J Algebr Comb (2008) 28: 439459
DOI 10.1007/s10801-007-0109-9

A combinatorial proof of a Weyl type formula for hook
Schur polynomials

Jae-Hoon Kwon

Received: 1 February 2007 / Accepted: 14 November 2007 / Published online: 27 November 2007
© Springer Science+Business Media, LLC 2007

Abstract In this paper, we present a simple combinatorial proof of a Weyl type for-
mula for hook Schur polynomials, which was obtained previously by other people
using a Kostant type cohomology formula for gl,,,,. In general, we can obtain in
a combinatorial way a Weyl type character formula for various irreducible highest
weight representations of a Lie superalgebra, which together with a general linear
algebra forms a Howe dual pair.
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1 Introduction

The notion of hook Schur polynomial appears naturally as characters of complex
irreducible tensor representations of the general linear superalgebra gl , [3, 31].
Recently, in [10] Cheng and Zhang proved a Kostant type cohomology formula for
g1, associated to its irreducible tensor representations to compute the corresponding
generalized Kazhdan-Lusztig polynomials (cf. [30]), which also implies a Weyl type
character formula for irreducible tensor representations by Euler-Poincaré principle
(cf. [18]). This Weyl type character formula, which is given as an alternating sum of
characters of Kac modules, is closely related to a general approach to the study of the
complex irreducible finite dimensional representations of gl,,,, (cf. [5, 22, 30]).

In this paper, we introduce a new combinatorial proof of the Weyl type formula for
hook Schur polynomials obtained in [10]. Our proof, which was originally motivated
by [11], is simple and natural in the sense that we use only the classical Weyl formula
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and the Cauchy identity for Schur polynomials. In fact, we prove a Weyl type formula
for a more general class of functions which arise naturally as characters of quasi-
finite irreducible representations, not necessarily finite dimensional, of various Lie
(super)algebras [8, 15, 17, 23], and were also introduced in a combinatorial way in
[27].

A set S is called Z;-graded if there exists a function | - | : S — Z,. For s € §, we
call |s| the degree of s. We put S, = {s € S||s| = ¢} for ¢ € Z,. Suppose that A and
B are Z;-graded sets at most countable, and A is a generalized partition of length d.
Let

A/B _
5775 =3 5,08, (x5,
W,V
where S, (x 4) and S, (xgl) are hook Schur functions (or super symmetric functions)
in the variables x4 = {x,|a € A} and xgl = {)cb_1 |b € B} corresponding to skew

shapes 1 = (A + (p?)) /n and v = (p9) /n for some p > 0 and n (see Definition 2.1).
Then the main result (Theorem 3.10) is

GAIB _ Y e (= D) St (x.0) Sy - (x5
g A8

’

where A 4/ = HIaIIIbI(l — xaxb_l) H\a\;ﬂb\ q! —l—xaxb_l)_l, W is a set of right coset
representatives of an affine Weyl group of type A, with respect to a maximal par-
abolic subgroup, and A”>* are defined under an action of w € ¥V on A. We also give

alternative proofs of a Cauchy identity of Sf‘/ B paired with rational Schur polynomi-

als and a Jacobi-Trudi identity for S;A/ B (cf. [27]). Some of the arguments might be
stated or understood more easily in the context of representation theory, but we give
self-contained combinatorial proofs which do not depend on it.

Now a Weyl type character formula for hook Schur polynomials or irreducible
tensor representations of gl,,, (Theorem 4.3) follows as a byproduct, up to a multi-
plication of a monomial, when .4 and B are finite sets (say |A| =n and |B| = m) of
even and odd degree, respectively. This recovers in a purely combinatorial way the
character formula given in [10].

In general, we can obtain Weyl type character formulas for other irreducible high-
est weight representations of a Lie (super)algebra, whenever it forms a Howe dual
pair with a general linear algebra (cf. [7, 8, 17, 19, 23, 28]), since the characters of

the associated representations are given by Sf/ B under suitable choices of A and B
[27]. We discuss in detail one more example in representation theory when both .4
and B3 are finite sets of even degree (say |.A| = n and | 5| = m). We deduce from Howe

duality [19, 24] that the corresponding S; / B, up to a multiplication of a monomial, is
a character of an infinite dimensional representation of gl,, ,,,, which is of particular
importance in the study of unitary highest weight representations of the Lie group
U (m, n) (cf. [15]). In this case, we obtain a Weyl type character formula given as an
alternating sum of characters of generalized Verma modules (Theorem 4.10), which
recovers the Enright’s character formula [12, 14] with a different parametrization of
highest weights for generalized Verma modules, and also an analogue of the Jacobi-
Trudi formula for these infinite dimensional representations.
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Finally, we would like to mention that the similarity of character formulas for gl,,|,,
in [10] and gl,,,,, in [14] was already observed, and recently a more direct connec-
tion between the Grothendieck groups of module categories of gl,,,, and gl,,,, has
been established in [9], where the Weyl type character formula for irreducible tensor
representations of gl,,,, also appears as a corollary.

The paper is organized as follows. In Section 2, we recall some basic terminolo-
gies. In Section 3, we derive a Weyl type formula, a Cauchy type identity, and a
Jacobi-Trudi formula for S;f‘/ 5 We also discuss a factorization property for S;f‘/ 5
when A is a finite set of even degree, which provides another proof of the factoriza-
tion of hook Schur polynomials. In Section 4, we discuss applications to irreducible

tensor representations of gl,,|,, and infinite dimensional representations of gl,,, ;.

2 Symmetric functions

Let us recall some terminologies (cf. [29]). A partition is a non-increasing sequence of
non-negative integers A = (Ag)x>1 such that ) ", Ax < oco. The number of non-zero
parts in A is called the length of A denoted by 2()). We also write A = (1™1,2m2 ),
where m; is the number of parts equal to i. We denote by & the set of all partitions.
A partition A = (A¢)x>1 is identified with a Young diagram which is a collection
of nodes (or boxes) in left-justified rows with A; nodes in the kth row. We denote
by A’ the conjugate of A. For A, u € P, let A + u = (g + pidi>1, and if A D p
(that is, A > puy for all k), let A/ be the skew Young diagram obtained from X by
removing (.

For a set K which is at most countable, let A ¢ be the ring of symmetric functions
in the variables xx = {xx |k € K }, and s, (Xx ) the Schur function corresponding to
A € . When K is infinite, let wg be the involution on A g, which sends s, (xg) to
s (XK.

Throughout the paper, we assume that A and B are Z,-graded sets, which
are at most countable. We put Z = {0,+1,+2,...}, Z.o ={1,2,...}, Zo =
{—-1,=-2,...}, [n]={1,...,n},and [-n] ={—1,...,—n} (n > 1), where all the
elements are assumed to be of degree 0 (or even). Also, we define A" = {a’|a € A}
to be the set with the opposite Z,-grading, that is, |a’| = |a| + 1 (mod 2) for a € A.

Let x4 = {x,|a € A} be the set of variables indexed by A and x;ll = {xa_1 |
a € A}. For a skew Young diagram A/, a hook Schur function corresponding to
A/ is defined to be

S =D Su/u(Xag)si v (x4,) 2.1

vep
HCVYCA

(cf. [3, 29]). For simplicity, we shall often write S ;f} w= S)./u(X4). When A is finite,
S ;f‘ is a hook Schur polynomial introduced by Berele and Regev [3]. Following our

,’f‘OSAl for A € #, and hence S/{‘l =53 (x4) if

notation, we may write S;4 =" pe i

A=Ay, and S = 5;/(x4) if A= Aj.
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For a positive integer d, let Zi ={A=0A1,---,Ag) € 74 [A1>---> A4} be the

set of generalized partitions of length d. For A € Z<, put

AT = (max(11,0), ..., max(A4, 0) € P,

A7 = (max(—Ag, 0),...,max(—A1,0)) € P, 2.2)

A= (=Ad,...,—r) e ZL.
The addition on Zi is defined in a usual way, and then A =A™ 4+ (A7)*.
Definition 2.1 ([27]) For A € Z¢, we define

S (x4 %8) = ) Su(x ) Su(x5)),
L,V

where p and v are skew Young diagrams of the form
=t ) /. v =D/

for some non-negative integer p and partition 7 such that A+ (p?) € £, n C A+ (p9),
and n C (p?). Let us write S;fl/B = S, (x4; xp) for simplicity.

Remark 2.2 (1) If B is empty, then Sf/ 5 is non-zero only if A is an ordinary parti-

tion, and in this case, we have Sfl/ B_ S;fl.

(2) By definition, Sf‘/ 5 can be regarded as the character of certain bitableaux.
A combinatorics of these bitableaux, including analogues of the Schensted insertion,
the Littlewood-Richardson rule, and the Robinson-Schensted-Knuth correspondence,
are developed in [27].

For A € Zf{_, let s5(X[q]) be the rational (or Laurent) Schur polynomial corre-
sponding to A, that is, s, (X[q]) = (x1 "‘Xd)_pS)L_i_(pd)(X[d]) for p > 0 such that
A+ (pHeP. Forp,ve Zf{_, we have

S (X(a)su (X)) = Y ch 5. (Xay), (2.3)
AeZi
P : R . A A (D)
where ¢y, is a Littlewood-Richardson coefficient. Note that ¢}, , = € it (pd) v (g for

all p, g > 0. Then we have another expression of S;fl/ 5 as a linear combination of the
products SM(XA)SU(XBI) for u,v e P.

Proposition 2.3 ([27]) For A € Z%, we have

SxAGXE) = Y ch S xS (x5,
n,VEP
L), Lv)=d
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3 Weyl type formula
3.1 Main result

Put Z* = Z\{0}. Let P = @D, .« Ze; be the free Abelian group generated by {¢; |i €
7 }. Fori € Z, let r; be the transposition on Z* (hence on {¢; |i € Z* }) given by
@i+1), ifi>0,
ri=3@G—11i), ifi<0, (3.1)
(=11, ifi=0.

Let W be the Coxeter group generated by {r; |i € Z}, and £(w) denote the length of
w € W. For each subset I C Z, let W, be the subgroup of W generated by {r; |i € I }.
Let

W={weW|Ll(riw) > L(w)fori € Z*}, (3.2)

be the set of right coset representatives with respect to a maximal parabolic subgroup
Wyx (cf. [4]).
For X € Zi and w € W, choose sufficiently large p, g > 0 such that

(2) we Wypg),where I(p,q) ={keZ| —p+1<k=<qg—-1}.

Put w = (A + (p9) = (u1, ..., tn), where n = p + g. We may identify u with
W=1€—p+ -+ Up€_1+ Upt1€] + -+ Uptqg€q € P.
Then, we define
woA=w(u+ ppg) — Ppg—dly, (3.3)
where ppg =3 e pil@ —i—Dei+3 (@ — jejand 1, =37 €

Lemma 3.1 Under the above hypothesis, there exist unique o, T € P with £(c) < p
and £(t) < q such that

WoA=— Z oO_j€ + Z Tj€j.

ieZg Jj€Z~o

Proof First, let w(pp.q) — Pp.g = ;cyx ai€i € P, where a; =0 for i & [—p]U[q].
It is not difficult to see that w(p, o) — ppr.q' = w(Pp.q) — Pp,q for all p’ > p and
q’' > q. Since w is a right coset representative of Wyx in W, we also have a; > a; 4]
and a_;_1 > a_; for all i > O (cf. [4]). This implies that

Oza—pza—p+l Z...za-y,

3.4
ay>ay>...>a;>0.
Next, if we put w(u) = Zie[—p]u[q] b;e€;, then we have
d=b p>>b 120, by > >bg>0. (3.5)
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Note that w(u) — d1, does not depend on the choice of p, g. Hence it follows that
WoA= Zie[—p]u[q] ci€;, where

0>c_p>cpy1>...2cq,

3.6)
c1>c>...>2¢g>0.
This completes the proof. g
Definition 3.2 For A € Zi and w € W, we define
AW T =0, AT =1, 3.7)

where o, T € £ are given in Lemma 3.1.

Remark 3.3 (1) Given w € W, suppose that w € Wy, 4) for some p,qg > 0. If
W(Pp.q) — Ppg = ZieZX ni€; € P, then we can check that the partition (—p—g)k>1
is the conjugate of (ux)k>1 (see 2.4 in [4]). Moreover, the map sending w to (ti)k>1
is a one-to-one correspondence between VWV, the set of the minimal length right coset
representatives and &, where £(w) = |u| =D ;o Uk-

(2) One can also check that for A € ZZ, (A%-~, A%ty = (A"~ A" ¥) if and only
ifw=weW.

Next, consider the Schur polynomials in n variables. Fix p, g > 0 such that p 4
q = n. Instead of [n], letus use [—p, g] = [—p]U[q] as an index set for the variables.
For a partition ¢ with £(u) < n, we may identify p with

Wi€—p -+ ppet+ hpr1€l+ -+ hprg€q € P
Then Wy (p.4), which is isomorphic to the symmetric group on n letters, naturally

. ci
acts on w. Given o =) ;c(_, /1 Ci€i € P put x'[{p’q]. = ]_L.E[._p’q.]xi . Recall that
the Weyl formula for the Schur polynomial corresponding to u is given by

_1\¢(w) w(M""Pp,q)_Pp,q
Zwewl(p,q)( D X[~ p.al

Su(X[—p.q)) = (3.8)

-
Hisje[fp»q],kj(l —X; X))

Then we have a parabolic analogue as follows.

Lemma 3.4 Suppose that u C (d") for some d > 0, and p 4+ q = n. Following the
above notations, we have

)2 —1
ZwEWﬂW”qu)(_l) (w)S()Lw,+)/(X[q])S()\w—)/(X[ip])
—1
[icr-p e =% %))

where » = ' — (p?) € Zi and \"* are defined in (3.7).

—d1
X[—p,Z]SM (X[—p,q) =

’
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Proof By Lemma 3.1, we have forw e WN Wy, o),

W+ ppg) — Ppg —dlp=— Z o_j€i + Z Ti€j,
ie[—pl Jelql

for some o, T € P with £(c) < p and £(t) < q. Now, for w’ € Wi p.g\(01> we have

ww(+pp.g) = ppg—dlp
=w (WK + ppg) = Ppg —dlp+Ppg) = Ppg

=w'| - Z cr_,-vsi+Z:rjosj—i—qlp—i-,OI;-i-,o,;L —qlp—p;—p;

i€[=p] Jjelq]
Z omiei+ ) Tiei+ o, o) | = oy oy (3.9)
Jelql

where p,, = Zie[_p](—i —De;, ,0;‘ = Zje[q](q —Jj)ejand pp g =qlp+p, +,0;.
Since sy (X[—p]) = Sp* (x[__lp]) for v € Z", we obtain the result from (3.8). O

In terms of Sf/ B, Lemma 3.4 can be written as follows.

Lemma 3.5 For A € Z‘j_, choose p,q > 0 such that —p < Aqg <A1 <q. Then we
have

tw) e
S[q]’/[—p]’_ZweWﬁW1<pq>( D7 S+ (Xpgy) Spon— (% p]’)
| _

l_[lE[* r Hje[q]/(l X x])

Proof Put u = (A + (p?)). Note that S w1 (X[g1) = Sy (Xgy) and S, (x;_

Sy (x ,) for n € #. Then, we have

[— p]’) -

—d1 —d1
X[—p,pq]’sllf (X[*P»q]’) = Z X[—p,pq]’sv (X[*P]/)SM/V (X[Q]/)
v
=D Su—(@n) (K= p)Su /v Xigy)
v
= Zs(dl’)/v(x oSy (X(g1)

= Z Stpty KL p) S ) n (Xt
= S)\(X[q]/; X[_p]/). (310)
The result follows from Lemma 3.4 by replacing X[ p 4] With X[, ;7. O
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Proposition 3.6 For A € Zi, we have

—1
SZ;O/Z/ _ ZweW(_l)l(lU)S)Lw,+ (XZ/ )S)va* (XZ’<0)
1_[1 j(l x )C])

and a Cauchy type identity

L 77
l_[(1+xl 1)(l—Hc,zk) ZSfO/ 53 (Zia),

ij.k rezd

wherei €Z_, j €7, k € [d], and zjq) = { zx | k € [d]}.

<0 >0

Proof First, it is easy to see that for p,g > 0 S}?H /=PI reduces to S[q]/
when we put x,4 = 0 and x:[l)_l = 0. Hence, Siq] /=P has the well-defined limit

with respect to both xp;; and X__lp when we let p,q — oo, which is equal to

S, 2ol . The first identity follows from Lemma 3.5.
Next, consider the following dual Cauchy identity (cf. [29]).

[TITO+xzp= > su@upsu @a- (3.11)
icinl jeld] nCn)

Choose p, g > 0 such that p + ¢ = n. Replacing [n] with [—p, ¢]" and multiplying
(x_pr -+ x_1)"%(z1 -+ - z4) P on both sides, we have

IT IT TTa+x"=ha+xz0

i€[-p] jelql keld]

—dl1,
- Z X P]’S(M-(pd)) (X[—p.q1)82.(Z[a))

AeZ‘i
_ [q) /1-pY
=) 5 53.(zia)).  (see (3.10)) (3.12)
AeZi
Hence, by letting p, ¢ — 0o, we obtain the second identity. O

Proposition 3.7 For A € 74 we have

Zwew(_ 1)““}) St (Xz,_0) Spw.~ (Xiio)
-y
[T, —x"x)

Z=0/Z<o
S> <:
s

’

and a Cauchy type identity
1
I —x7 20— xj20

Zoo/Z-
= Z Sy of Y50 (21a1),

d
AEZY

where i € Z-g, j € Zg, and k € [d].
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Proof Applying both wz and wz in Proposition 3.6 and then replacing X7, (resp.
Xz 0) by xz_, (resp. Xz _,), we obtain the identities.

As a special case of Proposition 3.7, we obtain the following Cauchy type identity
with a restriction on the length of partitions.

Corollary 3.8 Ford > 1, we have

2 wew (=D s ()squ— (¥)
[li s —xiy))

D s®ny) =

reP
L(r)=<d

’

where X =Xz,_,,Yy=Yz_,, and 04 = (0,...,0) € Zi.

Proof Consider SOZd >0/Z<0 Replacing XZO by yz_, (that is, x:]i =y fork > 1), we
have

S 0= Y s®sm) =Y s®s) (3.13)
v=(k%)/n L=d
k=0, nC(k?)

since s(kd)/n(x) = 55 (x), where » = (k%) + n* € P (weregard n as an element in Zi)
by the Littlewood-Richardson rule. Combining with Proposition 3.7, we obtain the
identity. O

Remark 3.9 Corollary 3.8 can be stated more explicitly. Given w € W, let u =
(| B) be the corresponding partition (see Remark 3.3) given in Frobenius notation
with 8(u) the length of o or 8. Then it is not difficult to see that

05" =+ @), 07 =p' + @),

Hence, we obtain an alternative expression

3 M) = Y pep (=D '5n+(d8<ﬂ>)(X)Su’+(d5<ﬂ>>(Y)_ (3.14)

oy [T jo1 (0 =xiyj)
eoy=d

Theorem 3.10 For A € Zi, we have

SA/B _ ZweW(_l)e(w) S)\w,-%— (X_A)S)»w,— (Xg,l)
g AuB

’

where

—1
=i (1 = xax; )
[Tjafseipy (1 + Xax )

AgB=
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We also have the following Cauchy type identity

—-1_-1
1—[ HaeAl(l + Xazk) Hbel’j’l(l +xb <k ) _ Z S'A/BS)L(Z[d])
1 =1\ — A :
keld] naer(l — XaZk) Hbel’j’o(l =X, %) rezd

Proof For convenience, let us assume that A C Z- ¢ and B C Z ¢ with arbitrary Z,-
gradings. Let A° (resp. 3°) be the set of all positive (resp. negative) integers with a
Z-grading such that A? (resp. 37) is infinite and A; C A (resp. B; C BBY) fori € Z.

We may view Az_, (resp. Az_,) as a subring of Aps @ Ay (resp. Ape @ Ape).

Applying o AS and wpp to S%”/ <0 and the Cauchy type identity in Proposition 3.7

(we assume that the set of variables in Az,_ is XZO), we obtain
—1
GA/B _ e (DM S (xa0) Sy (3550
A AAO/BO

1—[ HaeA°(1 + XaZk) HbeBO(l +x, Zk
keld] Hae.Ag(l xazk)nbego(l xb Zk )

)

(3.15)

Z SAQ/BOSA (Z[n))-

AeZd

Finally, by letting x, = xb_1 =0forae A°\ Aand b € B°\ B in (3.15), we obtain
the results. O

Remark 3.11 The Cauchy type identity in Theorem 3.10 was also proved in a bi-
jective way in terms of tableaux [27], which can be viewed as an analogue of the
Robinson-Schensted-Knuth correspondence [26].

3.2 Factorization property

Let us consider a particular case, where we have a factorization property of Sf\/ B

Recall the following Cauchy type identity for skew Schur functions.

Lemma 3.12 (cf. [29]) For A, u € P, we have

> S X8 ()

TeP

Z Sp/n (XS (y) =

pEP

1
[lijs1(1—xiy))

By similar arguments as in Theorem 3.10, it is straightforward to rewrite the above
identities as follows.

Corollary 3.13 For A, u € P, we have

T 54,58 [iajip1 (1 + Xaxs)

S
i = [Tia1=pp (1 — Xaxp) u/r T

pEP TeP
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Lemma 3.14 Given A € Z‘_f_ and m € N, assume that d > m and A, > 0. Let p >0
and 1 € P be such that A + (pd) EP, UC A+ (pd), and (1 C (pd). Then

S (et (p)) /e Xim1) = $3+ Kpm))Sv/p (Xpm 1),
where v = (p?) + (A 7)*.

Proof Note that s, /¢ (X[]) corresponding to a skew Young diagram p/7 is the weight
generating function of SS7j,,1(p/7), the set of all semistandard tableaux of shape p/t
with entries in [m] (cf. [16, 29]).

Suppose that SSTj,; ((A + (p?)) /1) is not empty. As usual, we enumerate the
rows (resp. columns) in A + ( pd ) from top to bottom (resp. left to right). Also, we
may assume that v/ is not empty, where v = (p?) + (A7)*.

For T € SSTjm (A + (p?)) /1), let Ty (resp. T») be the subtableau obtained from
the columns of 7" with indices greater than p (resp. less than or equal to p). The
shapes of T} and T, are A" and v/u, respectively. So, this defines a map

STy ((x + (pd)> /M) s SSTi (V) X SSTimy (v/12) . (3.16)

by sending T to (T1, T3).

We claim that this is a one-to-one correspondence, which establishes the corre-
sponding identity of Schur polynomials. Let us construct an inverse of the above
map. Given a pair (71, T2) € SSTjmj(A1) x SSTjm) (v/ 1), we obtain a tableau T (not
necessarily semistandard) of shape (A 4 (p?)) /u, where the first p columns form
T>, and the other columns form 77j. Note that the row and column numbers are those
in » + (p9).

For 1 <i <d, let a; (resp. b;) be the entry placed in the ith row and the pth (resp.
(p + 1)th) column of 7. We assume that either a; or b; is empty if there is no entry.
Then by, ..., by are the entries in the first column of 77, and ay, . .., a4 are the entries
in the last column of 75.

Sincem <d, by+1, ..., by are empty, and for 1 < k <m, by > k if it is not empty.
If all @; are empty, then it is clear that T is semistandard. We assume that there
exist non-empty entries dy, ..., a; with 1 <s <t <d. Since A,, > 0, it follows that
the pth column of A 4+ (p¢) has at least m boxes, and hence (A + ( pd)) /1 has at
least one box in rows lower than or equal to the mth row. This implies that # > m, and
ap <m—+k—t <k <byfors <k <t. Therefore, T is a semistandard tableau of shape
(A + (pd)) /1, and the map (T, T») — T is the inverse of (3.16). This completes the
proof. U

Theorem 3.15 Suppose that A= [m] for m > 0. For € 74, we have

5 e
SUVE = 8, (X)) S (XBI)A[mIJ/B

if and only if d > m and X\,;, > 0.
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Proof First, note that by the Littlewood-Richardson rule, we have Sl“fl = Slﬁ, for any
A and p € P, where " is the skew Young diagram obtained from p by 180°-
rotation (cf. [29]). Now, suppose that d > m and A,, > 0. Then we have

B —
S =N s ) Suxgh)
pu=(+h)/n,
v=(p")/n

= > sﬁ(x[m])s((,,dmm*)/n(x[m])sv(x;j,l) (by Lemma 3.14)
u=(+0pH)/n,

v=(p")/n
= S+ (X[m)) Z Sy 3~ (Xpm)) Sor (x5') (by 180°-rotation)
v=(p")/n
AT CVT
=85+ (Xpm) Y St (Xpm)) Se (x51)
ATCT
= Sy+ (Xpu]) Sy (xgl)A[—ml] 5 (by Corollary 3.13). (3.17)

Conversely, suppose that either d < m or 1, < 0. Let p > 0 and n € & be such
that A + (p9) € £ and n C A + (p%), n C (p?). Then it is not difficult to see that the
difference

S+ (X[m])S((pd)_,_();)*)/,] (X[m]) — S(A+(pd))/n(x[m])' (3.18)
is non-zero, in fact, an integral linear combination of monomials in X, with non-

negative coefficients. It implies that the difference of S )[Lm]/ 5 and the last term in (3.17)
is non-zero. This completes the proof. 0

Remark 3.16 We can also prove Theorem 3.15 using Theorem 3.10. Suppose that
S Zi is given. If d > m and A,, > 0, then it is not difficult to see that LAY Ty <m
if and only if w = 1 € W, which implies that 55 = 8, (x{) S, )AL B
Conversely, if d < m or A;, <0, then we can check that there exists at least one non-
trivial element w € W such that £(A%*) < m, which implies that /"5
Syt Xpn) Si- (xgl) is non-zero by Remark 3.3 (2).

Am1/B —

3.3 Jacobi-Trudi formula
Finally, let us present another proof of the Jacobi-Trudi formula for Sf/ 5 [27] using

the arguments given in 3.1.
Given A and B, consider

1+ x4t 1 —i—x_lt_l
[laea, O +%a0) [Tpep 1+, 17) thA/Btk’ (3.19)

[Macay( =% [Tpes, (1 =5, 't

where (/P = sAP =% S (x4)Su(x5) for k € Z.
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Proposition 3.17 cf. [27] For A € Zi, we have

A/B A/B
e =det(h/\[_/_l.+j)1§,-,j§d.

Proof Choose p, g > 0. Let ex (X[ 41) be the kth elementary symmetric polynomial
in variables x[_, 5y for k > 0, and € (x[_ 41) the coefficient of ¥ for —p <k <g¢

in
[T [Ta+x"vhHa+xm.
ie[—pl jelql
Then, from the classical Jacobi-Trudi formula, we have

lq1/—pY —d
S)L — (xip, e x*l/) S()H_(pd))/(xlfpsq]’)

—d
= (x_p - x_p)Ydet(en; +p—i+j X[—p,gy N 1<i,j<d

=det(ey, —i+j (X[—p,q1 ) 1<i,j<d- (3.20)

If we follow the same arguments as in Theorem 3.10, then S )[Lq]// [=p¥ and e (x[— paql)

are replaced by Sfl/ 5 and h,’:‘/ B, respectively. This completes the proof. g

4 Applications

In this section, we discuss applications of our Weyl type formula for Sf/ 5 in repre-
sentation theory. We assume that the ground field is C.

4.1 Representations of gl,,,
First, let us derive a Weyl type formula for hook Schur polynomials. Though its proof
is purely combinatorial, we will translate the result in the language of representation
theory to see its relation with finite dimensional irreducible representations of gl,, ,,.
So, let us give a brief review on representations of the Lie superalgebra gl,,,,, (cf.
[20D).

For non-negative integers m and n, not both zero, let cmin = ¢cml0 g CO" pe the
(m + n)-dimensional superspace with the even subspace C”! = C™ and the odd sub-
space CO" = C". We denote by {¢; |i € [-m]} and {€j|j € [n]'} the homogeneous
bases of C"0 and C°" respectively, which form a standard basis of C™". Then the
space of C-linear endomorphisms of C”!" is naturally equipped with a Z,-grading,
and becomes a Lie superalgebra with respect to a super bracket, which is called a
general linear superalgebra gl,,, ,,. Put [-m,n'] = [-m] U [n]'.

We may identify g = gl,,|, with the set of (m +n) x (m +n) matrices with respect
to the standard basis of C™". Then the subspace b of diagonal matrices forms a
Cartan subalgebra, and under the adjoint action of ) on g, we have a root space
decomposition, g =h & (@aeA ga), where A is the set of all roots of g. Let AT be
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the set of positive roots, and A(J)r (resp. Af) the set of positive even (resp. odd) roots.
Since h* = C™" we have

AL ={ei—¢€jli,jel-mn, lil=1jl.i<j} @
AT ={e —¢jliel-ml], jenl},

where we assume that —m < —m +1<--- < -1 <1 <2 <-.. <n’. We consider
a Z-grading g = g_1 @ go @ g1 consistent with its parity, where go = gl,,, @ gl,,, and
a triangular decomposition, g =n~ @ h ® n* such that g1; C n*.

Let Py, be the Z-lattice of h* generated by {¢; |i € [—m, n’]}, which is called the
set of integral weights, and let Pnf‘n be the set of weights A = Zie[—m,n’] A€ € Py
such that A_,, >...>A_jand Ay > ... > A,s. An clement in P”‘fln is called a
dominant integral weight.

Suppose that M is a finite-dimensional gl,,,,-module, which is h-diagonalizable.
Then, we have a weight space decomposition M = @Aeh* M,.. When dim M, # 0,
we call A weights of M. For convenience, we assume that all the weight are integral.
We define the character of M by chM =37, _p dimMje*, where {e* |1 € Puju } is
the set of formal variables.

Given A € P;[‘n, let LO(A) be the finite dimensional irreducible highest weight
go-module with highest weight A. We may view L°(A) as a go @ g1-module, where
g1 acts trivially on LO(A). The Kac module K, min(A) is defined to be the induced
representation K, (A) = U(9) Qu(gomgn) LO(A) where U(g) and U(go ® g1) are
the enveloping algebras, and it has a unique maximal irreducible quotient L, (A).
Then { Ly, (A) | A € PnJ1F|n } forms a complete set of pairwise non-isomorphic finite
dimensional irreducible representations of gl,, , with integral weights.

For A € P}:ln such that K, (A) is not irreducible (cf. [21, 22]), Ly»(A) has a
resolution, where each term has a filtration with quotients isomorphic to Kac modules
(see [30]), and its character is given by

chLup(A)= > apnchKpupu(A), (4.2)

NePt,

for some ap 5’ € Z. In [30], Serganova gave an algorithm for computing these coef-

ficients using the geometry of the associated supergroups. Recently, in [5], Brundan

gave another algorithm using a remarkable connection with canonical bases of quan-
tum group Uy (gls)-

Now, let us give an explicit expression of (4.2) for irreducible tensor representa-

tions. For A =), cl—m.n) Ni€i € Pnj'ln, we may identify A with a pair of generalized
partitions given by

A=Ay ..., AL EZY, AO=(Ay,...,Ap) €T (4.3)
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If we put X[ = {x; = € |i € [-m]}, and y[,) = {y; = €| j € [n]}, then the
character of K|, (A) is given by

chKijn(A) = sp<0X—mDsp-0(ym) [ (1+x7"3)). (4.4)
ie[—m],
J€ln]

Let ﬁnj‘l , be the set of dominant integral weights A such that Ay > 0 for all k €

[—m,n'] and £((A>)) < A_,.For A € P,

min we define a partition

AA) = (A,  Ap, AL A, (4.5)

where (A0 = (A’ ..., A}) and £ = £((A>%)’). Then the map A — A(A) gives a
one-to-one correspondence between ﬁ;{ln and P ={A € P | Ap41 <n}, the set of
all (m, n)-hook partitions.

In [3, 31], it was shown that the tensor algebra 7 (C™") generated by the natural
representation C™" is completely reducible, and for A € Pn‘: Lyjn (A) occurs in

N n>
7 (C™y if and only if A € P;lr‘n. Moreover, we have
ChLpmpn (A) =Y s (X{-m)S 7w (Vi) (4.6)
HCA

with A = A(A) € Py n, which is called the hook Schur polynomial corresponding
to A. Following our notation, chLy,,(A) = Sg_m’”/] = S5 (X[—m.n"]), Where we iden-
tify X[, C X[—m /) With y[,).

Lemma 4.1 For A € F;ln, let } = A(A) € Prjp and v =" — (m?) for d > 1. Then
Ve Zi, and

(o= X—1) "4 h Ly jn (A) = Sy (Xpuls X{—m))5

where we identify X|—pm) With X[_,, and Y] With X[,).

Proof By similar arguments as in Lemma 3.5 (3.10), we have
e 21) " eh Ly (A)

=X_pm-- 'xfl)_d Z S (X[fmj)s)\//u/ (Y[n])
UCA

= Z Sp—(dm) X[=m1)$2/ 7 (¥in1)
HCA

—1
=D S@nu )50/ Fin)
HCA
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= Z S(md)/n(xfjm],)S(V+(md))/n(y[n]) by replacing X[, with X[,y
n

=Sy (X[n]; X[—m)) = SI[)"]/[*’"]/ by replacing y,] with X,. O

Remark 4.2 Tt is well-known that for A € P,

> Lmin (A) = K (A) if and only if
A_1 > n (see also Theorem 3.15).

For A € i’;fln with A = A(A), set

Wnln(A) = {w e WL 7)) <m, L™ F) <n}, 4.7)
where v =1 — (m9) € Z4 with d > 1. For w € Wy, (A), we define

wx A=) — @) v eprh

min’

(4.8)

where we identify P,:‘n with Z% x ZI (cf.(4.3)). We can check that given w €

Winn (M), w € W q) for some g, and w * A does not depend on the choice of
d. Now, we obtain a Weyl type formula for hook Schur polynomials, which recovers
the Cheng and Zhang’s formula [10] in a new combinatorial way.

Theorem 4.3 ([10]) For A € P

s We have

chLpp(A) = > (=D chKpjy(w* A).
wewm\n(A)

Proof By Lemma 4.1 and Theorem 3.10, we have
chLn(A)

=x_p-- 'xfl)d ( Z (—I)Z(U))va,-%—(Y[n])S(vw,—)/(X[_lm])> l_[ (1 +xl_1y])

wew ie[—m]
J€ln]

- (Z (_1>‘<“’>suw,+(y[n])s(vw,y_(dm>(x[‘_1m])> [T a+x"vp)

wew ie[—m]
Jj€lnl
= ( Z (—l)[(w)svw,ﬁ— (Y[n])S((vw,_)/(dm))*(X[_m])> 1_[ (1 +xl_1yl)
wew ie[—m]
J€ln]
= Z (=D ™ chK (w * A).
wewm\n(A) D

Remark 4.4 Lemma 4.1 and hence Theorem 4.3 can be also derived from a Howe
duality of (gl,,,, gls) acting on the supersymmetric algebra generated by oLduy-Jol
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(cf. [7]) without using the combinatorial formula for chL,,|,(A) due to Berele and
Regev.

The denominator identity for gl,,,, is given as follows.

mn

Corollary 4.5 For w € Wy, (0), let w 0= (8,;,,6,") € P;lr‘n. Then

m>~-n

[T+ TG —x0 [ [ =
iJ

i<k j<l
_ Cw))+L(w2)+E(w) W1 O +05) =11 w2 (0 +p;)
= Z Z (=) Yin] ;

weWmln (0) w1 €Sy
wy€ES,

where i, k € [=m], j,1 €[n], py, =Y ici_m(—i = Dei, o= Zje[n](n — j)€jr, and
Sm (resp. Sy) is the symmetric group on the letters [—m] (resp. [n]).

Proof Since the hook Schur polynomial corresponding to empty partition (that is,
A =0) is 1, the identity follows from Theorem 4.3. O

Remark 4.6 For w € Wy ,(0), let u be the corresponding partition (see Re-
mark 3.3). Then w %0 € P;{In if and only if £(u) < m, n. Moreover, in this case,
we have

w0 = O, 0,) = (—fhms -+ s —H1, 15 -5 ) € P

Since |u| = €(w), we may write by abuse of notation

[T+ ' ] —x0 ] =
)

i<k j<l

_ ¢ +0 ) wl(/l,*+,0,;)*n1m w2(/»‘«+:0;r)
_ Z (_l)ml Z (=1 (w1)+€(ws X ] Yin] .

L(u)<m,n WIESH
wzeS,,

4.2 Representations of gl,,

Let us consider a character formula for a certain class of infinite dimensional ir-
reducible highest weight representations of the Lie algebra gl ,,, which comes
from the study of unitary highest weight representations of its associated Lie group
U(m,n) (cf. [15, 19, 24]) or from a parabolic analogue of Kazhdan-Lusztig theory
(cf. [6, 13]).

For non-negative integers m and n, not both zero, let C"*" = C™ @ C" be the
(m + n)-dimensional space, where {¢; |[i € [-m]]} (resp. {€; | j € [n]}) is the basis
of C™ (resp. C"). We may identify the general linear algebra g = gl,,,, with the set
of (m + n) x (m 4+ n) matrices whose row and column indices are from [—m] U [n]
(or simply [—m, n]).

We denote by h) and b the Cartan subalgebra of the diagonal matrices and the Borel
subalgebra of the upper triangular matrices respectively. We put t = gl,, @ gl,,, which
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is naturally embedded in g. Let P4, be the Z-lattice of h* generated by {¢; |i €
[—=m,n]}, and P,:,r 1 the set of t-dominant integral weights, that is, the set of weights
A= Zie[_m,n] Aj€; € Pyyysuchthat A, >...>A_jand Ay >...> A,
Given A € P\, let L°(A) be the finite dimensional irreducible highest weight
t-module with highest weight A. We may view LO(A) as a representation of the
parabolic subalgebra q = t + b, where the nilpotent radical of q acts trivially. Now
we define the generalized Verma module V,,, 4, (A) to be the induced representation
Vinrn(N) = U(9) Qu(q) L%(A). Then Vin4+n (A) has a unique maximal irreducible
quotient Ly,4,(A). Similarly, we define the characters of L,,4+,(A) and V4, (A) in
terms of the formal variables ¢* (A € Ptn). Put x; = €€ for i € [—m, n]. Then

8 7 <0 (X[—m])S p>0 (X[n])

chVyn(A) = -
1'[,-,,-(1 - X lx./)

where i € [-m], j€[n], A<= (A_p,...,A_) and A"O = (Ay, ..., Ay).
From the Kazhdan-Lusztig conjecture [25] proved in [1, 2] and its parabolic ana-
logue [6, 13], we have

chLyin(A)= > bxachVuia(A), (4.9)
NeP

m+n

where the integers by o/ are determined explicitly in terms of (parabolic) Kazhdan-
Lusztig polynomials evaluated at 1.

Now, using Howe duality let us derive an explicit expression of chL,,+,(A) for
particular highest weights in Pn'f . n» Which is equivalent to the Enright’s formula given
in[12, 14]. Ford > 1, let P; = @ke[d] Zey be the weight lattice of gl;. Consider the
symmetric algebra 8, generated by (C"" ® C?") @ (C" ® C%), where C"" and C%"
are the duals of the natural representations of gl,,, and gl; respectively. Then there is
a semi-simple (gl,,,,, gl;)-action on 8,4, which gives the following multiplicity free
decomposition [19, 24]

80 =EP Lntn(A) ® La(), (4.10)
s

where the sum ranges over A € fo_ with £(A7) <m and £(AT) < n, Ly(}) is the
irreducible highest weight gl;-module with highest weight A = (A1, ..., Ag) € Zi
(or A = Zkem Akek € Pg), and A(A) is a highest weight in P,Ln. In fact, if

A=A+ =00, A0,0,...,0, =40, —A]), (4.11)
with ¢ <m and p < n, then

AW =(=d,...,—d,—r; —d,...,—A] —d,2],...,1},0,...,0), (412)

m n

where we identify P, with Z"*",
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Proposition 4.7 For A € Zi with (A7) <m and L(\7) < n, we have
e - X)L (A (V) = S3 (X X(—m)-
Proof The decomposition in (4.10) gives the following identity

(X—m -~ 'x—l)_d

[T —xiz( —x7'27h

= Y chLysn(A))si(21a), (4.13)
AeZi

where i € [n], j € [-m], k € [d], and z4) = {zkx = €°* | k € [d]}. Comparing with
the Cauchy type identity in Theorem 3.10, it follows from the linear independence of
rational Schur polynomials that (x_,, - - - x_1)4chL 1, (A(X)) = S}[L"]/[_m]. O

Corollary 4.8 For A € Zi with £(A7) <m and £(AT) < n, we have Ly, ,(A(L)) =
Vinen (AX)) if and only if d > n and A, > 0.

Proof 1t follows from Theorem 3.15. O

We also have an interesting analogue of the Jacobi-Trudi formula from Proposi-
tion 3.17.

Corollary 4.9 For A € Z4 with €(L7) <m and () < n, we have
chLyin(AR)) = det(chLyyn (A =i+ j))1<ij<d-

Suppose that A € P,F

m-+n

is given and A = A(A) for some A € Zi. Set
Wingn (D) ={w e WL T) <m, LG"F) <n}. (4.14)
For w € Wy, 41 (A), we define

wx A= (A" + @) A"t e Pt

m+n>

(4.15)

where we identify P, 1 With Z7} x Z" . Now, we can state a Weyl type formula for
chLpy 10 (A(A)).

Theorem 4.10 (cf. [12, 14]) Given A € P,:{H with A = A()\) for some A € Zﬁ, we
have

chLyn(A)= D (=D chVyin(wxA).
WEWn4n (A)

Proof It follows from Proposition 4.7 with Theorem 3.10. The proof is similar to that
of Theorem 4.3. O

Remark 4.11 The parametrization of highest weights for generalized Verma mod-
ules in Theorem 4.10 is different from the one in [12, 14], where the sum is given over
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the Weyl group of gl,,,,, with its shifted action on the highest weight A, which is not
equal to w * A for w € W, (A) by definition. It would be interesting to compare
these two formulas.

Example 4.12 Suppose that A = 04. Then A(0y) = (—(d™),0,) and each w €
Wintn(—(d™),0,) of minimal length corresponds to a unique partition u C (m")
with £(w) = || (see Remark 3.3 (1)). Hence, we have w * (—(d™),0,) = (—(d™) —
(d*W) — p*, w+ (@*®)), and

—1
Sp/ 4 (dm)+(dS W) (X[_m])su_l,_(dls(ll)) (X[n1)

’

chLyin(A(0y)) = (=1l
B MC%) [T, —x %))

where i € [—-m] and j € [n].

Remark 4.13 We may apply Theorem 3.10 to other irreducible highest weight rep-
resentations of a Lie (super)algebra g, whenever we have a Howe duality of (g, gl;)-
In fact, the associated irreducible characters for g satisfy a Cauchy type identity of
the form given in Theorem 3.10 and hence they are equal to S;A/ b

choices of A4 and B (see [27] for more examples).

under suitable
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