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Abstract Let G be a simple complex classical Lie group with Lie algebra g of rank .
We show that the coefficient of degree k in the Lusztig g-analogue K )?, " (g) associated
to the fixed partitions A and u stabilizes for n sufficiently large. As a consequence,
we obtain the stabilization of the dimensions in the Brylinski-Kostant filtration asso-
ciated to any dominant weight. We then introduce, for each pair of partitions (X, ),
formal series which can be regarded as natural limits of the Lusztig g-analogues. We
give a duality property for these limits and recurrence formulas which permit notably
to derive explicit expressions when A is a row or a column partition.
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1 Introduction

The multiplicity K , of the weight w in the irreducible finite-dimensional represen-
tation V9(A) of the simple Lie group G with Lie algebra g can be written in terms of
the ordinary Kostant partition function P defined by the equality

L g
1_[ m —;P(ﬁ)e

« positive root

where § runs on the set of nonnegative integral combinations of positive roots of g.
Thus P(B) is the number of ways the weight B can be expressed as a sum of positive
roots. Then, from the Weyl character formula, one derives the identity

KS =Y (=D "Pw+p) = (n+p) )

weW$e
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where W9 is the Weyl group of g.
The Lusztig g-analogue of weight multiplicity K f, M(q) is obtained by substituting

the ordinary Kostant partition function P by its g-analogue 775 in (1). Namely qu is
defined by the equality

L p
1_[ (1_761@'1)_2/3:7);(‘3)6

o positive root

and we have

K2 (@)=Y (=D"PIwh+p)— (u+p)). )

weW$e

As shown by Lusztig [14], K f’ (@) 1s a polynomial in ¢ with nonnegative integer co-
efficients. Many interpretations of the Lusztig g-analogues exist. In particular, they
can be obtained from the Brylinski-Kostant filtration of weight spaces [1]. The poly-
nomials K f’@(q) appear in the graded character of the harmonic polynomials associ-
ated to g [5]. We also recover the Lusztig g-analogues as the coefficients of the ex-
pansion of the Hall-Littlewood polynomials on the basis of Weyl characters [7]. This
notably permits to prove that they are affine Kazhdan-Lusztig polynomials. In [11]
Lascoux and Schiitzenberger have obtained a combinatorial expression for K gl (@)
in terms of the charge statistic on the semistandard tableaux of shape A and evalua-
tion u. By using the combinatorics of crystal graphs introduced by Kashiwara and
Nakashima [6], we have also established similar formulas [12, 13] for the Lusztig
g-analogues associated to the symplectic and orthogonal Lie algebras when (A, )
satisfies restrictive constraints.

Consider A, u two partitions of length at most m. These partitions can be regarded
as dominant weights for g = gl,,, §02,,11, §p,, Or §02, when n > m. Then, Kg " (q)
does not depend on the rank n considered. Such a property does not hold for the
Lusztig g-analogues K b 9 (q) when g =s0,, 11, 8Py, Or 502, which depend in general
on the rank of the Lie algebra considered. Write

k
K} (@)=Y K4~

k=0

We first establish in this paper that for g = s0,,, |, §p, or 502,, the coefficient K fl/j

stabilizes when n tends to infinity. More precisely, K flli does not depend on the rank
n of g providing n > 2k + a where a is the number of nonzero parts of u (Theo-
rem 4.3.1). Note that this result cannot be obtained by simply taking the limit when
n tends to infinity in (2). Indeed, the number of decompositions of a given weight as
a sum of k positive roots may strictly increase with n. Hence, there is no analogue
of the Kostant partition function in infinite rank (but see Remark (i) in Section 6.2).
By Brylinski’s interpretation of the coefficients K g.k .. [1], one then obtains that the
dimension of the k-th component of the Brylinski- Kostant filtration associated to the
finite-dimensional irreducible representations of g = s0,, 11, 5Py, or §07, stabilizes
for n sufficiently large (Theorem 4.4.2). Observe that this stabilization is immediate

@ Springer



J Algebr Comb (2008) 27: 451-477 453

for g = gl,, since the polynomials K )?KZ (gq) do not depend on n. For g = 505,11, 5Py,
or 507, the Brylinski-Kostant filtration depends in general on the rank considered and
it seems difficult to obtain the dimension of its components by direct computations.
Our method is as follows. We obtain the explicit decomposition of the symmetric
algebra S(g) considered as a G-module into its irreducible components by using
identities due to Littlewood. This permits to show that the multiplicities appearing in
the decomposition of the k-th graded component S¥ (g) of S(g) do not depend on the
rank n of g providing n is sufficiently large. Observe that this stabilization also fol-
lows from a more general result due to Hanlon [3]. Nevertheless our computations,
based on Littlewood’s identities, have the interest to yield simple explicit formulas
in terms of the Littlewood-Richardson coefficients for the decomposition of S k(g) in
large rank. Thanks to a classical result by Kostant, we establish a similar result for
the k-th graded component H¥(g) of the space H(g) of G-harmonic polynomials.
These stabilization properties are equivalent to the existence of a limit in infinitely
many variables for the graded characters associated to S(g) and H(g). The limits so
obtained are formal series with coefficients in the ring of universal characters intro-
duced by Koike and Terada. From Hesselink expression [5] of the graded charac-
ter of H(g), one then derives that K f; stabilizes for n sufficiently large. By using
Morris-type recurrence formulas for the Lusztig g-analogues [13], we prove that this
is also true for the coefficients K fﬁ where p is a fixed nonempty partition. We also
observe that these formulas permit to give an explicit lower bound for the degree of
the g-analogues K f’ (D) such that K f’ M(q) # 0. We establish that the limits of the

. & , . , .
coefficients K 502"“ and K 502" ¥ are the same. Write K Iy Uf and K; pﬂk respectively

502n+] k and KﬁpZn’k

for the limits of the coefﬁc1ents K, when 7 tends to infinity.

The stabilization property of the coefﬁ01ents K; g .. suggests then to introduce the
formal series

k k
K759 = Z Kfou g“ and Kfi(q) = Z Kfpu q-.
k=0 k=0

These series belong to N[[¢]] and can be regarded as natural limits of the polynomials
K f’ M(q). As far as the author is aware, the first occurrence of such limits for the
Lusztig g-analogues was in [3] in the particular case = (. We establish a duality
between the formal series K f"’m (g) and K f ,p@ (g¢) (Theorem 5.3.1). Namely, we have

K39(@) = K y(@) S

where A’ is the conjugate partition of A. Note that (3) do not hold in general if we
replace the formal series K f“M (@) and K ;pﬂ (g) by the polynomials K fﬁ (g). We also

give recurrence formulas (39), (40) for the series K7° (q) and K (q) which permit
efficient recursive computations. Thanks to these recurrence forrnulas one derives
simple expressions for the formal series K 5°M(q) and K; P (@) when X is a single
row or a single column partition (Proposition 5.4.1). Such s1mple formulas seem not
to exist for the Lusztig g-analogues K g M(q) even in the cases when A is a single
column or a single row partition. Moreorfer the duality (3) is false in general for the
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polynomials K A i (¢). This suggests that the study of the series K7° (q) and K (q)
which is initiated in this paper, could be easier than that of the Lusztlg q- analogues

In this paper we restrict ourselves to the polynomial representations of SOy (C)
and Spy (C). Nevertheless, our results can also be extended to the g-analogues of
weight multiplicities corresponding to the irreducible finite-dimensional rational rep-
resentations of G L,,(C). Limits of such g-analogues in large rank for the zero weight
have been previously studied, notably by Gupta [2] and Hanlon [3]. They can be ob-
tained from the Cauchy formula which then plays the role of the Littlewood identities
used in Section 3. The existence of such limits for any dominant weight is then de-
duced from the Morris recurrence formula for the Lusztig g-analogues associated to
the root systems of type A by using arguments similar to those of Sections 4 and 5.
This also yields the stabilization of the dimensions in the Brylinski-Kostant filtration
and recurrence formulas for the limits obtained.

The paper is organized as follows. In Section 2 we recall the necessary back-
ground on symplectic and orthogonal Lie algebras, universal characters, and Lusztig
g-analogues which is needed in the sequel. In Section 3 we introduce universal graded
characters as limits in infinitely many variables for the graded characters associated
to S(g) and H(g). We obtain the stabilization property of the coefficients K g.k b
Section 4 and reformulate this result in terms of the Brylinski-Kostant filtration. In
Section 5, we introduce the formal series K7°,(¢) and K 5P (g), establish recurrence

Ao A
formulas which permit to compute them by induction, prove the duality (3) and give
explicit formulas for K fﬂu (g) and K ffju (g) when A is a row or a column partition.

2 Background
2.1 Convention for the root systems of types B, C and D
In the sequel G is one of the complex Lie groups Sp2,, S O2,41 or SO2, and g is its

Lie algebra. We follow the convention of [9] to realize G as a subgroup of GL y and
g as a subalgebra of gl where

2n when G = Spay,
N={2n+1 when G =S02+1,
2n when G = S0,,.

With this convention the maximal torus 7 of G and the Cartan subalgebra b of g
coincide respectively with the subgroup and the subalgebra of diagonal matrices of
G and g. Similarly the Borel subgroup B of G and the Borel subalgebra b, of g
coincide respectively with the subgroup and subalgebra of upper triangular matrices
of G and g. This gives the triangular decomposition g=b, ® f @ b_ for the Lie
algebra g. Let ¢;, h;, fi, i € {1,...,n} be a set of Chevalley generators such that
ei€by,hjebhand f; eb_foranyi.

Let dy be the linear subspace of gl consisting of the diagonal matrices. For any
i €{l,...,n}, write & for the linear map ¢&; : dy — C such that ¢; (D) = §; for any
diagonal matrix D whose (i, i)-coefficient is §;. Then (¢1, ..., &,) is an orthonormal
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basis of the Euclidean space bﬁ’i (the real part of h*). We denote by < -, - > the usual
scalar product on f)ﬁi. For any 8 € b]’fR, we write 8 = (B, ..., Bn) for the coordinates
of B on the basis (e, ..., &).

Let R be the root system associated to G. We can take for the simple roots of g

St={o,=¢,and o =¢; —gj41, i=1,...,n—1}

for the root system By,
>t={a,=2¢,ando; =6; —€i41, i=1,...,n—1}

for the root system C,,,
>t={a,=¢,+e,_1andao; =& —&j41, i=1,...,n—1}

for the root system D,,.

“

Then the sets of positive roots are

Rt ={e; —¢j,ei+ejwithl <i <j<n}U{e withl <i<n}
for the root system B,

R+={8i —¢&j,& t¢j with 1 <i < j <n}U{2¢ with 1 <i <n}
for the root system Cj,,

Rt ={ei —¢j,ei+ejwithl <i < j<n}
for the root system D,,.

We denote by R the set of roots of G. For any « € R, let @ = —*-— be the co-

root corresponding to . The Weyl group of the Lie group G is the sﬁbgroup of the
permutation group of the set {n,...,2,1,1,2,...,n} generated by the permutations

si=G, i+ DG i+1),i=1,...,n—1ands, = n,n)
for the root systems B, and C,,,

si=@, i+ 1)@, i+1),i=1,...,n—1lands) = (n,n—1)(n—1,n)
for the root system D,

where for a # b (a, b) is the simple transposition which switches a and b. We identify
the subgroup of W9 generated by s; = (i,i + DG, i+1),i=1,...,n— 1 with the
symmetric group S,,. We denote by ¢ the length function corresponding to the above
set of generators. The action of w € W® on 8= (1, ..., By) € by, is defined by

weBra. o B =BY LB

where B = By if w(@) € {1,...,n} and B = —Bui) otherwise. We denote by p
the half sum of the positive roots of R™. The dot action of W8 on 8 = (81, ..., Bn) €
bR is defined by

wofB=w-(B+p)—p. (5

Write P and P for the weight lattice and the cone of dominant weights of G. As
usual we consider the order on P defined by 8 <y ifand only if y — B € Q.

For any positive integer m, denote by P, the set of partitions with at most m
nonzero parts. Let Py, (k), k € N be the subset of P, consisting of the partitions A
such that |A|=A; + -+ + Ay =k. Set P =U,,eNPy, and Py, [k] = Uy <k P (a).
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Each partition A = (A1, ..., A,) € P, can be identified with the dominant weight
Yo' i Aigi. Then the irreducible finite-dimensional polynomial representations of
SOs,+1 and Spy, are parametrized by the partitions of P,. The irreducible finite-
dimensional polynomial representations of $Oy, are parametrized by the dominant
weights of P, U P, where

_n :{()\‘la-~-a)\'n—lv_)"n) ez" | ()\‘17"'7)\‘71—19)\‘11) GPn}.

For any A € P,, we denote by V(1)

— the irreducible finite-dimensional representation of G corresponding to A when
g =502,+1, 5Py, or when g =s0,, and A, =0,

— the direct sum of the representations of SOy, corresponding to the dominant
weights A and A = (A1, ..., A,_1, —A,) When g = s0,, and A, # 0.

The representation V9(1) associated to the partition A = (1) is called the vector
representation of G. For any weight 8 € P and any partition A € P, we write V(1)
for the weight space associated to 8 in V9(1).

We denote by Q the root lattice of g and write Q™ for the elements of Q which
are linear combination of positive roots with nonnegative coefficients.

The exponents {mi,...,m,} of the root system R verifies m; =2i — 1, i =
1,...,n when R is of type B, or C,, and

mi=2i—1, ie{l,...,.n—1} and my,=n-—1 6)
when R is of type D,,.

Remark

(i) The integer n — 1 appears twice in the exponents of a root system of type D,
when 7 is even.

(i) The exponents m;,i = 1,...,n — 1 are the same for the three root systems of
type By, C, or Dy,.

As customary, we identify the lattice P of weights of G with a sublattice of (%Z)”.
For any 8 = (B1,...,Bn) € P, we set |B| = B1 + - - -+ B,. We use for a basis of
the group algebra Z[Z"], the formal exponentials (¢?) pezn satisfying the relations
ePrePr = P11+P2 We furthermore introduce n independent indeterminates xi, ..., X,
in order to identify Z[Z"] with the ring of polynomials Z[x1, ..., x,, x| 1, N 1
by writing e? :xf] ~--x,’f" =xP forany B = (B1....,Bn) € Z".

Write sf “ for the Weyl character (Schur function) of the finite-dimensional
gl,-module V9% (X) of highest weight A. The character ring of GL, is A, =
Zlx1, ..., x,]¥™ the ring of symmetric functions in n variables.

For any A € P,, we denote by sf the Weyl character of V8(A). Let R? be the
character ring of G. Then

—1 —11W*%2n+1
R®=Z[x1,....%0, %] ,....x, ]

is the Z-algebra with basis {s}’ | A € P,}.
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In the sequel we will suppose n > 2 when g = sp,,, or 02,41 and n > 4 when
g=2502,.
For each Lie algebra g =soy or spy and any partition v € Py, we denote by

Voly (v) ¢3[N the restriction of V9 (v) to g. Set

Vo) L8 = @ ver i
reP,
. (N
[ n n
Vel () | gpén — @ VP ())®bus"
reP,

These formulas define in particular the branching coefficients beAN and bipf". The
restriction map r? is defined by setting

{Z[xla . "5-xN]sym g Rgv
r9:

53— char(V9v (v) [ 3™)

where char(V W (v) ¢g[’v) is the character of the g-module Volv (1) ¢S[N. We have
then

[ _ _
rg(sg[N)_{sf’”(x],...,xn,xn1,...,x1 ) when N =2n,
8ty =

[ _ _
sf”"(xl,...,xn,l,xnl,...,x1 1y when N =2n + 1.

Let P,(,2) and 73,(,1’ Y be the subsets of P, consisting of the partitions with even length
rows and the partitions with even length columns, respectively. When v € P, we have
the following formulas for the branching coefficients 4 %" and bjpf":

Proposition 2.1.1 (see [10] appendix p. 295)
Consider v € P,. Then:

50041 __ 1500, v
1. bv,k _bu,k _Zyep,(.z) Gy

5Po, _ v
2. bu,k = Zyepl(ll,l) oy

where c;y 5, is the usual Littlewood-Richardson coefficient corresponding to the parti-
tions y, ) and v.

Note that the equality by ;""" = b} 3" becomes false in general when v ¢ P,.

As suggested by Proposition 2.1.1, the manipulation of the Weyl characters is sim-
plified by working with infinitely many variables. In [8], Koike and Terada have intro-
duced a universal character ring for the classical Lie groups. This ring can be regarded
asthering A =Z[xy, ..., X, ...]"™ of symmetric functions in countably many vari-
ables. It is equipped with three natural Z-bases indexed by partitions, namely

B ={s¥|reP), BP=(s{"|reP), BC={(s{°|reP}. (8)
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We have in particular the decompositions:

OB IR FE LIRS Sl DI BN

Aepyepf) )LepyeP,fl'”

We denote by ¢ the linear involution defined on A by ¢(s%) = s f,[. Then, one has

5
o(si) =s}). (10)
For any positive integer n, denote by A, = Z[x1, ..., x,]%™ the ring of symmetric
functions in n variables. Write
T Zx1, .o X, ™ = Zx1, ., x0T

for the ring homomorphism obtained by specializing each variable x;,i > n at 0.

[ T .
Then 7, (sf[) = sf . Let w°P2 and %°V be the specialization homomorphisms de-
fined by setting P2 = r*P21 o 715, and w%°N = r*°N o 7. For any partition A € P,
one has

sp 5 s0
5,7 =P (siP) and 5N =N (s50).

We shall also need the following proposition (see [8] Corollary 2.5.3).

Proposition 2.1.2 Consider a Lie algebra g of type X, € {By, Cp, Dp}. Let A € P,
and p € Ps. Suppose n > r + s and set

Vem @ Ve = @ Ve *hn.
veP,

Then the coefficients d)‘f’ u neither depend on the rank n of g nor on its type B, C
or D.

Remark The previous proposition follows from the decompositions

S
S)Lp X sff = E d}\”usﬂp and s3° x sff = E d}‘f’ﬂsff’
veP veP

for any A, u € P, in the ring A.
2.2 Lusztig g-analogues

The g-analogue ’P(f of the Kostant partition function associated to the root system R
of the Lie algebra g is defined by the equality

[1 = X P,

aeRt Bez?
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Note that qu (B)=01if B ¢ Q7. Given A and p two partitions of P,, the Lusztig
g-analogues of weight multiplicity is the polynomial

KP @)=Y D'"PIwoi—p).

weWs$

It follows from the Weyl character formula that K f, u(l) is equal to the dimension of
V().

Theorem 2.2.1 (Lusztig [14])
For any partitions X\, u € Py, the polynomial K f, H(q) has nonnegative integer
coefficients.

We write
k
K (@)= K4~ (11)
k>0
Then
k
K@= ) D P wor—p) (12)
weWs

where for any B € Z", P*(B) is the number of ways of decomposing 8 as a sum of k
positive roots.

Remark One easily verifies that Kf’ M(q) # 0 only if A > u. Moreover, when

|| = |A|, one has K f’ M(q) =K f[;i (g) where K Ag’[; (g) is the Kostka polynomial as-
sociated to (A, ), i.e. the Lusztig g-analogue associated to the partitions A, u for the
root system A,_1.

We also introduce the Hall-Littlewood polynomials Q;f, u € P, defined by

0= K!.@s].

reP,

2.3 The symmetric algebra S(g)

Considered as a G-module, g is irreducible and we have
500,41 = VOu+i(1,1) and dim(sog,11) =n@n+1),
5Py, = VP2 (2) and dim(sp,y,) =nn+ 1), (13)
509, >~ V%2 (1,1) and dim(so,) =n(2n—1).

Let S(g) be the symmetric algebra of g and set

S(e)=EP $* (@)

k>0
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where SX(g) is the k-th symmetric power of g. By Proposition 2.1.1 and (13), we
have

soy ~ VI (1, 1) ¢§é’;’v and  spy, >~ Vi (2) ¢§L22'; :

This implies the following isomorphisms

Sk (son) = SK(VEON(1, 1)) L8Y  and  S¥(spa,) = SK(VEP2(2)) L3 (14)

5Poy
for any nonnegative integer k.

Example 2.3.1 By using the Weyl dimension formula (see [4] page 303), one easily
obtains the decompositions

SPVIWN (1, 1) > VN (1, 1,1, 1) @ VOV (2,2)
and
STV (2)) > VI (4) @ VI (2,2).
Hence by (14) and Proposition 2.1.1, this gives

S ~VeiA, 1,1, 1)@ VER,2)dVEQ2,00® VEW) forg=s0y

and

§%(spay) = VP2 (4) @ VP2 (2,2) @ VP2 (1, 1) @ VP2 (1),

Remark By the previous formulas, the multiplicities appearing in the decomposition
of the square symmetric power of the Lie algebra g of type X,, € {B,,, C;,, D,,} do not
depend on its rank providing n > 2. We give in Proposition 3.1.1, the general explicit
decomposition of S*(g) into its irreducible components.

3 Graded characters
3.1 Graded character of the symmetric algebra

Let V be a G or GL,-module. For any nonnegative integer k, write S¥(V) for the
k-th symmetric power of V and set S(V) = EBkZoSk(V). Then S*(V) and S(V) are
also G-modules. The graded character of S(V) is defined by

char, (S(V)) =Y _ char(S¥(V))¢*.
k>0

Denote by W(V) the collection of weights of the module V counted with their mul-
tiplicities. Then we have

1

BeW(V)
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The weights of the Lie algebra g of rank n considered as a G-module are such that

W(g) ={eeR,0,....0}

n times

Thus the graded character char, (S(g)) of S(g) verifies

1 1
char, (S(@) = — a]l e (15)

Proposition 3.1.1 For any nonnegative integer k, we have

char(S* o) = Y > BV,

LPuvep P (2k)

Char(Sk(5p2n)) — Z Z b5p2n 5pZn

AP veP? (2k)
where bi‘i\’v and bjpf” are the branching coefficients defined in (7).

Proof Suppose first g = sp,, . Recall the classical identity

1
l_[ l—x,-xj - Z 38[2’1

1<i<j<2n veP?
n

due to Littlewood. It immediately implies the decomposition

i}
[ = Dot =x
tsizjza .~ T S
By applying the restriction map r*P22, this gives
1 1—[ 1 1 l—[ 1 1
(I—g)" I—gq X’ 1 _q)crxsl—qL

1<i<j<n Xx 1<r<s<n XrXg

gl -1 —1\ k
:Z Z S5 (XL e X Xy e X )G

k20,2 (2k)

From (7), this can be rewritten in the form

charg (S(sp2,)) = 7 _lq)n ]1 — —Z YooY biesgt
oe

k=04ePu e PP (2k)

which gives the desired identity by considering the coefficient in g*.
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When g =s0,,, | or g = s0,,, one uses the identity
1 il [ alon Kk
i) DINEEEED DD DAY
1<i<j<2n UE’PZ(}I’I) k>0 v€7’§,11 1)(2k)
and our result follows by similar arguments. (]

In the sequel, we set

SON _ SON 5P, 5pZn
mp = 3" b and mpr= Y bR
vePy 2k vePy? (2k)

Thus we have char(S¥(son)) = Y ,cp, my Y s;"Y and char(S*(spy,))
p n p n
ZAEP mz Az S)E: :

3.2 Universal graded characters char, (S(sp)) and char, (S(s0))

Proposition 3.2.1 Consider a nonnegative integer k and suppose n > 2k. For any
A € P, we have the identities

$02n4+1 __ 502, __ v
My =M = Z Z Sy

vePUD(2k) yeP®

5p2n_ Y
m = 2 2 Gy

veP® 2k) yePd.D

(16)
In particular, the multiplicities m kpf” , miof"“ m; P 2 do not depend on n.

Proof For any v € Py (2k) we have v € Py[n] since n > 2k. In particular v € P,,.
We can thus deduce from Propositions 2.1.1 and 3.1.1 the decompositions

50N __ 5Py v
AETD DD DRI T DD DI

vePy" P @2k) y Py veP? k) yePly "

Since C)v»,y =0 when |A| + |y| # 2k (so |A] <2k <n and |y| <n), msoN and mspz”

can be rewritten as in (16) and thus, do not depend on n. D
We set
50 . 502,41 SPa,
m;% = lim m = Z Z cy and m;F = lim m
ko = A0 M Ay k, A i e

veP 1D (2k) yePd.D

= Z Zc;,y. (17)

veP® (2k) yeP®
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Lemma 3.2.2 For any nonnegative integer k and any partition )., we have

sp
1. mk)\ —mk PV

2. mpY =m3% =0if |A] > 2k

where mk’)L and mi’”)\, are the multiplicities defined in (17).

Proof Write ¢ for the bijective map defined on P by A —> A’. We then have
(PDy = pPLD and (PP 2k)) = PULD (2k). Moreover cy y = CK/ , for any par-
titions A, y, v. This implies assertion 1 from the definition (17) of m; k. /\ and m; i o
Recall that cA y = =0 when |v| # |A| + |y|. Since |v| = 2k in the equalltles of(17)
Wehavemkp)\_mkk_OiﬂM>2k. [l

We define the universal graded characters char, (S(sp)) and char, (S(s0)) by set-
ting

and chary(s(sp) = [ ] . (18)

— qxin

char (s(sp)) = ||

I<i<j 1 —gxix;j

1<i<j

Note that char, (S(sp)) and char, (S(s0)) belong to the ring A[[g]] of formal series
with coefficients in A.

For any F =Y ,_,ckq® in A[[q]], the specialization homomorphisms 7P,
%92+ and 5% are then defined by setting

n9(F) =Y n%Cc)q". (19)

k=0

By (15) and (18), we then have

%% (char, (S(s0))) = char, (S(son)),

(20)
%P2 (chary (S(sp))) = chary (S(spy,)).
Similarly, the linear involution ¢ (see (10)) is defined on A[[¢g]] b
9(F)=)_¢(c)q". 1)
k>0
Proposition 3.2.3 We have the decompositions
char, (S(s0)) = Z Z my! Asi“qk,
k>0 reP
(22)
char, (S(sp)) = Z Z m;5 st g,
k>0 reP
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Proof One can write

charg(ss0) = [] ——Z Yo stlgh =" missrdt

I<i<j qxixj k>0 yeP (D (2k) k=0 reP
_ _ [k _ 5P k
crarysom = [] oo =Y Y st =Y Yomihel
1<i<j gxixj k>0 yeP®@ (2k) k=0 reP
where the rightmost equalities follow from (9). O

By using 1 of Lemma 3.2.2, one derives the following corollary:
Corollary 3.2.4 We have ¢(char,(S(s0))) = char, (S(sp)).

Remark By 2 of Lemma 3.2.2, one has

char(s¥(s0)) = Z m{%s3° and char(s*(sp)) = Z mnsyt (23)
reP[2k] reP[2k]

where P[2k] is the set of partitions A such that |A| < 2k.
3.3 Universal graded character for harmonic polynomials

Let g be a Lie algebra of type X, € {B,, C,,, Dy}. Since the symmetric algebra S(g)
can be regarded as a G-module, one can consider

S@¢={xeS@|g x=xforany g€ G},
the ring of the G-invariants in S(g). By a classical theorem of Kostant [8] we have
S(@)=H(® @ S@° (24)
where H (g) is the ring of G-harmonic polynomials. The ring S(g)€ is generated by

algebraically independent homogeneous polynomials of degrees d; = m; + 1 and the
graded character of S(g)“ considered as a G-module verifies

A
har, (S(g)%) =
chary (S(9)°) gl—q

di°

By (24) the graded character of H (g) can be written

char, (5(g))

char, (H(g)) = W

H(l —q%) char, (S(g)) = ) _ char(H" (g))¢".
k>0
(25)
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We define the universal graded characters char, (H (sp)) and char, (H (s0)) by set-
ting

char, (H(s0)) = [ [(1 — ¢*) char,(S(s0) =] J(1 = ¢*) [] 1_—

i>1 i>1 I<i<j qxixj
(26)
char, (H(sp)) = [ [(1 — ¢*) char,(s@sp) = [ [ —¢*) [] —
i>1 i>1 1<i<j qXiXj

The universal characters char, (S(sp)) and char, (S(s0)) belong to A[[¢]]. Moreover
I1 i>1 11— q2’) € A[[gq]] since itis a formal series in ¢ with integer coefficients. Hence
char, (H(sp)) and char, (H(s0)) also belong to A[[g]]. We set

charg (H(sp)) = »_ Y K; 5 5P gk,

k>0 AP

char, (H(s0)) = Y Y K§%*s5°¢".

k>0 reP

Lemma 3.3.1 For any nonnegative integer k, we have

char@ (o) = Y K;%'si® and char@@py= Y KNP @)
AeP[2k] reP[2k]

Moreover, for any nonnegative integer n > 2k we have

7%°N (char(HF (s0))) = char(H* (soy)),

(28)
7P (char (1 (sp))) = char(H* (sp,,))).
Proof By definition of the coefficients Kf’ow’k, we have
char((s0)) = Y K 50 (29)

rEP

Write [k/2] for the largest integer which does not exceed k/2. Then by (26), Kf"@’k

k50

is the coefficient in ¢“s?° appearing in the expansion of

[k/2] -k
= [T =4*) ) q“char(s" (s0)) (30)
i=1 a=0

on the basis {qksi0 | k € N,A € P} of Alg]. Indeed, for any i > [k/2], we have
2i > k. By (23),

char(s%(s0)) = Z maksA
reP[24]
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for any nonnegative integer a. Since the integers a appearing in (30) are less or equal

to k, we have mg°% = 0 for any partition A such that || > 2k, by assertion 2 of

Lemma 3.2.2. Hence, the coefficient of qbsf" in Yy is equal to O when |A| > 2k. This
permits to consider only the partitions of P[2k] in the sum (29) and yields (27). The
proof is the same for char(Hk (sp)).

We have seen that char(2¥ (s0)) is the coefficient in qk of Y. Now for any rank
n > 2k, char(H* (soy)) is the coefficient of ¢* in

[k/2] ' k
¢r=[]0—4¢%))_ gq“char(5%(son)).
i=1 a=0

Indeed we have
n
char, (H(soy)) = H(l — qdi) char, (S(son))
i=1

and d; > k for any i > [k/2]. By (20), we know that m°°N (char(S%(s0)) =
char($%(sop)). Thus this gives the equality 7w°°N(yy) = ¢. Hence we have
799N (char(8¥ (s0))) = char(H¥ (son)).

The proof is similar for char(Hk (sp)). O

Remark Since (28) only holds for n > 2k, we have

7°°N (char, (H(s0))) # chary (H (son)),
7 °P2n (char, (H(sp))) # chary (H (spy,))

i.e. there do not exist identities analogous to (20) for char, (H(s0)) and char, (H(sp)).

4 Stabilization of the coefficients K f”,’z

4.1 Stabilization of the coefficients K f’g

The theorem below shows that the coefficients of the expansion of char, (H(g)) on
the basis of Weyl characters are the Lusztig g-analogues associated to the zero weight

(i.e. u =0).

Theorem 4.1.1 (Hesselink [S]) Let g be a classical Lie algebra of rank n. We have

char, (H(g)) = Z Kf,w(q)sf = Z Z Kf”qusf.

AePn kZO )"EPH

The multiplicity of V9(X) in the decomposition of H*(g) in its irreducible compo-
nents is equal to K f g .
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Now fix a nonnegative integer k and choose a rank n > 2k. The partitions A
appearing in (27) verify |A| < 2k. Hence they belong to P, for n > 2k. Since
TN (53°) = 5, °N and P (s7F) = sfpz” for any A € P, this gives

7N (char(8 (s0))) = D K% 57O
rEP,

and
7P (char(HF (sp))) = Z KSp .k spz".
rEP,

By using (28), one obtains

char(H*(soy)) = > K557 and  char(H (spy)) = Y K%K siP.
reP, reP,
(3D
We can now state the stabilization result for the coefficients K f g .

Proposition 4.1.2 Let m, k be nonnegative integers. Consider . € Py, and g a Lie
algebra of type X, € {B,,, Cy,, Dy,}. Suppose n > 2k, then

SPo,.k sp k 500,41,k _ 800,k 50,k
K, 3" =K, and K, , =K, 3" =K -
. . k k )
In particular the coefficients Kf’pgz" , Kf’owz”“ and K:?@Z" % do not depend on the

rank n.
Proof By Theorem 4.1.1 we have

char(H¥(son)) = Y KP5*s5® and  char(H*(spp,)) = D Ky o sy,
APy, rEP,

The Proposition then follows by identifying the coefficients appearing in these de-
compositions with those appearing in (31). ]

Thus the coefficients K g.k » depend only on A, k and the type X = C or X € {B, D}
of the Lie algebra con51dered when rank(g) > 2k. Proposition 4.1.2 can also be
rewritten in the form

lim Kfpz” _Kspk and lim K“Nk Kfoﬂk.
n—00 2 N—o00

4.2 Recurrence formulas for the Lusztig g-analogues

We now recall recurrence formulas established in [12] and [13] which permit
to express the Lusztig g-analogues associated to the root system of type X, €
{By, Cn, Dy} in terms of those associated to the root system of type X,_j. They
can be regarded as generalizations of the Morris recurrence formula which holds for
the Lusztig g-analogues of type A.
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Suppose g is of rank n and consider v € P,, with m < n. For any nonnegative in-
teger [, the decomposition of the g-module V¥ (y) ® V8(I) into its irreducible com-
ponents can be written

A
Ve ® Ve = @ vem®i.
rEP,

This decomposition can be regarded as the analogue of the Pieri rule in type X,.

Remark The multiplicities pgjlk are not necessarily equal to 0 or 1 as in the original
Pieri rule (i.e. for gl,,). Moreover we can have p}%:l)" # 0 when |A| < |y| 4+ [. Never-
theless, when |A| = |y| + [, one shows that the Pieri rule for type X,, coincide with
the original one. It means that pﬁ:l)‘ =1 if X is obtained by adding an horizontal strip

of length / to y (i.e. the [ boxes of A/y belong to distinct columns) and p}g/jlk =0
otherwise.

The following Lemma is a consequence of Proposition 2.1.2.

Lemma 4.2.1 Consider y € Py, and |l € N. Suppose that g is a Lie algebra of type

X, € {By, Cy, D} with n > m. Then the multiplicities p}g,:[)“ are independent of the
rank n and the type X € {B, C, D} of g.

We set
p 1= lim p 1

n—o0

Let i, v € Py,,. We can suppose v > u for the dominance order, since otherwise
K&M(q) = 0. Write p maximal in {1, ..., m} such that v, — p — u; +1 > 0. For any
s ef{l,..., p}let y(s) be the partition of length m — 1 such that

_ (VZ,-ust) ifs:l,
Y(S)_{(Vl—i-l,vz—kl,...,vx1+1,vs+1,...,vm) if s > 2. (32)
Finally set

Ry=vg—s—pu+1. (33)

Theorem 4.2.2 [13]
With the above notation, we have for any partitions A, (1 € Py,:

- n n— )" Yl
M: Ko (g) = Z( D hxgfoe 30 T K @)

s=1 r+2a=Rs A eP,,_1
P
.. n —1 5Po,— A 5p n—
() K@= (="' Y g™ Y prE K (@)
s= l r+2a=Ry AEPm—1
e n s n )\‘ 77
(ii): K57 (q)—Z( D g Y0 Y K @)
r+2a=Rs AePy,_1

where a € N and 1i° = (2, ..., tom).
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Since the integer p and the partitions y (s) defined above do not depend on the
rank of g, we obtain from Lemma 4.2.1 and Theorem 4.2.2:

Corollary 4.2.3 (of Theorem 4.2.2)
For any partitions A, u € Py, and any integer n > m

(i): “”*‘(g)—Z( D g o Y0 YT KT @)

s=1 r+2a=Rs AePy—;
P
11 n - 5 Vl
(i): K @=) (=D7"x Y a™ Y ph K@
s=1 r+2a=Ry AEPy—1
p
i) K@ =) (=D xg® o 3T T pl K@)
s=1 r+2a=R; LePy_;

where a € N and /Lb = (U2, .y m)-

By using similar arguments to those given in Example 4 page 243 of [15] , one
shows that the polynomials K f’ ,.(q) are monic of degree

Yo (m—i+ 1D — p) for g =50y, 1,
Yol (n—i+1/2)(hi — ;) for g=sp,,,
Yo (=D — i) for g =s0,,.

Thanks to the recurrence formulas of Theorem 4.2.2, one can derive a lower bound
for the lowest degree appearing in K} u(q) when K 5’, u(q) #0.

Proposition 4.2.4 For any partitions v, ju € P, either K2, w (q) is zero or its lowest
; vl—lul
degree of q is at least =5

Proof We give the proof for g=sp,,, the arguments are essentially the same
for g =s60y,,1 and g=s0,,. We proceed by induction on n. For n = 1, one

has K$P2(q) = 0 or K$h2(q) = g

K;p:” 2(g) is at least W |“ L or Kspz” *(g) = 0. Consider v, u € P, such that

5p2” (g) # 0. We apply recurrence formula (i1) of Theorem 4.2.2. Since K, 5p2" (q9) #

0, there exist integers s and r < Ry such that K Aplf;’ %(q) # 0 with pifszf’rz * £0.
One then have |A| > |y (s)| — r. The definition (32) of y(s) gives |y (s)| = |v| —
vy + s — 1. By the induction hypothesis, the lowest degree of ¢ in the polynomial

q”‘“Ksz” %(g) is at least

. Now suppose the lowest degree of ¢ in

Al = 1 — 1=
d:r—i—a—}—wzirj%l_ﬂw VS+S2 |M|+,U«1'
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On the other hand, we have %r +a= %RS for r + 2a = Ry. Recall that Ry = vy —
s — p1 + 1. This finally gives

.0

dzvs—s—2m+1+Ivl—vs+s—21—lul+mZIVI;IMI

Remark By the previous proposition, the coefficients K5’ u are all equal to zero when
k < Lzl”' This implies in particular that we have the decomposition

Q8= K, (@sf=> Y = K&isiq* (34)

veP, k=0 veP,[2k+|u]
for the Hall-Littlewood functions Q;Lg.
The Lemma below will be useful to derive the recurrence formulas of Section 5.2.

Lemma 4.2.5 The partitions A appearing in the right hand side of the previous for-
mulas for which there exists a pair (y (s),r) such that p}};(s) . 7 0 must verify one of
the following assertions:

1. x=vandthen u=9%,s =1,r =Ry =v1,y1 =°,

2. Al < vl
3. |A| = |v| with » # v and then =@ and |A°| < |v"|.

In particular |A| = |v| only if u = 0.

Proof Consider A and (y(s),r) such that p Y s)r # 0. We must have |[A| <r +
ly(s)] = Ry — (Rg — 1) + |y (s)|. By deﬁnltlon of R; (33) and y(s) (32) we ob-
tain [A| < |v]|—u1 — (Ry —r). Thus [A| < |v| when u # @ and |A| = |v| only if u =0
and r = R;. This permits to restrict ourselves to the case when u =, |A| = |v| and
r=R;.

Suppose first L = v. Then we must have s = 1. Otherwise y (s); = v + 1 and we
would have A > v;. This gives u =¥, s =1,r =Ry =vj and y| = VP as desired.

Now suppose |A| = |v| with A # v. Observe that |A”| < |v°| if and only if A1 > v;.
When s > 1, we have y(s); =vi + 1 > vy, thus A1 > vy (see Remark before
Lemma 4.2.1). When s = 1, we have y(1) = (v2,...,v,) = v> and r = v;. Since

Al =|v| and p?, ,, # 0. 4 is obtained by adding a horizontal strip of length v; on v,

This implies 1| > v because the number of columns in vP s equal to v < v; and we
have assumed A # v. O

4.3 Stabilization of the coefficients K fl]i

Theorem 4.3.1 Consider m and a nonnegative integers and v, (. two partitions such
that v € Py, and u € P,. Let g be a Lie algebra of type X,, € {By, Cy, Dy} and k a
nonnegative integer. Then for any n > 2k + a, the coefficients K ,’i do not depend on

the rank n of g. Under these hypothesis, we have K, """ K =Ky k.
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Proof Suppose first g =s0,,, 1. We proceed by induction on a. Note that we can

suppose a < m, otherwise 1(502"+1 * =0 for any rank n. If a =0, then u =@ and

the theorem follows directly from Proposition 4.1.2. Suppose now our theorem true
for any partition ° of length @ — 1 with 1 <a < m and consider y a partition of
length a. We then apply the recurrence formulas of Corollary 4.2.3. It follows from
(33) that the integers R, appearing in these formulas do not depend on the rank n
considered. This is also true for the multiplicities p));( e

By our induction hypothes1s for any p € N, the coefficients K 021=1-F are in-

dependent of n. Indeed u’ € P,_q and s09,_1 has rank n — 1 > 2k + a — 1. The
recurrence formulas of Corollary 4.2.3 imply that each coefficient K, 502"“ K can be

expressed in terms of the coefficients K, 292-1:P “the integers Ry and py (s).r- More-

502n+1 k

over, this decomposition is independent of n. Hence K, does not depend on 7.

By using similar arguments, we prove that K- w X does not depend on n when g = sp,,
Oor $07;,.

The equality K, is again obtained by induction on a. It is true for
a=0by Proposmon 4.1.2 and the induction follows from the fact that the recurrence
formulas of Corollary 4.2.3 are the same for s07,+1 and 507;,. U

502n+l k — K502n

Remark The arguments used in the previous proof imply that it is possible to de-
compose any Lusztig g-analogue K «(gq) such that u # @ in terms of the Lusztig
g-analogues K f’(,)(q). Moreover this decomposition is independent of the rank n pro-
viding this rank is sufficiently large. In this case the decomposition is the same for

502”“ (¢9) and K, 502” (g)- Nevertheless, these two polynomials do not coincide since

502”“ (@) #K, 502" (¢) in general. The previous Theorem also establishes the equal-

1ty K Nran A(q) Kf 92 (g) for any k < 254 where a is the number of nonzero
parts 1n u.

By Theorem 4.3.1, it makes sense to set

N . k
K3 K= lim K52 = lim Ko * and Kf'jt’k = lim Kﬁfﬂ . (35
’ ’ n—>oo

l’l—)OO n—>oo

4.4 A reformulation in terms of the Brylinski-Kostant filtration

Recall that the Lusztig g-analogue K N H(q) can also be characterized from the
Brylinski-Kostant filtration on the welght space VO(A), [1]. Takee =e1+---+e¢, €
uy for a principal nilpotent in g compatible with f. The e-filtration of V9 (A) u 1s the
finite filtration J.(V9(1),) such that

0} cI2(VIM, C I VEQW ) C -
where for any nonnegative integer k,
JEVEO)) ={ve VI, | T (w) =0}

For completeness we also set Je_1 (V8(X) ) = {0}. The following theorem is a con-
sequence of the main result of [1].
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Theorem 4.4.1 (Brylinski) Consider m a nonnegative integer and A, ju € Py,. Let g
be a Lie algebra of type X, € {By, Cy,, Dy,,}. Then

K2 (@)= dim(JF (VeI (Ve L)e". (36)
k>0

By using Theorem 4.3.1, the dimension of the space Jlf‘(Vg (1)) does not depend
on the rank n of g providing n is sufficiently large. More precisely, we have:

Theorem 4.4.2 Consider » € Py,, u € P, and k € N. Let g be a Lie algebra of type
X, €{B,,C,D,} withn > 2k+a. Then dim(Jek(Vg()L)M)) is independent of the rank
n of g. Moreover we have in this case

dim(JX (V20241 (1)) = dim(JX (Vo2 (1) ).
Proof We deduce from Theorem 4.3.1 and (36) that the coefficients
K = dim(JE (VI (3),)) — dim(JEH (VEQ) )
do not depend on n providing n > 2k + a. Under this hypothesis, one can write

k k
dim(IE(VN W) =) K3%¢ and  dim(JE(VEP2(2),)) = >k
a=0 a=0

Hence dim(]f(VSUN(A)M)) and dim(JE"(VspZ" (M) are independent of n. More-
over, we have

dim(J¥ (Vo041 (1)) = dim(JX (V=0 (1) ,)). O

Remark In general, the spaces Je"(Vg(k)) « depend on the rank n > 2k + a consid-
ered although their dimension does not. It seems to be an interesting problem to find
explicit bases for the weight spaces J ek (Ve ).

5 Limit of Lusztig g-analogues

5.1 The formal series K f"ﬂ (g) and K ;pﬂ (@)

The results of Theorem 4.3.1 suggest to introduce the formal series K fﬁu (g) and
Kf’pﬂ (g) defined by

K() =Y K;%'q" eNllgll and K;* (q) =Y K 4" e Nilg]]

r=0 r>0

where the coefficients Kf"uk and Kfpuk are those defined in (35). Then, K;S,(9)
and Kf’pu (g) can be regarded as the limits of the Lusztig g-analogues K fo;iv (g) and
K fzf” (g) when the rank n of g tends to infinity.
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Moreover, we have

char, (H(sp)) = Y K;%(q)s;? and char,(H(s0)) = Y Ki%(q)s3°.  (37)
reP reP

Remark

(1) When g = sp,,, or s07,, Kf’u(q) =0 for any partitions XA, u such that |A| — ||
is odd. Thus for such partitions we have also K (q) =K;° (@) =

(i) Observe that we may have Kfjf”“ (g) # 0 even 1f A — |,u| is odd. In this case
we have

lim K502"+'k( )=0 (38)

n—oo
for any nonnegative integer k. Take as an example A = (1) and p = @. Then
K(ﬁf;!z%“ (q) = q"! for any rank n > 2. Thus (38) is verified for any fixed de-
gree k.

5.2 Recurrence formulas for the series K f"u (g) and K f ?’M (@)

By taking the limit when n tends to infinity in the formulas of Corollary 4.2.3 (which
do not depend on n), we obtain the identities

K35.(q) = Z( D xg®oc Y Y bl Ko@)

s=1 r+2a=Rs; AeP
(39)
p
K@ =2 D" % 30 a™ ) ph Ko @)
s=1 r+2a=R; repP
where a € N and ub = (U2, ..., um). These identities yield recurrence formulas for

the limit of g-analogues.
To see it, suppose first u # . By Lemma 4.2.5, the formal series K ;U/xb(q) and

K;ib (g) appearing in the right hand sides of (39) are such that |A| < |v|. Thus for-
mulas (39) permit to express the series K 50# (g) and K S'L (g) respectively in terms of
the series K;“M)(q) and K;ib (g) with |A] < |v].

Now suppose u = ¢. Then by Lemma 4.2.5, K79 (¢q) and Kf?w (g) also appear in
the right hand sides of (39) when y (s) = ¥ (1) =", Ry = R = v;. We can write

K y(q) = ( > va K3 5(@)

r+2a=vy peP
a0

p—1
PNk S S K@),
s=2

r+2a=Rs reP
(40)
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O Sl D DD DT
r+2a=vy reP
a#0
p
FXE0T Y Y e K@)
s=2 r+2a=R; reP

where the series K7 {(q) and K : p(,) (g) appearing in the right hand sides are such that
IA| < |v] or, |A| = |v]| and |A"| < |u”|. Thus formulas (40) permit to express the series
K j%(q) and Kf’%(q) respectively in terms of the series K ff@(q) and K f’p@(q) with
|| < |v] or, |A] = |v| and |A°| < |u”|. Observe that |A| + |A°| < [v| + [v°|. Hence one
can compute the series K lf"@(q) and K f%(q) by induction on |v| + (VP starting from
the obvious identity Kg“w(q) = 5p (q) =1.

Finally the series K, (¢) and K 1. (q) with p # @ can be computed by induction
on |v| from the series K jg(q) and Kf%(q). We give in Proposition 5.4.1 explicit

formulas for K f% (g) and K f% (g) when v is a row or a column partition.

5.3 A duality between the series K7 (g) and Kf,pﬂ (q).
Proposition 5.3.1 For any partition A we have the duality
Ki%(@) =K/ y(q)

between the limits of the orthogonal and symplectic Lusztig q-analogues correspond-
ing to the weight 0.

Proof We have
char, (H(s0)) = [ [(1 — ¢*) char, (S(s0))

i>1
and

char, (H(sp)) = [ [(1 — ¢*) char, (S(sp)).

i>1

Moreover by Corollary 3.2.4, ¢(char(S¥(s0))) = char(s*(sp)) for any nonnegative
integer k. This implies the equality

¢(char(H* (s0))) = char(H¥ (sp)) for any k € N. 41)
Recall that

char(8* (s0)) = Z K50 ok s3° and char(# (sp)) = Z K5p .k s;".
reP AP

By using (41), this gives

char(®(sp)) = > K;FsiP = k7GFsP.
reP reP
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Since the map

L:{P_’P’ (42)

A— A

is bijective, we must have Kfp@’k(q) = Kf,obk (g) for any nonnegative integer k which
proves the proposition. O

Remark The duality of the previous theorem does not hold for the Lusztig g-
analogues, that is K (q) #* 1(502"+1 (g) in general. Nevertheless we have
5p2” (@) =K'} k(q) when k < 4 according to Proposition 4.1.2.

5.4 Some explicit formulas

We give below some explicit formulas for the series K9 1 (¢q) and Kb . (g) when v is
a column or a row partition. Note that we have not found such s1mple formulas for
the Lusztig g-analogues K 1 () even in the case when v is a row or a column.

Proposition 5.4.1 Consider | a nonnegative integer. Recall that (21) and (1?') are
the row and column partitions of length and height 21, respectively. We have

l

q
(9) = @) ==
(21) 0 (121),@ ngl(l _ qu)
o e
Koy (@) =K @D==—
B0 =K = =

Proof We only give the proof for the first equality of the proposition. The proof for
the second one is similar.

We use the recurrence formula (40). We have then p =1, Ry =2l and y(1) =0
Thus p});(l))r # 0 only when A = (r) and in this case p)’/(l)’r = 1. This yields for any
[>1

p b 5P
Ko@) = Z g KD 4(q) = 2,Zq Ko@) — (43)

r+2a=
r#Zl

where the last equality is obtained by setting r = 2b. By an immediate induction
starting from K, g %(‘1) =1, one derives the desired formula

ql

K (@)= ——
20),9 :
@ T, (1 —g%)

by using the identity
-1 -1 2b

b 5P q 1
Y PKG s =" — = —— —. (44)
b=0 @ b=0 H?:l(l - q%) 1—[5211(1 —q°)
We deduce then K (52';)’@(61) =K (51‘;,)’ @(q) from Theorem 5.3.1. O
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Corollary 5.4.2 Consider m a nonnegative integer and | a partition with d nonzero
parts. Then

1. K(srs) @) F# 0 and K(srs) (@) F# 0 only if m — || € 2N. In this case
h(u)+l
PUOY __ 4
(m) W@ =q"" Ky (@) = M- %)
=
and
oo g+
S0 — —
K(m)u(q)— H K(Zl) @(CI)— l_[l (1 _q2i)
i=1

where h(w) = 1<i<g — Dpi and | = m}'“‘.
2. K (1,7,) M(q) #0and K?° (q) #0 onlyif u = (17) withm — p € 2N and in this

(m),
case
21
sp _ 7
Kimy,an (@ = <12‘) p(@) = T_, (1 —¢%)
1=
and
ql
50 _ prso _
K(lm),(]p)(q) - K(lzl)’@(CI) - l_[l (1 _ q2i)
i=1
where | = m—T\m_

Proof 1. We proceed by induction on the number d of nonzero parts of u. If d =0,
the result follows from Proposition 5.4.1. Suppose d > 0 and apply the recurrence
formula (39). We have p =1, Ry =m — p1 and y (1) = @. This gives

Kim @= > a K> (@
r+2a=m—uy

Since K(sr'; ub(q) =0whenr < |ub ,
gives by using the induction hypothesis

b| in the above sum. This

— h(M ) r+u sp
Kom (@) = ) K. wo)0@)-
r+2a=m—p

. One then obtains

)
We must have r — |,u,b‘ € 2N, thus we can set b = z ‘2“ |

1

sp _h I+b
(2b), @(CI) (M)Zq K(gb) y)(‘])
b=0

(m) W (@)= hw : Z
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where the last equality follows from the identities [ = m—Tlu\ and h(p) = h(u’) +
|| — 1. By using (44), this gives

h(w) q'
@=q¢""x — =
K [Ti— (1 —q2)

The proof is similar for K(”) 1 (@)
2. By applying (39), we obtain this time p =1, Ry =0 and y (1) = (. Hence

qh(M)K(ZI) M(Q)-

sp
K(lm) (113)(Q) - K 1’” 1) (1p 1)(q)

By an immediate induction, this gives K(S]’f,,)’(lp)(q) = K(sﬁ,,_,,) ﬂ(q) = K(ﬁlg,) w(q) and
our formula follows from Proposition 5.4.1.

Remark Recurrence formulas (39) and (40) also permit to derive explicit formulas
when v is not a row partition. For example we have

@) = (1 +q+q?) (@) = q°
K@= a—gn K@= G

@) = PU+q*+4q%)
K& 00D = (== gy

References

1. Brylinski, R.-K.: Limits of weight spaces, Lusztig’s g-analogs and fiberings of adjoint orbits. J. Am.
Math. Soc. 29(3), 517-533 (1989)
2. Gupta, R.K.: Generalized exponents via Hall-Littlewood symmetric functions. Bull. Am. Math. Soc.
16(2), 287-291 (1987)
3. Hanlon, P.: On the decomposition of the tensor algebra of the classical Lie algebras. Adv. Math. 56,
238-282 (1985)
4. Goodman, G., Wallach, N.R.: Representation Theory and Invariants of the Classical Groups. Cam-
bridge University Press, Cambridge (2003)
5. Hesselink, W.-H.: Characters of the nullcone. Math. Ann. 252, 179-182 (1980)
6. Kashiwara, M., Nakashima, T.: Crystal graphs for representations of the g-analogue of classical Lie
algebras. J. Algebra 165, 295-345 (1994)
7. Kato, S.: Spherical functions and a g-analogue of Kostant’s weight multiplicity formula. Inv. Math.
66, 461-468 (1982)
8. Koike, K., Terada, I.: Young diagrammatic methods for the representation theory of the classical
groups of type By, Cy, and Dj,. J. Algebra 107, 466-511 (1987)
9. Koike, K., Terada, I.: Young diagrammatic methods for the restriction of representations of complex
classical Lie groups to reductive subgroups of maximal rank. Adv. Math. 79, 104—135 (1990)
10. Littlewood, D.-E.: The Theory of Group Characters and Matrix Representations of Groups, 2nd edn.
Oxford University Press, Oxford (1958)
11. Lascoux, A., Schiitzenberger, M.-P.: Sur une conjecture de H.O. Foulkes. CR Acad. Sci. Paris 288,
95-98 (1979)
12. Lecouvey, C.: Kostka—Foulkes polynomials cyclage graphs and charge statistic for the root system
Cy,. J. Algebr. Comb. 21, 203-240 (2005)
13. Lecouvey, C.: Combinatorics of crystal graphs and Kostka—Foulkes polynomials for the root systems
By, Cp and Dj,. Eur. J. Comb. 27, 526-557 (2006)
14. Lusztig, G.: Singularities, character formulas, and a g-analog of weight multiplicities. Astérisque
101-102, 208-227 (1983)
15. Macdonald, L.-G.: Symmetric Functions and Hall Polynomials, 2nd edn. Oxford Mathematical Mono-
graph. Oxford University Press, New York (1995)

@ Springer



	Stabilization of the Brylinski-Kostant filtration and limit of Lusztig q-analogues
	Abstract
	Introduction
	Background
	Convention for the root systems of types B,C and D
	Lusztig q-analogues
	The symmetric algebra S(g)

	Graded characters
	Graded character of the symmetric algebra
	Universal graded characters charq(S(sp)) and charq(S(so))
	Universal graded character for harmonic polynomials

	Stabilization of the coefficients Klambda,µg,k
	Stabilization of the coefficients Klambda,Øg,k
	Recurrence formulas for the Lusztig q-analogues
	Stabilization of the coefficients Klambda,µg,k
	A reformulation in terms of the Brylinski-Kostant filtration

	Limit of Lusztig q-analogues
	The formal series Klambda,µso(q) and Klambda,µsp(q)
	Recurrence formulas for the series Klambda,µso(q) and Klambda,µsp(q)
	A duality between the series Klambda,Øso(q) and Klambda´,Øsp(q). 
	Some explicit formulas

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


