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Abstract It is known that elliptic Weyl groups, extended affine Weyl groups of nul-
lity 2, have a finite presentation called the generalized Coexter presentation. Similar
to the finite and affine case this presentation is obtained by assigning a Dynkin di-
agram to the root system. Then there is a prescription to read the generators and
relations from the diagram. Recently a similar presentation is given for simply laced
extended affine Weyl groups of nullity 3 and rank> 1. Employing a new method, we
complete this work by giving a similar presentation for nullity 3 extended affine Weyl
groups of type A1.
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0 Introduction

In 1985, K. Saito [10] introduced axiomatically the notion of an extended affine root
system and considered the classification of extended affine root systems of nullity 2,
which are the root systems equipped with a positive semi-definite quadratic form
where the radical of the form has dimension two. Since extended affine root systems
of nullity 2 are associated to the elliptic singularities, they are also called elliptic root
systems.

Extended affine root systems also arise as the root systems of a class of infinite
dimensional Lie algebras called extended affine Lie algebras. A systematic study of
extended affine Lie algebras and their root systems is given in [1], in particular a set
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of axioms, different from those given by Saito [10], is extracted from algebras for the
corresponding root systems. In [3], the relation between axioms of [10] and [1] for
extended affine root systems is clarified.

Let R be an extended affine root system of nullity ν and V be the real span of R

which by definition is equipped with a positive semi-definite bilinear form. Then the
Weyl group of R is the group generated by reflections based on nonisotropic roots
of R, considered as a subgroup of the orthogonal group of a hyperbolic extension Ṽ
of V (see Section 2). In [11, 12], K. Saito and T. Takebayashi assigned to each elliptic
root system a Dynkin diagram and described from the viewpoint of a generalization
of Coxeter groups the generators and their relations of elliptic Weyl groups. Recently,
T. Takebayashi [13] has extended this result to nullity 3 simply laced extended affine
root systems (except type A1). In this work we consider type A1 and complete Take-
bayashi’s result for simply laced nullity 3 extended affine Weyl groups. To achieve
this, we have employed a new method using a recently given finite presentation for
reduced extended affine Weyl groups (see [6] and [7]). This approach considers nul-
lities ν ≤ 3 at once, in particular it provides a new proof for the elliptic Weyl group
of type A1.

We should mention that the study of extended affine Weyl groups was initiated by
R. V. Moody and Z. Shi in the article [9], in which the authors studied the structure
of those extended affine Weyl groups which arise as the Weyl groups of toroidal Lie
algebras (see also Remark 2.2).

We refer the interested reader to [2–4] for the study of extended affine Weyl groups
in general and to [8] for the extended affine Weyl groups of type A1.

1 Extended affine root systems of type A1 and nullity ν ≤ 3

Throughout this work we assume R is an extended affine root system of type A1 and
nullity ν ≤ 3. That is, R is a spanning subset of a (ν + 1)-dimensional real vector
space V = Rε + ∑ν

r=1 Rσr of the form

R = R(A1, S) = (S + S) ∪ (±ε + S) (1.1)

where V is equipped with the positive semi-definite bilinear form determined by
(ε, ε) = 2 and (ε, σr ) = (σr , σs) = 0, 1 ≤ r, s ≤ ν, and S is a semilattice of rank ν

in V 0 := ∑ν
r=1 Rσr . For the details about extended affine root systems (and semi-

lattices) we refer the reader to [1, Chapter II], in particular, we will use the nota-
tion and concepts introduced there without further explanation. It is known that we
may assume, B = {σ1, . . . , σν} ⊆ S. Let � = ∑ν

r=1 Zσr . As it is shown in [6, §2],
there is a unique set, denoted supp(S), consisting of subsets of {1, . . . , ν} such that
∅ ∈ supp(S) and

S =
⋃

J∈ supp(S)

(τ
J

+ 2�), where τ
J

:=
∑

r∈J

σr . (1.2)

(If J = ∅ we set by convention
∑

r∈J σr = 0). Since B ⊆ S, we have {r} ∈ supp(S)

for all 1 ≤ r ≤ ν. The collection supp(S) is called the supporting class of S (with
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Table 1 Supporting classes of
semilattices for ν ≤ 3 ν index supp(S)

0 0 {∅}
1 1 {∅, {1}}
2 2 {∅, {1}, {2}}

3 {∅, {1}, {2}, {1,2}}
3 3 {∅, {1}, {2}, {3}}

4 {∅, {1}, {2}, {3}, {1,2}}
5 {∅, {1}, {2}, {3}, {1,2}, {1,3}}
6 {∅, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}}
7 {∅, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}}

respect to B). We call the integer ind(S) := |supp(S)| − 1, index of S. By [1, Propo-
sition II.4.2 and Table II.4.5] and [5, Proposition 1.12], we may assume (and we do)
that R is of the form R(A1, S) where S is one of the semilattices of rank ν in � given
in Table 1, according to their supporting classes.

We attach to R a Dynkin diagram �(R) as follows:
(i) The set of nodes of �(R) is the set

|�(R)| := {n
J
ε + τ

J
| J ∈ supp(S)}, (1.3)

where

n
J

=
{−1 if 1 ∈ J

1 if 1 �∈ J.

For simplicity we write nr instead of n
J

if J = {r}, so n1 = −1 and n2 = n3 = 1. For
example if R = R(A1, S) where S has nullity 3 and index 6, then from Table 1 we
have

|�(R)| = {−ε + σ1, ε + σ2, ε + σ3,−ε + σ1 + σ2,−ε + σ1 + σ3, ε + σ2 + σ3}.
(ii) Bonds among two distinct nodes α,β of �(R) are inserted according to:

if (α,β) = 2

if (α,β) = −2

2 Extended affine Weyl groups of type A1

We keep all the notation as in the previous section. Let Ṽ := Rε ⊕ ∑ν
r=1 Rσr ⊕∑ν

r=1 Rλr , a ν-dimensional extension of V . Now we extend the form (·, ·) on V to
a non-degenerate form, denoted again by (·, ·), on Ṽ as follows:

• (ε, λr) = (λr , λs) := 0, 1 ≤ r, s ≤ ν,

• (σr , λs) := δr,s , 1 ≤ r, s ≤ ν.
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For a subset T of Ṽ , we denote by T × the set of α ∈ T with (α,α) �= 0. Let O(Ṽ ) be
the group of orthogonal transformations on Ṽ with respect to (·, ·). Then the extended
affine Weyl group W of R is the subgroup of O(Ṽ ) generated by reflections wα ,
α ∈ R×, defined by

wα(u) = u − (u,α)α, (u ∈ Ṽ ).

For α ∈ V and σ ∈ V 0 we define a linear map T σ
α ∈ End(Ṽ ) by

T σ
α (u) := u + (α,u)σ − (σ,u)α − (α,α)

2
(σ,u)σ (u ∈ Ṽ ). (2.1)

Then from [6, Lemma 1.1], for w ∈ O(Ṽ ), β,γ ∈ V , σ, δ∈V 0 and α ∈ V ×, we have

w2
α = 1 and wwαw−1 = ww(α), (2.2)

and

T σ
α = wα+σ wα, wT δ

β w−1 = T δ
w(β), T δ

σ ∈ Z(O(Ṽ )),

[T σ
α ,T δ

β ] = T
(α,β)δ
σ , T σ

β+γ = T σ
β T σ

γ and T σ+δ
β = T σ

β T δ
β T

(β,β)σ/2
δ .

(2.3)

(Here [x, y] denotes the commutator x−1y−1xy of two group elements x, y, and Z(·)
denotes the center of a group.)

Lemma 2.1 If α,β ∈ R× and σ, δ∈V 0 such that α + σ,α + δ,β + σ ∈ R, then the
following elements of W are central:

(i) wαwα+σ wβwβ+σ , and wα+σ wαwβ+σ wβ with α + β ∈ V 0,
(ii) wα+σ wαwβwβ+σ , with α − β ∈ V 0,
(iii) (wαwα+σ wα+δ)

2.
Moreover, [wα+δwα,wα+σ wα] = (wαwα+σ wα+δ)

2 = (wαw−α+σ w−α+δ)
2.

Proof Using (2.3) we have

wα+σ wαwβ+σ wβ = T σ
α T σ

β = T σ
α+β,

wα+σ wαwβwβ+σ = T σ
α (T σ

β )−1 = T σ
α−β,

wαwα+σ wβwβ+σ = (T σ
α )−1(T σ

β )−1 = T σ−α−β = (T σ
α+β)−1

and

(wαwα+σ wα+δ)
2 = (wαwα+σ wα+δ)(wαwα+σ wα+δ)

= (wαwα+σ )(wα+δwα)(wα+σ wα)(wαwα+δ)

= T σ−αT δ
α T σ

α T δ−α = [T σ
α ,T δ−α] = T

(α,α)σ
δ .

Thus (i)-(iii) hold. �
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Lemma 2.2 Suppose that σ, δ∈V 0, αi ∈ R×, 1 ≤ i ≤ 8 with α2 − α1 = α6 − α5 = δ

and α4 − α1 = α2 − α3 = α8 − α5 = α6 − α7 = σ . Then

wα1wα4wα2wα3 = wα5wα8wα6wα7 ∈ Z(W ).

Proof Using (2.2) and (2.3) we have

wα1wα4wα2wα3 = wα1wα1+σ wα2wα2−σ

= T σ−α1
T σ

α2
= T σ

α2−α1
= T σ

α6−α5
= T σ−α5

T σ
α6

= wα5wα5+σ wα6w−α6+σ

= wα5wα8wα6wα7 .

The above equalities also show that wα1wα4wα2wα3 = T σ
δ ∈Z(W ) (see (2.3)). �

To simplify our notation we write {r<s} for the set {r, s} with 1 ≤ r < s ≤ ν. For
any 1 ≤ r, s ≤ ν and J ⊆ {1, . . . , ν}, we set

tr := T σr
ε = wε+σr wε, cr,s := T σs

σr
, (2.4)

and

z
J

:=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∏
{r,s∈J |r<s} cr,s , if J ∈ supp(S),

c2
r,s

, if J = {r<s} �∈ supp(S),

1, otherwise.

(2.5)

(Here we interpret the product on an empty index set to be 1). Note that from (2.4)
and (2.3), it follows that cr,s and z

J
are central elements of O(Ṽ ).

For 1 ≤ r, s ≤ ν we set

δ(r, s) :=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

{
1, if r ≤ s,

−1, if s < r,
if {r, s} ∈ supp(S),

{
2, if r < s,

−2, if s < r,
if {r, s} �∈ supp(S).

(2.6)

Then using (2.2), (2.3) and (2.4) we have

tr = wεw−ε+σr , wεtrwε = t−1
r and [tr , ts] = z2δ(r,s)−1

{r,s} . (2.7)

Considering that a Weyl group is a group generated by elements of order 2 the
following lemma, which will be used frequently in the sequel, can be verified easily
using the standard facts from group theory:

Lemma 2.3 Suppose that G is a group and b1, b2, . . . , br ∈ G. Suppose that b2
1 =

b2
2 = · · · = b2

r = 1. Then for each n ∈ Z,
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(i) [bi, (b1b2 · · ·br)
n] = 1 for all 1 ≤ i ≤ r if and only if

(b1b2 · · ·br)
n = (bj · · ·brb1b2 · · ·bj−1)

n,

for all 2 ≤ j ≤ r ,
(ii) if [bi, b1b2 · · ·br ] = 1 for all 1 ≤ i ≤ r , then

(b1b2 · · ·br)
2 = (bj+1 · · ·brb1b2 · · ·bj−1)

2 = (b1b2 · · ·bj−1bj+1 · · ·br)
2,

for all 1 ≤ j ≤ r − 1.

Lemma 2.4 (i) If {r<s} ∈ supp(S), then

z{r,s} = w−ε+σr+σs w−ε+σr wε+σs wε = wε+σs+σr wε+σr wεwε+σs

= wεwε+σr+σs tr ts .

(ii) If {r<s} �∈ supp(S), then

z{r,s} = (w−ε+σr wε+σs wε)
2 = (wε+σs wε+σr wε)

2.

(iii) If {1,2,3} ∈ supp(S), then

z{1,2,3} = z{1,2}z{1,3}z{2,3} = wεwε+σ1+σ2+σ3 t1t2t3,

and

wε+σ3wεwε+σ2wε+σ2+σ3 = w−ε+σ1+σ3w−ε+σ1w−ε+σ1+σ2w−ε+σ1+σ2+σ3 .

Proof (i) By the fact that z{r,s} is a central element of O(Ṽ ) and using (2.3), (2.4),
(2.5), (2.2) we obtain

z{r,s} = cr,s = T σs
σr

= T
σs
ε+σr

T
σs−ε

= (wε+σr+σs wε+σr )(w−ε+σs wε)

= (wε+σr+σs wε+σr )wε(wεw−ε+σs wε)

= wε+σr+σs wε+σr wεwε+σs

= (wεwε+σr+σs wε)(wεwε+σr wε)wε+σs wε

= w−ε+σr+σs w−ε+σr wε+σs wε

= wεz{r,s}wε = wεwε+σr+σs wε+σr wεwε+σs wε

= wεwε+σr+σs tr ts .

(ii) From (2.4), (2.7) and the fact that δ(r, s) = 2, we have

z{r,s} = wεz{r,s}wε = wε[tr , ts]wε

= wε[wε+σr wε,wε+σs wε]wε = (wε+σr wεwε+σs )
2



J Algebr Comb (2008) 28: 481–493 487

= wεz{r,s}wε = wε(wε+σr wεwε+σs )
2wε

= (wεwε+σr wεwε+σs wε)
2 = (w−ε+σr wε+σs wε)

2.

The second equality in (ii) follows from Lemma 2.3(i).
(iii) From Table 1 we see that if {1,2,3} ∈ supp(S), then {r, s} ∈ supp(S) for all

1 ≤ r < s ≤ 3. Thus using (i), (2.2), (2.5), (2.3), (2.4), (2.6) and Lemma 2.3(i), we
have

z{1,2,3} = c1,2c1,3c2,3 = z{1,2}z{1,3}z{2,3} = T σ2
σ1

T σ3
σ1

T σ3
σ2

= T −σ3
ε T −σ2

ε T −σ1
ε T

−σ2−σ1
T

−σ3−σ1
T

−σ3−σ2
T σ1

ε T σ2
ε T σ3

ε

= T −σ1−σ2−σ3
ε T σ1

ε T σ2
ε T σ3

ε = (T σ1+σ2+σ3
ε )−1T σ1

ε T σ2
ε T σ3

ε

= wεwε+σ1+σ2+σ3
T σ1

ε T σ2
ε T σ3

ε = wεwε+σ1+σ2+σ3 t1t2t3.

The last equality follows immediately from Lemma 2.2. �

Proposition 2.1 (i) W = 〈wε, tr , z{r,s} | 1 ≤ r < s ≤ ν〉.
(ii) Z(W ) = 〈z{r,s} | 1 ≤ r < s ≤ ν〉.
(iii) Each element w ∈ W has a unique expression in the form

w = wn
ε

ν∏

r=1

tmr
r

∏

1≤r<s≤ν

zmr,s

{r,s} , (n ∈ {0,1}, mr,mr,s ∈ Z).

Proof Consider the fact that S is one of the semilattices listed in Table 1 and use
[6, Propositions 2.2, 2.3] and Lemma 2.4. �

Next, to any subdiagram of �(R) we attach a relation given as follows:

(0)

�

α

ŵ2
α = 1

(I)

or

(ŵα1ŵα2ŵα3)
2 = (ŵα2ŵα3ŵα1)

2 = (ŵα3ŵα1ŵα2)
2

(II)

or

ŵαi
(ŵαj

ŵαk
ŵα

)2 = (ŵαj
ŵαk

ŵα
)2ŵαi

where {i, j, k, } = {1,2,3,4}
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(III)

or

(if α4 − α1 = α2 − α3) (if α1 − α4 = α2 − α3)

ŵα1ŵα4ŵα2ŵα3 = ŵα4ŵα2ŵα3ŵα1 = ŵα2ŵα3ŵα1ŵα4 = ŵα3ŵα1ŵα4ŵα2 .

(IV)

or

(if α4 − α1 = α2 − α3) (if α1 − α4 = α2 − α3)

ŵα5ŵα1ŵα4ŵα2ŵα3 = ŵα1ŵα4ŵα2ŵα3ŵα5 .

(V)

(if α4 − α1 = α2 − α3 = α8 − α5 = α6 − α7 and
α2 − α1 = α6 − α5)

ŵα1ŵα4ŵα2ŵα3 = ŵα5ŵα8ŵα6ŵα7 .

Let Ŵ be the group defined by generators ŵα , α ∈ |�(R)| and relations attached to
the subdiagrams of �(R) given by (0)–(IV) above. To study Ŵ we need to introduce
some notations.

For 1 ≤ j ≤ 3 set

t̂j := (ŵnj ε+σj
ŵε)

nj =
{

ŵεŵ−ε+σ1, if j = 1,

ŵε+σj
ŵε, if j = 2,3.

(2.8)
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Also for 1 ≤ r < s ≤ 3 set

ẑr,s :=
{

ŵnr ε+σr+σs ŵnr ε+σr (ŵεŵε+σs )
nr , if {r, s} ∈ supp(S),

(
(ŵε+σs ŵnr ε+σr )

nr ŵε

)2
, if {r, s} �∈ supp(S).

(2.9)

Lemma 2.5 (i) Ŵ = 〈ŵε, t̂j , ẑr,s | 1 ≤ j ≤ 3,1 ≤ r < s ≤ 3〉.
(ii) ŵε t̂j ŵε = t̂−1

j , for 1 ≤ j ≤ 3.

(iii) ẑr,s ∈ Z(Ŵ ), for 1 ≤ r < s ≤ 3.

(iv) [t̂r , t̂s] = ẑ
2δ(r,s)−1

r,s , for 1 ≤ r < s ≤ 3.
(v) Any ŵ ∈ Ŵ can be written in the form

ŵ = ŵn
ε

3∏

r=1

t̂mr
r

∏

1≤r<s≤3

ẑ
mr,s
r,s , (2.10)

where n ∈ {0,1} and mr,mr,s ∈ Z.

Proof (i) Let T be the group in the right hand side of the statement and α ∈ |�(R)|.
If α = ±ε + σj then from the way t̂j is defined it is clear that ŵα ∈ T . If α is of the
form α = ±ε + σr + σs , then {r, s} ∈ supp(S) and so ŵα ∈ T by the way t̂r ’s and
ẑr,s ’s are defined. Finally suppose α = −ε + σ1 + σ2 + σ3 (note from Table 1, that
this happens only if S is a lattice). From relations of the form (V) we have

ŵε+σ3ŵεŵε+σ2ŵε+σ2+σ3 = ŵ−ε+σ1+σ3ŵ−ε+σ1ŵ−ε+σ1+σ2ŵ−ε+σ1+σ2+σ3

and so we see that the generator ŵα can be expressed in terms of generators which
we considered earlier in our argument. Thus ŵα ∈ T .

(ii) Using (0) and (2.8) we have

ŵε t̂j ŵε = ŵε(ŵnj ε+σj
ŵε)

nj ŵε = (ŵεŵnj ε+σj
)nj = t̂−1

j .

(iii) Let 1 ≤ r < s ≤ 3. Let �r,s be the set of α ∈ R such that ŵα appears in
the definition of ẑr,s (see (2.9)). Since �r,s ⊆ |�(R)|, ẑr,s ∈ Ŵ . So it remains to
show that ẑr,s commutes with all ŵα , α ∈ |�(R)|. First suppose that {r, s} ∈ supp(S).
Then the 4-nodes appearing in �r,s generate a subdiagram of the form (III) and so
the corresponding relations hold in Ŵ . Therefore by Lemma 2.3(i), ẑr,s commutes
with all ŵα with α ∈ �r,s . If α ∈ |�(R)| \ �r,s , then the 5-nodes {α} ∪ �r,s generate
a subdiagram of the form (IV) and so the corresponding relation guarantees that ẑr,s

commutes with ŵα . This completes the argument for the case {r, s} ∈ supp(S).
Next suppose {r, s} �∈ supp(S). Then �r,s consists of 3-nodes which generate

a subdiagram of the form (I). Then the relations imposed by this diagram together
with Lemma 2.3(i) show that ẑr,s commutes with ŵα , α ∈ �r,s . If α ∈ |�(R)| \ �r,s ,
then the 4-nodes {α}∪�r,s generate a subdiagram of the form (II). Then the relations
imposed by this diagram guarantee that ẑr,s commutes with ŵα . This completes the
proof of part (iii).
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(iv) If 1 ≤ r < s ≤ 3, then we have

[t̂r , t̂s] =
{[ŵεŵ−ε+σ1, ŵε+σs ŵε], if r = 1,

[ŵε+σ2ŵε, ŵε+σ3ŵε], if r = 2,

(using (0)) =
{
(ŵ−ε+σ1ŵε+σs ŵε)

2, if r = 1,

ŵε(ŵε+σ2ŵεŵε+σ3)
2ŵε, if r = 2,

(using Lemma 2.3(i) and (I)) =
{
(ŵ−ε+σ1ŵε+σs ŵε)

2, if r = 1,

(ŵε+σ3ŵε+σ2ŵε)
2, if r = 2,

(if {r, s} �∈ supp(S)) = ẑ2δ(r,s)−1

r,s .

If {r, s} ∈ supp(S), then we have

[t̂r , t̂s] =
{
(ŵ−ε+σ1ŵε+σs ŵε)

2, if r = 1,

(ŵε+σ3ŵε+σ2ŵε)
2, if r = 2,

(using Lemma 2.3(ii) and (III)) =
{
(ŵ−ε+σ1+σs ŵ−ε+σ1ŵε+σs ŵε)

2, if r = 1,

(ŵε+σ3ŵε+σ2ŵε)
2, if r = 2,

(using Lemma 2.3(ii) and (III)) =
{
(ŵ−ε+σ1+σs ŵ−ε+σ1ŵε+σs ŵε)

2, if r = 1,

(ŵε+σ2+σ3ŵε+σ2ŵεŵε+σ3)
2, if r = 2,

= ẑ2δ(r,s)−1

r,s .

(v) This is an immediate consequence of parts (i)-(iv) and the fact that ŵ2
ε = 1. �

We now state our main result.

Theorem 2.1 Let R be an extended affine root system of type A1 with nullity ν ≤ 3
and let W be its extended affine Weyl group. Then for α ∈ |�(R)|, the assignment
ŵα �−→ wα induces an isomorphism Ŵ ∼= W .

Proof From (2.7), (1.3), Proposition 2.1(i) Lemmas 2.2 and 2.4, it follows that {wα |
α ∈ |�(R)|} is a set of generators for W which satisfies the relations attached to
�(R). So the assignment ŵα �−→ wα for α ∈ |�(R)| induces a unique epimorphism
ψ : Ŵ −→ W . We now show that ψ is injective. So let ψ(ŵ) = 1, for some ŵ ∈ Ŵ .
Using Lemma 2.5(v) we may assume that ŵ has the form (2.10) for some n ∈ {0,1}
and mr,mr,s ∈ Z. From (2.7) and Lemma 2.4, it follows that for 1 ≤ j ≤ 3 and 1 ≤
r < s ≤ 3,

ψ(t̂j ) = tj and ψ(ẑr,s) = z{r,s} . (2.11)
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Therefore from (2.10) and (2.11) we have

1 = ψ(ŵ) = wn
ε

3∏

r=1

tmr
r

∏

1≤r<s≤3

zmr,s

{r,s} .

Then from Proposition 2.1(iii), it follows that n = 0, mr,s = 0 for all 1 ≤ r < s ≤ ν

and mr = 0 for all r . So ŵ = 1 and ψ is an isomorphism. �

From Proposition 2.1(ii), (2.11) and the fact that ψ(Z(Ŵ )) = Z(W ) we obtain
the following result.

Corollary 2.1 Z(Ŵ) = 〈ẑr,s | 1 ≤ r < s ≤ 3〉.

If ν = 1 then |�(R)| = {−ε + σ1, ε} and so the Dynkin diagram of R is ◦——◦,
so we have

Corollary 2.2 (Affine case) The Weyl group of an affine root system of type A1 is
(a, b | a2 = b2 = 1).

Let R be an elliptic root system, an extended affine root system of nullity 2. Up
to isomorphism there are two elliptic root systems of type A1, namely R = R(A1, S)

where S is a semilattice of rank two with ind(S) ∈ {2,3}, see Table 1.

Corollary 2.3 (Elliptic case) Let R = R(A1, S) be an elliptic root system of type A1
with Weyl group W (m), m = ind(S) = 2,3. Then

W (2) ∼= (a, b, c | R(2)) and W (3) ∼= (a, b, c, d | R(3))

where

R(2) := {a2 = b2 = c2 = 1, (abc)2 = (bca)2 = (cab)2},
and

R(3) := {a2 = b2 = c2 = d2 = 1, abcd = bcda = cdab = dabc}.
In particular, Z(W (2)) = 〈(abc)2〉 and Z(W (3)) = 〈abcd〉.

Proof We have

|�(R)| =
{ {−ε + σ1, ε, ε + σ2}, if m = 2,

{−ε + σ1, ε, ε + σ2, −ε + σ1 + σ2}, if m = 3,

and so the Dynkin diagram of R is of the form:

and

(if m = 2) (if m = 3)
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Then W (m) ∼= Ŵ(m), where Ŵ(m) is the presented group given by Theorem 2.1.
If m = 2, then the relations attached to �(R) are those listed in R(2) and so we are
done.

If m = 3, then the relations attached to �(R) are those listed in R(3) plus those of
the form R(2) attached to the triangle subdiagrams of �(R). But by Lemma 2.3(ii)
any relation of the form R(2) is a consequence of relations of the form R(3), and so
we are done. �

Remark 2.1 We have adapted the set of nodes of �(R) and the bonds among them
in such a way that when nullity is 2 our diagrams coincide with those of [11]. This
is done for two reasons. Firstly to complete the presentation given in [13] for simply
laced 3-extended affine Weyl groups, and secondly to provide a new proof for the
presentation given in [11] for the A1-type elliptic Weyl groups.

We could choose a more natural set of nodes for �(R) and a more simple rule for
the bonds among them to obtain a generalized Coxeter presentation with a simpler
proof in terms of the involved diagrams. In fact we could set:

(i) The set of nodes of �(R) is the set

|�(R)| := {ε + τ
J

| J ∈ supp(S)}.
(ii) Bonds among any two distinct nodes of �(R) are inserted as

With this new definition of �(R) the only bonds among nodes will be double
dashed bonds. So the diagrams we obtain are only those from list (0)-(V) (together
with their corresponding relations) which contain no single bond. Now for any 1 ≤
j ≤ ν and 1 ≤ r < s ≤ ν, set

t̂j := ŵε+σj
ŵε (2.12)

and

ẑr,s :=
{

ŵε+σr+σs ŵε+σr ŵεŵε+σs , if {r, s} ∈ suppB(S),

(ŵε+σs ŵε+σr ŵε)
2, if {r, s} �∈ suppB(S).

(2.13)

Then using (2.12) and (2.13) with a similar argument as in the proof of Lemma 2.5
and Theorem 2.1 one can prove that W is isomorphic to the group defined by gener-
ators ŵα , α ∈ �(R) and relations attached to diagrams (0)-(V).

Remark 2.2 In [9], the authors studied toroidal Weyl groups, the Weyl groups of
toroidal Lie algebras (or root systems). These are in fact the Weyl groups of those
simply laced extended affine root systems for which the involved semilattices are
lattices. So toroidal root systems are simply laced extended affine root systems of
rank > 1 and only a special case of type A1, namely the one in which the semilattice
S is a lattice. The authors assign to each such root system R a minimal set �, called
a basis and show that, except for type A1, WR = W� where WR is the Weyl group
of R and W� is the subgroup of WR generated by reflections based on elements of
�. They study the internal semidirect product structure of WR and for the special
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case A1, they also compare two groups WR and W�. These results are generalized
for all extended affine root systems in [2] and [4]. Specially, in [4], a minimal set �

is assigned to each extended affine root system of any type, except type BC, and it
is shown that for all these types (including type A1), WR = W�. For simply laced
types of rank > 1, the sets � in [4] and in [9] coincide.
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