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Abstract We give a simple description of the natural bijection between the set of
FLOTW bipartitions and the set of Uglov bipartitions (which generalizes the set of
Kleshchev bipartitions). These bipartitions, which label the crystal graphs of irre-
ducible U, (sl,)-modules of level two, naturally appear in the context of the modular
representation theory of Hecke algebras of type Bj,.
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1 Introduction

Let n > 0, and let W,, be a Weyl group of type B, with a set of simple reflections
S:={t,s1,...,s,—1} and relations symbolized by the following braid diagram:

t 81 82 Sn—1

Letk be afield and Q, g € k*. We denote by H,, := Hy(W,, Q, q) the correspond-
ing Iwahori—Hecke algebra. This is the associative unitary k-algebra generated by the
elements T for s € S, subject to the braid relations symbolized by the above diagram
and the relations (7; — O)(T; + 1) =0, (T5; —¢)(T;; + ) =0for I < j <n—1.
When H, is semisimple, the Tits deformation theorem shows that the simple modules
of this algebra are in natural bijection with the simple modules of the group algebra
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kW,. In the nonsemisimple case, the classification of the simple H,-modules was
obtained by Dipper and James [7], Ariki [1], [2], and Ariki and Mathas [4], using the
theory of canonical bases and crystal graphs for quantum groups.

Let U, (;[e) be the quantum group of type Ail_)l. Ariki and Ariki-Mathas showed
that the set of simple H,,-modules Irr(H,) is in natural bijection with the Kashiwara
crystal basis of the irreducible 4, (gle)—module with highest weight sum of two funda-
mental weights Ay, + Ay, (0 < vg, v1 < e). There are several natural ways to obtain
a parametrization of this basis, depending on a choice of integers so and s; in the
classes of vg and v; modulo e. Hence we obtain several possibilities for labeling
the same set Irr(H,); they are given by a certain class of bipartitions @éfﬁ’s‘) named
“Uglov bipartitions.” This kind of bipartitions both generalizes the set of FLOTW
bipartitions (which correspond to the case 0 < sp, s; < e, see [12]), and the set of
Kleshchev bipartitions (corresponding to the case where so —s1 > n — 1 — e, see [2]).

In [10], M. Geck and the author have given an interpretation of this fact in the con-
text of the representation theory of Hecke algebras. We showed that each of the para-
meterizations by qﬁéf,(;’”) corresponds to a natural indexation of the Geck—Rouquier’s
canonical basic set. As a consequence, these sets give natural indexations of the sim-
ple modules for Hecke algebras of type B, in the nonsemisimple case.

In general we only know a recursive definition of the sets of Uglov bipartitions,
and a natural problem is to obtain a nonrecursive (and simple) characterization of
these sets. In the case where so —s1 > n — 1 — e (known as the “asymptotic case”),
this problem has been recently solved by Ariki, Kreiman, and Tsuchioka [5], using
results of Littelmann. Our purpose is to obtain a new characterization of all Uglov
bipartitions using the following facts:

e In the case where 0 < 59 < s1 < e, we know a simple nonrecursive characterization
of the set <De(f9,’s'), the FLOTW bipartitions [6].
e If s), = so(mode) and 5| = sj(mode) or if 5, = s (mode) and 5| = so(mode), we

have a bijection between q>§f‘3““ and @Sﬁ’sl).

Hence, if we know a simple (and nonrecursive) description of the above bijection,
the desired characterizations of all Uglov bipartitions will follow. Quite remarkably,
the main result of this paper, Theorem 4.6, together with the work of Leclerc and Miy-
achi, shows that this bijection is controlled by the canonical bases of the irreducible
U, (sls)-modules. As a special case, we obtain a quite simple and new characteriza-
tion of the set of Kleshchev bipartitions (but which remains recursive. ..) by using
the notion of symbols.

The paper is organized as follows. The first section gives a brief exposition of
the theory of crystal graphs and connections with the representation theory of Hecke
algebras. In the second and third sections, our main results are stated and proved:
we study the combinatoric of Uglov bipartitions and give a description of the above
bijection. This description is largely inspired by the works of Leclerc and Miyachi.
In the last section, we describe the relations of our results with these works.
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2 Crystal graphs of v-deformed Fock spaces of level 2
2.1 Fock spaces

Let v be an indeterminate, and let e be a positive integer. Let ) be a free Z-module
with basis {h;,0 |0 <i <e}, andlet {A;,§ | 0 <i < e} be the dual basis with respect
to the pairing

(Y:b*xh—>7Z

such that (A;, hj) =8;j, (6,0) =1, and (A;,0) =(5,h;) =0for 0 <i,j <e. Ihe
A (1 <k < e) are called the fundamental weights. The quantum group Uy (sl,)
of type Ail_)l is the unital associative algebra over C(v) generated by the elements
{ei, fi |1 €{0,...,e—1}} and {k, | h € h} subject to the relations described, for
example, in [16, Chap. 6].

In this paper, we want to study the irreducible U, (;[e)-modules with highest
weight A, where A is the sum of two fundamental weights A,, + A, with 0 <
v, V1 < e. These modules can be constructed by using the Fock space representation
which we now define. Let IT» , be the set of bipartitions of rank 7, that is, the set of
2-tuples (A, A(D) such that 1@ (resp. A(V) is a partition or rank a; (resp. a») with
aj+a; =n.Lets = (sg, s1) € Z? be such that so = vg (mod e) and s; = v (mod e) or
such that s) = v; (mode) and s; = vg (mod e). The Fock space (of level 2) is defined
to be the C(v)-vector space generated by the symbols |A, s) with A € [T, ,:

5= P cons).

n>0 el

Let us introduce some additional notation concerning the combinatorics of biparti-
tions. Let A = (A(9, A(D) be a bipartition of rank n. The diagram of A is the following
set:

M ={@b,e)|0<c<1, 1<b<r@}.

The elements of this diagram are called the nodes of L. Let y = (a, b, ¢) be a node of
A. The residue of y associated to e and (s, s1) is the element of Z/eZ defined by

res(y) = (b —a+ sc)(mod e).

If y is a node with residue i, we say that y is an i-node. Let A and u be two bi-
partitions of ranks n and n + 1 such that [A] C [u]. There exists a node y such that
[m] = [A] U {y}. Then, we denote []/[A] = y and if res(y) =i, we say that y is
an addable i-node for A and a removable i-node for w. Leti € {0,...,e —1}. We
introduce a total order on the set of addable or removable i-nodes of a bipartition.
Let y = (a,b,c) and y’' = (a/,b’, ") be two i-nodes of a bipartition. We denote
Y <(so.sn V' if:

b—a+s.<b —d +ss orit b—a+s.=b —a +s», and ¢ <c.

Note that this order strongly depends on the choice of 5o and s in the classes of vg
and v; modulo e. Note also that this order coincides with that of [10].
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Using this order, it is possible to define an action of U, (?[e) on the Fock space
$° such that §* becomes an integrable U, (E[e)-module. Moreover, it is known that
the submodule M generated by the empty bipartition is a highest-weight module
with weight Ay 4+ Ay, (see [14] for details). Hence, if s’ = (s, s7) € Z? is such that
50 = sy(mode) and s1 = s{(mode) or such that so = s{(mode) and 51 = sy(mode),
then the modules Mg and My are isomorphic. However, it is important to note that the
actions of U, (;[e) on the elements of the standard basis |A,s) and |\, s') are different
in general.

Remark 2.1 Let (vg,v;) € {0,1,...,e— 1}2. Then it is possible to define another
order on the set of i-nodes of a bipartition as follows: we write y = (a, b, ¢) <(yy,v;)+
y' =(d,b,c)if:

¢ <c orif c=¢ and d <a.

Note that if we fix a bipartition A of rank n, then the above order on the i-nodes of
A coincides with <, s,y in the case where sop = vo(mode) and s; = vi(mode) and
so > s1. This order will be referred to the positive asymptotic order, and this is the
one used by Ariki [2] in its determination of the simple modules for Hecke algebras
of type B,,.

Similarly, we can define another order on the set of i-nodes of a bipartition as
follows. We write y = (a, b, ¢) <y ¥’ =, b, ) if:

¢ >c orif ¢c=¢ and d <a.

If we fix a bipartition A of rank n, then the above order on the i-nodes of A coincides
with <y, 5,) in the case where 59 = vg(mod e) and 51 = vi(mode) and sg < s1. This
order will be referred to the negative asymptotic order.

In the two cases, we obtain an action of I, (-/3\[6) on the space FovD) | and the
submodules M :(_),Ul and M, . generated by the empty bipartition are both irreducible

highest-weight modules with weight A,, + A,,, and they are isomorphic.
2.2 Crystal graph of Mg

As the modules M are integrable highest-weight modules, the general theory of
Kashiwara and Lusztig provides us with a canonical basis of Ms. We do not need
in this paper the definition of this basis, but it is important to note that by the deep
results of Ariki [1] one of the interest of this basis is that it provides a way to compute
the decomposition matrices for Hecke algebras of type B, over fields of characteris-
tic zero (see [3, Theorem 14.49]). In order to make an efficient use of this, we need
to determine a good parametrization of the canonical basis. This is given by studying
the Kashiwara crystal graph which we now describe.

Let A be a bipartition, and let y be an i-node of A. We say that y is a normal i-node
of A if, whenever 7 is an i-node of A such that n >, 5,) ¥, there are more removable
i-nodes between n and y than addable i-nodes between n and y. If y is the minimal
normal i-node of A with respect to <y, 5,), We say that y is a good i-node.

Following [2, §2], the normal i-nodes of a bipartition A can be easily obtained
using the following process. We first read addable and removable i-nodes of A in
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increasing order with respect to <y, 5,). If we write A for an addable i-node and R
for a removable one, we get a sequence of A and R. Then we delete RA as many as
possible. The remaining removable i-nodes in the sequence are the normal i-nodes,
and the node corresponding to the leftmost R is a good i-node.

Example 2.2 Lete=4,s=(0,6), and A = ((4, 3,1, 1), (4)). The Young diagram of
A with residues is the following one:

1/2]3]
1

NEIEINIES

[>
Il
‘r—\|t\>wo

We have one addable 1-node (2,1,1) and three removable 1-nodes (4,1, 0),
(2,3,0), and (1,4, 1). We have:

(4, 1,0) <0,6) (2,3,0) <0,6) 2, 1, 1) <(0,6) (1,4, 1),

and the associated sequence of removable and addable 1-nodes is RRAR. Hence,
(4,1,0) and (1,4, 1) are normal 1-nodes of A, and (4, 1, 0) is a good 1-node for A.

Note that this notion depends on the order <, s,y and, thus, on the choice of s. To
define the crystal graph of Mg, we need to introduce the one of the Fock space F*.
This graph has been studied by Jimbo et al. [14], Foda et al. [6], and Uglov [17]. It is
given by:

e Vertices: the bipartitions.

e Edges: A N p if and only if [u]/[A] is a good i-node.

Then the crystal graph of My is the connected components of that of 73 which
contains the empty bipartition @ := (4, ). The vertices of this graph that are in natural
bijection with the canonical basis elements of My are given by the following class of
bipartitions.

Definition 2.3 Let s € Z?. The set of Uglov bipartitions @3, is defined recursively
as follows.

e We have §:= (4,0) € q);o,

e LetAelly, forn>0.ThenA € ij,n if and only if there existi € {0,...,e — 1}
and a good i-node y such that if we remove y from A, the resulting bipartition is
in <D:’ ne1-
Itis known that the set | [, @; ,, naturally label the canonical basis of the module

M. In the special case where 0 < sg <51 < e, Foda, Leclerc, Okado, Thibon, and

Welsh have given a nonrecursive parametrization of the set of Uglov bipartitions.

Proposition 2.4 (Foda et al. [6, Prop. 2.11]) Assume that s := (sg, 51) € 7% is such
that 0 <sg <s1 <e.Then A = (A(O), k(l)) isin @:’n if and only if:
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(1) foralli=1,2,...,we have:

)LZ(O) > 3D

I+s1—50°

(1 0) .
)\'i z )\'i+€+307s1 ’
(2) forall k > 0, among the residues appearing at the right ends of the length k rows
of A, at least one element of {0, 1, ..., e — 1} does not occur.

Such bipartitions are called FLOTW bipartitions.

When the condition 0 < 59 < 51 < e is not satisfied, the above characterization of
Uglov bipartitions is no longer true. Hence, an important problem would be to obtain
a simple description of @7 ,, in all cases.

Assume that s := (sg, s1) € Z? and 8’ := (sps51) € Z? are such that 50 = so(mode)
and s| = sj(mode) or such that s = s;(mode) and 5| = so(mode). Then the irre-
ducible highest-weight modules Mg and My are isomorphic, and this implies that
the associated Kashiwara crystal graphs are also isomorphic: only the labeling of the
vertices by the sets of Uglov bipartitions changes. Hence, in these cases, there exists
a bijection

sh.s! sh.s!
A e
This bijection can be obtained by following a sequence of arrows back to the empty
bipartition in the crystal graph of Mg and then applying the reversed sequence to
the empty bipartition of My. In other words, the bijection is obtained recursively as

follows. We put W(SO'S‘))(Q’) — @. Assume that we know W0 ; @050 051

(50,81 (s0,s1) * ~en—1 en—1"°
LetA e di'é‘f,%’sl). Then there exist i € {0, ...,e — 1} and a good i-node y with respect
to <(s.s;) Such that if we remove y from A, the resulting bipartition A’ is in @%

en—1°

Let p := W(Fvs()"i;l)) (A). Then there exist an i-node y’ and a bipartition g such that

[#] = [1'1U {y’} and such that y’ is a good i-node for u with respect to <(s).s))-
(59+57)

Then we put lI/(SO’Sl) ) =n.

Remark 2.5 Let (vo, v1) € {0, 1, ..., e — 1}>. Then the crystal associated to the mod-
ules M and M, can be obtained in the same way as in Definition 2.3 by using

V0.1 V0.V
the order <(y,v;), and <(y,v;)_. The bipartitions which label the vertices of the

crystal graph are respectively called the positive Kleshchev bipartitions and negative
Kleshchev bipartitions. They are denoted by <Pe(f},?’v')+ and Cbéjj,g’ul)‘.

Let s := (s, s1) € Z2 be such that so = vg(mode) and s; = v; (mode). Then the
irreducible highest-weight modules Mg, M;"  , and M, ,, are isomorphic, and we

0,1’ v
also obtain the bijections:

W(UO,UI)— - pS0.s) _y (p(gfﬁr(l),vl)f’

(s0.51) e,n

(vo,v1)+ . 5 (s0,51) (vo,v1)+
(s0,s1) ° ¢¢”" = Pen

’

(vo,v)— . 4 (vo,v1)+ (vo,v1)—
(00,0104 Doy — D, .
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Note that we also have the bijections lI/((;l)’ST()’)*, (gl;{;fg)*, and lI/(( U%I,’UUIO));- By the de-

finitions of the order <(y,,v;), and <y, vy and the definition of good nodes, it
is clear that the last bijection is given by lI/((UvO‘ ’UUIO)); GO AWy = M 1Oy for all
00,20y e pI

Now it is natural to try to obtain a more efficient description of these bijections.
This is also motivated by the following results.

2.3 Hecke algebras of type B,

One of the motivations for studying the class of Uglov bipartitions is provided by the
study of the modular representations of Hecke algebras of type B,,. We briefly sketch
this application in this subsection.

Let W, be the Weyl group of type By, and let (a, b) € N2>0 and ¢; 1= exp( 2’%). Let
H, .= H (W, {lb, ¢/") be the Hecke algebra with parameters Q := Qb and g := ¢/
defined over the field of complex numbers as it is defined in the introduction. In this
case, the algebra H, is nonsemisimple in general, and one of the main problem is
to determine a parametrization of its simple modules and to compute the associated
decomposition matrix. An approach to solve this problem has been given by Geck [8]
and Geck—Rouquier [11]. This approach which is closely related to the existence
of Kazhdan-Lusztig theory shows the existence of “canonical sets” of bipartitions
which are in natural bijection with the set Irr(H,). These sets are called “canonical
basic sets,” and they also show the unitriangularity of the decomposition matrix of
H, (for a good order on the rows provided by the Lusztig a-function). A complete
survey of this theory can be found in [8] (see also [9] for further applications). Now,
[10, Theorem 5.4] shows that these canonical basic sets are precisely given by the
Uglov bipartitions.

Theorem 2.6 (Geck-Jacon [10]) Let H, := Hy(W,, ;lb, ¢f") be the Hecke algebra
with parameters Q := §lb and q := ¢f', where (a,b) € N2>0. Let d € 7 be such that
{lb = —{1‘”1. Let e > 2 be the multiplicative order of q, and let p € 7. be such that:

b
d+pe<—<d+(p+1e.
a

Then the set B = @éfi,f-p &0 is a canonical basic set in the sense of [10, Def. 2.4], and
it is in natural bijection with Irr(H,).

Thus it could be interesting to obtain another characterization of the set of Uglov
bipartitions.

3 First results

lI,(So-,51+€)

o5 in the case

. . . .. sh,s”
where so < s1 is sufficient to obtain a characterization of the maps W((SOO Sll))
cases.

In this section, we show that the characterization of the map

in all
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3.1 Particular cases

)

) in partic-

The following proposition gives an explicit description of the map '1/((50’;’
50-1

ular cases.

Proposition 3.1 Let (so, 51) € N2, and lete > 1 be a positive integer.

(1) Let t € Z. Then for all A € Qﬁéfg's'), we have J/((SSO";’)E’S]HE)(X) = A. Hence we
have ’
djéfg,sl) — @éfgﬂ—te,sl-i-te).
() For all A = 0@ 20y e @80V e have w(f;: SO 2Dy = D, 2O,
Hence we have ’
(pé’slllyso-i-e) — {X — ()\(0)’ )»(1)) €, | (k(l), )»(0)) c @e(fg,sl)}_
Proof The first assertion is clear as the order associated to (sg, s1) and (so + te, s1 +
te) on the set of i-nodes of a bipartition is the same in both cases.

We prove (2) by induction on the rank n. If n = 0, then the result is clear. Assume
that n > 0. Let A = W@, 2Dy e <1§S2’S1), and let y = (a, b, c) be a good i-node
of A. We must show that y’ = (a, b, ¢ + 1(mod?2)) is a good i-node for (AD, 1(V)
for the order induced by (s1, so + €), and the result will follow by induction. To do
this, by the definition of good nodes in Sect. 2.2, it is enough to show the following
property: if i € {0, 1,...,e— 1}, then y; = (aj, b1, c1) is an i-node in A0
such that y >, ) »1 if and only if yl’ = (a1, b1, c1 + 1(mod?2)) is an i-node in
D, 1Oy such that Y >(s1.50+e) 7/1/- We first assume that y >, ;) ¥1 and we show
that ' >, so+e) 7’1/- Note that as y and y; have the same residue modulo e, there
exists t € Z such that b —a +s. = b1 —ay + s¢, +te.

e If c = ¢y, then it is clear that ' > (5, so+e) V1

e Ifc=0and c; =1, then we have t > 0. Hence b — a 4+ sg > b; — aj + s1 and thus
b—a+so+e>by—ar+syand y' > sore) V)

e If c=1 and ¢y =0, then we have ¢t > 0. Hence we have b —a + s1 > b; —a; +
so+e Ift > 1, then we have b —a +s1 > by —aj +s0 + e and ¥’ > (5, so+¢) yl/.
Ifr =1, thenwehave b —a +s1 =by —ai +so+ e and y' >, so+e) V1, since y’
is in the first component of (A(1, 2Oy,

Assume now that ¥’ >, so+¢) ¥;- Then by the above argument y > (54 5, +¢) V1.
and we conclude by using (1).

l1,(110,111)—

The following proposition deals with the characterization of the maps s0.51)

lp(vo,vl)+_

and (s0,51)

Proposition 3.2 Let (so, s1) € 72, and let (vg,v1) €{0,1,...,e— 1}2 be such that
vo = so(mode) and vi = s;(mode).
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(1) ifsy —so>n—1, then forall A € @gg’sl), we have LI/((SI;O;T;)’ (M) = A. Hence we
have

(pe(?';)l,sl) — q;e(f}’?svl)— ]

(2) If so—s1 >n—1—e, thenforall A € @Sﬂ’“), we have 11/(&'3(?;1:;” () = A. Hence
we have

@e(sgm) — @é}’r(l)svl)+ ]

Proof We prove (1). Let (so, s1) € Z* be such that sy —sg > n— 1 and let A € @éfﬁ’sl).
Let ¥ = (a, b, ¢) be a removable i-node of A, and let y’ = (a’, b’, ¢’) be an addable
or removable i-node of A. We show that y <(s,.s,) ¥’ if and only if y <(yy,»)_ ¥/,
and the result will follow by induction and by the definition of a good i-node as in the
proof of the previous proposition. Assume first that y <y, s,) ¥'. If ¢ = ¢’, then the
result is clear. So assume that ¢ # ¢’. If ¢ = 1 and ¢ =0, then we have y <(y,v,)_ ¥’
Assume that ¢ = 1 and ¢’ = 0. As y and y’ have the same residue modulo e, there
exists r € Z suchthatb —a +s1 =b"—a’ +s0+1e. As y <(y,5) ¥', Wwe have r <0.
Hence we have:

b—a— U —d)<(o—s1)<1—n.

This is impossible. Indeed, as A is a bipartition of rank n, we must have:
|p'—a —(b—a)<n—1.

Assume now that y <(yy,v)_ ¥'. If ¢ =/, then y <(y,.¢,) ¥’. If otherwise, we have
¢=1landc=0,thend —a’' +s1—b—a+s9)>1—n+s —s0>0, and we
conclude that y <, s,) ¥’. Hence the first assertion is proved. (2) follows by using
Proposition 3.1(2) and Remark 2.5. [l

3.2 The map ¥ 5119

(s0,51)

In this subsection, we show that to characterize 'Ifés( )0:] ])) in all cases, it is enough to

(s0,511€)
l11(30,31)

know 11/((;00”;1‘)4_6) and its inverse map if s < s1.

Let (ug,u1) € Z* be such that 0 < u. < e and s. = u.(mode) for ¢ =0, 1. By
Proposition 3.1(2), we can assume that we have 0 < ug <u;| < e. Then, we have a
characterization of all the following maps:

characterize in the case where 0 < 5o < s7. First, let us assume that we

@(MO»MI) (p(uo,ul+€)

e,n e,n
(uq,up+e) (uqy,up+2e)
(uq,uy) (uq,uy+e)

(p(MOJll'He)
en
(uqy,up+te) (uq,up+(t+1)e)
(ug,up+@—"1e) (ug,uytte)
where ¢ is such that (t — 1)e > n — 1. Now, by Proposition 3.1(1), for all s € N,

we have that @é",‘,’ wuitse) _ @é",‘,’ —set) and lll((;ooy;fi:el)) is the identity. Hence all the
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following maps are known:

uo,u up—e,u
o —— el ——
(up—e,uy) (up—2e,uy)
(uqy,uy) (up—e,uy)
d)(uofte,u]) (up,u1)—
_—> _—>
e.n e,n .
(up—te,uy) (ug—(@t+1)e,uy)

(ug—(t—De,uy) (up—te,uy)

As we have 0 <ug <u; <e, we have u; <ug + e. Hence, we have a characteri-
zation of the following maps:

2
(péunl,uo-i-e) (pe(unl,uo+ e)
’ (uy,u1+2e) ’ (uy,up+3e)
(uy,up+e) (uy,up+2e)
@ nuot+l)e) p (u1-10) -
(uy.ug+@+1)e) en (uy,up+@+2)e) €.n
(uyp,uptte) (uy,ug+@+1)e)

Hence by Proposition 3.1(2), we have a characterization of the following maps:

uo,u up+e,u
q)e(’no 1) q)e(’r(l)+ 1)
(up+e,uy) l1](uo+2€.u|)
(ugy,u) (up+e,uy)

Jup) q)e(ul;),ul)+.

lp(u(ﬁ»te uy) (up+@+1)e,uy)
(up+(t—De,uy) (up+te,uy)
By Proposition 3.1(1), for all s € N, we have that cbéf’,?“'e’”l) = éf’,?’”‘fse) and
((;00 s el)) is the identity. Hence all the following maps are known:
(uo,u1) (ug,u1—e)
(pe,n E— ¢e,n —_—
(ug.uy—e) (uqy,uq—2e)
(uqy,up) (uqy,uy—e)
(uo,u1—te) (o,u1)+
— D,y — Dy .

(uq.uy—te) (ug,up—(t+1)e)
(uqy,uyp—@—1)e) (ugy,uy—te)

In addition, note that by Proposition 3.1(1), we can also assume that sp and s are
l1,(S0,S1 +e) .

both positive integers. Thus, we conclude that the characterization of o) A0

(sg-57) .

the case where 0 < 59 < 51 yields a characterization of ¥ in all cases.

(s0,51)

W(SO’SI"'e)

4 Characterization of the map (50,51)

4.1 Properties of Uglov bipartitions

We begin with a general result on the set of Uglov bipartitions. This will be useful
for the proof of the main result.

Proposition 4.1 Let s := (sg, s1) € N2, and assume that s1 > s0. Let A € @j’n, Then
S 45;”1, where f > s1+n. Hence, foralli =1,2,...,we have:

(0) (1
)‘i z )”i+s1 —s0°

@ Springer



J Algebr Comb (2008) 27: 143-162 153

Proof This is proved by induction on n. If n = 0, the result is trivial. Let n > 0, and
let A € @7 .. Then by the definition of Uglov bipartitions, there exists a good i-node
n = (a, b, ¢) such that if we remove n from A, the resulting bipartition is in @Z el

We have )\,(f) —a + s, =i(mode). Now, we have two cases to consider:

e If there is no addable node ' = (@’, &', ¢’) such that )Lg,'/) —d +ss =29 —a+ts,.
Then, as f > sy +n, there is no addable node such that A{(;,J) —d 45y =2 —a+
sc(mod f). This implies that 5 is a normal node for the order induced by s and f. If
there is no removable node " = (a’, b’, ¢) such that )»ic,/) —a +sp = A,Sc) —a+s.
then this is a good node for the order induced by s and f. If otherwise, as 5 is a
good node for the order induced by s and e, we must have ¢’ < ¢. We conclude that
n is a good i-node for the order induced by s and f.

e If there is an addable node ' = (a’, b’, ¢’) such that Aflc//) —ad' 450 =2 —a+s,,
then, as 71 is a good i-node for the order induced by s and e, we must have ¢’ > ¢
(if otherwise, we have 1’ >(s,.5,) 7 and no removable i-node between these two
i-nodes). n’ is the only addable node which has the same residue as " modulo f.

Moreover, in this case, there is no removable node ' = (a’, b/, ¢’) such that Ag‘;/) —
a 450 =29 —a+ s, and thus such that )L((ZC,/) —a +50 =2 —a+s.(mod f).
Hence n must be a good i-node for the order induced by s and f.

Thus, the first part of the proposition follows by induction.
Now, as f > s; + n > s1, the elements of ijf are FLOTW bipartitions. Hence,

we can use the characterization of Proposition 2.4 to get the second part of the propo-
sition. U

4.2 Symbol of a bipartition

Lets :=(sg, 1) € N2 be such that so <51, and let A := (A(O), A(l)) be a bipartition of
rank n > 0. Assume that A©@ = 2?20 2@y and 20 = VA0 AD)
(where )»50) > )\20) > > )\52) and )\51) > A(zl) > > ,\S})). Let m € N be such that
m > Max(rg — so, 71 — s1). We define the following numbers which depend on A, s,
and m:

e Fori = 1,...,m+so,weput,3i(0) =A§0) —i+so+m

e For j = 1,...,m+s1,weputﬂ§1) =)»§.l) —Jj+s1+m

where we put )»,((0) =0 (resp. )»,((1) :=0) if k > ry (resp. kK > r;). We have /31(1) >

,3(1) s> ﬁ,(nlj_sl >0 and ,8(0) > /3(0) s> ﬂ,(yg)_so > 0. In this paper, we some-
times identified 8 (¢ = 0, 1) with the set {,3,(,3_30, e ,ch)}. Then, the s-symbol

Ss(X) of A is defined to be the pair of these two partitions. This is written as follows:
(€] (¢)) (1
</3m+s. ﬂm+s.—1 e By )
) (] ©) :
‘Bm+50 '31n+s0—1 ﬂ
On the other hand, given an s-symbol S, it is easy to get the bipartition A such that
Ss = Ss(A). By Proposition 4.1, note that if A is in @3 | the s-symbol Sg(A) has the

e,n’
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property that ,Bi(jr)S17S0 < ﬂi(o) fori =1,...,m+sp. Such symbols are called standard
in [15].
We will now define a map from the set of Uglov bipartitions @7 , to the set of

bipartitions of rank # using this notion of s-symbol. Let A := (A(0, A(D) ¢ &g ., and

let Ss(A) = ( g (((;)) ) be its s-symbol. Following [15, §2.5], we first define an injective

map 0 : 8@ — B such that 9(,3](.0)) < /3;0) forall j € {1,...,m 4+ so} as follows.

0)

1
nso = ,Bi( ). Then we put

e Let ﬂi(l) be the maximal element of A1 such that 8
0 1
e(ﬁr(niso) = ﬂi( )-

e Assume that we have defined 9(;‘3}0)) forj=p+1,p+2,...,m+sp. Let ,3,51) be
the maximal element of B\ {O(BS),, U---UBS),UBS) )} such that B > B
Then we put 8(85”) = AL

Observe that the standardness of Sg(A) implies that 6 is well defined. The 2-tuples

(j,0(j)) such that 6(j) # j are called the pairs of Sg(A).

Example 4.2 Let e =4 and s = (0, 2). Then by Proposition 2.4, the bipartition A :=
(2,2, 1),(3,2)) is in @2, The s-symbol of this bipartition is the following one

(where we put m = 4):
01 2 3 6 8
0 2 45 '
We have 6(0) =0,0(2)=2,6(4) =3,0(5)=1.
Definition 4.3 Let ¢ be a positive integer such that e > 1, and let s := (s, 51) € N?

be such that so < s1. We define a map

Yiso.sn) q;(gfg.ﬂ) —> I,
as follows. Let A € <D£‘f2’s’), and let Ss(L) be the associated s-symbol. Let S} be the
symbol obtained from Sg(A) by permuting the pairs in Sg(A) and reordering the rows

(so that S, is a well-defined s-symbol, see the example below). Let u be the bipartition
such that S, = Ss(p). Observe that u € IT, ,. Then we put:

T(S(),S])(A') = ’L

Example 4.4 Keeping the above example, the symbol S/ is given by

0 2 4 5 6 8
01 2 3 ’
This is the s-symbol of the bipartition (&, (3, 2,2, 2, 1)).

Remark 4.5 Note that the inverse map T(_l can be easily obtained as follows.

50551)

)
Let p := (,u(o), /L(l)) € T(so,sl)(q)éfg"”))’ and let Ss(p) = <§(0)> be its s-symbol.

We define an injective map 7 : 8@ — B such that r(ﬁj(.o)) > ,3;1) for all j e
{1,...,m+ sy} as follows.
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o Let ﬂi(l) be the minimal element of B! such that /3{0) < ,Bi(l). Then we put

0 1
tB)=p".
e Assume that we have defined r(,B(O)) forj=1,2,...,p—1.Let ,3(]) be the mini-

mal element of B\ {r(ﬂ(o) U ,3(0) -U ,3(0)1)} such that ﬁ(o) < ﬂ,ﬁl). Then we
put T(By) = By
Let A be the bipartition associated to the s-symbol obtained from Ss(u) by per-

muting the pairs (j, t(j)) with j # t(j) and reordering the rows. Then we have
r= (So Sl)()”)

4.3 Main result

We can now state the main theorem of this paper which gives an explicit description

e (s0.s1+e)
of the bijection Yios) -

Theorem 4.6 Let e be a positive integer such that e > 1, and let s :== (59, 51) € N2
be such that so < s1. Then:

l1,(50 ,s1te)

(so.s1) = Tiso0)-

To prove this theorem, we need combinatorial properties of the map Yy, s,). Recall
that m € N is such that m > Max(rg — so, 1 — s1). For a bipartition v € I, ,, let

Ss(v) =
,3(0)
the right ends of the Young diagram of v) corresponds to an element of Ss(v). Indeed,

to each node (a, v c) we can associate the element ,B(C) (C) —a—+sc+m.
Observe also that:

) be its s-symbol. Observe that each node y on the border of v (that is at

e If the number B — 1 does not occur in B, then y is a removable node of v.

° If the number ,6(‘) + 1 does not occur in ,B("), then we have an addable node
= (@, v +1,¢)in v.

o The residue of the node y associated to L is B — m(mod e).

In addition, recall that if n = (a, b, ¢) and ' = (a’, b', ¢’) are two i-nodes of a bipar-
tition, we have 1 <, 5,) 1" if and only if:

b—a+s.<b —d +ss orit b—a+s.=b —a +s» and c>c.

On the other hand, assume that n = (a, b, ¢) and ' = (a’, b’, ¢’) are two i-nodes such
that 7 <(sy,5,4¢) 7-

Ifc=c¢"=0, thenwe have b —a +sg <b' —a’ + sp.

Ifc=c¢ =1, thenwehave b —a+s; <b —a’ + ;.

If c=0and ¢’ =1, then we have b — a + sg < b’ — a’ + s1 + e. Thus we have
b—a+syg<b —a +siorb—a+so=b—a +s].

e Ifc=1andc’ =0,wehaveb—a+s;+e > b —a’+sy. Thuswehave b—a +s; <
b —a' + so.
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Hence, if n = (a, b, c) and ' = (a’, b', ¢’) are two i-nodes of a bipartition, we have
1N <(so.51+¢) " if and only if:

b—a+s.<b —d +ss orit b—a+s.=b —a +s», and c<c.
4.4 Proof of Theorem 4.6
This is proved by induction on n. If n = 0, then the result is trivial as

@ L0nt) gy — ) = (0) =0

(50,51)

Letn >0, let A := W@ 1Dy ¢ @7, and let Ss(A) = (,3«») be its s-symbol. Let

p= O, 1) =T e AP, 40), and let Ss(w) = &,
As in Sect. 2.2, we write the sequence of removable and addable i-nodes of A in
increasing order with respect to <y, ;)

) be its s-symbol.

A1A2R3R4A5Rs - - - Ay,

where we write R; for a removable i-node and A ; for an addable i-node. We delete
the occurrences R;A ;1 in this sequence. Then, we obtain a sequence & of remov-
able i-nodes and addable i-nodes:

Aji - AjRiyRiy -+,

where j; < jo <.+ <i] <ip <---. The R;, correspond to the normal i-nodes of A,
and the leftmost one, R;,, is a good i-node for A.
Let R;, be an element of &. As explained above, R;; corresponds to an element
(EC) in Ss(X). As R;, is removable, we have ,8( o ,B(SC) — 1. We will associate to
this node a removable i-node R; in u. To do thls we will distinguish several cases.
We also have to consider the other removable and addable i-nodes of A as it will
be useful for the proof of the main result. In each case, we give an example of the
symbols Ss(p) and Ss(A) in which the elements corresponding to R;, and lel are
written in bold.

(1) Assume that ¢ = 0 and that we have 9(,3(0)) ﬂ(l) < ,EO) forbe{l,...,m+s1}.
Then to obtain Sg(u), we have to permute ﬁéo) and /3(1) As ,BIEI) < /3(0) the node
le[ associated to ﬂéo) in M is a removable i-node (because ﬂa — 1 cannot

(50) — 1, then we have an addable

occur in V). Note that if we have ,3151) =
i-node A on the part of A associated to ﬂ(l) in B such that A <(5, 5, R;;- In
this case, we have an addable i-node A’ on the part of u associated to ,8( )

a© such that A’ <(s0,51+€) Ri,'

Example 4.7 In the following example, we put ,8(0) =], ,3(1) -1, :34(21 =
j—2, and,Bb 1—j—2
N -2 =1 - ...
sw=(0 03T,
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2

3)

“4)

Then
e j-2 j
SS(’”‘(... j—2 j—1 .. )
0y _ (1) _ 5(0)
Assume that c = 0 and that we have 0(8, ") = B8, = B, forbe{l,...,m +s1}
and that /3(1) <8, (D' _ 1. In this case, we have a removable i-node R associated
to /3(1) in BV, Observe that R <(5,.5;) R;;- Then to obtain Ss(g), B is not

(O

permuted with any elements of 8. The node Rf associated to 8,7 in aWisa

removable i-node. Note that the removable i- node R’ associated to ,8(0) in @
is such that R’ <(s0,514¢) R”.

Example 4.8 In the following example, we put ,8(0) ﬂ(l) ,32(21 =j—-2,
and /6151—)1 =j—-3:
e =3 e

=2 e
SS(”“)_(... j=3 j - )
Assume that ¢ = 0 and that we have 9(,8(0)) ,8(1) L(,O) forbe{l,...,m+s1}
and that ,3,51)1 = ,3(1) 1. Then to obtain Sg(u), ﬂa is not permuted with any

Then

elements of 81, The node lel associated to ,35(,0) in @ is a removable i-node.

Example 4.9 In the following example, we put ,B,SO) = ﬂ(l) ,3521 =j-2,
and ,31591 =j—1:
so=(" j—=1 G e
S e j=2 j ’
Then
I ESTETT N P N ST
O A |

Assume that ¢ = 1 and that we have 9(;3(0)) = ;‘3(1) ﬂ(o) for a
b e{l,...,m+s1}. Then to obtain Sg(u), ,BLSO) must be permuted with ﬂél).

The node R’ associated to S, D in @© is a removable i-node. Note that if we
have 8,” (0) = [Sl) — 1, then we have an addable i-node A on the part of A asso-

ciated to ﬂb_) | such that A > (s, 5,y R;,. This cannot happen for R;, since we have
assumed that o is reduced.

However note that if R is such a removable i-node and if R’ is the associated
removable i-node of u as above, we have an addable i-node A’ on the part of

associated to ,3,50_)1 in oM such that A" > (5, 5,+¢) R’
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®)

(6)

Example 4.10 In the following example, we put ,351) =7, ,8150) =j+1, ﬂsl_)l =

j—3,and g =j—I:
- -3 j
SS(X)‘(... j—1 j+1 ... >

R 0 B T PP
Ss(m) = / a )

Assume that ¢ = 1 and that we have 9(,3150)) = ﬂél) = ﬁ;o) for a

be{l,...,m+s1}. Then to obtain Sg(u), ,35(11) is not permuted with any el-
ements of 8. The node lel associated to ,8;0) in @ must be a removable
i-node. Note that if /SZEOJI < /3;0) — 1, then the node R associated to ,3;0) in BO is
aremovable i-node such that R >y, 5,) R;;. Then, the node R’ associated to ,3651)
in o) is a removable i-node such that R’ > (s, s, +) R;.

Then

Example 4.11 In the following example, we put ,3,51) =j= /3}(,0), ﬂ;ljl =j—2,

andﬁg)jl =j—1:
B s 2SO

AT = L TP
SS(’L)_(... i=2 § - )
Assume that ¢ = 1 and that we have 9(/3}(70)) ;A,B‘El) forall b e {1,...,m+ so}.

Then the node lel associated to ,35” in BV is a removable i-node except possibly
(1)

—1.
a

Then

in the following case: there exists d € {1, ..., m + sp} such that ,3(5,0) =
In this case, we have an addable i-node A in B such that A > (s0,57) Ri; and
there is no removable i-node between R;, and A in A, contradicting the fact that
R;, is a normal i-node.

Example 4.12 In the following example, we put ﬁtgl) =j:
- j—3 .] j+1 -
SSO‘)_(... j—2 j+3 .- )
Then

Ss(ﬂ)=<.“ i—3 j4+1
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Thus we have associated to each normal i-node R;, in A a removable i-node R;,
inpu.

Similarly, one can easily check that if A;, is an addable i-node of A in &, then we
can associate an addable i-node A;t in p as above. If otherwise, one can show that
there exists a removable i-node R such that R <y, 5,) A;, and that there is no addable
or removable i -node between these two i-nodes for the order >, ). This contradicts
the fact that we have deleted all the occurrences R;A ;1 in the sequence G.

Hence, we have associated to the sequence &, a sequence of removable and
addable i-nodes of u:

!/ !/ / /
Aj AR Ry -

where j1 < o <---<i] <ip<---.

Now, by the above observations, it is easy to verify that this sequence corresponds
to the sequence &' of the removable and addable i-nodes of ., written in increasing
order with respect to <y, s, +¢) and where the occurrences RA have been deleted.

The only problem may appear in the following situation. We have an i-node corre-
sponding to an element ﬂ;” which is not removable. There exists d € {1, ..., m + so}
such that 9(,8[(10)) = él) < ﬂlgo) and ﬂg(l()jl < ,3,21) — 1. In this situation, to obtain Sg(u),
we must permute ,BC(IO) and ﬂél) . Moreover, ,3;21 is not permuted with any elements

of B . Thus the i-node R’ associated to ﬁ,gl) in «® must be removable for .

Example 4.13 In the following example, we put ,Bf,l) =7, /3[(,0) =j+1, and ,B;OZI =

j—2:
(e -3 -1
SSO”)_(... j—=2 j+1 - )

Then

U R, YR S I ST B
Ss(ﬂ)=<“' j,_3 ]j ]+ )

Note that in this case, we have an addable i-node A" on the part of ,u(l) associated
to /321_)1 such that A" > (5, 5,+¢) R’. Thus, to obtain &', the occurrence R’A’ must be
deleted.

Now the leftmost removable i-node R;, in & is a good i-node for A (with respect
to <(s0,51))> and the above discussion shows that this corresponds to a removable
i-node R;l in & which must be a good i-node for u (with respect to <(s;,s;+e))-

Similarly, one easily shows that if we have an i-node which is not addable for A
and if this node corresponds to an addable i-node A’ for u, then we have a removable
i-node R’ for p such that A" >y, s, +¢) R’ and to obtain &', the occurrence R’ A" must
be deleted.

Finally, let v be the bipartition obtained by removing R;, from A. Note that in
case (2) above, the normal i-node R;, cannot be a good i-node. Indeed, we have a
removable i-node R such that R <, s,) R;, and no addable i-node between these
two nodes. Hence R is a normal i-node such that R <, 5,) R;;, and thus R;, is not
a good i-node. Studying the other cases above, one can verify that Yy, s,)(v) is the
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bipartition obtained by removing R;l from p. This concludes the proof of the main
theorem.

4.5 Example

(s0,51+€)
lII(S ,51)

We put s = (0, 1) and e =4 and we consider the bipartition A := ((8), (4)) € @iolé)

(this is a FLOTW bipartition, see Proposition 2.4). We compute the (0, 1)-symbol of
((8), 4)) (with m =2):

In this subsection, we give an example for the computation of the bijection

S<o,1>((8>,<4>)=(8 : 6).

Then, the injection 6 : {0, 9} — {0, 1, 6} is such that (0) = 0 and 8(9) = 1. Thus, the
(0. 1)-symbol of W' ((8). (4)) is:

019

06 )
Thus, we have (1) ((8), (4)) = ((5). (7). We now want to find (5 ((5). (7).
The (0, 9)- symbol of (), (M) is:

S<o,s>((5),(7))):<8 é 2345 13).

Then, the injection 6 : {0,6} — {0,1,2,3,4,5,13} is such that #(0) = 0 and
6(6) = 5. Thus, the (0, 5)-symbol of w(‘(?;)((S), @) is:

01 2 3 4 6 13
0 5 ’

Thus, we have lI/(((;),’Sg)) ((®), @) =(4), (7,1)). We want now to find the Uglov bipar-

tition ¥ (> ((4). (7. 1)). The (0,9)-symbol of ((4), (7. 1)) is:

5(0,9>((4),(7,1)))=<8 é 2 3 45 6 7 89 17)'

Then, the injection 6 : {0, 6} — {0,1,2,3,4,5,6,7,8,9,17} is such that 8(0) =0
and 6(6) =

Thus, the (0, 9)-symbol of W5 ((8). (4)) is S.0)((4). (7, 1)). Hence we have
w(%’gif)(m), (7,1) = ((4). (7. 1)). Now, we have @{)” = &,;)* because 130 >
0

5 Relation with results of Leclerc and Miyachi

Following the works of Leclerc and Miyachi and using the above results, it is possible
to describe the bijection ¥ (SOO SS ‘)+e) by using the theory of canonical basis for i, (slx)-

modules. We first recall the results of [15].
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Let Uy(sls) be the quantum algebra associated to the doubly infinite diagram
of type Aco. The fundamental weights are denoted by A; with i € Z. Let s :=
(s0,51) € N? with so < s1, and let Lg be the irreducible highest-weight module with
highest weight Ay, + Ajy,. Then the theory of Kashiwara and Lusztig provides us
with a canonical basis for Ls. This basis is naturally labeled by the vertices of the
associated crystal graph which can be constructed as in Sect. 2.2. It is easy to see that
the class of bipartitions which label this graph is given by:

@5, =r=00 ) em, 11" =2 . i=1.23.}
with n > 0. Thus, if A € @5 ,, the associated element of the canonical basis is given
by:

bV = Y aum

’LEHZ,n

with ey 3 (v) =1 and ¢y, (v) € vZ[v]if w #A.

LetA:= @ 1) ¢ @3, - and let Ss(1) be its associated symbol. By the above
characterization of @3 ,, this symbol is standard. Let p be the number of pairs in this
symbol (see Sect. 4.2), and let C (L) be the set of bipartitions u of n such that Sg(u)
is obtained from Sg(A) by permuting some pairs in Sg(A) and reordering the rows.
For p € C(X), we denote by /() the number of pairs permuted in Sg(A) to obtain
Ss(p). In particular, we have /(L) = 0. Then, the following result gives an explicit
description of the canonical basis.

Theorem 5.1 (Leclerc—Miyachi [15, Theorem 3]) Let A € <Doo > and let b(X) be the

associated element of the canonical basis of Ls. Then we have:

b(A) = Z UZ(IL)M

pneC@)

Now, let e be a positive integer such that e > 1, and let s := (s, s1) € N? with
so < s1. Let A € @7 . By Proposition 4.1, we have A € @5 . Thus X is labeling
the element of the Canomcal basis of the irreducible highest- welght module Lg with
highest weight Ay + A;, . Hence Theorem 4.6 together with Theorem 5.1 yields the
following remarkable property:

Theorem 5.2 Let A € &5 . Then we have lI/((SSOO . 1)+6) (A) = p if and only if the degree
of cx,u (v) is maximal in b(X).

It could be interesting to obtain a noncombinatorial proof of the above theorem
Y
which shows why the bijections lI/((S 0’;11)) are controlled by the canonical basis of irre-

ducible U, (slo,)-modules.

Another open problem is obtaining similar statements for the irreducible highest-
weight Uy (sls)-modules of level [ > 2. In this case, relations between the sets of
Uglov multipartitions and the representation theory of Ariki-Koike algebras have
been established in [13].
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