, thatis, i = j. The same argument proves the claim

for 7,.
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Finally, let c/t% € Gy forsome s € F,. We have to determine when s = 0 and when
s = 1. We saw above that ¢ € G,2,, so by definition, we have that

s = (c/tH)7 +c/T°
=(+r+nr/c+r?+c/t?
= (cr’ + (r* + 1)) /(x(x + 1)

So firstly, we have s = Oif and only if eitherr = 0,0r7 # 0, land 7% = cr/(r + 1) =
rg. Secondly, we can have s = 1 only if » 7 0. In that case, we have s = 1 if

er? + P+ 1)1 = (t(t + 1),

that is, if 74 +r7? + cr? = 0, i.e., if ¢ = (t?/r)* + t2/r. So this happens if 72/r €
{y,y + 1}, thatis, if T € {7}, 1o} O

Corollary 7.13. Let i, j € Fy, let ¢ € S} with k € ¥, and let e € F,. Writing € =
(—=1)¢, we have that

q((1+e€)g —€)/2, if k=i+j;
q(228.; — )+ q)/2, if k=1landi = j,
mg5,(€) = 19225 —D+q+e)/2, if k#0,landi=j; (28)
q*/2, if k=0andi # j;
q(q +€)/2, if k#0,1andi # j.

Proof: Letr =i + j + k. If we combine Lemmas 7.11 and 7.12 with the expression
for ”sc,,sj (€) just before Lemma 7.11, we obtain the following. First, if r = 0, that is,
ifk =i+ j, then

7m5.s,(6) = q/2+2((g — Dde.19/2) = q(1 + 2(q — Ddc.1)/2.
Next, if r # 0, that is, if k # i + j, then 0 € G,, and we obtain that

7§, 5,(€) = 2(6k20,18¢,19/2 + 28i=8¢,iq /2 + (q — Sk01 — 28i=j)q /%)
= (Bkx0,1€ +28;=j(26.; — 1) +q)q/2,

from which the other expressions follow. g

Now we use (26) and (27) to compute the intersection numbers pﬁ’s(e) with r,s €
{1,2}. Fori, j € F; and k € F,, define

0, j, k)e) = 8i,07T{C()],s7 (&) + 5]',07756’,*,[0)(6) + 5i,08j,077{c()},{0}(€),

where ¢ € Sy and ¢ # 0.
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Lemma 7.14. Write € = 25,0 — 1 = (—1)°. We have that

03, j, k)(€) = —€(8;,00;k + 8;,00i k) + 8e,02q(8i,0 + 8j,0) — 48i,08;,0).

Proof: Direct application of Lemma 7.7. 4

Theorem 7.15. The intersection parameters pﬁqs(e) withr,s € {1,2}andt € {1, 2, 3}
exist and are as in Tables 1, 2, and 3.

Proof: Letr,s € {l1,2}and?t € {1,2,3}. Puti =r — 1 and j = s — 1 (and consider
i and j as elements of F). If r = 1, then we take k = 0; if ¢ = 2, then we take k = 1;
and if t = 3, then take k to be any element in F,\ {0, 1}. Finally, let ¢ € S;. Then
according to (26) and (27), we have that

pro(€) =15 g (€) = 0. j. k)(e),

where € = (—1)°. Now we can use Corollary 7.13 and Lemma 7.14, firstly to see that
the expression at the right-hand side indeed only depends on ¢ and not on the actual
value of k and ¢, and secondly to compute the value of the intersection parameters
qus(e). In this way, we obtain the values as announced in the theorem. O

Now we can use Lemma 7.3 to find the remaining intersection numbers in Tables
1, 2 and 3. So we have proved the following.

Theorem 7.16. The intersection parameters p, (€) witht € {1, 2, 3} exist and are as
in Tables 1, 2, and 3.

This completes the proof of Theorem 7.2.
For the sake of completeness, we mention that the P- and Q-matrix of the elliptic
fusion scheme are given by

1 (q=2@+D/2 q@+1/2 qg—2)g*+1))2

P 1 —(q ; (g —2)/2 —qqg—1)/2 q(qg —2) (29)
1 =@ —q+2)/2 ql@+1)/2 —q
1 qg—1 0 —q

and

1 q@*+1/2 (q—2@G*+1)/2 qlg —2)(g*+1)/2
1 —q@g—1/2 —(g*—q+2)/2 —1

0= q(g — 1)/ G —q+2)/ qlg—1) (30)
I —q@g—1/2 (g—-2)(g+1)/2 0
1 q -1 —q

The P-matrix of the hyperbolic fusion scheme can be found in [5].
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8. Further fusions

From the values of the intersection parameters pff ;(€) as computed in the previous
section we immediately see that a further fusion of the relations R (€, €) and Ry (e, €)
for ¢ = 1 and € = —1 produces another weakly symmetric coherent configuration,
and thus a further 3-class association scheme on the hyperbolic lines and 2-class asso-
ciation scheme (that is, a strongly regular graph) on the elliptic lines; the intersection
parameters are given in Tables 6-9 below.

Finally, we see that a further fusion of R;(1, 1) U Ry(1, 1) with R4(1, 1) again
produces a weakly symmetric coherent configuration, and thus a 2-class association
scheme (that is, a strongly regular graph) on the hyperbolic lines. Some of the inter-
section parameters of this further fusion are given in Tables 10 and 11.

Table 6 Intersection numbers p,{:;ﬁz)(s)

piPe {12} 3 4 5
{12} Q+4e)g>—@d+56)g +2+4e  q(g> — (e +3)g +2(1 +¢) 22 —3)8c1 O
3 q(q* — (e +3)q +2(1 + €)) (@* —4q> + 4 — g +26)q/2 2q(q—2)5; O
4 2(2q = 3)éc.1 2g(q — 2)3e,1 48c 1 0
5 0 0 0 vs(€)
Table 7 Intersection numbers pi,*(e). Here r = ¢> —2q — 1
{12} 24> —Qe+4g+2e+1) ¢>—3¢>—(e—2q+¢€ 4g—18; O
3 ¢ =3¢  —(e—2g+e€ (q® —4g%> + (4 —3€)qg +8€)q/2  2rde 0
4 4(q — )8 2r8e. | 48 0
5 0 0 0 vs(€)
Table 8 Intersection numbers 4
pt (). Herer =¢% —2¢ — 1 P {L2} 3 4 5
{12} 2¢*-5¢+3  qg—1g-2) 2g-1 0
3 q(q—1g—=2) qlqg—2r/2 q9(q—2) 0
4 2q -1 q(q —2) -1 0
5 0 0 0 vs(1)
Table 9 Intersection numbers P
{1,2} 0 0 0 vi(€) + va(€)
3 0 0 0 v3(€)
4 0 0 0 v4(€)
5 vi(—€) +va(—€) v3(—€) wva(—€) O
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Table 10 Intersection numbers 11.2.4)
pi{;ﬁz'“(l). Here Dix (1) {1, 2,4} 3 5
r=q¢%>—-2q—1

{1,2,4} 3¢> —q -2 q*(q —2) 0

3 q*qg -2 qlq —2)r/2 0

5 0 0 vs(1)
Table 11 Intersection numbers 3
pd (). Herer = q> —2q — 1 Pix(D {1,2,4} 3 5

{1,2,4} 2q(g+ 1) g+ Dr 0

3 (qg+ Dr (@® —4q*> +q +8)q/2 0

5 0 0 vs(1)

So in this way we obtain two strongly regular graphs, with parameters (v, k, A, @)
where v = ¢*(¢* + €)/2,k = (¢> —€)(g +€), A =2(¢> = 1) + eq(q — 1), and pu =
2q(g + €). Graphs with these parameters were first described by R. Metz for e = —1
(the elliptic case) and by Brouwer and Wilbrink for € = 1 (the hyperbolic case), see
[2, Section 7]. The two constructions were further generalized by Wilbrink. For g = 4,
the “elliptic” graph was obtained and conjectured to be a Metz graph in [9, p. 83].

In a forthcoming paper [10] it will be shown among other things that the strongly
regular graphs obtained above are in fact isomorphic to the Metz graphs (for e = —1)
or the Brouwer-Wilbrink graphs (for € = 1). For € = 1 this has already been proved
in [5]; for € = —1 this was first conjectured in [9] for ¢ = 4, and proved for the first
time in [10].
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