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Abstract This work examines the existence of (4¢%,2g> — ¢, q*> — ¢) difference
sets, for ¢ = p/, where p is a prime and f is a positive integer. Suppose that G is
a group of order 4¢2 which has a normal subgroup K of order ¢ such that G/K =
C4 x Cy x Ca, where Cy, C; are the cyclic groups of order g and 2 respectively.
Under the assumption that p is greater than or equal to 5, this work shows that G
does not admit (4¢2, 2¢> — ¢, g*> — q) difference sets.
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1 Introduction

A (v, k, L) difference set is a subset D of size k in a group G of order v with the
property that for every nonidentity g in G, there are exactly A ordered pairs (x, y)
€ D x D such that

)cy_1 =g.
One can think of D as an element in the group ring Z[G]. In this case, we write

D=Zg.
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D is a difference set if D satisfies the equation
DDV = (k- )16 + 1G,

and so we use D to represent both a subset of the group G and an element of the
group ring Z[G]. Here D=1 denotes the sum of the inverses of the elements of D
and 1 denotes the identity element of G. For more details on difference sets the
reader may consult [2, 8, 10].

Difference sets with parameters (4N 2ZION2_N,N2—N ) are known as Menon-
Hadamard difference sets. More details on these difference sets can be found in [4]
and [6].

This paper investigates Menon-Hadamard difference sets with parameters (4¢2,
2¢% — q,q* — q), where ¢ = pf, p prime. Turyn provided a nonexistence result
for the abelian case. In his work, he showed that abelian groups of order 4p2/ and
exponent greater than 4p/ 1 or 2p/+1 do not admit (4¢2, 2¢%> — g, g*> — q) difference
sets for p > 3; see [14].

The existence of abelian (4p%,2p> — p, p> — p) difference sets for p > 3 was
ruled out by McFarland; see [12].

After that, (4p%,2p*> — p, p> — p) nonabelian difference sets were studied by
Tiams; see [6]. In his work, Iiams showed that any group of order 4p> which has
Zp x L x Zs as a factor group, does not have (4p?,2p* — p, p> — p) difference sets
for p > 3.

In a recent work, Wan generalized the work of liams by showing that any group of
order 4 p* which has Z p2 X Lo X 7 as a factor group, does not have (4 pt2pt —p2,

p* — p?) difference sets for p > 3; see [15].
This paper tightens Turyn’s exponent bound and generalizes liams’s and Wan’s
results, through the following theorem.

Theorem 1 Suppose that G is a group of order 4q*, where q = p', p is a prime
greater than or equal to 5. Furthermore, assume that K 1 G with G/K = Cy x
C> x C2 = G', where Cy, Cy are the cyclic groups of order q and 2 respectively.
Then G does not admit a (4g°,2q* — q, q*> — q) difference set.

For the cases where p =2 and p =3, f = 1, we have the parameters (16, 6, 2) and
(36, 15, 6). Kibler gave the answer for the existence of difference sets in all groups of
order 16 and 36 and constructed these difference sets when they exist; see [9]. Smith
constructed a (100, 45, 20) difference set in the nonabelian group (a, b, ¢ : @ =b=
c*=la,b]l=cac™'a ? =cbc™'b™2 =1); see [13].

In studying difference sets, a very useful technique is to look at the image of the
difference set in a factor group of G. To see this, let U be a normal subgroup of G
with G’ = G/ U. The contraction of D with respect to U is the multiset D' = D/U =
{dU :d € D}, which satisfies the equation D’ D"~ = (k — 1) + A|U|G’ in the group
ring Z[G']. Here D' = Zg,eG, tylug’ in Z[G'], where |ty/|y = |g'U N D is the
number of elements of D in the coset ¢'U. The number |t |y is called the intersection
number of g’ relative to U. The idea of contraction gives more information, indeed
restrictions, on the equations which determine the difference sets in the factor group.
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2 Character theory and algebraic number theory

We use character theory and algebraic number theory to gain information about
the contractions of a difference set D. For information on character theory see [3]
and [11]. More information on algebraic number theory can be found in [7] and [16].

A character of an abelian group is a homomorphism from the group to the mul-
tiplicative group of the complex roots of unity. Extending this homomorphism to
the entire group ring yields a map from the group ring to the complex numbers. We
will denote characters by the Greek letter x. The all-one character (thatis x(g) =1,
Vg € G) is called the principal character whereas the rest are called nonprincipal
characters.

Lemma 1 Let G be a group of order v which has U as a normal subgroup of order
q such that G' = G/ U is abelian. Take an element D' € Z[G'). Then D' satisfies the
equation D'D'"V = (k — 1) + AU|G’ if and only if for all character x of G’ we
have

if x is the principal character,

Ix(D"| = .
vk — X otherwise.

In our case, G is a group of order 4¢> which has a normal subgroup K of order g
with G’ = G/K = C, x C2 x C2. If D is a (492, 24 — q, q* — q) difference setin G,
then the contraction of D with respect to K is the multiset A= D/K ={dK :d € D}.
In the group ring notation A =}_ ¢ 1g'lkg’, where |g'|k = [¢'K N D| are the
intersection numbers. The multiset A satisfies the equation AACD = ¢ + (4% —
q)|K|G’'. Hence Lemma 1 gives

2¢> —q if x is the principal character of G,
Ix (A)| =

q if x is any other character of G'.

Eventually we will show that such an A does not exist. From now on, G’ will
be G/K = C; x C2 x C, and A an element of Z[G'] which satisfies AACD =
9>+ (> — IK|G'.

Write G’ in the multiplicative notation; then G’ = (x,y,z:x? = y> =72 =1,
[x,y]=[x,z] =[y,z] = 1). If £ is a primitive complex p/th root of unity then the
characters for this group are

Xabe (X' y7 2K) = £79 (= 1) 7P (—1)ke,

where a € {0, 1,...,pf — 1} and b, c € {0, 1}.

Consider the group ring Q[£][G’], where Q[&] is the cyclotomic field extension of
Q. Extending the characters to the entire group ring yields a map from the group ring
to the field Q[£]. In this case x (dec, agg) = dec, ag x (g), where the coefficients
ag’s are elements from Q[£].

The group ring Q[£]1[G] is a vector space with underlying field Q[£]. The ele-
ments of the group G’ are a basis for this vector space. This basis is often called the
“standard basis”.
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We introduce a new basis for Q[£][G’]. Let C be the character table for G'.
The rows of C are labelled by the characters in the following order [xo000, X100, - - - »
X(g—1)005 X0105 X1105 - - s X(g—1)105 X0O1» X101s - - + s X(g—1)015 XO11> X111 -« -5 X(g—111]-
Indeed the order here is lexicographic order (reading from right to left) with respect
to the indices of the characters.

The columns of C are labelled by the elements of G’ in the following order

[xoyozo’xlyozo xla- 1)y z xOp1Z0 Iyl 0 @D y1,0 1000, 1 10,1

xa- l)y z xoylzl X y b xla- l)ylzl]. Th1s ordered set, call it 81, is an
ordered basis for Q[£][G’] over Q &]. The elements of 81 are ordered lexicographi-
cally (reading from right to left) but with respect to the super indices.
This labelling for the columns and rows determines the matrix of the character
table. Denote this matrix by U.
Define a new set of elements of the vector space as follows, 82 = {@upc}, Where

ae{O,l,...,pf—l}andb,ce{O,l}and

1 pf=1

Pabe = ZZ Z Xabe (X! nyk)X y

9 }=0j=0 i=0

The set B, has 4g elements. Next, we show that 8, forms a basis for the vector
space Q[£][G’]. This basis is often called the basis of “primitive idempotents”.

We need the following lemma from character theory. The proof of this lemma can
be found in [11].

Lemma 2 (Orthogonality relations of characters) Suppose that G is an abelian
group. G* denote the group of characters of G. Then

(1) If x and x' are two characters of G, then ﬁ deG X (@) x'(8) =38y,

(2) If g and g’ are two elements of G, then ﬁ erc* x(@)x(g") =6gg.

Statement (1) means that the rows of the character table are orthogonal and the
square norm of each one of them equal to |G|. Statement (2) means the same thing
for the columns of the character table. Hence one can conclude that, if U is the matrix
of the character table then UU’ = |G|I, where the bar for the conjugation and ¢ for
transpose and / is the identity matrix. Hence U is an invertible matrix. Using the
character table one can show the following result.

Lemma 3 B, is also a basis for the vector space Q[E][G'].

One can think of A as an element of Q[£][G’]. In this case A can be written as
a linear combination of elements of B>, say A =3 4 dy@, where dy, € Q[&]. Let
Xa'b'e be a character for G'. Apply xupe to A to get

Xa'b'c' (A) = Z d(an’b’c’ (‘P)
vEP

= Z Z (pabc XabC(xiijk)Xa/b/C, (xiijk)

abct/k
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= Z d(pahcgaa’(sbb’(scc’

a,b,c

=d,

gﬂa/h/c/ .

The third equality follows from Lemma 2. The next lemma will find a specific
value for ./ (A).

Lemma 4 (Iliams [6]) Let & be a primitive pfth root of unity. If o is an algebraic
integer in Z[£] all of whose conjugates have modulus p', then « = +p &, for some
integer .

3 Simplifying A

Since A = Zg,eG, |g' Ik &s xapc(A) is an algebraic integer. By Lemma 1, xupc(A)

satisfies | xape(A)| = p/ for any nontrivial character xupc. Hence xapc(A) is an al-
gebraic integer in Z[£], all of whose conjugates have modulus p/. Lemma 4 gives
Xabe(A) = £pT EL, for some integer [. The proof of the following lemma can be found
in [6].

Lemma 5 (a) Let ao, ...,ap,—1 € Q and n be a primitive pth root of unity. Then

Zf:olami =0ifandonly ifag=---=ap_1.
(b) Let agp,...,ay,r_ € Q and § be a primitive plth root of unity. Then

f_ .
> La;&! =0 if and only if a; =a; wheni= j (mod p/1).

But as an element of Z[G'], A has the form A =3", ., |xiyI 2K g xtyi K (recall
that |x'y/zX|x = |xy/zKK N D|). Therefore, fora € {1,2, ..., p/ — 1}, we have

f—1
p
Xa00(A) = Y (Ix' [k + Ix'ylx + Ix'zlx + 1x' yzl )€™ = £p/ w0,
i=0
and
pf=1
Xa10(A) =Y (x'[k — [x'ylk + [xzlk — |x'yz|g)E'* = £p g0,
i=0
and
pf—1
Xa01(A) = Y (Ix'[k + ¥yl — x'zlk — Ix yzl )€™ = £plglor,
i=0
and
pl—1
Xa1(A) =Y (x'[k — [x'ylk — [x'zlk + |x' yz|g)§" = £p/ gl
i=0
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Here 1400, la10, la01 and [, are all integers. The next lemma ensures that /,qo,
la10, lq01 and l,411 are equal.

Lemma 6 Forafixeda € {1,..., p'='}, Lioo = la10 = Lot = la11.

Proof We have two cases to consider. .
Case 1: If (a, p) =1 then &“ is a primitive p/th root of unity. Because £¢ is a

primitive p/th root of unity, {£'¢ };ig S will generate all powers of &. Hence &%00
will appear in x,00(A) and one can combine + pl £l with y,00(A). Thus we can
apply Lemma 5 to x400(A) — & p/ &% = 0 and in the same way we can apply it to
Xa10(A) — £pT §410, x401(A) — £p/ 40 and ya11(A) — £p/ gl

Applying Lemma 5 to x400(A) — :tpfélﬂoo gives, for i = 1I,p0 (mod pf_l) and i #
Laoo,

x|k + 1x ylk + X'zl + x"yzlg

= |l + |y + 2|+ Py — £p? M
and for i # I,00 (mod p/~1),if i =i’ (mod p/~1), then
1k + X Yk 4 x 2k + I yzle = Tk I vl 2k o+ I vzlke )

Again, we apply Lemma 5 to x410(A) — :l:pféla'(’. We obtain, for j = ;0
(mod p/~'yand j # 410,

x|k — X ylk + x/zlk — X/ yzlg
= 0] — 0y + [x'or0z|x — ' 0yz]k — £p. 3)
And for j % l,19 (mod p/~1), if j = j’ (mod p/~1), then
Ix/ |k = X7yl +1x/ 2l — I/ yzlx = x|k =[x ylk + 157 2]k = ¥ yzlk. @)
If 1,00 % 410 then (1) and (4) give, for any i with i = 1,00 % l410,
x|k + X' ylk + X zlk + X yzlx
=[xl | g 4 [xla0y| g + [xla0z| g 4 |0 yz|x — £pT )
and
x|k — X ylk + ¥zl — I yzlk
= |xla00| g — |xla00y| g 4 |xla00z] g — |xla00yz] (6)
But [x|x + [x"y|k + |x'z|k + [x"yz|k and |x'|g — |x'y|x + |x'z|x — |xyz|k have
the same parity. Also |x%00|g + |x/a00 y|p 4 |xla00z| ¢ 4 |xla00y 7| and |xla00 | —
|xla00y| g + |xla®0 7] g — |x%a00y7| ¢ have the same parity. This is inconsistent with (5)

and (6).
Therefore, 1,00 = 1410 (mod pf -,
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Now assume that /,00 = [,190 (mod pf_l) and l,00 # l410- Choose an integer iy
with ig = l,00 = 1410, {0 7 la00 and ig # [410, then apply (1) and (3) to get

0k + Oyl + [x0zlk + [xOyzlx
= |l + Wy + 02| + Py — £p ™
and
0k = [0yl + 1x0z]x — x0yzlk
= a0 — 0y + 30z |k — " 0yz]k —£p”. ®)

Since |x0|g + [x0y|x + |x0z|x + [x0yz|gx and x| — [xOy|x + |x0z]x —
|x0yz|x have the same parity, (7) and (8) ensure that |xla00| g 4 |xla00 y| 1 4
|xla00z] g + |xla0 yz| g and [x'e10] ¢ — [xlat0y| g + [xlat0z| g — |x'a10yz|k have the same
parity. Hence |x/a00| ¢ 4 |x/a00 y| g + |xla007| g 4 [x1a00 y7| ¢ and |x/a10| ¢ + |xla10 | ¢ +
|xla10z| g 4 |xa10yz| ¢ have the same parity.

But using (1) gives

a0 g ety g+ ez + |0 yz| g
= | + Oy o+ [x'0  + [ 0yz]k — £p. ©)

So (9) ensures that |x/a|g + |xla0y|g + |xla00z| ¢ + |xla00yz] g and [xla10]x +
|xla10y| g 4 |xla10z| g + |x!a10y 7| ¢ have distinct parities.

Thus, one time we show that these two numbers have the same parity and another
time they do not. This is a contradiction. Therefore, l,00 = l410. In the same way one
can show that I,00 =410 and l,00 = la11.

Case 2: If (a, p) = p then we write a = pkb where (b,p)=1,1<k<n-—1.
We have Ef’k is a primitive p/¥th root of unity and we name it . So we have
E4=¢ b — ¢? is a primitive p/ ~¥th root of unity. Hence

f-k_q
p
Xa00(A) = Y (Ix'|k + 15"yl + 15 zlk + |x' yzlx) e
i=0
2pfk—1
+ Y Uk + I ik + Xzl + x vzl
i=pf—k
3pf—k—1
+ Y Uk + I ik + X zlk + x vzl
i=2pf*k
p/—1
+ Y Uk Ik + Xzl + x vzl
i=pf—pf—k
plk—1
= Y (Bi+Bia+ Biy+ B,
i=0
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where
k71 k71 k71
‘tf*k 'tf*k 'tf*k
Bi=Y X" ik, Ba= )y TP Uylk,  Bia= ) Pk,
=0 =0 =0
and
pr-1
i+tp/—k
Biy = lel P yzlk.
1=0

In the same way we can write x;10(A), Xq10(A), and x,11(A). Now, the rest of the
proof will be similar to the proof of Case 1. t

Lemma 7 Fora fixedt,0 <t < f, there exis{s a positive integer j; such that for all
a, with (a, p) = 1, we have x4pro0(A) = £ 1.

Proof xpoo(A) = X0 (i lx + [xiylk + I'zlx + xiyzlg)&™ . But £ is a
p/~'th primitive root of unity. Hence x pro0(A) € Z[él’[]. Applying Lemma 4 on
Xproo(A) gives xpro0(A) = :I:pféf’tjf for some integer j;. Because (a, p) = 1, the
map o : él" — 51"“ is an element of the Galois group of Q[él’t]/(@. But o maps
Xpr00(A) 10 Xapio0(A) and 50 xapr0(A) = £p/ €71, O

s
We have A = Zzl:oZl:oZgzo U abe (A)@abe. The goal is to simplify this sum.

.. =pf_1.
To do so, divide {a00};—p Yinto f + 1 sets. These sets are

Bo = {¢000}
By ={@q00: (a, p) =1}

a
Bz={<ﬁaooipla and (;,P)=1}
. a
B = {%00 :p 1|a and (—pi—l , p) = 1}

By = :p’"Ya and 4 =1
f = 1%a00 - P pffl,p =

Observe that B; = {¢a00 : a € C;}, where

Co =1{0},
Ci={sp 1 :0<s<p/ O D_1\{sp':0<s<p/7 =1}, forl<i<f-1
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and
Cf:{spf_1 :0<s=<p-—1})\{0}
Define €00 = Y e, Xa00(A)¢a00. Because x000(A) =2 — g,
pl—1

Do XA+ (142,

Jj=0

2¢* —¢q
4q

€000 =

For e;o0 where i # 0, if a € C;, then a= p"’ls where (s, p) = 1. Using Lemma 7
gives xq00(A) = Xpi—lsoo(A) = j:pféf”flsji—l = :I:pfa?“ji—l, where j;_1 is an inte-

ger. Hence we get

€ion = Z Xa00(A)Pa00

aeC,-

=Y +plE¥ g0,

aeC,-

But ¢,00 = 4#2720 Xa00(x7y0z9)x7 (1 4+ y)(1 4 z) and xa00(x/ y020) = £774.
Plug this into the equation for e;gp to get

f-1
+1 5 —_—
ei0 == D EU Xao (Y020 (1 + ) (1 +2)

aeC, =0
1
_ £1h

o 2 D ETET N A+ (o)
j=0 aeC;

P

Z D ETUTI (4 (1 +2).
Jj=0 aeC;

Change the counter of the sum using the substitution j' = j — j;_] to get

S—1—jio
+17 Lo
=7 2 25U+ nd+a)

J'=—Jji-1 a€C;

j:xji—lp iz

=== 2 &Y a+nd+a.

J'==Ji-1 a€C;

—t

Because x is a generator of the group C s, x™' = = xP' = for any integer ¢t and so

g fﬁ .
('} ;_] ST = YT since 77 =1, (6%~ = (£9)7" " for any integer
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1 il
t and so {~%' j'/:fj,-_l A “J/}j.,:g ! This gives

+ Ji—
cio = — ZZ& el (14 y)(1+2).

j=0 aeC;

The next lemma shows that e;op € Q[G'] and gives a specific value for it.

Lemma8 ForO<i < f,

:I:pf Lxli p f—itl -l i
€i00_7(1+)’)(1+Z)|: Yo(p—DxTT = Yk }

=0 =0, pft

Proof We have

=+ Ji—
eion = — ZZ& Tl (14 y)(1 +2).

j=0aeC;
From the definition of C;, one gets

pl—1

etOO—i—(1+Y)(1+Z)Z D oE YN

j=0 aeC;

pf—1 pf-G-bH_1 pl—1p/—i—1 .
DIRDMEENES 3 o]
j=0 s=0 j=0 s=0
(10)
The sums depend on the values of j. So we partition the set {j : 0 < j < p/ — 1} into
two subsets, namely 77 and 7T, where
Ti=(j=wp/ " 0<r<p ™" -1},

={j:0<j<p/ —1INT.

i—1

For j € Ty, we have =57~ = £=5t»" — | This yields

pl=D_1

3o Y e A+

s=0 jeli

pl =D _1pi=1_1
= > Y a+na+o

s=0 t=0

= Y p/ T A4y 2). (11)
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The last equality is true because the sum does not depend on s.
For a fixed j € T>, we want to show that

pI—=D_

Y e T A+ =0 (12)
s=0

From the definition of T, if j is a fixed element of T», then & ~/7' "' # 1 and £=/P""'
will be a p/~"th root of unity, where r is a positive integer that depends on j and

i—1<r<f—1.Hence we get

pl -1

>y =0,
s=0

But
pf'*“*l)—] - pr_] . 2pf—r_1 .
YoOETY = X EY Y E Y+
$s=0 s=0 s=pf-r
pf—=D_q
i1
S D G
s=(pr==D—n)p/=r

Each one of the sums in the right hand side is equal to zero. Hence the sum in the left
hand side is zero. This shows the validity of (12). Use (11) and (12) to get

+xfi-1 r i+1_tpf =i+l ol i ipl—i
i = — I A U+ = Y p/ TP A+ y) (4 2)
=0 =0
L. i71—1 i_l
+pf—ixii1 P vl f-i
:%(1-%)7)(1-{-@[ Z pxtp. + thp. .
=0 1=0

Partition the set B={r:0 <1t < pi — 1} into By ={t: t = psand0 < s <
p'~1 — 1} (B is the set of all elements which are divisible by p) and B, = B\B;
(B3 is the set of all elements which are not divisible by p). Using this partition gives

pilol Pl pimlo1 A piol
Z pxtp/—m . thp_/—z _ Z pxtp_/—m _ Z xsp_/—;+1 _ Z x,p_/—i
=0 t=0 t=0 s=0 =0, pit
pi—l_l pi_l
= e
t=0 =0, ptr
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Hence we get the required result

+pf =i izt P T
€ioo=?(1+y)(l+z)|: Z (p — Dx'? - Z x'P i|
O

=0 1=0, pft
I_
For A = 211:02;02520 ! Xabe (A)@ape, Lemma 8 simplifies these sums when

b =0 and ¢ = 0. The next work simplifies these sums when b # 0 or ¢ # 0.
We define

ei10(A) =Y Xa10(A)garo,

aEC,’

ei1(A) =Y Xa01(A)gao1,
aEC,’

eint(A) =Y Xa11(A)gal1-
uGC,'

First, we simplify eg10(A), ego1 (A) and ep11(A). To do so, we compute the values
of X010(A), Xo01(A) and xo11(A). Use Lemma 1 to get xo10(A) = £p/, xo001(A) =
+pf, and xo11(A) = £p/. We can translate A by y, z, or yz if necessary to get
x010(A) = p7, x001(A) = p/, and x011(A) = £p/. Hence replacing A by Ay, Az
or Ayz, if necessary, gives

1
p
x010(A) = > (Ix' |k — Ix'y|x + x'zlx — [x'yzlk) = p’
i=0
and
pl-1
Yoo () = 3 (¥l + Ix'ylx — ¥zl — Ix'yzlo) = p’
i=0
and
xon(A) = > (Ix'|x — Ix'y|x — Ix'zlk + [x'yzlk) = +p/.
i=0
We show that xo11(A) = pf. To this end, take H = K x pr; then G/H =
Zyp x Z». We find the intersection numbers relative to H. We have
pl=1
x010(4) = p/ =" (x' |k — Ix'ylk + Ix'zlk — Ix'yzlk)
i=0

=g —1ylg +zlg — yzlH.
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Similarly, we have

g+ Iylg —|zla — lyzle = p',
g —|ylg —zla + lyzla = £p”.

Hence, the intersection numbers |1|y, |y|H, |z|x and |yz| gy satisfy the equations

11 1 1 11 X000(A) 2p* — pf
1 -1 -1 1 Il || xo10(A) | p’
11 =1 =1 || lzla || xoo1(A) |~ p’
I -1 1 -1 lyzla xo11(A) +p/

Solving the system gives integer solutions if xo11(A) = p/ and fractional solu-
tions if x011(A) = —p/. But the intersection numbers |1|z, |y|#, |z|u, and |yz|g
are integers. Therefore, xo11(A) = p/.

We combine egpg(A), eg10(A), eoo1 (A) and ep11 (A) together and name the sum e.
So we get

eo = epoo(A) 4 €010(A) + epo1(A) + eo11(A)
P+ -1 (-1 <pf 1\ ("
=( T Sy 0y ) Zx/ L (13)

For i # 0, Lemma 6 ensures that if x;00(A), xi10(A), xio1 (A) and x;11(A) are differ-
ent, then they differ by a sign. Hence a similar argument, as what we have done for
eioo(A), gives

+p/ iy i1 pi—1 prit pi—1 ,pf—i-
Eilo(A)=f(1—y)(l+z) Z (p—Dx - >
L =0 1=0, pft .

A — i—]_l pi_l -

:I:pfilleil ! f—i+1 f—i
ein(A) = ————(+=a)| 3 (p=ha" = 3 2",
L =0 1=0, pft .

s I 1 —1 pi—l _

+pf—ixii-1 it .

€i11(A)=74 1—y)(1—72) Z (p — Dx'P’ _ Z 1P

L =0 1=0, pft _

As the case when i = 0, one can combine e;o0(A), €¢;10(A), e;j01(A) and e;11(A)
€1
together. To do that define the vectors €; = ‘2 | where €; = 1. We define this

€3

€i4
vector because the signs of e;p0(A), e;10(A), €01 (A) and e;11(A) are not necessarily
the same.
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For i # 0, name the sum e¢;, so we get

ei = ej00(A) +ej10(A) + eio1(A) +¢€;11(A)

1 1 1 1 €i1
f=iydi-1
_bp X 1 -1 -1 1 €i2
== [1 vy z zy] L1 -1 -1 s
1

-1 1 -1 €i4

P11 _ po1 .
X[ > e 3 x”’fl (14)
t=0

t=0, ptt

But,
f

A= Zei, (15)
i=0
where the ¢;’s are known from (13) and (14). One can get all intersection numbers
of A by using (15). But these intersection numbers are integers that lie between 0
and p/. Next, we show that these intersection numbers involve fractions or do not lie
between 0 and p/ which gives a contradiction.

4 Main result

Theorem 1 Suppose that G is a group of order 4q*, where g = pf, p is a prime
greater than or equal to 5. Furthermore, assume K < G with G' = G/K = Cy x
C> x C2 = G', where Cy4, Cy are the cyclic groups of order q and 2 respectively.
Then G does not have a (49°,2q* — q, q* — q) difference set.

Proof There are two cases to consider.
Case 1: The number of € ;’s which are positive is even, where 1 < j < 4. In this
case we show that one of the intersection numbers do not lie between 0 and p- .
f=1ydo
L —[(en +en+en+e)l+ (€11 —en+e3 —

F-1
€14)y 1+ (€11 + €12 — 6f131— €14)z+ (€11 — €2 — €3 +e)yzll(p — 1) —xP —
x2P" — ... —x(P=DP’77] Since the number of positive €1;’s is even, the coefficient

Equation (14) gives, e] =

. . . . Ll . '
of one of the elements x/0, x0y, x/0z or x/0yz is pT () (p—1)=x(p/ —p/h.
Name this element g’ and denote the coefficient of g’ in ¢; by |g’|.,. Any element of
. . . .. f— f
G’ appears in eq and its coefficient is either pTl or ”T'H. Hence
(' £1)

1€ legrey = £(pT — p/™H + >

Our goal is to find an estimate for the intersection number |g’|x. So we need an
estimate for |g’|, for the rest of the e;’s. From (14), the value of |g’|., is a num-

ber in the set {0, 25" dp/~1, £ QTP (=il =iy for i £0, 1,
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But (p/ =1 — p/=1) is the largest coefficient in absolute value. So, if |g|eyte; =
f
(pf = pfH+ @ then we have

|g/|K = |g/|e()+el + Z |g/|e,-

i£0,1
(P ED i -
>(p! = p" T+ == I =
0,1
P ED »
= =pThH+ === Y-
i£0,1
-2
—(pf — pflyy PTED i
(p )+ z(;( p
1=l

: . .. !
But the function f(x) = [(#) — 2x/~17 is positive, for x > 5. Hence [(Z 2+1) _
2p/=11> 0, for p > 5. This gives |g'|x > p/, for p > 5. This contradicts the fact
that |g’| ¢ between 0 and p/ .

If |g'legte, = —(p/ — p/~H) + (pf%, then the same argument shows that |g’| ¢
is negative. This completes case 1.

Case 2: The number of positive €;’s is odd, where 1 < j < 4. In this case we
show that some of the intersection numbers are fractions. To do that we examine the
coefficients of the e;’s. For a fixed i # 0, if the number of positive ¢;;’s is odd, then

11 1 1 €l +2
1 -1 =1 1 ||ea| | %2
1 1 =1 —1||es| | £2
1 =1 1 —1dLlea 12

i—1

. ; i . L.
Hence, in ¢; we have p' — p'~" elements that have :I:pT as a coefficient (which is

. ; fitl _ o f—i . D
a fraction) and p'~! elements that have +2———2" as a coefficient (which is an
integer). Let i’ = max{i : 1 <i < f such that the number of positive ¢;;’s is odd}.
Note that the maximum is well-defined, because at least the number of positive €1;’s
is odd.

For a fixed integer k with i’ < k < f, the number of €x;’s is even. Hence we have

1 1 1 1 €k1 81
1 -1 -1 1 €2 | 32
1 1 -1 -1 €3 o 53 ’
1 -1 1 -1 €14 04

where each one of the §;’s is either O or £=4. This shows that the coefficients in e; are
integers for i’ <k < f.
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The coefficients in e( are integers and this is because these coefficients are either
# or #. For a fixed k, where 1 < k < i/, if the number of €k;’s is odd then
the coefficients of the elements of e are fractlons. From the analysis above we get
fractional coefficients in e, when k = i’ and possibly when 1 < k < i’. Now, we
estimate the number of elements in A which have fractional coefficients.

The number of elements with fractional coefficient in e; is p' — p’ ~!. But we

have at most another Zk ! pk — pk=1 = pi =1 _ 1 elements in the e;’s that have

a fractional coefficient, where 1 <k <i’. Since p’ 1< pi/ — ;7"/_l for p > 5,
when we sum up the ¢;’s to get A, we will have at least (pi/ — pi/_l) — (;7"/_1 )
intersection numbers of A with fractional coefficients. This contradicts the fact that
intersection numbers are integers. So this completes the second case. Hence G does

not have a (4¢2,2q* — q, q*> — q) difference set. U
The following result is often called Dillon’s dihedral trick.

Lemma 9 (Dillon [5]) Suppose that G is an abelian group of even order with a sub-
group G of index 2. Hence G1 = G» U9G2 where 6 € G1\ G». Let G1 be the gener-
alized dihedral extension of G1, i.e. G1 =(G12,0:0%°=1,030=g"'vge Gz)
Furthermore, let G be a group which has U as a normal subgroup with G /U = Gl If
D =X + QY € Z[G,1, where X, Y € Z[G>], satisfies DDV = (k — A) + AU |G,
then this forces D = X +0Y € Z[G1] to satisfy DDV = (k — 1) + A|U|G.

Corollary 1 Suppose that G is a group of order 4q* which have a normal subgroup
U so that G/ U is isomorphic to Dy, (the dihedral group of order 4q). Then G does
not admit (4q*, 2q° q* — q) difference sets.

Proof Use Theorem 1 and Lemma 9 to get the result. (|

If the Sylow 2-subgroup of G’ is cyclic (i.e. G' = G/K = C; x C4) then the
possible values of o in Lemma 4 depend on p. For instance, if p =1 (mod 4) and
n is a primitive pth root of unity and « is an algebraic integer in Z[in] all of whose
conjugates have modulus p, then « has four possible values. More details about these
four values of « can be found in [6]. AbuGhneim, Becker, Mendes, and Smith used
one of these values to construct images of a putative Menon-Hadamard difference set
inG'=G/K =Cp x Cy,see[l].

But, if p =3 (mod 4) then « has one possible value similar to the one in Lemma 4.
In this case we expect to get a similar result to Theorem 1.
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