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Abstract A finite graph X is half-arc-transitive if its automorphism group is transi-
tive on vertices and edges, but not on arcs. When X is tetravalent, the automorphism
group induces an orientation on the edges and a cycle of X is called an alternating
cycle if its consecutive edges in the cycle have opposite orientations. All alternating
cycles of X have the same length and half of this length is called the radius of X.
The graph X is said to be tightly attached if any two adjacent alternating cycles in-
tersect in the same number of vertices equal to the radius of X. Marusi¢ (J. Comb.
Theory B, 73, 41-76, 1998) classified odd radius tightly attached tetravalent half-arc-
transitive graphs. In this paper, we classify the half-arc-transitive regular coverings
of the complete bipartite graph K4 4 whose covering transformation group is cyclic
of prime-power order and whose fibre-preserving group contains a half-arc-transitive
subgroup. As a result, two new infinite families of even radius tightly attached tetrava-
lent half-arc-transitive graphs are constructed, introducing the first infinite families of
tetravalent half-arc-transitive graphs of 2-power orders.
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1 Introduction

Throughout this paper, all graphs are assumed to be finite, connected, undirected and
simple unless otherwise stated. For a graph X we let V(X), E(X), A(X) and Aut(X)
denote the vertex, the edge, the arc set and the full automorphism group of X, re-
spectively. A graph X is said to be vertex-, edge-, or arc-transitive if Aut(X) acts
transitively on V (X), E(X) or A(X), respectively. An edge- but not vertex-transitive
graph with regular valency is called semisymmetric. Such a graph is necessarily bi-
partite. A graph is %-arc-tmnsitive (or half-arc-transitive) if it is vertex- and edge-
but not arc-transitive. More generally, by a %-arc-transitive action of a group G on
X we shall mean a vertex- and edge- but not arc-transitive action of G on X. In this
case we say that the graph X is (G, %)-arc-transitive.

The investigation of %-arc-transitive graphs was initiated by Tutte [43] who proved
that a vertex- and edge-transitive graph with odd valency must be arc-transitive. In
1970, Bouwer [4] constructed the first infinite family of %-arc-transitive graphs and
later more such graphs were constructed (see [1, 8, 15, 17, 30, 36, 42, 44]). Con-
structing and characterizing tetravalent %-arc-transitive graphs is currently an ac-
tive topic in algebraic graph theory (see [2, 5, 9, 13, 19, 22, 23, 29, 31-33, 35,
37-40, 46, 47]). Apart from research in regular maps related to %-arc-transitive
graphs (see [6] and [32]), and research regarding primitivity/imprimitivity of action
for %-arc-transitive graphs (see [18] and [42]), there are two other directions research
in %-arc-transitive graphs has taken. The first one deals with the study of tetrava-
lent %-arc-transitive graphs with large order vertex stabilizers, initiated by Marusi¢
and Nedela [34]. Our results have no immediate implications to this area of research
because the %-arc-transitive graphs constructed in this paper have vertex stabilizers
isomorphic to Z,. In this paper we explore the second of these two research direc-
tions and investigate the “attachment of alternating cycles” question for tetravalent
%-arc-transitive graphs.

Let X be a tetravalent (G, %)-arc-transitive graph with a subgroup G of Aut(X).
Then under the natural G-action on V(X) x V(X), the arc set A(X) is parti-
tioned into two G-orbits, say A; and A;, which are paired with each other, that is,
Az = {(v,u)|(u,v) € Ar}. Each of two corresponding oriented graphs (V (X), Ay)
and (V(X), A>) has out-valency and in-valency equal to 2, and admits G as a vertex-
and arc-transitive group of automorphisms. Moreover, each of them has X as its un-
derlying graph. Let D (X) be one of these two oriented graphs, fixed from now on.
For an arc (u, v) in Dg(X), we say that u and v are the fail and the head of the arc
(u, v), respectively. An even length cycle C in X is called a G-alternating cycle if
the vertices of C are alternatively the tail or the head in D¢ (X) of their two incident
edges in C. It is proved [29, Proposition 2.4(i)] that all G-alternating cycles in X
have the same length and form a decomposition of the edge set of X. The half of
this length is denoted by r(X) and is called the G-radius of X. Two G-alternating
cycles are said to be adjacent if they have at least one vertex in common. It is also
shown [29, Proposition 2.6] that any two adjacent G-alternating cycles in X intersect
in the same number of vertices, called the G-attachment number of X and denoted
by ag(X). Furthermore, the G-attachment number ag(X) is a divisor of 2rg(X),
twice the G-radius of X. If X has only two G-alternating cycles then these cycles
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have the same set of vertices and X is arc-transitive circulant, that is a Cayley graph
on a cyclic group. These graphs were characterized in [29]. We say that X is tightly
G-attached if ag(X) = rg(G) and loosely G-attached if ag(X) = 1. If two adjacent
G-alternating cycles of X intersect in a pair of antipodally opposite vertices then X
is said to be antipodally G-attached. If X is %—arc-transitive, the terms an Aut(X)-
alternating cycle, Aut(X)-radius, and Aut(X)-attachment number are referred to as
an alternating cycle of X, radius of X and attachment number of X, respectively.
Similarly, if X is tightly Aut(X)-attached, we say that X is tightly attached.

Marusic and Praeger [37] proved that every finite connected tetravalent (G, %)—arc—
transitive graph is a cover of a smaller tetravalent (G, %)—arc—transitive graph which
is tightly G-attached, loosely G-attached or antipodally G-attached. Thus, tightly,
loosely and antipodally G-attached tetravalent graphs are basic ones for investigating
tetravalent (G, %)—arc-transitive graphs and half-arc-transitive graphs. Wilson [45]
demonstrated a variety of means for constructing %-arc-transitive graphs and com-
pleted the constructive characterization of tightly G-attached tetravalent (G, %)-arc-
transitive graphs considered in [29, 37]. Marusic [29] classified the tightly attached
tetravalent %—arc-transitive graphs with odd radius, and the same graphs with even
radius are definitely objects worth exploring. However, no even radius tightly at-
tached tetravalent %-arc—transitive graph was given in these papers. In this paper, we
construct two infinite families of tetravalent %-arc-transitive graphs that are of even
radius and tightly attached. This may be a starting step for a possible classification
of all even radius tightly attached tetravalent %-arc-transitive graphs of order a power
of 2.

2 Main theorem

Let X be a connected graph. For u, v € V (X), we denote by uv the edge incident to u
and vin X, and by Ny (u~) the neighborhood of u in X, that is, the set of vgrtices adja-
cent to u in X. A graph X is called a covering of X with a projection p : X — X, if p
is a surjection from V (X) to V (X) such that p|N§(,;) : N3 (V) = Nx(v) is a bijection
for any vertex v € V(X) and o € p~! (v). The graph X is called the covering graph
and X is the base graph. A covering X of X with a projection p is said to be regu-
lar (or K -covering) if there is a semiregular subgroup K of the automorphism group
Aut(%) such that the orbits of K on V()?) coincide with the sets p_1 (v), ve V(X).
If K is cyclic or elementary abelian then X iscalled a cyclic or an elementary abelian
covering of X, and if X is connected K becomes the covering transformation group.
The fibre of an edge or a vertex is its preimage under p. An automorphism of X is said
to be fibre-preserving if it maps a fibre to a fibre, while every covering transformation
maps a fibre onto itself. All such fibre-preserving automorphisms form a group called
the fibre-preserving group.

Covering techniques has been used as a powerful tool in topology and graph the-
ory. The connected symmetric or semisymmetric coverings of a small graph have
received considerable attention in recent years. For example, Malnic¢ et al. [27] and
Feng et al. [10] classified connected cubic semisymmetric or s-regular cyclic cover-
ings of the bipartite graph K3 3 for each 1 < s <5 when the fibre-preserving group
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contains an edge-, but not vertex-transitive or an arc-transitive subgroup, respectively.
The s-regular cyclic or elementary abelian coverings of the hypercube Q3 were clas-
sified in [11, 12] for each 1 <s <5 when the fibre-preserving group is arc-transitive.
Furthermore, using a method developed in [25, 26], Malni¢ and Poto¢nik [24] clas-
sified connected vertex-transitive elementary abelian coverings of the Petersen graph
when the fibre-preserving group is vertex-transitive. In order to obtain tetravalent
%—arc-transitive graphs with special attachment property, Marusi¢ and Waller [38]
constructed infinitely many tetravalent %-arc—transitive graphs as cyclic coverings of
%—arc-transitive graphs constructed in [23]. Note that the smallest %-arc-transitive
graph has order 27 (see [46]) and the smallest valency of %-arc—transitive graphs is 4.
One may show that there is no %—arc-transitive cyclic coverings of a tetravalent graph
with order less than 8 when the fibre-preserving group contains a %—arc-transitive
subgroup. The purpose of this paper is to classify the connected %—arc—transitive
regular coverings of the complete bipartite graph K44 whose covering transfor-
mation group is cyclic of prime-power order and the fibre-preserving group con-
tains a %-arc-transitive subgroup. As a result, two new infinite families of tetravalent
%-arc—transitive graphs of 2-power orders are constructed, of which the smallest one
has order 27. All of these graphs have 2-power orders with girth 8 and force a lifted
%—arc—transitive action to give rise to even radius tightly attached %—arc—transitive
graphs. Also, it is easy to check that these graphs do not belong to any previously
known families of %-arc-transitive graphs (note that the half-arc-transitive graphs
constructed in [40, Theorem 3.1] have orders 2" times an odd integer with 2 <r <3
(see [40, Lemma 3.5])).

To state the main theorem of this paper, we first introduce infinitely many tetrava-
lent %—arc—transitive graphs of 2-power orders. Let Z, be the cyclic group of order n,
as well as the ring of integers modulo n. Denote by Z the multiplicative group of Z,
consisting of numbers coprime to n. Denote by V(K4 4) ={a,b,c,d, u, v, w,x} the
vertex set of the bipartite graph K4 4 as in Fig. 1. Let m > 4 and let k be an element
of order 4 in Z3,,. The graphs CC(2™, 1, k) and CK(2™, 2, k) are defined to have the

Fig. 1 The graph K4 4 with a b c d
voltage assignment ¢
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same vertex set V(CI(2™,1,k)) = V(CK(2™,2,k)) = V(K4.4) X Zon and edge sets

ECK@™, 1,k) = {m,x)@,x), (v,x)(@,x), (v,x)(b,x), (W,x)(@,x),
(w,x)(e,x), (x,x)(a,x), x,x)(d,x), (a,x)b,x+2k),
(W, x)(c, x +k+2""1, (u,x)(d x +k),
v, ), x+2"1— 1), (v, x)(d,x+1),
w,x)(b,x +k+2""1+1), (w,x)d,x+k+1),
& xX)b,x+k+2""1—1), x,x)(e,x+k—1) | x €Zm},

ECK@2™,2,k)) = {(u,x)(a,x), (v, x)(a,x), (v,x)(b,x), (W,x)(a,x),
(w,x)(e, x), (x,x)(@,x), (X,x)(d,x),
(w, x)(b, x +2k +2""1), (u,x)(c, x +k+2""1),
(u,x)d, x +k), (v,x)(c,x—1),
v, x)d,x+1), (w,x)(b,x+k+1),
(W, x)(d, x +k+2""1 +1),
x,x)(b,x +k+2""1-1), x,x)(c,x+k—1)]|x esz},

respectively. The notation CK means a cyclic covering. It is easy to see that
CK@2™,1,k) and CIC(2™,2, k) are bipartite graphs. In fact, both are cyclic cover-
ings of K4 4. Since Z;m = Zy x Zym—> for each m > 4, there are exactly 4 elements
of order 4 in Z3,, that is, 2"~2 £ 1 and 2”2 + 2"~! & 1. It will be shown that
the graphs CKC(2™,1,2"2 4+ 1), CK(2™,i,2"2 — 1), CK (2™, i, 2" 2 + 2"~ 1 4 1)
and CKC(2™,i,2m=2 4 2m—L _ 1y are isomorphic one another for each i = 1,2 in
Lemma 4.1. Thus, the graphs CKX(2™, 1, k) and CK(2™, 2, k) are independent of the
choice of the element k of order 4 and we simply denote them by C/C(2™, 1) and
CK(2™,2), respectively. The main result of this paper is the following theorem.

Theorem 2.1 Let X be a connected regular covering of the complete bipartite graph
K44 whose fibre-preserving group contains a 5-arc-transitive subgroup. If the cov-
ermg transformanon group is a cyclic group Z,m of order p™ for a prime p then
X is —-arc transitive if and only if p =2, m > 4 and X = CK@2™, 1) or CK(2™,2).
Fi urthermore, all of these graphs are tightly attached with radius 2™ .

The smallest graphs in the two infinite families of half-arc-transitive graphs given
in Theorem 2.1 are C/C(16, 1) and CX(16, 2), of which the first is depicted in Fig. 2.
These two smallest graphs have 128 vertices, and we do not know any example of
even radius tightly attached half-arc-transitive graphs of valency 4 with order less
than 128.

To end the section, we lay out the strategy of the proof of Theorem 2.1. Let X
be a connected regular covering of the graph K4 4 satisfying the hypotheses in Theo-
rem 2.1. Then a minimal %-arc-transitive subgroup of Aut(Kjy 4) lifts (or, equivalently
the fibre- preserving group contains a %-arc—transitive subgroup). There are only three
minimal —-arc -transitive groups of Aut(Kj4 4) up to conjugacy, say G1, G2 or G3. In
Sect. 5, we deal with the three cases: G1, G or G3 lifts, respectively. In particular,
X cannot be 1 5-arc-transitive when G or G3 lifts (Lemmas 5.3 and 5.4) and infinitely
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Fig. 2 The graph CK(16, 1,3) =CK(16, 1)

many tetravalent %—arc-transitive graphs are constructed when G lifts (Lemmas 5.1
and 5.2), of which the pairwise non-isomorphic ones are given in Sect. 4.

3 Voltage graphs and lifting problems

Let X be a graph and K a finite group. By a~!' we mean the reverse arc to an arc a.
A voltage assignment (or, K -voltage assignment) of X is a function ¢ : A(X) — K
with the property that ¢(a_1) = (])(a)_1 for each arc a € A(X). The values of ¢ are
called voltages, and K is the voltage group. The graph X x4 K derived from a voltage
assignment ¢ : A(X) — K has vertex set V(X) x K and edge set E(X) x K, so that
an edge (e, g) of X xy K joins a vertex (u, g) to (v, ¢(a)g) for a = (u,v) € A(X)
and g € K, where e = uv.

Clearly, the derived graph X x4 K is a covering of X with the first coordinate
projection p : X x4 K — X, which is called the natural projection. By defining
(u,8")8 :=(u,g’'g) for any g € K and (u,g’) € V(X x4 K), K becomes a sub-
group of Aut(X x4 K) which acts semiregularly on V(X x4 K). Therefore, X x4 K
can be viewed as a K-covering. For each u € V(X) and uv € E(X), the vertex set
{(u,g) | g € K} is the fibre of u and the edge set {(u, g)(v,p(a)g) | g € K} is the
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fibre of uv, where a = (u, v). Conversely, each regular covering X of X with a cov-
ering transformation group K can be derived from a K-voltage assignment. Given
a spanning tree T of the graph X, a voltage assignment ¢ is said to be T'-reduced
if the voltages on the tree arcs are the identity. Gross and Tucker [14] showed that
every regular covering X ofa graph X can be derived from a T -reduced voltage as-
signment ¢ with respect to an arbitrary fixed spanning tree 7 of X. It is clear that if
¢ is reduced, the derived graph X x4 K is connected if and only if the voltages on
the cotree arcs generate the voltage group K.

Let X bea K -covering of X with a projection p. If @ € Aut(X) and @ € Aut(f )
satisfy ap = pa, we call @ a lift of o, and o the projection of a (for the pur-
pose of this paper, all mappings are composed from left to right). Concepts such
as a lift of a subgroup of Aut(X) and the projection of a subgroup of Aut(X) are
self- explanatory The lifts and the projections of such subgroups are of course sub-
groups in Aut(X ) and Aut(X), respectively. In particular, if the covering graph X is
connected, then the covering transformation group K is the lift of the trivial group,
thatis, K = {& € Aut(X) : p = &p}. Clearly, all possible lifts of automorphisms of X
form a group and one may show that this group is exactly the fibre-preserving group.

Let X x4 K — X be a connected K-covering derived from a T-reduced voltage
assignment ¢. The problem whether an automorphism « of X lifts or not can be
grasped in terms of voltages as follows. Observe that a voltage assignment on arcs
extends to a voltage assignment on walks in a natural way. Given o € Aut(X), we
define a function o from the set of voltages of fundamental closed walks based at
a fixed vertex v € V(X) to the voltage group K by

(P (C)* = ¢(CY),

where C runs over all fundamental closed walks at v, and ¢ (C) and ¢ (C?%) are the
voltages of C and C?, respectively. Note that if K is abelian, o does not depend on
the choice of the base vertex, and the fundamental closed walks at v can be substituted
by the fundamental cycles generated by the cotree arcs of X.

The next proposition is a special case of [20, Theorem 4.2].

Proposition 3.1 Let X x4 K — X be a connected K-covering derived from
a T-reduced voltage assignment ¢. Then an automorphism o of X lifts if and only if
o extends to an automorphism of K .

For more results on the lifts of automorphisms of X, we refer the reader to
[7, 21, 28].

Two coverings X, and X, of X with projections p; and pj respectively, are said to
be equivalent if there exists a graph isomorphism « : X, — X, such that & p2 = p1.
We quote the following proposition.

Proposition 3.2 [16, 41] Two connected regular coverings X x¢ K and X xy K,
where ¢ and  are T -reduced, are equivalent if and only if there exists an automor-
phism o € Aut(K) such that ¢ (u, v)° = ¥ (u, v) for any cotree arc (u, v) of X.
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4 Isomorphism types of constructed graphs

Let m > 4 and let k be an element of order 4 in Z3,. Then k = 2m=2 4+ 1 or
2m=2 4 2m=1 4 | In this section we shall prove that the graphs CIC(2™, i, 2"~ 4+ 1),
CK@™,i, 2" —1),CIQ™,i,2" 2 42" 4 1) and CKL(2™, i, 2" 2 +2m~1 1)
(defined in Sect. 2) are pairwise isomorphic for eachi =1, 2.

Lemma 4.1 Let m >4 and i = 1 or 2. Then CK(2™,i,2"~2 + 1), CK(@2™,i,
2m=2 1), CK@2™,i,2" 2 42"V 4 1) and CIC(2™, i, 2"~ + 2"~V — 1) are pair-
wise isomorphic.

Proof Recall that all graphs CKC(2™,i,2"% + 1), CK(2™,i,2™2 — 1), CK (2™, i,
2m=2 4 om=l 4 1y and CKC(2™,i,2"2 + 2"=1 — 1) have the same vertex set
V(K4,4) X Zon. For small integers m, one can find an isomorphism from CXC(2", 1,
2"=2 4 1) to CKC(2™, 1,22 — 1) by direct observation. From such isomorphisms,
one can derive amap o : CK(2™, 1, 2m=24 1) CK2™,1,2""2 1) for any integer
m > 4 as follows:

(a,x) > (a, (2" 242" 4 1)x)

(b,x) > (b, 2" 2 4 2m=1 4 x 4272 4 2m=1 9
(e, x) > (¢, 2" 24 2m=1 4 DHx 421 1)

d,x) > d, " 242" 4 Hx 4272 1)

(w,x) > (w, (2" 2421 4 1)x)

(W, x) ~> (v, 2" 2 +2"" "+ Dx)

(v, x) = (X, (2" 242" 4 D)

(%, x) > (u, "2 42"+ 1)x)

where x € Zon. By the definitions of CK(2", 1,272+ 1) and CK (2™, 1,272 — 1),
NCIC(zm,l,Zm*Z-i-l)((u’x))

={@x), b,x+2"""+2), (c,x +2" 2 42"+ 1), (d, x + 2" + D)
and

Neicm . om-2—1) (W, )%) = Negem 1 am-2_1) (W, 2" +2"71 4+ 1)x))

— {(a’ (zm—2 +2m—1 + l)x), (b, (2m—2 + 2m—l + l)x +2m—2 + 2m—1)’
€, @" 2 +2" '+ Dx), @ Q"2 42" 4+ Dx 42772}

where Nejcm 1.om-241)((W, x)) and Negcom 1 om-2-1)((0, x)¥) are the neighbor-
hoods of (u,x) and (u, x)* in CK(2™,1,2"2 + 1) and CK(2",1,2"2 — 1), re-

spectively.
Now, one can easily show that

[NCIC(Zm,l,Z"'_2+1)((ua x))]()l = NC]C(Qm’]’zm—Z_])((u, )C)a).
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Similarly, one can show that

[NC’C(Z’”,I,Z’”*Z-%I) ((z, x))]ct = NC/C(2m,l,2m*2—l) (z, )C)a).

for z=v,w or x and x € Zy». This implies that « is an isomorphism from
CK@2™,1,2m=2 4+ 1) to CKC(2™,1,2™~2 — 1) because these two graphs are bipar-
tite, as required.

Sett; =2" 2+ 1,5 =2"2— 1,13 =2""14+2"2 4 landtg = 2"~ 1 4272 1.
With a similar argument as above, one can prove that the following two maps

(a,x)— (a, 11x) (a,x) — (a, hx)
(b, x) > (b, tr1x +2"72) (b, x) = (b, fox +2""2-2)
(c,x) > (d,fjx + 11 +2" 1 (e, x) > (d,rox + 1o +2m71)
dx)— (c,nx+2"1—1) and @ x) (c,rx +2"1—1)
(u, x) —~> (W, t1x) (u,x) —~ (W, hx)
v, x) — (X, 11x) v, x) = (X, x)
(W, x)—~ (u, t1x) (W, x)— (u, trx)
x,x) > (v, 11x) X, x) = (v, hx)

are actually isomorphisms from CXC(2", 1, m=2 4 ) toCKQ2™, 1, m=2 4 pm—1_4 1)
and from CK (2", 1, m=2 _ 1) to CKL(2™, 1, om=2 4 om=1_ 1), respectively, where
X € Zo». And the following three maps

(a,x) —~ (a, —x) (a,x) — (a, 3x) (a,x) — (a, i4x)
(b, x) > (b, —x) (b, x) = (b, 53x +2""2) (b, x) > (b, fax + 272 —2)
(e, x)—~ (d, —x) (e, x)—~ (d, 3x + t3) (e, x) > (d, 4x + 14)

d,x)— (c,—x) d,x)—~ (c,3x — 1) d,x)—~ (c,t4x — 1)
(u,x) —~ (u, —x) (u, x) — (W, t3x) (u, x) —~ (W, t4x)
v, x) = (v, —x) v, x) = (X,13x) v, x) = (X, 14x)
(W, x) — (x, —x) (w, x) — (u, 13x) (w, x) — (u, 14x)
x, x) —~ (W, —x), x,x) — (v, 13x), X, x) > (v, 14x)

are isomorphisms from CKC(2",2,2"2 4+ 1) to CK(2™,2,2"2 — 1), CK(2™,2,
272 4 1) to CK(2™,2,2"72 42"~ 4+ 1), and CK(2", 2,272 — 1) to CK(2", 2,
om=2 4 om=1__ 1), respectively, where x € Zom. O

Note that the graphs CC(2™, 1, k) and CKC(2™, 2, k) are denoted by CXC(2™, 1) and
CK(2™,2) respectively in Theorem 2.1, where k =2""2+ 1 or 2" 2 42" 1 £ 1.1t
will be shown that CXC(2", 1) is not isomorphic to C(2™,2) in Lemma 5.2.

5 The proof of Theorem 2.1

Let X = K44 Xy Zpm be a connected regular covering of the graph K4 4 satisfy-
ing the hypotheses in Theorem 2.1, where ¢ = 0 on a spanning tree T as illustrated
by dark lines in Fig. 1 and we assign voltages z1, 22, 23, 24, 25, 26, 27, 2§ and 29
to the cotree arcs of K4 4, where z; € Z”f’ for 1 <i <9. Thus, the fibre-preserving
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group contains a %-arc-transitive subgroup of Aut(Ky4 4 x¢ Zpmn). Hence, the projec-
tion of this subgroup is %-arc-transitive on the base graph K44 and so a minimal
%—arc-transitive subgroup, say L, of K4 4 lifts. Since K4 4 Xy Zpm is assumed to be
connected, we have (z1, 22, 23, 24, 25, 26, 27, 28, 29) = Zpm. Note that the vertex set
of Ks41is {a,b,c,d,u, v, w, x}.

Possibly with aid of computer software package like MAGMA [3], or by a direct
analysis of half-arc-transitive subgroups of Aut(K44) = (S4 X S4) X Zp, one can
show that a minimal %—arc-transitive subgroup of Aut(Kjy 4) is conjugate to one of
G = (a1, p1), G2 = (a1, B2) and G3 = (ap, B1), where ¢y = (@aucwbvdXx),
ay=(@ucw)(bvdx), 8 =(mv)(wx) and 8> = (u w)(v x)(c d). In each case, the
stabilizer of u is isomorphic to Z,. Set yy = (uwvx)(cd), y» = (uwvx) and y3 =
(u w)(v x). Clearly, all ;, B;, and y (i, j = 1,2;k = 1,2, 3) are automorphisms
of K4.4.

For g € Aut(Ky 4), let K44 Xy Zpn be the regular covering of K44 derived
by a voltage assignment i defined by ¥ ((y, z)8) = ¢((y, z)) for each arc (y,z) €
A(K4.4). Clearly, ¢ is T8-reduced (T8 is the image of the spanning tree 7 under g)
and g: (z, x) — (z8, x) is an isomorphism from X = Kya xp Zpm t0 Kg g4 Xy Zipm,
where z € V(K4,4) and x € Z,m. By Proposition 3.1, L lifts in K44 Xy Zpmn if and
only if L# lifts in K44 Xy Zpm (see also [24, Proposition 2.1]). Thus, to classify
%-arc-transitive cyclic coverings of K4 4, one may assume that one of the minimal
%—arc-transitive subgroups G, G and G3 lifts.

Denote by ijiz---iy the cycle having the consecutively adjacent vertices
i1,i2,...,is. There are nine fundamental cycles ubva, wbva, xbva, ucwa, vewa,
xcwa, udxa, vdxa and wdxa, which are generated by the nine cotree arcs (u, b),
(w,b), (x,b), (u,¢), (v,¢), (x,¢), (u,d), (v,d) and (w, d), respectively. Each cy-
cle maps to a cycle of the same length under the actions of «1, a3, B1, B2, Vi, V2,
and y3. We list these cycles and their voltages in Tables 1 and 2, in which C denotes
a fundamental cycle of K4 4 and ¢ (C) denotes the voltage on C.

Consider the mapping o] from the set of voltages of the nine fundamental cycles
of K44 to the cyclic group Z,m defined by ¢ (C)¥ = ¢(C*1), where C runs over
the nine fundamental cycles. Similarly, we can define o>, E], Ez, Y1, V2 and y3.
By Proposition 3.1, if o lifts then & can be extended to an automorphism of Z,m

Table 1 Voltages on fundamental cycles and their images under o1, 81 and y;

c ¢ $(Co) chi p(Cchty p(CcM)
ubva 71 cvdu —2z5+z28—27+24 vbua -1 wbxa 2 —23
wbva 22 bvdu 28 —27+721 xbua 73— 21 vbxa -23

xbva z3 avdu 78 — 27 wbua 22—21 ubxa 71 — 23
ucwa 74 cwbu 22—21t+24 vexa 25— 26 wdva 79 — 78
vewa 25 dwbu —29+z2p—21+27 ucxa 74 — 26 xdva —2z8

xcwa 26 awbu 70— 271 wexa —26 udva 77 — 28
udxa z7 cxau —26 + 24 vdwa 78 — 29 wcua —24

vdxa z8 dxau 7 udwa 77 —29 xcua 26 — 24
wdxa 29 bxau -23+21 xdwa —29 vcua 75 — 24
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Table 2 Voltages on fundamental cycles and their images under oy, B2, 2 and y3

co2 $(C*2) ch #(CP2) cn2 G(CY2) cr3 G(CY3)
cvdu —25+28 —27+24 wbxa 2 —23 wbxa 722 —123 wbxa 22 —23
avdu 78 — 27 ubxa 71— 23 vbxa -3 ubxa 721 — 23
bvdu 8 —z27+21 vbxa —23 ubxa 71 — 23 vbxa -3

cwau 24 wdua 29 — 27 weva —25 wcua —24

dwau —29 + 27 xdua -7 xcva 76 — 25 xcua 26 — 24
bwau —22+ 21 vdua 78 — 27 ucva 24 — 25 vcua 75 — 24
cxbu —26+23—21 +24 weva -5 wdua 729 — 27 wdva 79 — 28
dxbu 3—21+27 xcva 26 — 25 xdua -7 xdva —28

axbu 23 —21 ucva 24— 25 vdua 28 — 27 udva 77— 128

and in this case, denote by o the extended automorphism. Clearly, there is a ho-
momorphism from the generated group (o1) to Z;m defined by a’i — (oc’l")i for
any i. Since o1 has order 8, we have (oti‘)8 = 1. Similarly, one has the notation
asy, B, B3, vy’ v, and y5 if they lift. Since az, B1, B2 have orders 4,2, 2, we have
(oc;‘)4 B} )2 = (/32)2 = 1. To finish the proof of Theorem 2.1, we consider three
cases separately, depending on whether G, G, or G3 lifts.

~

Lemma 5.1 If G| lifts and X is %-arc-transitive then p =2, m >4 and X
CKQ@™, 1) orCK2™M,2).

Proof Since G| = (al, B1) lifts, of and B} exist. Let 1"‘1 =k. Then k € Z
Table 1, kzg = zg = z7, that is, z7 = kzg. Thus, kz3 = z3 =278 — 27 1mphes that
z3 = (k= — 1)zg, where k! is the inverse of k in Z;m. Similarly, by considering the
images of z2, z¢, 27, z9 and z5 under a’f respectively, one may obtain that z1, zg, 24,
z9 and z5 are combinations of z; and zg. Thus we have Eqs. 1-7 which means that
Zpm is generated by z and zg. Since kz4 = 24 =2> — 21 + 24, by Egs. 1 and 3, one
may obtain Eq. 8. Since B exists, one has 11" = s for some s € Z;m. By Table 1,
$71 = —2Z1, 822 =23 — 21, §23 = 22 — 21, §24 = 25 — 265 §25 = 24 — 6> 526 = —26»
7 =28 — 29, 28 = 27 — 29 and sz9g = —z9. Since (/3{“)2 =1, one has s2 = 1 in the
ring Zpm .

21 =kzp + (k—1)zg (D
3=k =Dz )
=Gk = Do+ K +k = Dz ?3)
5 =—204+k 323 @
6=k "= Do+ (" —1)zs )
27 =kzg (6)
=2+ (1 -k )z @
(k= Dzp = —(k = D)k + 1)zs. (8)
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Substituting Egs. 6 and 7 to the equation szg = z7 — 29, one has zo = (k + k-
s — 1)zg, implying that Z,= can be generated by zg. By Proposition 3.2, one may
assume that zg = 1 and so zo =k + k2 —s—1. Suppose > lifts. Then the arc-
transitive subgroup (a1, 81, B2) of K4 4 lifts, contradicting half-arc-transitivity of X.
By Proposition 3.1, 8, cannot be extended to an automorphism of Z pm . Similarly,
¥ also cannot be extended to an automorphism of Z ,m

Assume that p is odd. Then s> = 1 implies that s = 1 or —1 because Z*[;,,, is

cyclic. Suppose s = 1. Then z, =k + k=2 — 2 and zg = 1. Since sz9 = —z9, we have
2z9 = 0, forcing that zg = 0 because p is odd. By Eq. 7, k = 1 and so z = 0 and
z8=1.ByEgs.1-7,z1 =23 =26 =79 =0and z4 = z5 = z7 = 1. By Table 2, Ez can
be extended to the automorphism of Z,» induced by 1+ —1, a contradiction. Thus,
s=—1.Thenzp =k+k2—s—1=k+k2and zg = 1. Furthermore, szo = 73 — 2]
means that z; = zp + z3. Substituting Egs. 1 and 2 to z1 = z» + z3, one has K =1.
It follows that k> = 1 or k* = —1 because Z%, is cyclic. If k> =1 then zo =k + 1
and zg = 1. By Eqs. 1-7,one has z; =2k, z3 =k — 1, za=k, z5=—1,z26 =k — 1,
77 =k and zg = k + 1. By Table 2, 8, can be extended to the automorphism of Z o
induced by 1 > k, contrary to our hypothesis. Similarly, if k> = —1 then one may
havethatz) = -2, 0 =k—1, 3 =—k -1, 24 =k, z5=1,26 = —k + 1, 27 =k,
zg =1 and zg =k + 1. By Table 2, ¥, can be extended to the automorphism of Z ,m
induced by 1 — —k, a contradiction. ~

Now assume that p = 2. For m =1, |V(X)| = 16 and since the smallest %-arc-
transitive graph has order 27 [46], we have m > 2. Then s> = 1 implies that s = +1
or 2"=1 + 1 because Z;,,, =7y X Lym—. Thus, s =6 +1or § — 1, where § =0 or
2"=1. Suppose s =§ + 1. Then zg = 1 and z» = k + k> + 8 — 2. Since k € Z,,, k is
odd and so z7 is even. By Eq. 7, zg is even. Since sz9 = —z9, s = § + 1 implies that
2z9 = 0. It follows that zg = 0 or 2"~ !. Write z9 = §; where §; =0 or 2”1, Again
byEq.7,22=k™ 248 —1.Since zo =k + k2 +8 —2,onehas k=8 +8; + 1. In
this case, zp = 81 and zg = 1. Since k is odd, k§ = § and ké; = 81, and by Egs. 1-7,
721=68,23=84+681,z4a=06+61+1,z5=8+1,z26 =86 +681,z7=56+81 + 1 and
79 = 8. By Table 2, B, can be extended to the automorphism of Z» induced by
1+ 8; — 1, a contradiction. Thus, s =8 — 1.

Wehavezg=landzo=k+k2—s—1=k+k2+8 whens =35 — 1. Recall
that k is odd and so k§ = §. Substituting Eqs. 1 and 2 to sz = z3 — z1, one has
k* = 1. Since Z3, = Zy x Zyn—2 (m >2),if m =2 or 3 then k> =1 and if m >3
then k = £1, 271 41, 2772+ 1 or 22 4+ 2"~ 4+ 1, implying that k> = 1 or
k% =2m— 1+1 Supposek2—1 Then z =k + 8 + 1 and zg = 1. By Eqgs. 1-7, one
hasz1 =2k+68,z3=k—1,z4=k,z5=6—1,z6=k—1,z7=kand zo =k +5+ 1.
By Table 2, B, can be extended to the automorphism of Zom induced by 1+ k + 8,
a contradiction. Thus, one may assume that m > 4 and K2=2m"141, forcing that
k is an element of order 4 in Z;m. Inthiscase, zgs=land zp =k +k 2 —5s— 1=
k+2"~'48+1.ByEqgs. 1-7,0ne has 71 =2k 48,23 =k+2""1 —1,z4 = k+2"",
zs=2""14685—1, Zﬁ—k—l z7 =k and zg—k+5+l By the constructions
of graphs in Sect. I, X CK(@2™,1,k) when § =0 and X CK(@2™,2,k) when
8§ =2""1 Thus, Xz CK@2™,1) or X = CK(2™,2) by Lemma 4.1. O

Lemma 5.2 CKX(2", 1) and CK(2™, 2) are non-isomorphic %-arc-transitive graphs
for each m > 4. Furthermore, these graphs are of even radius and tightly attached.
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Proof By the proof of Lemma 5.1, it suffices to show that C/C(2™, 1,22 + 1) and
CK(2™,2,2"=2 4 1) are non- isomorphic 1-arc transitive graphs, which are of even
radius and tightly attached. Let X = CIC(2’” 1,22 4 1) or CKC(2™,2,2m=2 4 1),
where m > 4. Then X is the Zom-covering of K4 4 with voltages z; = 2’” Tys42,
M2 LD, gy = 22 gy = M2 | gy =2 ], 76 =212,

7= 2”“2 +1,z3=1and zog =2""2 + 8 + 2, where § = 0 corresponds to the graph
CK(@2™,1,2""2 4 1) and § = 2"~! corresponds to the graph CAC(2™, 2,22 + 1).
By Table 1, @) and 8, can be extended to the automorphisms of Zy» induced by 1+
2m=2 4 1 and 1+ § — 1 respectively. Suppose S lifts. Then B exists. By Table 2,
= 1B = zg—25=—2""245+1and z7’32 =24 = g5 =2m"14 541,
This is impossible because @24 1)’35k =(=2"248+1)(2"241) =5+ 1. Thus,
B> does not lift. Since G| = (a1, 1) is %—arc—transitive on Ky 4, the lifting group of
G, say B, is %—arc—transitive on X. Clearly, B < Aut()N( ) and since |G| = 2%, one
has |B| = 2"**. Moreover, the stabilizer Bz.x) of a vertex (z,x) € V()~( ) in B is
isomorphic to Z;. N

For convenience, we use z, to denote the vertex (z, x) of X for z € V(K4 4) and
X € Zypm. It is easy to show that the numbers of vertices at distance 2 and 3 from ag in
X are 12 and 36 respectively. Thus, X has girth at least 8 because X is bipartite. Let
T1, T», T3 and Ty be the sets of vertices passing through the arcs (ag, ug), (ag, vo),
(ap, wp) and (ag, Xp) respectively, and having distance 4 from the vertex ap in X.One
may compute the following:

n = {32m—1+5+2v A_om=2,8_om—21 549, Aym-24542, 8 _pm-241, Agm-1 41, Aym-2, 851,
Ayn-24 1, Doym—24510, Doym-14543, Dom—2 1, Dym—2,b_om-211, b1, €1, €_ym-2,
542, €_gm—24 51, €51, Com=1 41, Aom—1 4513, A2, d_pm—2 5.5, dpm—2 543,
dsi3, dom-14 1},

To = {agn-145 0, B2, . Bn—2,8_gm2 55, Byn-t 51, Byn2ys 1, A_gm2,
a_pm-2451> a1 bom—2, bom-2 1, 51, bom—2 540, bom-14 1, b_om-244,
Com—245 1> Com—2 15, Com=1, Com=1 41, €_pm=21 51, Com—24 1, d_pm-2y5 1,
dynt, dyn2, ds—1, d_pn2y g,y gy ],

Ts = {ayn2,8_yn2, 54,8542, Qym-2_1, Qyn-1 g4 1, B om2, Bg41, Aym-254 1,
Ayn-24512, D _gm—2y 501, Dom—1 4541 bom—1, bom-1, 3, bym—2 5,1, D512, €1,
Com—24 15 €_gm—24 512, Com=24 519, €_gm=2, Com—1 4549, Aym—14 1, d_pm—2 5,3,
s, dyn1, dyn-1 5,0, d_pn2},

Ty = {aszzH_z, A_pm—2,85-2, Qym—1_1,d_pm-24 541, Apm—2,A_pm-2_1,d_],
a_ym-245 2, b1, b_gm-2 501, bsgo, bom—2 s 1, b1, bom-1, €51, Com-2 5y,
€52, Com—1 452, Com=1,€_gm-215 o, dom—15 1, d_om—2y, dym—2,d_pm—2,
d_yn2p 540, dyntys o)

Furthermore, one may obtain that if X= CK(2™,1,2"2 4+ 1) (8§ =0) then
form>5, |T\NT|=|T3NT4 =8, TN T3 =T, N T4 =13,
ITyNTy| =T, NT3] =9
form=4, |TI'NhL|=|T:NT4=|T1NT3|=|Tr,NT4| =13,
IT\NTy| =T, N T3] =12.
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If X =CK@2™,2,2" 2+ 1) (§ = 2™ !) then
form=>5, |TIND|=|T3NT4=|T1NT4 =T, NT3| =8,
Ty NT3| =T, N Ty| = 13;
form=4, |TINT|=|3NTy=|T1NTs|=|ToN Tyl =13,
IT\NTy| =T N T3] = 11.

Thus, X has girth 8 and CK(2™, 1,22 4+ 1) 2 CK(2™,2,2™~2 4 1) because if
m=>5,|Ty N T4 =9in CKQ2™, 1,2" 2 4+1) andforany 1 <i,j <4, |T; NT;| #9
inCIC(2™,2,2" 24+ 1);ifm=4, |T1 N T4l = 12in CK(2™,1,2" 2 + 1) andfor any
1<i,j<4,|T;NT;|#12in CK(2™,2,2"~ 2 4+ 1) (note that |T; N T4| = 9 implies
that there are exactly 9 cycles of length 8 passing through the two arcs (ag, ug) and
(a0, Xo) in (2™, 1,2"=2 + 1)).

Let H = Aut(X). First we show that H is a 2- -group. Since X has valency 4, Hy,
is a {2, 3}-group. Suppose that H is not a 2-group. Since |V(X)| =213 |H, ao| 18
divisible by 3 and the transitivity of H implies that there is an element of order 3,
say o, in Hy, such that o has a 3-orbit on {ug, vo, Wo, Xo}, the neighborhood of ag
in X. If o fixes ug then |77 N Tp| = |T1 N T3] = | T N T4|, which is not true for both
graphs CKC(2™, 1,272 4+ 1) and CK(2™,2,2"~2 4+ 1). One may obtain a similar
contradiction if Ol fixes any given vertex in {ug, Vo, Wo, Xo}. Thus, H is a 2-group.
Recall that B is §-arc-transitive on X and |B| =214,

To prove half arc-transitivity of X, it suffices to show that H = B. Suppose to
the contrary that H # B. Since H is a 2-group, there is a subgroup A of H such
that B < A and |A : B| =2. Thus, |A| =2"%> and B < A. Let p; be the projection
corresponding to the regular covering X of K4 4. Since B is the lift of G, B is fibre-
preserving along pi.

We claim that A is fibre-preserving along pi. Note that the covering transforma-
tion group K = Zym (m > 4) is identified as an automorphism group of X by right
multiplication on the second coordinate of each vertex in X (see the second para-
graph in Sect. 3). Then K <1 B because B is the lift of the group G| = (a1, B1). Since
|A: B| =2, K has at most two conjugacy classes in A, that is, K and K¢ for some
a € A (if the conjugacy class is only one then K = K¢). It follows that K N K¢ <1 A.
Clearly, K¢ << B. Suppose K K¢ = B.Then B/K = KK%/K = K?/KNK*“is cyclic.
On the other hand, B/K = (a1, 81) is not cyclic, a contradiction. Thus, K K¢ # B
and so |KK?| = 2"t for some 0 <i < 3 because |B| = 2"*4. It follows that
|K N K% =2"""and so K N K% = (2') because K = Zom is cyclic. Since K N K¢
is cyclic, each of its subgroups is characteristic in K N K“. Thus, each subgroup of
K N K“is normal in A because K N K“ < A. Since K N K = (2 for0<i <3, we
always have (2°) <1 A. Let ¥ be the quotient graph of X corresponding to the orbits of
(23). Write A; = {a,4; |x € (2%)} fori € Zg, and denote by B;, C;, D;, U;, V;, W; and
X; the similar sets as .A;. Then these sets are the orbits of (23) and so the vertices of Y.
Recall that z; = 2" "1 48 +2,20 = —2"2 + 8+ 223 =—2""2 724 = 2" 2 4 |,
25 =2""1 48— 1,26=2""2,727=2""241,z3 =1 and 79 =22 4§ + 2, where
§=0o0r8=2""11f m > 5 then 22 € (23) and by Fig. 1, it is easy to see that

EY) = {Ui Ai,Ui Bit2, UiCit1, Ui Dit1, Vi Ai, Vi Bi, ViCit7, ViDig,
W, Ai, WiBi g2, WiCi, Wi D2, Xi Ai, XiBi, X:Ci, X;D; | i € Zs}.
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If m = 4 then 2" ~2 = 4 and similarly, one has

E(Y) = {U A, Ui Bi 42, UiCiy5, Ui Diys5, ViAi, ViBi, ViCiy7, ViDig1,
W, Ai, WiBits, WiCi, WiDits, Xi Ai, XiBiya, XiCita, XiD; | i € Zg}.

Thus, Y is a T-reduced Zg-covering of K44 with the voltage assignment z; = 2,
22=2,23=0,z4a=1,25=7,26 =0, 27=1, 28 = 1, 2z =2 when m > 5 and
71=2,22=6,3=4,24=35,25=7,26=4,27=95,28 = 1,29 =6 when m = 4.
Denote by p» the projection corresponding to this regular covering Y of K4 4. Since
(2%) <K, Xisa (23)-covering of Y with the covering transformation (23) = ZLym-3
and denote by p3 the projection corresponding to this regular covering X of Y. By
definition of Y, it is clear that p; = p3 p>. Since X and Y both have the same valency
4 and (23) <0 A is transitive on each fibre under p3, (23) is the kernel of A acting on
V(Y). Thus, A/(23) is a subgroup of Aut(Y). Clearly, A is fibre-preserving along the
projection p3. To prove that A is fibre-preserving along pj1, it suffices to show that
Aut(Y) is fibre-preserving along p, because A/(23) < Aut(Y) and p; = p3 ps.

By Tables 1 and 2, o1, 31 and Bz can be extended to the automorphisms of Zg
induced by 1+ 1, 1 +— —1 and 1 — 1 respectively when m > 5, and by 1 — 5,
1+ —1 and 1+ 5 respectively when m = 4. By Proposition 3.1, oy, 81 and
B> lift to automorphisms of Y along the projection p;. One may easily show that
l(ee1, B1, B2)| =27 and so the lift of («1, B1, B2) has order 28. With the help of com-
puter software package MAGMA [3], Aut(Y) has order 28 (also this can be obtained
from the fact that the stabilizer of any given arc in Aut(Y) is a trivial group, which
can be proved by considering the girth cycles of Y together with arc-transitivity of the
lift of (a1, B1, B2)). It follows that the lift of (a1, B1, B2) is exactly the full automor-
phism group Aut(Y) of Y because both of them have the same order. Thus, Aut(Y)
is fibre-preserving along p, and so A is fibre-preserving along p1, as claimed.

Since |A/(23)| =213 /2m=3 = 28 one has Aut(Y) = A/(23) because A/(23) is
a subgroup of Aut(Y) and |Aut(Y)| = 28 that is, the projection of A along p3 is
Aut(Y). Note that Aut(Y) is fibre-preserving along p» and the projection of Aut(Y)
along p» is (a1, B1, B2). Since A is fibre-preserving along p; = p3 p2, the projection
of A along pj is also («1, 1, B2). It follows that B, lifts along p;, contrary to the
fact that 8, does not lift. Thus, Aut()~( )= H = B and so X is %-arc-transitive.

To finish the proof, it remains to show that CKC(2",i,2"™~2 + 1) is of even ra-
dius and tightly attached for i = 1, 2. Note that K4 4 is tightly G1-attached and has
two adjacent G1-alternating cycles (a,u, b, v) and (a, w, b, x). Since the full auto-
morphism group of CIC(2™,i,2"~2 + 1) is exactly the lift of G| for i = 1, 2, one
may easily obtain two adjacent alternating cycles of CKC(2", i, 2”2 + 1) having ver-
tex sets {az;,byj, w2, v2; | 2j € Zom} and {az;,byj, W2, X2; | 2j € Zpm}. Thus,
CK(2™,i,2"=2 4 1) has radius 2" and is tightly attached for i = 1, 2. (|

Remark The smallest ones in the two infinite families of half-arc-transitive graphs
CK(@™,i) fori =1, 2 given in Lemma 5.2 are CIC(16, 1) and CXC(16, 2), which have
128 vertices. We depict CK(16, 1) in Fig. 2. By Lemma 4.1 and the definition of
the graphs CKC(2™,i) for i = 1,2 in the paragraph preceding Theorem 2.1, one has
CK(16,1) =CK(16, 1, 3) and hence it suffices to depict the graph CK (16, 1, 3) (de-
fined before Theorem 2.1). The four cycles with dotted lines are four alternating
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cycles with vertex sets

{azj,wzj,b2j, V25 | 2j € Zy6}, {azjr1, w2541, b2j11, V241 | 2] € Zi6},
{eaj, waj,d2j, X2 | 2] € Zy6}, {e2j+1, Wo 1, d2j41, X241 | 2] € Zig}.

The other four alternating cycles have vertex sets

{azj, w2, b2j, X2 | 2] € Zys}, {az2j+1, Woj+1,b2j41,X0j+1 | 2j € Zy6},
{eojt1,u2j,d2j41, V2 | 2j € Zq6}, {eaj,wzjp1,d2j, voj41 | 2] € Zae}.

Clearly, if two adjacent vertices in an alternating cycle are labeled, then all vertices
in the alternating cycle can be uniquely labeled. Thus, for each alternating cycle we
only label two adjacent vertices in Fig. 2.

Lemma 5.3 If G, lifts then X is not %-arc—transitive.

Proof Suppose to the contrary that X is %-arc-transitive. Since Ga = (a1, fB2) lifts,
aj and B exist. Thus, Eqs. 1-8 hold and so Z,n is generated by z> and zg. Since
B3 exists, we have 15 = ¢ for some ¢ € Z’;m. By Table 2, we have 1z = zo — z3,
120 =21 — 23,123 = —23,124 =29 — 27,125 = —27, 126 = 28 — 27, 127 = —25, 128 =
76 — 25 and 1z9 = z4 — z5. Since (ﬂi")2 =1, one has t* = 1. Substituting Egs. 4 and
610175 = —2z7, one has zo = (kt ! + k=3)zg = (kt + k—3)zg where r—! and k3 are
the inverses of 7 and k3 in Z’;m respectively. Thus, Z,» can be generated by zg and by
Proposition 3.2, one may assume that zg = 1 and z, = kf + k3. If f lifts then the
arcjransitive subgroup (a1, B1, B2) of Ky 4 lifts, contradicting half-arc-transitivity
of X. Thus, B, cannot be extended to an automorphism of Z pm by Proposition 3.1.

Assume that p is an odd prime. Then > = 1 implies that = 1 or —1 because
Z;m is cyclic. Let t = 1. Then 7z3 = —z3 means that z3 = 0. Since zg = 1, Eq. 2
implies k = 1. Thus, zp =2. By Egs. 1-7, z1 =290 =2, 23 =26 =0, z5 = —1 and
74 =77 = 1. By Table 1, B, can be extended to the automorphism of Z pm induced by
1+ —1, a contradiction. Let t = —1. Then tz¢ = z3 — z7 means that zg + z3 = z7 and
substituting Egs. 5 and 6 to z¢ + z§ = 77, one has (k — (k3 + 1) = 0 because zo =
—k+k 3 and zg = 1. Thus, k = 1 or k> = —1 because the oddness of p implies that
(k—1,p™ =1or (k®+1,p™)=1.If k =1 then z» = 0 and zg = 1. By Eqs. 1-7,
71=23=26 =29 =0and z4 = z5 = z7 = 1. By Table 1, 31 can be extended to the
identity automorphism of Z ,m , a contradiction. If k3 = —1 then (k—1,p™)=1and
by Eq. 8, zo =0. Since zp = —k + k3, one has k* =1 and so k = —1 because k° =
—1. Thus, zp = 0 and 78 = 1.ByEgs. -7, z1i=03=26=—2,z4=25=277=—1
and zg = 0. By Table 1, 8, can be extended to the automorphism of Z,» induced by
1 — —1, a contradiction.

Assume that p = 2. Then k and ¢ are odd because k,t € Z%, . Since the smallest
%—arc—transitive graph has order 27, one has m > 2 and so > = 1 implies that r = § + 1
ord—1,where § =0o0r2"~! Supposet =8+ 1.Thenzo =kt +k > =k+k3+4
because k is odd. By Eq. 2, z3 is even and 7z3 = —z3 implies that 2z3 = 0. It follows
that z3 = 8; where §; =0 or 2"~ 1, Again by Eq. 2, zg = 1 implies that k =41 + 1.
Thus, zp =6 +2 and zg = 1. By Eqs. 1-7, z1 =8 + 61 + 2, z3 = 61, za = 61 + 1,
z25=0+061—1,26 =01,27=981+1and zo =6 +2. By Table 1, Bl can be extended to
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the automorphism of Z,» induced by 1 — 6+ &1 — 1, a contradiction. Thus, t =§ — 1.
Then zo =kt + k=3 = —k + k=3 + 8, implying that z, is even. By Eq. 1, z; is even.
Since tz] = z2 — z3, one has z1 + zp = z3. Substituting Egs. 1 and 2 to z1 4+ 20 = z3,
(k* = 1)(k® + k + 1) = 0 because zp = —k + k3 + 8 and zg = 1. Since k> + k + 1
isodd, k2 =1. Thus, zp =8 and zs = 1. By Eqs. 1-7, z1 =k +8 — 1, z3 =k — I,
z2a=k,z5=k+6,z6 =k — 1,77 =k and zg = §. By Table 1, Bl can be extended to
the automorphism of Zo» induced by 1+ k + §, a contradiction. Thus, X cannot be
%—arc-transitive when G lifts. ([

Lemma 5.4 If G5 lifts then X is not %—arc—transitive.

Proof Suppose to the contrary that X is %—arc—transitive. Since G3 = (a2, B1) lifts,

N
a%‘ and ﬂf exist. Let 1% = ¢ for some £ € Z;m. By Table 2, £z, = Zgz =28 — 27,
that is, z7 = —€z2 + zg. Similarly, by considering the images of z¢, 23, 27, 21 and
Z5 respectively, one may obtain that z¢, z3, z4, z5 and z9 are combinations of z1, z
and zg. Thus, we have the following equations

B=z1+Ln+ - 1zg ©
=02 -+ P+ 0z +z3 (10)
=" =0z — "+ )+ (11)
=0z -tz (12)
77 =—0z0 + 23 (13)
20=(2=Dz1 + € =€+ Dzy+ (1 — £)zg. (14)

which implies that Z,» can be generated by z1, z2 and zg. Since (015‘)4 =1, one has
=1,

Recall that 11 = s for s € Zpm and s2=1. By Table 1, sz1 = —z1, 8220 =23 — 21,
S$73 =122 — 21,824 =25 — 26, $T5 = 24 — 26, §26 = —Z6, §27 =28 — 29, $I8 =27 — 29
and szg = —z9. By Table 2, £z4 = z4 and since ¢4 =1,o0nehas £3 =¢71, Substituting
Egs. 9-14 to the equations £z4 = z4, S22 =23 — 21, $24 = 25 — 26 and 528 = 27 — 29,
one may obtain

@ —Dzi+ (1 =0z + (1 —0z5=0 (15)

(s —0Oz=—1Dzs (16)

(s + 0z + (02— 503 — 50> — s0)z0 = (1 — 5)zg (17)

(2 — Dz + (€ + Dzo = (€ — 5)z8. (18)

Based on Eqgs. 9-18, we shall determine the voltages z1, z2, ..., 29, which corre-
spond to four columns for odd prime p and three columns for p = 2 in Table 3, where
t2=—1and &;,8, =0 or 2!, For each column of values of z1, ..., zo, it will be

shown that one of B, y1 and y3 lifts. Thus, (a2, B1, y1), (@2, B1, v3) or (a2, B1, B2)
lifts and since these groups are arc-transitive on Ky 4, X is arc-transitive. This is

impossible because X is %-arc-transitive and hence the proof will be completed.
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Table 3 Voltages and corresponding lifts

P odd odd odd odd 2 2 2

2] 0 —1—1 1 1 81 1 1

) 0 —t 0 1 81+ 8y 81 81 +1
23 0 —1 1 0 ) S1+1 81

74 1 0 1 0 8y +1 81 +6y+1 81+ 6
25 1 t 0 0 1 8 8

26 0 t 1 0 8 81+ 1 81

27 1 0 0 1 61 +06y+1 81+ 62 81 +8+1
z8 1 1 0 0 1 ) P

29 0 1 0 1 81+ 62 81 51 +1
Lift B2 141 V3 V3 V3 V3 V3

First assume that p is odd. Then s = 1 implies that s = 1 or —1. Let s = 1. Then
sz1 = —z1 and sz¢ = —z¢ imply that 71 = z¢ =0, and by Eq. 12, zo = 0. Thus, Z,m
can be generated by zg and by Proposition 3.1, one may assume zg = 1. By Eq. 15,
¢ =1 and by Eqs. 9-14, 723 = z6 = 29 = 0 and z4 = z5 = z7 = 1. By Table 2, f, can
be extended to the automorphism of Z 5 induced by 1 — —1, which corresponds to
column 2 of Table 3. Let s = —1. As £* = 1, the oddness of p implies that £ = 1 or
02 =—1.1f¢>=—1then (1 4+ £)(1 — £) =2. Since 2 € Zisw, wehave 14,1 — L €
Z. Furthermore, (14 €)~' =271(1 — €). By Eq. 16, 22 =27'(1 — £)%z5 = —{z3
and Eq. 15 implies that z; = —2£(1 4 £)"!'zg = —(1 + £)zg because £> = —1. It
follows that Z,m can be generated by zg and one may assume zg = 1. Thus, z; =
—1—+¢and zp=—¢. By Eqgs. 9-14, 3 =—1,24 =0, 25 = ¢, z6 = ¢, z7 =0 and
z9 = 1. By Table 1, ¥ can be extended to the automorphism of Z,» induced by
1 — ¢, which corresponds to column 3 of Table 3. If ¢ = 1 then Eq. 17 implies
(€ + 1)zo = zg because 2 € Z;‘,m and s = —1, and by Eq. 16, one has £zg = 0, that
is, zg = 0. Clearly, ¢> = 1 implies that £ = 1 or —1. If £ = 1 then z, = 0 by Eq. 16
and if £ = —1 then z; = z; by Eq. 15. Since Z,n is generated by z1, z2 and zg, by

Proposition 3.2, one may assume that z1 =1 for{ =1 and z; =z, =1 for £ = —1.
By Eqs. 9-14,if  =1thenzi =z3=za=z¢=1land 2p =25 =27 =28 =29 =0,
andif { =—1thenzy =z0=z7=2z9=1and z3 =74 = 25 = 76 = 23 = 0. In these

two cases, 3 can be extended to the automorphisms of Z,» induced by 1 — —1 and
1 — 1 respectively, which correspond to columns 4 and 5 of Table 3.

Now assume that p = 2. Then Z;,,, consists of odd numbers in Zy». One may
further assume m > 2 because the smallest %-arc—transitive graph has order 27 and
so 52 =1 implies that s =8 + 1 or § — 1, where § = 0 or 2”~!. Note that s = &1
when m = 2. Thus, we have two cases, namely, case I: s =6 4+ 1 where § =0 or gm—1
when m > 3 and 8 = 0 when m = 2, and case II: s = § — 1 where § = 0 or 2”"~! when
m >3 and § =0 when m = 2.

CaseI: s =8+ 1 where § =0 or 2"~ ! when m > 3 and § = 0 when m = 2.

In this case, §/2 + 1 is odd, that is, §/2 + 1 € Z3,,. Since sz; = —z1, one has

2(6/2 + 1)z1 =0 and so 2z; = 0. Similarly, 2z¢ = 0. It follows that z1,z¢ = 0 or
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2m=1_ For convenience, write z; = 8; and zg = 8>, where 81,8, = 0 or 2"~!. By
Eq. 12, zp = z1 — £z¢ = 81 + &2 because £ is odd. Thus, Z,» can be generated by
zg because z1 and zp are even, and by Proposition 3.2, one may assume that zg = 1.
Since £3 — 1 and 1 — £ are even, one has (£ — 1)z; = (1 — £)zo =0 and by Eq. 15,
£ =1. Since z1 =61, 20 =81 + 8> and zg = 1, by Eqs. 9-14, one has z3 = §, z4 =
8+ 1,z5=1,26 =982, 27 =051+ 62+ 1 and z9 = §; + 82. By Table 2, 5 can be
extended to the automorphism of Zy» induced by 1 — —1, which corresponds to
column 6 of Table 3.

Case Il: s =8 — 1 where § =0 or 2"~ when m > 3 and § = 0 when m = 2.

First we claim § = 0. Clearly, one may assume that m > 3. Suppose to the contrary
that 8§ = 2”1, Since ¢* = 1,one has £ = 41,2" "1 £1,2" 2+ 1 0r 2" 242" 4 1.
It follows that ¢2 = o + 1, where 0 = 0 or 2”~! when m > 4 and ¢ = 0 when
m = 3. Clearly, 03 =0 + o because £ € Z%, is odd. Since s =8 — 1, sz = —z; and
$26 = —z6, one has 8z; = 0 and 8z = 0. Then z; and z¢ are even because § = 2!,
By Eq. 12, 75 is even. Substituting £> =0 + 1 and s = — 1 to Eq. 17, one has
2z8 =(8+0)z1+ (2 +2+0 +8)z2 + 28, of which the right-hand side is a multiple
of 4 because m > 3. This implies that if zg is odd then 2 € (4) that is impossible.
Thus, zg is even. It follows that Zo» is generated by three even elements z1, z> and
zg, a contradiction. Thus, § = 0, as claimed.

We now have s = —1 and m > 2. Note that each element in Z;m has order 2 or 1
when m = 2 or 3 because Z;m =72 X Zym—>. Then =1 implies that =0 +1,
where 0 = 0 or 2! when m > 4 and o = 0 when m = 2 or 3. Since £ is odd it
follows that £3 = o + ¢ and by Eq. 17, one has

2728 =071+ 2L+ 2+ 0)z2. (19)

The right-hand side of Eq. 19 is a multiple of 4, implying that zg is even. Since Zom
cannot be generated by three even elements, z; or z3 is odd. Substituting (1 — £)zg =
(1 + £)z> (obtained by Eq. 16 and s = —1) to Eq. 15, one has

200=1=-)z1=0+0 —0z. (20)

If z; is even then the right-hand side of Eq. 20 is a multiple of 4, implying that z; is
even, a contradiction. Thus, z; is odd and so z; generates Zy». By Proposition 3.2,
one may assume that z; = 1.

We now claim that o = 0. Since (1 + £)zo = (1 — £)zg (Eq. 16), by Eq. 18 one has
U+Dzww=0cz1+(0+L+Dmn=0z1+on+{U+)zn=0z1+0z0+ (1 —£)zg. It
follows that 2zg = 071 4 0z because £ is odd, and by Eq. 19, 2(£ 4+ 1)z2 = 0. Thus,
Eq. 20 implies that 0 = (£ 4+ 1)(1 + 0 —£) =1 — £> = o because z; = 1.

So far we have proved that s = —1 and ¢> = 1. Since z; = 1 and o =0, by Eqs. 19
and20onehas 2z =1 —fand 2zg = (£+1)(1 —£) = 0. Since (1+4£€)zp = (1 —¥€)zg,
one has (1 + £)zo = 0 because 2zg = 0 and 1 — £ is even. Note that £2 = 1 implies
that £ = +1 or 2"~! £+ 1 because m > 2. Using 2zp =1 — ¢ and (1 + £)z2 =0,
one may easily show that £ # 2"~ £ 1. It follows that £ = 1 or —1. If £ = 1 then
270 =2z3 =0 and if £ = —1 then 2(z3 — 1) = 2z3 = 0. Thus, one may assume that
z2 =081 and zg =& for £ =1, and zop = 1 4+ §; and zg = §, for £ = —1, where
81,8, =00r2™"! Recallthatz; = 1. By Egs. 9-14, one hasif £ = 1 then z3 = §; +1,
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24=8+8+1,25=202,26 =61+ 1, 27 =051 4+ 82 and z9 = 81, and if £ = —1 then
23=201,24 =081+62,25 =082,26 =81, 27 =01 + 8>+ 1 and z9 = &; + 1. By Table 2,
¥ can be extended to the automorphisms of Zo» induced by 1+ —1 for £ =1 and
by 1+ 1 for £ = —1, which correspond to columns 7 and 8 of Table 3. (]

Acknowledgements This work was supported by the National Natural Science Foundation of China
(10571013), the Key Project of Chinese Ministry of Education (106029), the Specialized Research Fund
for the Doctoral Program of Higher Education in China (20060004026), and Com?MaC-KOSEF (R11-
1999-054) in Korea. We would like to thank the referees for valuable comments and suggestions.

References

1. Alspach, B., & Xu, M. Y. (1992). 1/2-transitive graphs of order 3p. J. Algebr. Comb., 1, 275-282.

2. Alspach, B., Marusic, D., & Nowitz, L. (1994). Constructing graphs which are 1/2-transitive. J. Aust.
Math. Soc. A, 56, 391-402.

3. Bosma, W., Cannon, C., & Playoust, C. (1997). The MAGMA algebra system I The user language.
J. Symb. Comput., 24, 235-265.

4. Bouwer, I. Z. (1970). Vertex and edge-transitive but not 1-transitive graphs. Canad. Math. Bull., 13,
231-237.

5. Conder, M. D. E., & Marusic¢, D. (2003). A tetravalent half-arc-transitive graph with non-abelian
vertex stabilizer. J. Comb. Theory B, 88, 67-76.

6. D’Azevedo, A. B., & Nedela, R. (2004). Half-arc-transitive graphs and chiral hypermaps. Eur J.
Comb., 25, 423-436.

7. Djokovi¢, D. Z. (1974). Automorphisms of graphs and coverings. J. Comb. Theory B, 16, 243-247.

8. Du, S. F, & Xu, M. Y. (1999). Vertex-primitive %-a.rc-transitive graphs of smallest order. Comm.
Algebra, 27, 163-171.

9. Fang, X. G, Li, C. H., & Xu, M. Y. (2004). On edge-transitive Cayley graphs of valency four. Eur. J.
Comb., 25, 1107-1116.

10. Feng, Y.-Q., & Kwak, J. H. (2004). s-Regular cubic graphs as coverings of the complete bipartite
graph K3 3. J. Graph Theory, 45, 101-112.

11. Feng, Y.-Q., & Wang, K. S. (2003). s-Regular cubic graphs as coverings of the three dimensional
hypercube Q3. Eur. J. Comb., 24, 719-731.

12. Feng, Y.-Q., Kwak, J. H., & Wang, K. S. (2005). Classifying cubic symmetric graphs of order 8p or
8pZ. Eur. J. Comb., 26, 1033-1052.

13. Feng, Y.-Q., Wang, K. S., & Zhou, C. X. (2007). Tetravalent half-transitive graphs of order 4p. Eur.
J. Comb., 28, 726-733.

14. Gross, J. L., & Tucker, T. W. (1977). Generating all graph coverings by permutation voltage assign-
ment. Discrete Math., 18, 273-283.

15. Holt, D. F. (1981). A graph which is edge transitive but not arc transitive. J. Graph Theory, 5, 201—
204.

16. Hong, S., Kwak, J. H., & Lee, J. (1996). Regular graph coverings whose covering transformation
groups have the isomorphism extension property. Discrete Math., 168, 85-105.

17. Li, C. H., & Sim, H. S. (2001). On half-transitive metacirculant graphs of prime-power order. J. Comb.
Theory B, 81, 45-57.

18. Li, C. H., Lu, Z. P,, & Marusic, D. (2004). On primitive permutation groups with small suborbits and
their orbital graphs. J. Algebra, 279, 749-770.

19. Li, C. H,, Lu, Z. P., & Zhang, H. (2006). Tetravalent edge-transitive graphs with odd number of
vertices. J. Comb. Theory B, 96, 164—181.

20. Malnic, A. (1998). Group actions, coverings and lifts of automorphisms. Discrete Math., 182, 203—
218.

21. Malni¢, A., & Marusi¢, D. (1993). Imprimitive graphs and graph coverings. In D. Jungnickel,
S. A. Vanstone (Eds.). Coding theory, design theory, group theory, Proceedings of M. Hall memo-
rial conference (pp. 221-229). New York: Wiley

22. Malni¢, A., & Marusic, D. (1999). Constructing 4-valent %-transitive graphs with a nonsolvable au-
tomorphism group. J. Comb. Theory B, 75, 46-55.

@ Springer



J Algebr Comb (2007) 26: 431451 451

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.
44.

45.
46.
47.

Malni¢, A., & Marusic, D. (2002). Constructing %-arc-transitive graphs of valency 4 and vertex sta-
bilizer Zy x Zy. Discrete Math., 245, 203-216.

Malni¢, A., & Poto¢nik, P. (2006). Invariant subspaces, duality, and covers of the Petersen graph. Eur:
J. Comb., 27, 971-989.

Malni¢, A., Marusi¢, D., & Poto¢nik, P. (2004). On cubic graphs admitting an edge-transitive solvable
group. J. Algebr. Comb., 20, 99-113.

Malni¢, A., Marusi¢, D., & Poto¢nik, P. (2004). Elementary abelian covers of graphs. J. Algebr. Comb.,
20, 71-97.

Malni¢, A., Marusic, D., Poto¢nik, P, & Wang, C. Q. (2004). An infinite family of cubic edge- but
not vertex-transitive graphs. Discrete Math., 280, 133-148.

Malnig, A., Nedela, R., & Skoviera, M. (2000). Lifting graph automorphisms by voltage assignments.
Eur. J. Comb., 21, 927-947.

Marusic, D. (1998). Half-transitive group actions on finite graphs of valency 4. J. Comb. Theory B,
73, 41-76.

Marusic, D. (1998). Recent developments in half-transitive graphs. Discrete Math., 182, 219-231.
Marusic, D. (2005). Quartic half-arc-transitive graphs with large vertex stabilizers. Discrete Math.,
299, 180-193.

Marusic, D., & Nedela, R. (1998). Maps and half-transitive graphs of valency 4. Eur. J. Comb., 19,
345-354.

Marusic, D., & Nedela, R. (2001). Partial line graph operator and half-arc-transitive group actions.
Math. Slovaca, 51, 241-257.

Marusic, D., & Nedela, R. (2001). On the point stabilizers of transitive groups with non-self-paired
suborbits of length 2. J. Group Theory, 4, 19-43.

Marusi¢, D., & Nedela, R. (2002). Finite graphs of valency 4 and girth 4 admitting half-transitive
group actions. J. Aust. Math. Soc., 73, 155-170.

Marusic, D., & Pisanski, T. (1999). Weakly flag-transitive configurations and %—transitive graphs. Eur.
J. Comb., 20, 559-570.

Marusic, D., & Praeger, C. E. (1999). Tetravalent graphs admitting half-transitive group actions alter-
nating cycles. J. Comb. Theory B, 75, 185-205.

Marusic, D., & Waller, A. (2000). Half-transitive graphs of valency 4 with prescribed attachment
numbers. J. Graph Theory, 34, 89-99.

Marusi¢, D., & Xu, M. Y. (1997). A %-transitive graph of valency 4 with a nonsolvable group of
automorphisms. J. Graph Theory, 25, 133-138.

§ajna, M. (1998). Half-transitivity of some metacirculants. Discrete Math., 185, 117-136.

Skoviera, M. (1986). A contribution to the theory of voltage graphs. Discrete Math., 61, 281-292.
Taylor, D. E., & Xu, M. Y. (1994). Vertex-primitive %—transitive graphs. J. Aust. Math. Soc. Ser. A,
57, 113-124.

Tutte, W. T. (1966). Connectivity in graphs. Toronto: University of Toronto Press.

Wang, R. J. (1994). Half-transitive graphs of order a product of two distinct primes. Commun. Algebra,
22,915-9217.

Wilson, S. (2004). Semi-transitive graphs. J. Graph Theory, 45, 1-27.

Xu, M. Y. (1992). Half-transitive graphs of prime-cube order. J. Algebr. Comb., 1, 275-282.

Zhou, C. X., & Feng, Y.-Q. (2006). An infinite family of tetravalent half-arc-transitive graphs. Discrete
Math., 306, 2205-2211.

@ Springer



	Constructing even radius tightly attached half-arc-transitive graphs of valency four
	Abstract
	Introduction
	Main theorem
	Voltage graphs and lifting problems
	Isomorphism types of constructed graphs
	The proof of Theorem 2.1
	Acknowledgements

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


