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Abstract Patras, Reutenauer (J. Algebr. Comb. 16:301-314, 2002) describe a sub-
algebra 2 of the Malvenuto-Reutenauer algebra P. Their paper contains several
characteristic properties of this subalgebra. In an unpublished manuscript Manfred
Schocker states without proof a theorem, providing two further characterizations of
the Patras-Reutenauer algebra. In this paper we establish a slightly generalized ver-
sion of Schocker’s theorem, and give some applications. Finally we describe a deriva-
tion of the convolution algebra 2(, which is a homomorphism for the inner product.

Keywords Symmetric group algebras - Reciprocity laws - Lie idempotents -
Solomon’s descent algebra

1 Introduction

In this section we explain some different characterizations of the Patras-Reutenauer
algebra, contained in [9], and the theorem of Schocker.

As a vector space the Malvenuto-Reutenauer algebra P is the direct sum of all
group algebras KS,, where S, denotes the group of all permutations of the set
[n]:={1,---,n} CN.The set S := Un>0 S, is a basis of P. The field of coefficients
K is assumed to be of characteristic 0. Via Polya action P acts on every free associa-
tive algebra A = A(X), freely generated by a set X. The multiplicative monoid X*
generated by X is a basis of A. For all 0 € S and all words x; - - x, € X* of length
n we put

) xtexpe if o €Sy,
X X”'_{OA if 0¢S,.
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Linear extension yields the Polya action of P on .4, which is a left action. For every
subset Y of X we define a (uniquely determined) algebra endomorphism of A by

x forxeY,

x'_’xY:{lA for x€ X\ Y.

We write ay for the image of a under this mapping, for all a € A. The coproduct
§: A— A® A is the uniquely determined algebra homomorphism, such that

X=xQ@1p4+14Qx,

for all x € X. The Lie subalgebra £ := £(X) generated by X of the Lie algebra Ajje
associated to A is the set of all a € A with the following property:

ab=aQ@1l4+14®a,

by the theorem of Friedrichs. There is a coproduct | on the vector space P, too: for
oes,,

n
ov =35 @m ),
j=0

7, €S and p,—;j € S, j, where, viewed as a word, the permutation 7; is obtained
by lining up the elements 1, -- -, j from o in their present order. Similarly, the per-
mutation p,_; is obtained by reading out the numbers j + 1, --- , n from o from left
to right and subtracting j from each of them. A more conceptual description is given
in (3). For example, 312 | =312+ 1®21 +12® 1 + ¥ ® 312. Another example
islg, =) ls; ®1s, ;. We embed P in A(N) simply by reading permutations as
words over the alphabet N. To be more precise, we define a linear mapping w of P
into A(N) by

W:otrow:=1lo.---.no =0(l.2.-- .n) e N,

forall o € S,,, and linear extension.! By * we denote the inner product on P, inher-
ited from the algebra structure of all KS,,. Then,

(xxy)w =x(yw),
for all x, y € P. Finally put
O={xeP|xwe L{N)}

The elements of O are often called multilinear Lie elements. Obviously, O =
D,>1 On where O, :== O N KS,. In addition to the inner product the convolu-
tion product » on P is defined as follows: For all o € S, and 7 € S,, we define
o#t € Sp4m bY

io for 1<i<n,
(i—n)t+nforn+1<i<n+m,

i(o#t) := {

I'We denote the concatenation of x,y € A(N) by x.y.
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then
OxT = Z(o#t),o, (1
0

where the summation is extended over all permutations p € Sy4,,, which are in-
creasing on [n] and on n + [m] = {n + 1,--- ,n + m}. For example, 1 x 21 =
132 4 231 + 321. This turns P into an associative algebra with neutral element @,
the only element of Sg. By 2 we denote the unitary subalgebra of (P, ) gener-
ated by O. Observe 2A =P, . A, where A, :=AN KS,, i.e. A is a homogeneous
subspace of P, just as O. The first characterization of 2l is a consequence of sev-
eral statements in [9] (Proposition-Definition 3, Theorem 4 and the assertions about
primitive elements):

Theorem 1.1 Let x € P. Then x € A if and only if for all sets X and all a € A :=
A(X):

(xa)d = (x|)(ad). @)

The left hand side refers to Polya action of P on A and the right hand side to Polya
action of P ® P on AQ A. In particular, 15, € A for all n € N.

The second characterization needs some more preparation. Let X be an alphabet and
< atotal ordering on X. We define the standard permutation 7, € S, belonging to a
word w = x1 ---x, € X* as follows:

Xi < Xj,

imy < Jjm — .
w = JTw {orxl-zxjandz<].

For example, leta < b < --- < z and w = rccacd, then 1, = 623145 € Sg. By linear
extension we get a mapping
st: A{X) =P, wr> wst:=my.
Then the coproduct | can be described as follows:
n
G»l/:Z(JW)[j] st® (oW )\ st 3)
j=0
for all o € S,,. A slight modification of 1.1 follows:
Proposition 1.2 Let x = ZUESH koo € KS;,. Then x € U if and only if
(ew)d = (x)((1.2.---.n)é). @)

Proof By 1.1 the condition (4) is necessary since xw = x(1.2.--- .n). On the other
hand, if X is a set and a = x1---x, € X" define the algebra homomorphism ¢ :
A(N) — A(X) by

i X; if 1<i<n,
T \aw it n<i
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Then ¢ is permutable with Polya action, i.e. (ci1.--- .ip)p = o (i1¢---iyp), for all
o €8, further xa = (x(1.2.--- .n))p and

(xa)d = (x(1.2.--- .n))ps
=x1.2.--.n)8(p ® @)
= (2. .m)8) (9 ® ¢)
=@ P((12.- m)8p @ @)
= (x)(ad),
therefore x € A by 1.1.

Condition (4) is equivalent to

3 3 ko ((ow)y ® (W)

JClnl eS8,
=)

= Z Z ka((UW)[j] st(1.2.-+- .n);y ® (OW) [/ st(1.2.--- .I’l)[n]\j),

JCln] o eSS,
11=j
for 0 < j <n. Applying st® st yields

DD ko ((ow)sst® (W) st)

.Ig[nJ 0’68,1
J

1=
n
= < ) Z kg((O‘W)[j] st® (W) (/] St).
J oeS,

The following combinatorial characterization of 2 ([9], Theorem 4) is much stronger
than this last assertion.

Theorem 1.3 Letx =} s koo € KS,. Then x € A if and only if

Z ko ((ow) s st® (eW)pup s st)

oeS,

=Y ko ((6W)s)St® (@W)pan 111 S1),

oS,

forall J C [n].

The succeeding theorem of Manfred Schocker provides two further characterizations

of the Patras-Reutenauer algebra. It is contained without proof in an unpublished
manuscript.

Theorem 1.4 For all x € P the following statements are equivalent:
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1) x e,
(i) (z1*xz2)* x =((z21 ®z2) *g x| )cONV, forallz;,z2 €P,
(i) (x*z)l =x| *5z, forallzeP.

Here conv: PRQP — P, x ®y > x xy denotes the linearization of the convolution.

The statement (ii) is called the multiplicative reciprocity law. It was proved in [5]
for elements zj, z2, x in Solomon’s algebra D, which is the subalgebra of (P, «)
generated by all 1g, . In particular, D C 2. By [13] D is also a subalgebra of (P, *).
In this paper we give a proof of Schocker’s result in a slightly generalized version
and some applications.

2 The Lie projector R

We present a useful instrument in this section, which is useful in the proof of
Schocker’s theorem and for applications.

Let p, be the canonical projection of P onto KS,,. The algebra (P, x) is graded
since KS, x KS,;, € KS, . We denote by

ﬁ::l_[KSn

the completion of P with respect to the metric given by

efmin{nlpn(a*ﬂ)?éo} lf o 9
d(a, B) 3={ 0 if aigo

Consider P as a subspace of P. The projection of P onto K Sy is again denoted
by px. For every sequence (@, ),>0 converging to 05 the series ) _ a,, itself is conver-
gent. Cauchy multiplication turns P into an associative algebra with neutral element
# € Sp. Obviously, (P, %) is a subalgebra of (P, ). The inner product * and the
Polya action of P on A can also be extended to P. The latter is a homogeneous
operation, i.e., the subspaces .4, are invariant, where 4,, denotes the subspace of
A generated by all elements of X* of length n. In contrast with (P, =) the algebra
(7’5, ) has a neutral element:
E = Z ls,.

n>0

Polya action defines a linear mapping pol of P into the algebra £ of all linear en-
domorphisms of A, which is injective if (and only if) X is infinite.With respect to
the inner product pol is an anti-homomorphism. The following statement? is well
known:

pol (S x T) = §(pol (S) ® pol (T')) conc @)

2In [7] this is used to define the convolution product on P.
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forall S, T e P. Here conc: A® A — A, a ® b — ab denotes the linearization of
the concatenation in 4. Putting

o *xy:=68(p ®Y)conc

for all ¢, ¥ € £ turns £ into an associative algebra with neutral element ¢, the canon-
ical projection of A = P, oAn onto Ag. Then pol is a unital homomorphism of

(73 *) in (&, %). It is convenient (see [11]), to generalize conc and § in the following
way: for all k € N define an algebra homomorphism

WA AR @ A= A%
N ——

k
by
k—1
S(k):xl—)ZlA®~~®1A®x®1A®'~~®1A,
i=0 i k—i—1
for all x € X, further (a; ®--~®ak)conc(k) :=aj---ag. Thenforall g1, -, €&
grx-x =8 (01 ®- - ® ) conc®. (6)

As a consequence of (6) and (5), observe the reciprocity law for Polya action:
(Six-*Sa=((S1® - ® Sp)(as®)) conc®, @)

forall S1,---, S8 € P andalla € A. An element P of P is a Lie projector,if P« P =
P and if P A= L for all sets X. As a consequence of (7), we note

(Prx-x POASL: - L= LY, ®)
k

for all Lie projectors Py, - - -, Pi. Furthermore, (cf. [11], 1.5.6.)

k—1
aS(k)=21A®"-®1A®a®1A®"'®1A, )
=0 i k—i—1
for all a € L. From (6) and (9) we deduce:
a(pr*--- %) =04 (10)
forallae L, k> 1 and ¢y, -, g € £ with the property 1 40; =04, 1 < j <k.

Recall E = ano ls, = I(P, ) Put [ := anl ls,, that means E = ¢} + I, then
I"a=04foralla e Landn=0orn > 1, by (10).> Define

n— 1
) an

R:=logE = Z( ! ,

n>1

3 %1 denotes the n-fold convolution product of I with itself.
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then Ra = a for all a € L. Define the mapping

o n
TP [[(PKS®KSi—k)=P &P
n=0 k=0

as the continuous extension of |. For any sequence (c,),>0 with «,, € K S, the series
o= .., is convergent and

al =) (@)

n>0
From 15, =Y }_ols, ® Ls, , we deduce
0 1
El=E®E=)» Y 15®]ls,, cP&P.
n=0 k=0
It is well known that R = log E is primitive with respect to 1\, ie.
RI=R®0V+0®R. (1)
Putting o, := p,(R), in particular R = anl Pn, We have now:
oy =0 QOB+ R pn.

The elements p,, are contained in the subalgebra of (P, x) generated by all 15, ,i.e. in
Solomons Algebra D = @nzo Dy, which is contained in 2 by 1.1. Again by 1.1, we
conclude forn > 1 and all y € A,

(Ry)d = (ony)d = (pn I)(yd) =
=oyQ®Ia+14Q@0y=Ry®14+14® Ry,

therefore R.A C L by the theorem of Friedrichs. Since Ra = a for all a € £ we get

Proposition 2.1 R is a Lie projector, i.e. R is an idempotent in (73, x) and RA(X) =
L(X) for all sets X. Especially, py is an idempotent in 2,,.*

We can easily deduce from 2.1:

O:R*P:@pn*l(sn and O, =p,*KS,. (12)

n>1
In particular, O is a right ideal in (P, *). Concerning the proof, we remark that

x*y=(x(yw))st= yw (pol x) st

4The elements pn first appeared in [12], by communication of a referee also in [2], [8]. Further, pol R is
the canonical projection mrq from [10].
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forall x € 7/5 and y € P, therefore
Rxy=(R(yw))ste (PwNL)st=0,

that means R*P € O. On the other hand, if y € O then yw € £ and R*y =
(R(yw))st=ywst=1y.

3 Multiplicative reciprocity

We prove Schocker’s theorem in a rather generalized version, which is more conve-
nient for applications.
In analogy to 8% we define recursively

10 =1 %Y ®id).

Then

o
W:P>PH=P| P KS;® -QKS
n=0 \Jji++jk=n

is a homogeneous algebra homomorphism. Further,

o)
I(k):ﬁ_)l_[ @ KSj; ®---®KSj, = pek
n=0 \ ji+-+ji=n

denotes the continuous extension of |®, that means xI(k) = ,-0%n 1% for
X = ,-0%> Xn € KS,. Similarly conv® is the continuous extension of conv(® :
PK P 21Q - ®zk 21 *ooxzp Put O ;= ONKS, and 2, :=ANKS,,
then O =@, Oy and A=6P, . An. We put A:=[],. Ay and O =], On.
For the proof of Schocker’s theorem we need a remarkable relationship between the
convolution product on P and the coproduct |, the reciprocity law. We define a sym-
metric, non-degenerate bilinear form (, ),, on P by

1 ifo=1""1

(0.7)p = .
? 0 otherwise
for all permutations o and t and bilinear extension. A moment’s reflection reveals

(@xB,y)p =@, B*xy)p =B,y *xa)p,

for all «, B, y € P. There exists exactly one non-degenerate and symmetric bilinear
form (, )pyp On P ® P with the property

@B,y ® 8)73@73 = (a, V)p (8, 6)73’

forall, B,y,6 € P.
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Reciprocity Law 3.1 (cf. [3]) For all ay, 02, 8 € P:
(al *a27 13)73 = (al ®a27 ﬁ\l’)‘])@‘])'

The following assertion is a little bit changed and more convenient formulation of
Schocker’s theorem 1.4.

Main Lemma 3.2 For all x € P the following statements are equivalent:
(i) x e,
(i) (@1 % 2 5 x = (@1 @ ®z) #ox ] ) GOV
forall z1,--- ,z € P and forall k € N,
(i) (21 %22) *x = ((z1 ® 22) ¥ ;X ) conv for all z1, 22 € P,
(v) (i x-*z)*x =11 ® - ® zx) *®x1\(k))conv(k)
forall z1,---,zr € P and forall k € N,
W) (zi*xz)*x=({(z1 ®22) *®xI)convfor allz1,z22 € P,
vi) (x*2)}=x{ *®zl\f0r all7 € P,
(vii) (x * Z)I = xl\*®z¢f0r allze P>

(k)

Proof Let x =), (Xn € 7/5, xn € KS,,. Every statement (i) up to (vii) is true
for x if and only if it is true for all x,. Therefore, we can assume x € KS, for
some 7. First we show the equivalence of (ii) up to (vii). Furthermore, we can assume
71 %%k, 21 *22, 2 € K, resp. In particular (ii) and (iv), (iii) and (v), (vi) and (vii)
resp. are equivalent. (v) is a weakening of (iv). By induction on k we show that (iv)
follows from (v). For k = 1 nothing is to prove. Let k > 2 and z := 77 -+ * Zf—1.
Using Sweedler’s notation ([14]) we conclude:

(zg % *zZp)*X
= (Zxzp) *x
= ((z® zk) *4x |) conv
= Z(z «x1 @z« xP) conv
=Y (@@ ®zu-1)*ex" 15 D)conv® D @ 74 % x) conv
= Z(((Zl ® @ zk-1) #ox D L E) @ 25+ x@) conv®
=(((z1 ® - ®zk—1) @ zk) *5x 4 (LY ®id)) conv®

=((21®-- ®z) *yx L ®) conv®

5Cf. [9], where (vii) is shown for all x, z € 2 (Theorem 10).
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Altogether, (ii) up to (v) are equivalent. To prove equivalence of (v) and (vii), we
argue as follows: on the one hand we have for all z1, zp € P

(*2D, 21 ®22) pgp = (¥ %2, 21 % 22) p

=(z, @1*22)*x)p

and on the other hand

() xo2 . 21 ®2)pgp = (b 1@ %o 11 )pgp
= (z, ((z1 ®22) x5 x ) CO”")P'

Therefore (vii) is true, if and only if for all z1,z2 € P,
(z1%22) *x = ((z1 ® 22) ¥4 x |, ) conv

i.e if and only if (v) is true. Now the equivalence of (ii) up to (vii) is shown.
Assume (ii), in particular for all k¥ > 0:

k k
—_—— — (k) —(k)
(R*...*R)*xz((R®...®R)*®x¢ )conv .

Since R * P = @, we have R** xx € O* . We conclude:

x:l(ﬁ*)*x

=expR+*x
:Z%R*k*x
k>0
n 1 n N
ZZER*I(*X € ZO*k cACU
k=0 k=0

Remains to show that (v) is a consequence of (i). We prove this under the additional
assumption that x is contained in the convolution subalgebra of 2, generated by the
primitive elements of O ©. By linearity we may assume that x = y; *---x y; is a
convolution product of primitive elements of O. Let X be an infinite set and A :=
A(X).CallY; :=poly;, Z; :=polz; and ) := (pol @pol)(x ), the endomorphisms,
induced by Polya action from z;, y;, x| on A, A® A resp. Now (v) is equivalent to:

(Y1 %% Y))(Z1 % Z2) = (D(Z1 ® Z2)) conv. (13)

On the other hand,
(Y1*-~-*Y1)8:5@,

By [9] © = Prim .
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by 1.1. As an easy consequence we get
Y1 %% Y))(Z1 % Z2)
=Y %x---xY))5(Z1 ® Zp) conc
=089 (Z1 ® Z,) conc
= (Y(Z1 ® Zy)) conv.

It remains to show that all elements of O are primitive. Let x be an element of O.
Since R € O and x = R * x on account of (12), we can apply (vi), and conclude due
to (11):

x¢=(R*x)i:RI*®x¢=(R*x)®(/)+®®(R*x):x@ﬂ—i—(()@x. O

4 Multiplication rules

Corollary 4.1 If y is a primitive element in (P, ) and x € é\l, then x xy is also
primitive. In particular, Prim P is an A-left module.

Proof In Sweedler’s notation we have z |=z® ¥+ 0 ® z+ > zV ® z? for all
z € P, where z(V, z® = (. The statement now follows from 3.2, (vii). U

Corollary 4.2 If z;, z2 are elements 0f73 with the property po(z1) = 0 = po(z2),
and if x € A is primitive, then (21 % z2) * x = 05. Further, O is the set of all primitive
elements of . In particular, O is the set of primitive elements of % (cf. [9]).

Proof From 3.2, (iii) we conclude
(z1*z2) *x = (21 *x) * (22 W) + (21 * W) * (22 % x) = 05.

The second statement follows from [9]. For convenience, we give the short argument.
The end of the proof of 3.2 shows in particular:

O cPrim@., ). (14)

An element x € P is primitive if and only if p,(x) is primitive for all n. In particular,
po(x) = 0. Now let x € Prim%(. Then

1
x=E*x=epr*x=Z—'R*"*x=R*x,
n!

n>0
finally O = R« A D R * PrimA = Prim 2. O

A useiul consequence of /3\.2, (ii) is the following multiplication rule for all o1, - - - ,
ayePand By, -, Bre0:

(% xa) s (Bra-x )= > (arxBp)*-*(*py).  (15)

i,
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The summation is extended over all pairwise disjoint subsets Jp, - - -, J; of [k] such
that Sy U---U Jy=[k]; if J ={j1, -+, jm} C [k] with j; <--- < jj,, then By =
Bj *x---*Bj,,and if J =0, then B; = 1(p ,) =¥ € Sp. Patras and Reutenauer ([9],
Theorem 10) have shown that 2l is a subalgebra of (P, *). This is also a consequence
of (15): if ay, - - - , Bx € O the product in (15) is an element of 2, since O = R+ P is
aright ideal of (P, ). Two special cases are of interest:

(ap*---xog) * (Br*--x fr) = Z(Oél*ﬂlo)*-“*(al*ﬂza)- (16)

o €Sy

If po(er1) =--- = po(e) =0p and [ > k:
(ag %+ x0y) = (Br*--- % fr) = 05. (17)

Denote some simple consequences of (15), (16) and (17):

- R*”*R*k=07’5=1*"*R*k if n >k,

_ R*n * R*n =n!R*n’

— PR =nePR*if 1<k,

— R+ R* = (X (=)0 -6V )R* =05 if 1<k,

- R« R* =05 if n#k.

Here Gg) is a Stirling number of the second kind, i.e. the number of ways of par-
titioning of [k] into / non-empty subsets. The fourth equation follows easily from
GI(CZ) = 16,(([11 + 6(1 1) for k > . As a consequence, we get:

Proposition 4.3 The elements i R** of O constitute a system of pairwise orthogo—
nal idempotents of (73 * ), summing up to the neutral element E = exp R of (73 * )
([100). In particular, putting O® := R** + 9,

A=EPHo®

k>0

is a direct decomposition of (U, ) into right ideals. Moreover, Y ;_, O® is an ideal
of &, =) foralln € N and

O(k)=<zala*"'*0lka al,.-~,ak€(9>. (18)
K

oSk

——
Proof Put O*" := O x---x O, then by (17)

1 n n
*1n *1 = prk *1n *k *711 (k)
O—E*(’)—Ek!R *O—ER*O QE(’),
k>0 k=0 k=0
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therefore Y j_, Ok = Yo O®_ Applying R*" on this equation by Polya action
we conclude R** + O*" = O™ The assertion (18) now follows from (16). By (17),

O« 0% ={0p} ifl> k.

In particular, ) ;_, O® is an ideal in (2, *). O

5 The endomorphism © of A

The next statement describes another combinatorial property of the Patras-Reutenau-
er algebra.

Theorem 5.1 Let x € 2, then (xw), st is an element of 2,y and depends only on
|J|, forall J C [n].

Proof As a convolution algebra, 2 is generated by it’s primitive elements ([9] or 4.2).
If oy, -, 0 € Prim%A then

(@rxxap) = Y o’ @altV,
JClk]

where @/ = aj, %+ %o, for J = {ji, -+, ji}, j1 <--- < ji. Therefore A} CARA

and 20, | CPA; @Ayp—j. Let x =) s koo, then by (3)

x| = Z Z ko ((GW)(j1St® (GW)[a1\(j1St).- (19)

j=00€S,

For all J C [n] with |J| =n — 1 now follows by 1.3:

(xw)yst® g, = ( 3 ko (ow)y st) ®1s,

oS,

= Z ko ((UW)j st® (W) s St)

oeS,
=Y ko ((OW)u1)St® (OW)[up\in—17 Y)
ceS,
= (X keowi-nst) @15,
oceS,

= (W)p—11st® 151.

Since the summand for j =n —1in (19)isanelementof A, @A =2, 1 ® 15,,
we conclude

(xw)yst®1ls, =a®1s, = (w115t ® 1,
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for some suitable a € 2,,_. A simple argument, using the basis S of P, shows
(xw)yst=a = (xw)[—1st.

We have proved the statement for |J| =n — 1. Let L, L’ be different subsets of [n]

such that |L|=|L'|<n—2.Takeie L\ L' and j e L'\ L,put L” := (L \ {i}) U

{jl,theni ¢ L’UL"” and [LUL"|=|L U {j}| =|L| + 1 <n — 1. Therefore exist

J1, J» C [n] with the property |Ji|=n—1=|Jhland L'UL" C J;, LUL" C J,.If
M C N C [n], then for all o € S, we have the transitivity rule:

(ow)y st=((ow)n)m)st= ((oW)N@)myst= (((oW)n sHhHW)uy, st, (20)

where ¢ is an algebra endomorphism of A(N), such that ¢ induces the uniquely
determined order isomorphism of N onto {1, --- , |N|}. For example,

(xw) st = (((xw), styw), st.
Because (xw)j, st= (xw), st € 2,1, we conclude by induction
(xw)p st=(xw)prst=(xw)p ste . O
We define a linear mapping ® : P — P, 0 > 0@ 1= (oW)[,—11st, for all 0 € S,,.
Roughly spoken, o0 ® emerges from o € S, by striking out the letter n in the image

line of o, for example, 132478650 = 1324765. Then A® C A by 5.1. As a matter of
fact, (xw), st=x©®""VI forall x € 2, and all J C [n].

Proposition 5.2 ® : A — 2 is a homomorphism for the inner product. In particular,
((x=y)w)yst=(xw) ystx(yw)yst, forall x,y €A, and all J C [n].

Proof Let x = ) s koo and y = s lo0 be elements of A,. Put x+y =
ZUE S, M0 Recall that 2 is a subalgebra of (P, ). By Schocker’s theorem
(or [9], Theorem 10) (x * y)| =x| *, y|, and we conclude by 1.3

((* YW1t ® 1,

= Z Mo ((OW)[r—178t® (GW)[a]\[n—11 St)

oeS,
= Y kple((oW)p—1ysts (tw)p-1yst® 1s,)
0, TES,
= (( Z ko (oW ) [n—17 st) = ( Z ke (TW)[n-1) St)) ®lgs,
PES, eSS,

= (W) -1y 8t GW)pu-1y8t) ® 1,

therefore (x * y)® = x® * y®. O
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Proposition 5.3 The mapping © induces a derivation of the convolution algebra
(A, %).

Proof Let n € N, x € %; and y € %,_;. Put v:=12..--.n € N* and u :=
1.2.--- .(n — 1) € N*. Then

Eaw=@* N2 n=Y " (X)),

JC[n]
Vl=j

for example by (7). Observe that (x x y)® = x x y® + x©® % y is equivalent to
X *YIW—1]= (X *xY)OW = (x x yO)W + (xO x y)w. On the one hand, we have

(X * Y)W n—1]
= Z ((XUJ)(yU[n]\J))[n_l]
=
=i
= Y @OV + Y, CVD 1 (U )-
n¢JCn] neJC[n)
1= i=j

For n € J C [n] with |J| = j call ® any algebra endomorphism of A(N), such that
® induces the uniquely determined order preserving bijection of J onto [j]. Then,

x@u]\{n}QD =xOw = (xw)[j_l] = (xvj)[n_l]Cb,

therefore xOu j\(ny = (Xvy)[n—1], analogously yOup, )y = (YVupHm—17 if n & J.
To finish the proof, we conclude on the other hand

(x*xy®O)w + (xO x y)w

= Z (xup)(yOup—1pL) + Z (xOup) (Yupn—11\m)

LEh—1] MCin—1]
ILI=j MI=j-1
= Z (xuy)(yOupy\g) + Z (xOu g\ (n)) (YV[a1\J)
n¢J<ln] neJCln]
I=i i=j
= > GuNGVunDm-1) + Y () p-1) GV ),
ngJin) neJcin]
I=i 1=
and that was to be shown. u

Next we prove that ® induces an epimorphism of 2, onto 2A,_;. In particular,
(A,,—1, *) is isomorphic to a factor algebra of (2(,, *). We first describe a system
of generators for the vector space 2. Recall that O is a homogeneous subspace of 2,
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ie.

0= 0.

k>1

where O, := O N KS,,. The elements of O, are called homogeneous of degree n.
Obviously, the set of all products | - - - * «,, where «y, - - - , &, are homogeneous
elements of O, is a system of linear generators of 2(. Call G the set of all products

QY ke kO KO ] Kee sk QD jy ks kO ] kX0, 21

where [ € N and o; x € O;. Let G", G, resp. be the set of all such elements with the
property ji +j2+ -+ ji=n,1-ji1+2-jp+---+1- ji=nresp., then G, CA,.
Finally put O<"> the subspace generated by G". By (16), (17) and 4.3 we get:

OW if p=m,

*1 <m> __
R0 _{{op} it n>m.

We conclude
n n n n n
Zo<k> — EZO<k> — Z(j!)—lR*j Zo<k> ) Zo(k).
k=0 k=0 j=0 k=0 k=0

In particular, 2 = Zkzo O<k> by 4.3, i.e. G generates the vector space 2, and G, is
a generating system for 2(,,, since 2 = @ 2l,,. Recall the Specht-Wever element

—1_
o=y (=H" ',
TeV,

where V), is the set of all valley permutations in S,, (cf. [3]). A permutation 7 is in
Vy if

In>2r>--->kn>k+Dr=1<k+2)r <--- <nm.
Polya action of w,, creates left normed Lie monomials:
wpXy - Xg = [ [l x2], 23] X,

for all words xi - --x, of length n over an alphabet X, e.g. by [6]. By the Dynkin-
Specht-Wever theorem we have wj, * w, = n - w,. Since the left normed Lie monomi-
als generate the Lie algebra £(X), we conclude from w,, * 0 = (w,(ow)) st:

Op=w,*KS, =w, *U,.
In particular, O = w; * KS| = (w;) . Therefore we may assume
a=-- =015 =g,

for all elements (21) of G,. From the definition of w, easily follows w1® = @ € Sy
and

wp®=0p forn>2,
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in particular O,, = w,, * U, C ker ® for n > 0 by 5.2, where ker ® denotes the kernel
of ®. Together with 5.3 this leads to

*J1
O X0 Kk QY kKO Kk ;O

=7 *(jl_l)* Kook ek * ek .
=J1@; 02,1 2, j, o1 o,

Therefore GO generates 2 and G, ® generates 2,,_;. For all a € 2,1 and all b =
ZUESn ;0 €Uy,

(w1 *a)«b = ((a)1 ®a) *®b¢)conv

= (@1%( ) co)ls) x(@*b®) € w1 *Ap-1,

oceS,

by 3.2. Observing that ® : w; » 2,1 — 2,1 is a bijection, we have shown:

Proposition 5.4 © : A — A is surjective. In particular, 4,0 = 2,,_1. Furthermore,
w1 *Ay—1 is a right ideal in (A, *) and

Ay, = (w1 * A1) & (A, Nker ®).

6 Concluding remarks

By work of Loic Foissy PrimP is a free Lie algebra with respect to convolution
[4]. O is a Lie subalgebra of Prim P, since (2, , |) is a Bialgebra and O = Prim%2{
([9]). Therefore O is a free Lie algebra by a theorem of Shirshov/Witt (cf. [11]).
As a consequence, 2 is a free associative algebra, since 2( is a universal envelop-
ping algebra of O ([9]). The direct decomposition of 2 in 4.3 then follows from the
Poincaré-Birkhoff-Witt theorem. Schocker’s result leads to the ideal properties of the
subspaces OV, The homomorphism ©, described in 5.2, induces a homomorphism
between Solomon’s algebras D,, and D,,_1, which was first studied in [1].
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