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Abstract This work examines the existence of (4q2,2q2 − q, q2 − q) difference
sets, for q = pf , where p is a prime and f is a positive integer. Suppose that G is
a group of order 4q2 which has a normal subgroup K of order q such that G/K ∼=
Cq × C2 × C2, where Cq,C2 are the cyclic groups of order q and 2 respectively.
Under the assumption that p is greater than or equal to 5, this work shows that G

does not admit (4q2,2q2 − q, q2 − q) difference sets.
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1 Introduction

A (υ, k,λ) difference set is a subset D of size k in a group G of order υ with the
property that for every nonidentity g in G, there are exactly λ ordered pairs (x, y)

∈ D × D such that

xy−1 = g.

One can think of D as an element in the group ring Z[G]. In this case, we write

D =
∑

g∈D

g.
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D is a difference set if D satisfies the equation

DD(−1) = (k − λ)1G + λG,

and so we use D to represent both a subset of the group G and an element of the
group ring Z[G]. Here D(−1) denotes the sum of the inverses of the elements of D

and 1G denotes the identity element of G. For more details on difference sets the
reader may consult [2, 8, 10].

Difference sets with parameters (4N2,2N2 − N,N2 − N) are known as Menon-
Hadamard difference sets. More details on these difference sets can be found in [4]
and [6].

This paper investigates Menon-Hadamard difference sets with parameters (4q2,

2q2 − q, q2 − q), where q = pf , p prime. Turyn provided a nonexistence result
for the abelian case. In his work, he showed that abelian groups of order 4p2f and
exponent greater than 4pf +1 or 2pf +1 do not admit (4q2,2q2 −q, q2 −q) difference
sets for p > 3; see [14].

The existence of abelian (4p2,2p2 − p,p2 − p) difference sets for p > 3 was
ruled out by McFarland; see [12].

After that, (4p2,2p2 − p,p2 − p) nonabelian difference sets were studied by
Iiams; see [6]. In his work, Iiams showed that any group of order 4p2 which has
Zp ×Z2 ×Z2 as a factor group, does not have (4p2,2p2 −p,p2 −p) difference sets
for p > 3.

In a recent work, Wan generalized the work of Iiams by showing that any group of
order 4p4 which has Zp2 ×Z2 ×Z2 as a factor group, does not have (4p4,2p4 −p2,

p4 − p2) difference sets for p > 3; see [15].
This paper tightens Turyn’s exponent bound and generalizes Iiams’s and Wan’s

results, through the following theorem.

Theorem 1 Suppose that G is a group of order 4q2, where q = pf , p is a prime
greater than or equal to 5. Furthermore, assume that K � G with G/K ∼= Cq ×
C2 × C2 = G′, where Cq,C2 are the cyclic groups of order q and 2 respectively.
Then G does not admit a (4q2,2q2 − q, q2 − q) difference set.

For the cases where p = 2 and p = 3, f = 1, we have the parameters (16,6,2) and
(36,15,6). Kibler gave the answer for the existence of difference sets in all groups of
order 16 and 36 and constructed these difference sets when they exist; see [9]. Smith
constructed a (100,45,20) difference set in the nonabelian group 〈a, b, c : a5 = b5 =
c4 = [a, b] = cac−1a−2 = cbc−1b−2 = 1〉; see [13].

In studying difference sets, a very useful technique is to look at the image of the
difference set in a factor group of G. To see this, let U be a normal subgroup of G

with G′ = G/U . The contraction of D with respect to U is the multiset D′ = D/U =
{dU : d ∈ D}, which satisfies the equation D′D′(−1) = (k −λ)+λ|U |G′ in the group
ring Z[G′]. Here D′ = ∑

g′∈G′ |tg′ |Ug′ in Z[G′], where |tg′ |U = |g′U ∩ D| is the
number of elements of D in the coset g′U . The number |tg′ |U is called the intersection
number of g′ relative to U . The idea of contraction gives more information, indeed
restrictions, on the equations which determine the difference sets in the factor group.
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2 Character theory and algebraic number theory

We use character theory and algebraic number theory to gain information about
the contractions of a difference set D. For information on character theory see [3]
and [11]. More information on algebraic number theory can be found in [7] and [16].

A character of an abelian group is a homomorphism from the group to the mul-
tiplicative group of the complex roots of unity. Extending this homomorphism to
the entire group ring yields a map from the group ring to the complex numbers. We
will denote characters by the Greek letter χ . The all-one character (that is χ(g) = 1,
∀g ∈ G) is called the principal character whereas the rest are called nonprincipal
characters.

Lemma 1 Let G be a group of order v which has U as a normal subgroup of order
q such that G′ = G/U is abelian. Take an element D′ ∈ Z[G′]. Then D′ satisfies the
equation D′D′(−1) = (k − λ) + λ|U |G′ if and only if for all character χ of G′ we
have

|χ(D′)| =
{

k if χ is the principal character,
√

k − λ otherwise.

In our case, G is a group of order 4q2 which has a normal subgroup K of order q

with G′ = G/K ∼= Cq ×C2 ×C2. If D is a (4q2,2q2 −q, q2 −q) difference set in G,
then the contraction of D with respect to K is the multiset A = D/K = {dK : d ∈ D}.
In the group ring notation A = ∑

g′∈G′ |g′|Kg′, where |g′|K = |g′K ∩ D| are the

intersection numbers. The multiset A satisfies the equation AA(−1) = q2 + (q2 −
q)|K|G′. Hence Lemma 1 gives

|χ(A)| =
{

2q2 − q if χ is the principal character of G′,

q if χ is any other character of G′.

Eventually we will show that such an A does not exist. From now on, G′ will
be G/K ∼= Cq × C2 × C2 and A an element of Z[G′] which satisfies AA(−1) =
q2 + (q2 − q)|K|G′.

Write G′ in the multiplicative notation; then G′ ∼= 〈x, y, z : xq = y2 = z2 = 1,

[x, y] = [x, z] = [y, z] = 1〉. If ξ is a primitive complex pf th root of unity then the
characters for this group are

χabc(x
iyj zk) = ξ ia(−1)jb(−1)kc,

where a ∈ {0,1, . . . , pf − 1} and b, c ∈ {0,1}.
Consider the group ring Q[ξ ][G′], where Q[ξ ] is the cyclotomic field extension of

Q. Extending the characters to the entire group ring yields a map from the group ring
to the field Q[ξ ]. In this case χ(

∑
g∈G′ agg) = ∑

g∈G′ agχ(g), where the coefficients
ag’s are elements from Q[ξ ].

The group ring Q[ξ ][G′] is a vector space with underlying field Q[ξ ]. The ele-
ments of the group G′ are a basis for this vector space. This basis is often called the
“standard basis”.
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We introduce a new basis for Q[ξ ][G′]. Let C be the character table for G′.
The rows of C are labelled by the characters in the following order [χ000, χ100, . . . ,

χ(q−1)00, χ010, χ110, . . . , χ(q−1)10, χ001, χ101, . . . , χ(q−1)01, χ011, χ111, . . . , χ(q−1)11].
Indeed the order here is lexicographic order (reading from right to left) with respect
to the indices of the characters.

The columns of C are labelled by the elements of G′ in the following order
[x0y0z0, x1y0z0, . . . , x(q−1)y0z0, x0y1z0, x1y1z0, . . . , x(q−1)y1z0, x0y0z1, x1y0z1,

. . . , x(q−1)y0z1, x0y1z1, x1y1z1, . . . , x(q−1)y1z1]. This ordered set, call it β1, is an
ordered basis for Q[ξ ][G′] over Q[ξ ]. The elements of β1 are ordered lexicographi-
cally (reading from right to left) but with respect to the super indices.

This labelling for the columns and rows determines the matrix of the character
table. Denote this matrix by U .

Define a new set of elements of the vector space as follows, β2 = {ϕabc}, where
a ∈ {0,1, . . . , pf − 1} and b, c ∈ {0,1} and

ϕabc = 1

4q

1∑

k=0

1∑

j=0

pf −1∑

i=0

χabc(xiyj zk)xiyj zk.

The set β2 has 4q elements. Next, we show that β2 forms a basis for the vector
space Q[ξ ][G′]. This basis is often called the basis of “primitive idempotents”.

We need the following lemma from character theory. The proof of this lemma can
be found in [11].

Lemma 2 (Orthogonality relations of characters) Suppose that G is an abelian
group. G� denote the group of characters of G. Then

(1) If χ and χ ′ are two characters of G, then 1
|G|

∑
g∈G χ(g)χ ′(g) = δχχ ′ .

(2) If g and g′ are two elements of G, then 1
|G|

∑
χ∈G� χ(g)χ(g′) = δgg′ .

Statement (1) means that the rows of the character table are orthogonal and the
square norm of each one of them equal to |G|. Statement (2) means the same thing
for the columns of the character table. Hence one can conclude that, if U is the matrix
of the character table then UUt = |G|I , where the bar for the conjugation and t for
transpose and I is the identity matrix. Hence U is an invertible matrix. Using the
character table one can show the following result.

Lemma 3 β2 is also a basis for the vector space Q[ξ ][G′].

One can think of A as an element of Q[ξ ][G′]. In this case A can be written as
a linear combination of elements of β2, say A = ∑

ϕ∈β2
dϕϕ, where dϕ ∈ Q[ξ ]. Let

χa′b′c′ be a character for G′. Apply χa′b′c′ to A to get

χa′b′c′(A) =
∑

ϕ∈β2

dϕχa′b′c′(ϕ)

=
∑

a,b,c

∑

i,j,k

1

4q
dϕabc

χabc(xiyj zk)χa′b′c′(xiyj zk)
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=
∑

a,b,c

dϕabc
δaa′δbb′δcc′

= dϕa′b′c′ .

The third equality follows from Lemma 2. The next lemma will find a specific
value for χa′b′c′(A).

Lemma 4 (Iiams [6]) Let ξ be a primitive pf th root of unity. If α is an algebraic
integer in Z[ξ ] all of whose conjugates have modulus pf , then α = ±pf ξ l , for some
integer l.

3 Simplifying A

Since A = ∑
g′∈G′ |g′|Kg′, χabc(A) is an algebraic integer. By Lemma 1, χabc(A)

satisfies |χabc(A)| = pf for any nontrivial character χabc . Hence χabc(A) is an al-
gebraic integer in Z[ξ ], all of whose conjugates have modulus pf . Lemma 4 gives
χabc(A) = ±pf ξ l , for some integer l. The proof of the following lemma can be found
in [6].

Lemma 5 (a) Let a0, . . . , ap−1 ∈ Q and η be a primitive pth root of unity. Then∑p−1
i=0 aiη

i = 0 if and only if a0 = · · · = ap−1.
(b) Let a0, . . . , apf −1 ∈ Q and ξ be a primitive pf th root of unity. Then

∑pf −1
i=0 aiξ

i = 0 if and only if ai = aj when i ≡ j (mod pf −1).

But as an element of Z[G′], A has the form A = ∑
i,j,k |xiyj zk|Kxiyj zk (recall

that |xiyj zk|K = |xiyj zkK ∩ D|). Therefore, for a ∈ {1,2, . . . , pf − 1}, we have

χa00(A) =
pf −1∑

i=0

(|xi |K + |xiy|K + |xiz|K + |xiyz|K)ξ ia = ±pf ξ la00,

and

χa10(A) =
pf −1∑

i=0

(|xi |K − |xiy|K + |xiz|K − |xiyz|K)ξ ia = ±pf ξ la10,

and

χa01(A) =
pf −1∑

i=0

(|xi |K + |xiy|K − |xiz|K − |xiyz|K)ξ ia = ±pf ξ la01,

and

χa11(A) =
pf −1∑

i=0

(|xi |K − |xiy|K − |xiz|K + |xiyz|K)ξ ia = ±pf ξ la11 .
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Here la00, la10, la01 and la11 are all integers. The next lemma ensures that la00,

la10, la01 and la11 are equal.

Lemma 6 For a fixed a ∈ {1, . . . , pf −1}, la00 = la10 = la01 = la11.

Proof We have two cases to consider.
Case 1: If (a,p) = 1 then ξa is a primitive pf th root of unity. Because ξa is a

primitive pf th root of unity, {ξ ia}i=pf −1
i=0 will generate all powers of ξ . Hence ξ la00

will appear in χa00(A) and one can combine ±pf ξ la00 with χa00(A). Thus we can
apply Lemma 5 to χa00(A) − ±pf ξ la00 = 0 and in the same way we can apply it to
χa10(A) − ±pf ξ la10 , χa01(A) − ±pf ξ la01 , and χa11(A) − ±pf ξ la11 .
Applying Lemma 5 to χa00(A) − ±pf ξ la00 gives, for i ≡ la00 (mod pf −1) and i �=
la00,

|xi |K + |xiy|K + |xiz|K + |xiyz|K
= |xla00 |K + |xla00y|K + |xla00z|K + |xla00yz|K − ±pf , (1)

and for i �≡ la00 (mod pf −1), if i ≡ i′ (mod pf −1), then

|xi |K + |xiy|K + |xiz|K + |xiyz|K = |xi′ |K + |xi′y|K + |xi′z|K + |xi′yz|K. (2)

Again, we apply Lemma 5 to χa10(A) − ±pf ξ la10 . We obtain, for j ≡ la10
(mod pf −1) and j �= la10,

|xj |K − |xjy|K + |xj z|K − |xjyz|K
= |xla10 |K − |xla10y|K + |xla10z|K − |xla10yz|K − ±pf . (3)

And for j �≡ la10 (mod pf −1), if j ≡ j ′ (mod pf −1), then

|xj |K − |xjy|K + |xj z|K − |xjyz|K = |xj ′ |K − |xj ′
y|K + |xj ′

z|K − |xj ′
yz|K. (4)

If la00 �≡ la10 then (1) and (4) give, for any i with i ≡ la00 �≡ la10,

|xi |K + |xiy|K + |xiz|K + |xiyz|K
= |xla00 |K + |xla00y|K + |xla00z|K + |xla00yz|K − ±pf , (5)

and

|xi |K − |xiy|K + |xiz|K − |xiyz|K
= |xla00 |K − |xla00y|K + |xla00z|K − |xla00yz|K. (6)

But |xi |K + |xiy|K + |xiz|K + |xiyz|K and |xi |K − |xiy|K + |xiz|K − |xiyz|K have
the same parity. Also |xla00 |K + |xla00y|K + |xla00z|K + |xla00yz|K and |xla00 |K −
|xla00y|K + |xla00z|K − |xla00yz|K have the same parity. This is inconsistent with (5)
and (6).

Therefore, la00 ≡ la10 (mod pf −1).
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Now assume that la00 ≡ la10 (mod pf −1) and la00 �= la10. Choose an integer i0
with i0 ≡ la00 ≡ la10, i0 �= la00 and i0 �= la10, then apply (1) and (3) to get

|xi0 |K + |xi0y|K + |xi0z|K + |xi0yz|K
= |xla00 |K + |xla00y|K + |xla00z|K + |xla00yz|K − ±pf (7)

and

|xi0 |K − |xi0y|K + |xi0z|K − |xi0yz|K
= |xla10 |K − |xla10y|K + |xla10z|K − |xla10yz|K − ±pf . (8)

Since |xi0 |K + |xi0y|K + |xi0z|K + |xi0yz|K and |xi0 |K − |xi0y|K + |xi0z|K −
|xi0yz|K have the same parity, (7) and (8) ensure that |xla00 |K + |xla00y|K +
|xla00z|K +|xla00yz|K and |xla10 |K −|xla10y|K +|xla10z|K −|xla10yz|K have the same
parity. Hence |xla00 |K +|xla00y|K +|xla00z|K +|xla00yz|K and |xla10 |K +|xla10y|K +
|xla10z|K + |xla10yz|K have the same parity.

But using (1) gives

|xla10 |K + |xla10y|K + |xla10z|K + |xla10yz|K
= |xla00 |K + |xla00y|K + |xla00z|K + |xla00yz|K − ±pf . (9)

So (9) ensures that |xla00 |K + |xla00y|K + |xla00z|K + |xla00yz|K and |xla10 |K +
|xla10y|K + |xla10z|K + |xla10yz|K have distinct parities.

Thus, one time we show that these two numbers have the same parity and another
time they do not. This is a contradiction. Therefore, la00 = la10. In the same way one
can show that la00 = la10 and la00 = la11.

Case 2: If (a,p) = p then we write a = pkb where (b,p) = 1, 1 ≤ k ≤ n − 1.
We have ξpk

is a primitive pf −k th root of unity and we name it ζ . So we have
ξa = ξpkb = ζ b is a primitive pf −k th root of unity. Hence

χa00(A) =
pf −k−1∑

i=0

(|xi |K + |xiy|K + |xiz|K + |xiyz|K)ζ ib

+
2pf −k−1∑

i=pf −k

(|xi |K + |xiy|K + |xiz|K + |xiyz|K)ζ ib

+
3pf −k−1∑

i=2pf −k

(|xi |K + |xiy|K + |xiz|K + |xiyz|K)ζ ib

+
pf −1∑

i=pf −pf −k

(|xi |K + |xiy|K + |xiz|K + |xiyz|K)ζ ib

=
pf −k−1∑

i=0

(Bi1 + Bi2 + Bi3 + Bi4)ζ
ib,
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where

Bi1 =
pk−1∑

t=0

|xi+tpf −k |K, Bi2 =
pk−1∑

t=0

|xi+tpf −k

y|K, Bi3 =
pk−1∑

t=0

|xi+tpf −k

z|K,

and

Bi4 =
pk−1∑

t=0

|xi+tpf −k

yz|K.

In the same way we can write χa10(A), χa10(A), and χa11(A). Now, the rest of the
proof will be similar to the proof of Case 1. �

Lemma 7 For a fixed t , 0 ≤ t < f , there exists a positive integer jt such that for all
a, with (a,p) = 1, we have χapt 00(A) = ±ξapt jt .

Proof χpt 00(A) = ∑pf −1
i=0 (|xi |K + |xiy|K + |xiz|K + |xiyz|K)ξ ipt

. But ξpt
is a

pf −t th primitive root of unity. Hence χpt 00(A) ∈ Z[ξpt ]. Applying Lemma 4 on

χpt 00(A) gives χpt 00(A) = ±pf ξpt jt for some integer jt . Because (a,p) = 1, the

map σ : ξpt → ξpt a is an element of the Galois group of Q[ξpt ]/Q. But σ maps
χpt 00(A) to χapt 00(A) and so χapt 00(A) = ±pf ξapt jt . �

We have A = ∑1
b=0

∑1
c=0

∑pf −1
a=0 χabc(A)ϕabc . The goal is to simplify this sum.

To do so, divide {ϕa00}a=pf −1
a=0 into f + 1 sets. These sets are

B0 = {ϕ000}
B1 = {ϕa00 : (a,p) = 1}

B2 =
{
ϕa00 : p|a and

(
a

p
,p

)
= 1

}

...
...

...

Bi =
{
ϕa00 : pi−1|a and

(
a

pi−1
,p

)
= 1

}

...
...

...

Bf =
{
ϕa00 : pf −1|a and

(
a

pf −1
,p

)
= 1

}

Observe that Bi = {ϕa00 : a ∈ Ci}, where

C0 = {0},
Ci = {spi−1 : 0 ≤ s ≤ pf −(i−1) − 1}\{spi : 0 ≤ s ≤ pf −i − 1}, for 1 ≤ i ≤ f − 1
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and

Cf = {spf −1 : 0 ≤ s ≤ p − 1}\{0}.
Define ei00 = ∑

a∈Ci
χa00(A)ϕa00. Because χ000(A) = 2q2 − q ,

e000 = 2q2 − q

4q

pf −1∑

j=0

xj (1 + y)(1 + z).

For ei00 where i �= 0, if a ∈ Ci , then a = pi−1s where (s,p) = 1. Using Lemma 7
gives χa00(A) = χpi−1s00(A) = ±pf ξpi−1sji−1 = ±pf ξaji−1 , where ji−1 is an inte-
ger. Hence we get

ei00 =
∑

a∈Ci

χa00(A)ϕa00

=
∑

a∈Ci

± pf ξaji−1ϕa00.

But ϕa00 = 1
4pf

∑pf −1
j=0 χa00(xj y0z0)xj (1 + y)(1 + z) and χa00(xj y0z0) = ξ−ja .

Plug this into the equation for ei00 to get

ei00 = ±1

4

∑

a∈Ci

pf −1∑

j=0

ξaji−1χa00(xj y0z0)xj (1 + y)(1 + z)

= ±1

4

pf −1∑

j=0

∑

a∈Ci

ξaji−1ξ−jaxj (1 + y)(1 + z)

= ±1

4

pf −1∑

j=0

∑

a∈Ci

ξ−a(j−ji−1)xj (1 + y)(1 + z).

Change the counter of the sum using the substitution j ′ = j − ji−1 to get

= ±1

4

pf −1−ji−1∑

j ′=−ji−1

∑

a∈Ci

ξ−aj ′
x(j ′+ji−1)(1 + y)(1 + z)

= ±xji−1

4

pf −1−ji−1∑

j ′=−ji−1

∑

a∈Ci

ξ−aj ′
xj ′

(1 + y)(1 + z).

Because x is a generator of the group Cpf , x−t = xpf −t for any integer t and so

{xj ′ }j ′=pf −1−ji−1
j ′=−ji−1

= {xj ′ }j ′=pf −1
j ′=0 . Since ξpf = 1, (ξa)−t = (ξa)p

f −t for any integer
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t and so {ξ−aj ′ }j ′=pf −1−ji−1
j ′=−ji−1

= {ξ−aj ′ }j ′=pf −1
j ′=0 . This gives

ei00 = ±xji−1

4

pf −1∑

j=0

∑

a∈Ci

ξ−aj xj (1 + y)(1 + z).

The next lemma shows that ei00 ∈ Q[G′] and gives a specific value for it.

Lemma 8 For 0 < i ≤ f ,

ei00 = ±pf −ixji−1

4
(1 + y)(1 + z)

[
pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

]
.

Proof We have

ei00 = ±xji−1

4

pf −1∑

j=0

∑

a∈Ci

ξ−aj xj (1 + y)(1 + z).

From the definition of Ci , one gets

ei00 = ±xji−1

4
(1 + y)(1 + z)

pf −1∑

j=0

∑

a∈Ci

ξ−aj xj

= ±xji−1

4
(1 + y)(1 + z)

[
pf −1∑

j=0

pf −(i−1)−1∑

s=0

ξ−sjpi−1
xj −

pf −1∑

j=0

pf −i−1∑

s=0

ξ−sjpi

xj

]
.

(10)

The sums depend on the values of j . So we partition the set {j : 0 ≤ j ≤ pf − 1} into
two subsets, namely T1 and T2 where

T1 = {j = tpf −(i−1) : 0 ≤ t ≤ pi−1 − 1},
T2 = {j : 0 ≤ j ≤ pf − 1}\T1.

For j ∈ T1, we have ξ−sjpi−1 = ξ−stpf = 1. This yields

pf −(i−1)−1∑

s=0

∑

j∈T1

ξ−sjpi−1
xj (1 + y)(1 + z)

=
pf −(i−1)−1∑

s=0

pi−1−1∑

t=0

xtpf −(i−1)

(1 + y)(1 + z)

=
pi−1−1∑

t=0

pf −i+1xtpf −i+1
(1 + y)(1 + z). (11)
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The last equality is true because the sum does not depend on s.
For a fixed j ∈ T2, we want to show that

pf −(i−1)−1∑

s=0

ξ−sjpi−1
xj (1 + y)(1 + z) = 0. (12)

From the definition of T2, if j is a fixed element of T2, then ξ−jpi−1 �= 1 and ξ−jpi−1

will be a pf −r th root of unity, where r is a positive integer that depends on j and
i − 1 ≤ r ≤ f − 1. Hence we get

pf −r−1∑

s=0

(ξ−jpi−1
)s = 0.

But

pf −(i−1)−1∑

s=0

(ξ−jpi−1
)s =

pf −r−1∑

s=0

(ξ−jpi−1
)s +

2pf −r−1∑

s=pf −r

(ξ−jpi−1
)s + · · ·

+
pf −(i−1)−1∑

s=(pr−(i−1)−1)pf −r

(ξ−jpi−1
)s .

Each one of the sums in the right hand side is equal to zero. Hence the sum in the left
hand side is zero. This shows the validity of (12). Use (11) and (12) to get

ei00 = ±xji−1

4

pi−1−1∑

t=0

pf −i+1xtpf −i+1
(1 + y)(1 + z) −

pi−1∑

t=0

pf −ixtpf −i

(1 + y)(1 + z)

= ±pf −ixji−1

4
(1 + y)(1 + z)

[
pi−1−1∑

t=0

pxtpf −i+1 −
pi−1∑

t=0

xtpf −i

]
.

Partition the set B = {t : 0 ≤ t ≤ pi − 1} into B1 = {t : t = ps and 0 ≤ s ≤
pi−1 − 1} (B1 is the set of all elements which are divisible by p) and B2 = B\B1

(B2 is the set of all elements which are not divisible by p). Using this partition gives

pi−1−1∑

t=0

p xtpf −i+1 −
pi−1∑

t=0

xtpf −i =
pi−1−1∑

t=0

p xtpf −i+1 −
pi−1−1∑

s=0

xspf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

=
pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

.
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Hence we get the required result

ei00 = ±pf −ixji−1

4
(1 + y)(1 + z)

[
pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

]
.

�

For A = ∑1
b=0

∑1
c=0

∑pf −1
a=0 χabc(A)ϕabc , Lemma 8 simplifies these sums when

b = 0 and c = 0. The next work simplifies these sums when b �= 0 or c �= 0.
We define

ei10(A) =
∑

a∈Ci

χa10(A)ϕa10,

ei01(A) =
∑

a∈Ci

χa01(A)ϕa01,

ei11(A) =
∑

a∈Ci

χa11(A)ϕa11.

First, we simplify e010(A), e001(A) and e011(A). To do so, we compute the values
of χ010(A), χ001(A) and χ011(A). Use Lemma 1 to get χ010(A) = ±pf , χ001(A) =
±pf , and χ011(A) = ±pf . We can translate A by y, z, or yz if necessary to get
χ010(A) = pf , χ001(A) = pf , and χ011(A) = ±pf . Hence replacing A by Ay, Az

or Ayz, if necessary, gives

χ010(A) =
pf −1∑

i=0

(|xi |K − |xiy|K + |xiz|K − |xiyz|K) = pf

and

χ001(A) =
pf −1∑

i=0

(|xi |K + |xiy|K − |xiz|K − |xiyz|K) = pf

and

χ011(A) =
pf −1∑

i=0

(|xi |K − |xiy|K − |xiz|K + |xiyz|K) = ±pf .

We show that χ011(A) = pf . To this end, take H = K × Zpf ; then G/H ∼=
Z2 × Z2. We find the intersection numbers relative to H . We have

χ010(A) = pf =
pf −1∑

i=0

(|xi |K − |xiy|K + |xiz|K − |xiyz|K)

= |1|H − |y|H + |z|H − |yz|H .
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Similarly, we have

|1|H + |y|H − |z|H − |yz|H = pf ,

|1|H − |y|H − |z|H + |yz|H = ±pf .

Hence, the intersection numbers |1|H , |y|H , |z|H and |yz|H satisfy the equations

⎡

⎢⎣

1 1 1 1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1

⎤

⎥⎦

⎡

⎢⎣

|1|H
|y|H
|z|H
|yz|H

⎤

⎥⎦ =
⎡

⎢⎣

χ000(A)

χ010(A)

χ001(A)

χ011(A)

⎤

⎥⎦ =
⎡

⎢⎣

2p2f − pf

pf

pf

±pf

⎤

⎥⎦ .

Solving the system gives integer solutions if χ011(A) = pf and fractional solu-
tions if χ011(A) = −pf . But the intersection numbers |1|H , |y|H , |z|H , and |yz|H
are integers. Therefore, χ011(A) = pf .

We combine e000(A), e010(A), e001(A) and e011(A) together and name the sum e0.
So we get

e0 = e000(A) + e010(A) + e001(A) + e011(A)

=
(

(pf + 1)

2
1 + (pf − 1)

2
y + (pf − 1)

2
z + (pf − 1)

2
yz

)(
pf −1∑

j=0

xj

)
. (13)

For i �= 0, Lemma 6 ensures that if χi00(A), χi10(A), χi01(A) and χi11(A) are differ-
ent, then they differ by a sign. Hence a similar argument, as what we have done for
ei00(A), gives

ei10(A) = ±pf −ixji−1

4
(1 − y)(1 + z)

[
pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

]
,

ei01(A) = ±pf −ixji−1

4
(1 + y)(1 − z)

[
pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

]
,

ei11(A) = ±pf −ixji−1

4
(1 − y)(1 − z)

[
pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

]
.

As the case when i = 0, one can combine ei00(A), ei10(A), ei01(A) and ei11(A)

together. To do that define the vectors εi =
[ εi1

εi2
εi3
εi4

]
where εij = ±1. We define this

vector because the signs of ei00(A), ei10(A), ei01(A) and ei11(A) are not necessarily
the same.
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For i �= 0, name the sum ei , so we get

ei = ei00(A) + ei10(A) + ei01(A) + ei11(A)

= pf −ixji−1

4
[ 1 y z zy ]

⎡

⎢⎣

1 1 1 1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1

⎤

⎥⎦

⎡

⎢⎣

εi1
εi2
εi3
εi4

⎤

⎥⎦

×
[

pi−1−1∑

t=0

(p − 1)xtpf −i+1 −
pi−1∑

t=0,p�t

xtpf −i

]
. (14)

But,

A =
f∑

i=0

ei, (15)

where the ei ’s are known from (13) and (14). One can get all intersection numbers
of A by using (15). But these intersection numbers are integers that lie between 0
and pf . Next, we show that these intersection numbers involve fractions or do not lie
between 0 and pf which gives a contradiction.

4 Main result

Theorem 1 Suppose that G is a group of order 4q2, where q = pf , p is a prime
greater than or equal to 5. Furthermore, assume K � G with G′ = G/K ∼= Cq ×
C2 × C2 = G′, where Cq,C2 are the cyclic groups of order q and 2 respectively.
Then G does not have a (4q2,2q2 − q, q2 − q) difference set.

Proof There are two cases to consider.
Case 1: The number of ε1j ’s which are positive is even, where 1 ≤ j ≤ 4. In this

case we show that one of the intersection numbers do not lie between 0 and pf .

Equation (14) gives, e1 = pf −1xj0

4 [(ε11 + ε12 + ε13 + ε14)1 + (ε11 − ε12 + ε13 −
ε14)y + (ε11 + ε12 − ε13 − ε14)z + (ε11 − ε12 − ε13 + ε14)yz][(p − 1) − xpf −1 −
x2pf −1 −· · ·−x(p−1)pf −1 ]. Since the number of positive ε1j ’s is even, the coefficient

of one of the elements xj0 , xj0y, xj0z or xj0yz is pf −1

4 (±4)(p−1) = ±(pf −pf −1).
Name this element g′ and denote the coefficient of g′ in ei by |g′|ei

. Any element of

G′ appears in e0 and its coefficient is either pf −1
2 or pf +1

2 . Hence

|g′|e0+e1 = ±(pf − pf −1) + (pf ± 1)

2
.

Our goal is to find an estimate for the intersection number |g′|K . So we need an
estimate for |g′|ei

for the rest of the ei ’s. From (14), the value of |g′|ei
is a num-

ber in the set {0,±pf −i

2 ,±pf −i ,± (pf −i+1−pf −i )
2 ,±(pf −i+1 − pf −i )}, for i �= 0,1.
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But (pf −i+1 − pf −i ) is the largest coefficient in absolute value. So, if |g′|e0+e1 =
(pf − pf −1) + (pf ±1)

2 then we have

|g′|K = |g′|e0+e1 +
∑

i �=0,1

|g′|ei

≥ (pf − pf −1) + (pf ± 1)

2
−

∑

i �=0,1

(pf −i+1 − pf −i )

= (pf − pf −1) + (pf ± 1)

2
−

∑

i �=0,1

(p − 1)pf −i

= (pf − pf −1) + (pf ± 1)

2
−

f −2∑

i=0

(p − 1)pi

≥ pf +
[(

pf + 1

2

)
− 2pf −1

]
.

But the function f (x) = [( xf +1
2 ) − 2xf −1] is positive, for x ≥ 5. Hence [(pf +1

2 ) −
2pf −1] > 0, for p ≥ 5. This gives |g′|K > pf , for p ≥ 5. This contradicts the fact
that |g′|K between 0 and pf .

If |g′|e0+e1 = −(pf − pf −1) + (pf ±1)
2 , then the same argument shows that |g′|K

is negative. This completes case 1.
Case 2: The number of positive ε1j ’s is odd, where 1 ≤ j ≤ 4. In this case we

show that some of the intersection numbers are fractions. To do that we examine the
coefficients of the ei ’s. For a fixed i �= 0, if the number of positive εij ’s is odd, then

⎡

⎢⎣

1 1 1 1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1

⎤

⎥⎦

⎡

⎢⎣

εi1
εi2
εi3
εi4

⎤

⎥⎦ =
⎡

⎢⎣

±2
±2
±2
±2

⎤

⎥⎦ .

Hence, in ei we have pi − pi−1 elements that have ±pf −i

2 as a coefficient (which is

a fraction) and pi−1 elements that have ±pf −i+1−pf −i

2 as a coefficient (which is an
integer). Let i′ = max{i : 1 ≤ i ≤ f such that the number of positive εij ’s is odd}.
Note that the maximum is well-defined, because at least the number of positive ε1j ’s
is odd.

For a fixed integer k with i′ < k ≤ f , the number of εkj ’s is even. Hence we have

⎡

⎢⎣

1 1 1 1
1 −1 −1 1
1 1 −1 −1
1 −1 1 −1

⎤

⎥⎦

⎡

⎢⎣

εk1
εk2
εk3
εk4

⎤

⎥⎦ =
⎡

⎢⎣

δ1
δ2
δ3
δ4

⎤

⎥⎦ ,

where each one of the δj ’s is either 0 or ±4. This shows that the coefficients in ek are
integers for i′ < k ≤ f .
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The coefficients in e0 are integers and this is because these coefficients are either
pf −1

2 or pf +1
2 . For a fixed k, where 1 ≤ k < i′, if the number of εkj ’s is odd then

the coefficients of the elements of ek are fractions. From the analysis above we get
fractional coefficients in ek when k = i′ and possibly when 1 ≤ k < i′. Now, we
estimate the number of elements in A which have fractional coefficients.

The number of elements with fractional coefficient in ei′ is pi′ − pi′−1. But we
have at most another

∑i′−1
k=1 pk − pk−1 = pi′−1 − 1 elements in the ek’s that have

a fractional coefficient, where 1 ≤ k < i′. Since pi′−1 − 1 < pi′ − pi′−1 for p ≥ 5,
when we sum up the ei ’s to get A, we will have at least (pi′ − pi′−1) − (pi′−1 − 1)

intersection numbers of A with fractional coefficients. This contradicts the fact that
intersection numbers are integers. So this completes the second case. Hence G does
not have a (4q2,2q2 − q, q2 − q) difference set. �

The following result is often called Dillon’s dihedral trick.

Lemma 9 (Dillon [5]) Suppose that G1 is an abelian group of even order with a sub-
group G2 of index 2. Hence G1 = G2 ∪θG2 where θ ∈ G1 \G2. Let Ĝ1 be the gener-
alized dihedral extension of G1, i.e. Ĝ1 = 〈G2,Q : Q2 = 1,QgQ = g−1 ∀g ∈ G2〉.
Furthermore, let G be a group which has U as a normal subgroup with G/U ∼= Ĝ1. If
D̂ = X + QY ∈ Z[Ĝ1], where X,Y ∈ Z[G2], satisfies D̂D̂(−1) = (k − λ) + λ|U |Ĝ1,
then this forces D = X + θY ∈ Z[G1] to satisfy DD(−1) = (k − λ) + λ|U |G1.

Corollary 1 Suppose that G is a group of order 4q2 which have a normal subgroup
U so that G/U is isomorphic to D4q (the dihedral group of order 4q). Then G does
not admit (4q2,2q2 − q, q2 − q) difference sets.

Proof Use Theorem 1 and Lemma 9 to get the result. �

If the Sylow 2-subgroup of G′ is cyclic (i.e. G′ = G/K ∼= Cq × C4) then the
possible values of α in Lemma 4 depend on p. For instance, if p ≡ 1 (mod 4) and
η is a primitive pth root of unity and α is an algebraic integer in Z[iη] all of whose
conjugates have modulus p, then α has four possible values. More details about these
four values of α can be found in [6]. AbuGhneim, Becker, Mendes, and Smith used
one of these values to construct images of a putative Menon-Hadamard difference set
in G′ = G/K ∼= Cp × C4, see [1].

But, if p ≡ 3 (mod 4) then α has one possible value similar to the one in Lemma 4.
In this case we expect to get a similar result to Theorem 1.
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