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Abstract Let p be an odd prime. We first get some non-existence and structural
results on (pn, p, pn, n) relative difference sets with gcd(p, n) = 1 through a group
ring approach. We then give a construction of (p(p + 1), p, p(p+ 1), p + 1) relative
difference sets with p a Mersenne prime.
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1 Introduction

Let G be a finite (multiplicative) group of order mn, and let N be a subgroup of G of
order n. A k-subset R of G is called an (m, n, k, A) relative difference set (RDS) in
G relative to N if every element g € G \ N has exactly A representations g =rr, !
with r1, r» € R, and no non-identity element of N has such a representation. The
subgroup N is usually called the forbidden subgroup. We say that R is a splitting
RDS if the forbidden subgroup N is a direct factor G. If the group G is Abelian (resp.
non-Abelian), then D is called an Abelian (resp. non-Abelian) relative difference set.
When n =1, R is an (m, k, A) difference set in the usual sense. If kK = nA, then R is
called semi-regular.

For a subset X of G, we set X" = {x~!|x e X}; also we use the same X
to denote the group ring element ) .y x € Z[G]. Then, a k-subset R of G is an
(m,n, k, L) relative difference set in G relative to N if and only if it satisfies the
following equation in the group ring Z[G]:

RR"VY =k 4 A1(G — N).
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A prime p is called self-conjugate modulo an integer # if there is some integer j
such that p/ = —1 mod n’ where n’ is the largest divisor of n coprime with p. For a
positive integer m, we denote by &, a primitive m-th root of unity in C.

The following lemma is very useful in the study of semi-regular relative difference
sets.

Lemma 1 [13, Theorem 4.1.1] Let R be an Abelian (m,n,m, m/n) RDS in G rela-
tiveto N. Then exp(G)|m or G = Zg, n =2.

There has been extensive research on (p®, p”, p*, p~?) RDSs with p a prime, see
[10, 13, 14] and the references there. In this present paper, we study Abelian relative
(pn, p, pn, n) difference sets with p an odd prime not dividing n through a group
ring approach. In [9], the authors showed that there is no Abelian (pq, q, pq, p)
RDS in Z, x Zé with p, g being two distinct odd primes such that p > g, ex-
tending the result in [5]. In [7], the authors showed that there is no Abelian
Bpgq, 3, 3pq, pq) RDS in Z% x Ly x Zg with p, g being two distinct primes larger
than 3. According to Lemma 1, they have shown that there is no Abelian relative dif-
ference set with the corresponding parameters. In both papers the authors investigated
the character values of the corresponding relative difference sets.

Now we assume p is an odd prime and » is a positive integer such that ged(p, n)
= 1. Let G be an Abelian group containing a (pn, p, pn, n) RDS R relative to
a subgroup N of size p. Then in view of Lemma 1, we must have the Sylow p-
subgroup of G elementary Abelian. Hence G = Z > does not contain a (p, p, p, 1)
RDS. When G = Zf,, N = {0} x Z, according to aresultin [6],a (p, p, p, 1) RDS
in G relative to N must be of the form

Lyyw:=1{G, ui* +vi+w):ieZy), u,v,weZy u#0.

In the sequel, we will assume that n > 1. Throughout this paper, we will fix the
following notations: We write G = E x W, where |E| =n,and W = (a,b : a? =
b? =1,ab = ba), N = (b) < W. Also write e := exp(E), L :={a), H .= E x L,
and suppose R is a (pn, p, pn, n) RDS in G relative to N.

We will frequently view an integer m as an element of Z, in the natural way,
and will indicate which ring it is considered in if necessary. We make no distinction
between Z, and [, the finite field with p elements. Since we will take summations
over Z, most of the time, we abbreviate ) for erz,,- The Legendre symbol for

Zp is written as (). A constant we will use is defined by A = Yot (%) ¢, which

is a Gauss sum and satisfies AA = p,see [2, p. 11].

In Section 2, we give the basic facts about group rings and some lemmas we need.
In Section 3, we take a group ring approach and get some non-existence and struc-
tural results when p is self-conjugate modulo exp(E). In the last section, we give
a construction of (p(p + 1), p, p(p + 1), p + 1) RDSs with p a Mersenne prime.
A Mersenne prime is an odd prime p such that p 4+ 1 = 2" for some integer » > 0.
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2 Preliminaries

In this section, we introduce the basic facts about the group ring F,[G], see [12] or
[11]. First we list some basic equations which holds in F,[G]. Let x be an element
of order p in G. Then

—1

-1 = p—1 —1—i i S i
(x— 1P =Z< i )(—1)1’ x:Zx,(x—l)szl’—1=0, (2.1

i=0 i=0
p—i .
B TV RN P p—i _ 1\ p—i 1k
Gl =1 =) (x =1+ 1P = 1)&( L )(x 1D lax 2.2)

for each 0 <i < p — 1. A standard IF,-basis for F,[G] is given by {hbi cheH,
i € Zp}, but the following basis will be more convenient for our purpose:

{h(b—1)': heH,ielZ,)

The fact that this is a basis follows from that 1b’ = h(b—1+1)' = Y4 _, (})h(b— 1)

foreach 0 <i < p — 1, h € H. Therefore each element o € F,[G] can be written in

the form o = Zf:_ol a;(b — 1)" with o; € F,[H]. The merit of this basis is that,

denoting by I; the principal ideal generated by (b — 1)/ in F plGlforeach0<i < p,
we have

Fy[Gl=1y> 11 >--- D1, =0,

which is a chain of descending ideals in IF,[G] such that I;I; C I; ;, where we define
I; :=0 when k > p. An [ ,-basis for F,[ H] can be obtained in the same fashion as
above with a, E in place of b, H.

The augmentation homomorphism w : Fp[G]+ F), is defined by (3 ¢ ag8)
=) ¢eG g with ag € F,. The kernel of w is called the augmentation ideal, which
is generated by elements of the form g — 1,V¥g € G. If =), _; beg is annihilated
by the augmentation ideal, i.e.,

Blh—1)=> begh— > beg=0

geG geG

geG

for all & € G, then b = by, for any h € G by comparing the coefficients of 4 on both
sides, so B = b1 G. The following lemmas will be the starting point for our study in
the next section.

Lemma?2 Let p be an odd prime and H = E x {a : a? = 1) be an Abelian group with
|E|=n, (p,n) = 1. Write L := (a). Suppose T € F,[H] satisfies TT'"V = AXL for

some X € Fy[E] and % € F,. Write T = Y."" Aj(a — 1)}, with A; € F,[E]. Then
we have (_Fl)kw(X) is a square in ¥, and

A,-A;‘”zo,vl‘+j<p—1. (2.3)
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Proof By direct computations using (2.2) with x = a, we have

p—1 k
1 _ (-1 Y
T _Z(Z( 1) Al <k ))( k.

k=0 \i=0

Write TTD = Zk Bi(a — DX with By € F,[E]. Then after expansion, we have

B, _ZAM k(Z( 1A~ “( l)) YO<u<p-—1.

Here we have used the factthat 1, a—1,---, (a— 1)1”1 are linearly independent over
FplE]. From TTCD =X (a — 1)P~!, wehave By=---=B,_» =0, B,_| =1X.

We show that (2.3) holds by induction on i 4+ j. When i = j =0, By =
ApASD = 0. When i + j =1, By = —A4pA ™" + 4,45Y = 0, multiplying
both sides with AgA{™", we have (49A"")2 = 4947V 445" = 0. Since
(p,|E]) =1, we know that F,[E] is semisimple and hence contains no non-zero
nilpotent elements, so we must have AoAg_l) = 0; after taking conjugation, we
have AlA(()_l) = 0. This proves the claim for i + j = 0, 1. Now assume this is
true when i + j =k and k+1 < p — 1. By Bx4+1 =0 and the induction, we have
Y (=1 A1 AT —o. Notice that Ag41—jA\ " Apy1-, AT = 0 whenever

1 # r, since Agq— 1A< =0 or Ag41-,A""" =0 by the induction. Multiplying
both sides with A; A,({Jrll) ;»0=<i=<k+1, we have (AiA,({:_ll)_l.)2 =0, and hence
A; AL\, = 0. This proves (2.3).

From (2.3) we have w(A; A7) = w(A)? =0, e, 0(4;) =0,V i < 271 Now
from B,_1 = AX, we have le:ol (—1)ZA,,_1_1A§ = AX. By taking augmentatlon,
we have (-1)”7"@(/4,,_,1)2 =rw(X),ie w(Ap1)? = (—71),\0)()0. This completes
the proof of the lemma.2 ’ O

Lemma 3 Take the same notations as in Lemma 2. If we assume that X = E, then

AATD =0, Vit j=p-1,G, mé(L L) 2.4)
-n_ (1

Apa ASV = — rE. (2.5)
2 2 P

Further, if p is self-conjugate modulo exp(E), then A; =0 fori < 2=, and A p—1 =

2
tE for some t € F), such that A = (7)t n.

Proof Now we assume that X = E and continue the induction process in the proof of
Lemma 2 with k + 1 = p — 1. Multiplying both sides of Y/ L~ Ap_i- IA( D=
AE with Ap_l_,»A,f‘“, £ 221 we have Ap_ ;AT VE = w(Ap_1-Dwo(A)E =

0 since w(A,—i—;) =0 or w(A;) = 0 depending on whether i > pT_l ori < pT_l.
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Hence (A,_1;A™")2 =0, and it follows that A, ;A" =0 when i # 251 Tt
follows that

1

1 - (=1
— A 1)'A A =AE.
()"zl E()pll

p 2 =0

Now further assume that p/ = —1 mod e = exp(E) for some j. Then Alg_l) =
AP = AP From A;ATD =0, Vi < 251, we have A} TP’ = 0. Tt follows that A;

is a nilpotent element in F,[ E] which has got to be 0. From AHP = A,, 1 A(p 11) =
2 2

(SHAE, we have ((g - 1)Ap_,1)1+1’ = (SE(g- DIHP =0,50 (g — DA, is
2 2
nilpotent and hence is 0 for any g € E. It follows that A ,—1 =tE for some t € IV,
2

and 1’nE = tE)(EV) = (%)AE, that is, A = (%)tzn in F,,. This completes the
proof of the lemma. d

3 The group ring approach

In this section, we mainly use Lemmas 2 and 3 to get some non-existence and struc-
tural results, especially when p =5, 7. We take the same notations as introduced in
Section 1, and assume that p > 3. Because R intersects each coset of N in a unique
element, we have R N hN = {b/ M p} for each h € H, where f(h) is some element
in {0, 1,---, p— 1} depending on 4. It follows that R = ZheH b/ M p since a set of
coset representatives for N in G is H. In F,[G], we have

fh)
R=>"(b-14+1)/"h= ZZ(N‘))@ Dih= ZZ(f(h)>(b N

heH heH i=0 i=0 heH

since ( ) 0 when k > n. Write R = Zp ! Ri(b—1) with R; e F p[H]. Then we

have
(B
R; = E ( ; )h 3.1

heH

by comparing the coefficients of (b — l)i ,V0<i<p—1;especially, Ro = H, R =
ZheH f(h)h. We can recover R N hN from the coefficient f(h) of & in R, namely,
RN AN = {b/™h}. Therefore R| determines R completely, and this fact will be
utilized below.

Now let us check the group ring equation

RR™Y =pn+n(G—N)=nHN - N)=n(H - 1)(b— 1)’
in F,[G], where we have used the fact N = (b — P~ see (2.1) . First,

REV=H RV -1+ R +R) b -1+ Xb—1)}
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for some X € F,[G] by direct computations using (2.2). Write RRCD =
Zp o Ci(b— 1), Then we have from the above:

C0=H2=an=O;
Ci=—HR"" + RiH=—-0R")H +w(R)H =0;
Co=—RiRY +1H =0,

for some A € IF,. The first two equations are trivially true and the expressions of
Cy for k > 2 are complicated for a general p and we do not need them except when
p =5, so we will mainly study the equation C> = 0 at first, i.e.,

RiRUV = H. (3.2)

If we can get some information about Rj, then we get information about R by our
earlier observation. For this purpose, we need to determine A;. We first define the
number a; := | f~1(i)|, the number of pre-images of i € {0, 1,---, p — 1} under f,
and we shall regard i as an element of Z, below. By computing the coefficients of
the group identity 1z on both sides of (3.2), we have

A =Zaii2. (3.3)

To determine XA, we need to shift to Z[G] for a moment. For the character y of G
which is principal on H and maps b to &, we have x (R)x(R) = pn. By a standard
process of analyzing the prime ideal decompositions of both sides in Z[&,], see [1]
for example, we have x (R) = g(§p)A, where g(x) € Z[x] and |g(ép)|2 =n. On the
other hand, x(R) =), a; é‘l,, so Y ;a;&), = g(&,)A . Multiplying both sides with

A= (%)A, we get that p divides

o i=(,Z“ffé)(Z(%")%)’

J

where by = Y; (5t )a;. Thatis, p| Y 10—, (bk—bo)ék Since &p, - - - ,g,’,"l forms an
integral basis of Z[%p] we have p|(by — by), i.e., by = c mod p for some constant c.
Write by = pdy + c. Then from the fact that ), bké;' =pd, dkék has modulus

p+/n, we have ), dkéll,‘ has modulus /7, i.e.,
(Tast)(Last)=
k k

It follows that (3", dx)*> =n mod (1 — &,)ZIE,1 N Z, ie., (3 dk)*> =n mod p.
Meanwhile,

Ser(Za) L (AT (o

SO C=— Zk dy.. Therefore, we have ¢ =n mod p.
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Now we shift back to IF,[G] again. We have

by =Z(_k+i>a,~ i -b'Ta

; p

Direct computations show that

_ _ 1 p—
QTG+ 0+——ﬂl

3
)=3"T, s DM My,

1 =1
where M| = diag(l, ( 2 ).-++,(,41)), and M is a Vandermonde matrix with
=

(k, t)-th entry t*=1 Both of M 1, M7 are non-degenerate, so
-1 -1
(T, =G i+ DT, 0+——ﬂ My M

and hence we can write i% as a F,-linear combination of i Ea , (0 + 1) ,

i+ prl)% . It follows that we can find a set of oy € I, such that ) ", ax (i — k) byt
=i2. Then we have

Zakbk:ZakZ(i—k)%a, Za,Zak(l—k) z Zz a;.
k k i

On the other hand, by = ¢ in F, for each k € Z,. Therefore, from (3.3), we have

—1 n—1
A1 = (Q_pax)c. Notice that Y, ay is the coefficient of i"T in Yoo — k)lT
=i2 s0o A =c, A% =n when p =35, and A1 =0 when p > 5. This completes the
determination of A;. We record it below.

Proposition 4 Notations as above. Then )»% =ninF, when p=35, and Ay =0 when
p>5.

When p =5, set T := Ry, X := E, X := A1 and invoke Lemma 2, we have the
following result:

Proposition 5 Suppose there is an Abelian (5n, 5, 5n,n) RDS with 54 n. Thenn = 1
mod 5.

Proof Assume that n > 1. We have An = (%I)Aln is a non-zero square in Fs by
Lemma 2, so ()\m)2 = 1. From the above arguments, we have )\% =n in Fs. There-
fore, (Aln)zzk?zk%z 1, and hence n = 1 mod 5. O

Now, we consider the case p =5 and 5 is self-conjugate mod exp(E).
Theorem 6 If there is an Abelian (Sn, 5,5n,n) RDS in G with (5,n)=1,n>1,
then there is no integer j such that 57 = —1 mod exp(G)s, the largest divisor of

exp(G) which is coprime with 5.
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Proof Notations as before. By Lemma 3, we have that
Ry =1E(a— 1)+ Az(a —1)° + Ay(a — D* (3.4)
for some A3z, A4 € F5[E], t ## 0. Expanding, we have

Ri = (tE — A3+ Ay) + (=21E +3A3 + Ag)a + (1E — 3A3 + Ag)a’®
+ (A3 + As)a® + Asa®.

Write A3 =) paxx, Aa=) . pbxx, withay, by € F,, and define
B,y ={xeE: ay=r by =5}

for each pair of r,s € Z),. Then {B, ; : r,s € Z,} forms a partition of E, and A3 =
Zns rBs, As= Zm s By.s. We can rewrite R; as

i+ 1)@ +2 ;
Rl = ZZ (%z —ri+1 +s>alB,,s.
r,s 1
Correspondingly, in Z[G], we have

GHDEA2) o s )
R:ZZb > t r(l+1)+salBr,S' (35)
rs i

This gives a structural characterization of R. We note that letting the automorphism
of G which fixes H and maps b’ to b act on R if necessary, we can assume that f = 1,
so the indeterminant ¢ adds no complexity. From now on, we set t = 1.

We look at the expressions for C3, Cy4, and obtain by direct computations:

RiRS " =RRTY;
RoRSV—RiRSY — RiRSD — RyRUV = 14 0,H,

for some A € Fs. Here we have used the fact that » = 1 in [F5s. We have seen that
Ry € (a — D)Fs[H] in (3.4). Take the homomorphism

w:Fs[H]— Fs[E1=TFs5[H]/(a — DFs[H].

Then 7 (Ry)7(Ry) ™D = —1 € F5[E] from the second equation above. From (3.1)
and (3.5), we have

1 i+ 1)@ +2

((i+1)(i+2)
X —_—

5 —r(i+1)+s—1>a"3,,s,

1 i+ 1D+ 2
ﬂ(R2)=§ZZ<%2(l+)—r(i+l)+s>

i
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((i+ DG +2)
N A
2

—r(i+1)+s—1>Bm

~1
=< > B.;=—2E eF;|E].
r,s

Now we have 7 (R2)7(Ry)V = (=2E)2 = —nE = —E = —1: a contradiction un-
less E = 1! This completes the proof of the theorem. g

Example Take the notations introduced in Section 1. Theorem 6 says that exp(E)
can not be a divisor of 5/ + 1 for any j > 0. For example, exp(E) can not divide
53 +1=2 x 9 x 7. This rules out the existence of 4n, 5, 5n, n) RDSin G = Zg X
Zh x T x Ziy x 7k with n =2" - 35+2 .74 = 1. When p is an odd prime such
that p = 2,3 mod 5, we have by the quadratic reciprocity law, ( %) = ( %) =—1,s0

SPT_I = —1 mod p, and we can not have exp(E)|2p.

For a general prime p > 5, writt R =Y,z h > ; a'b/vD, with f, : Z, > Z,.
When p is self-conjugate mod exp(E), Lemma 3 applies again, and we get

2ft -1
R1=A%(a—1) T4+ Ap(a— D,

with A; € F,[E], pTH <i < p—1.Wehave

p—1—k
(a _ 1)p—l—k — Z (p - 1 - k)(_l)p—l—k—iai
1

i=0
p—1—k .
=0 1.
P i) k41
o ,-
=(=1) ; —
p—1-k ,.
VRN i+k\
=(-1) ; ( i )a,

when 0 < k < pT_l As a polynomial of i, (’tk) = % has degree k < pT_l

Now take a partition of E as in the case p =5, we see that deg(fj,) < pr].
Especially when p =7, we have R = As(a — 1)* + As(a — 1)° + Ag(a — 1)°
with A; e F7[E], i =4, 5, 6. Take the partition {B, s : r,s,t € Z7} of E such that

r,s,t r,s,t r,s,t
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Then by the same process as in the case p =5, we have

R= ZB’ . Zaibr—<"+2§f+”—su+1)+z

r,s,t i

(i+2)2(i+l) —s(i+1)+t

When r, s, t ranges over Z7 X Z7 x Z7, Y ; ab” ranges over the

Lo .
set {Ly,pw = ;a'b" V"% |y v w € Z7}. Relabeling B, we have the result
below.

Theorem 7 Let n be a positive integer coprime with 7. Suppose R is a putative
(7n,7,7n,n) RDSinG=E x {a,b: a'=b"=1,ab= ba) relative to N = (b), and
7 is self-conjugate mod exp(E). Then R is of the form

. .2 .
R— Z Bu,v,w Zalbm +vl+w,

u,v,w i

where {By v : U, v, w € Z7} forms a partition of E.

As a final application of Lemma 2, we have the following result which extends
Proposition 5.

Proposition 8 Let p be an odd prime and n > 1 be a positive integer coprime with p.
If there is a (pn, p, pn,n) RDS R in an Abelian group G, then n is a square in F .

Proof We take the notations introduced at the beginning of this section. Write R =
Zf:o] Dj(a — 1) with D; € F,[E x N]. Then from RR""V = pn 4+ n(G — N) we
have DOD(()_U = —nN in Fp[E x N]. Now an application of Lemma 2 gives that
—(_71)11 is a square in F,. When p =1 mod 4, —1 is a square in IF ), hence —(_71)11
is a square if and only if n is a square. When p = 3 mod 4, (_71) = —1, and hence

n= —(%l)n is a square. O

4 A family of RDSs with new parameters

Most known semi-regular RDSs have parameters (p®, p”, p®, p~") with p a prime.
As far as we know, there are only three constructions ([3, 4, 8]) of semi-regular RDSs
in groups of sizes not a prime power when the forbidden subgroup has size larger
than 2. The RDSs constructed in [3, 8] have parameters

PH(p+ D, p+1,p¥(p+ 1), p™,

where ¢ is a positive integer, and p =2 or p a Mersenne prime. The RDSs constructed
in [4] have parameters

(4q,q,4q, 4),
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where ¢ is an odd prime power greater than 9, g = 1 (mod 4). In this section, we give
a construction of (p(p + 1), p, p(p + 1), p + 1) RDSs in the elementary Abelian
group G =, x F, x F,;1, where p is a Mersenne prime.

For an odd prime power g = p", n > 1, p prime, let K :=TF, be the finite field
with ¢ elements, K* = K \ {0}, and tr: F, — [, be the absolute trace function. The
quadratic character £ on K is defined by

—1, if x is a non-square in K,
Lx)=131, if x is a non-zero square in K,
0, if x =0.

For each u € K*, define

Sy =Y gl

xekK

and write S := S(1). Then S+ S(u) =23 é,t,r(x) =0 if u is a non-square in K
and S = S(u) if u is a square in K*. It follows that S(u) = £(u)S for each u € K*.

Besides, it is easy to see that S = Y _x £(x)&y ™ which is a Gauss sum, so it has

modulus /g, see [2, p. 11].
In K x K, each K-subspace is given by one of the following:

L, :={(x, ux): x € K}, Lo ={(0,x): x € K}.
It is standard fact that

ZLu+Loo=q+KxK,
uek

LiL; =K x K,Vi, je KU{oo},i # j.
By [13, Theorem 2.2.9], the set Ry := {(x,xz) :xeK}isa(g,q,q9,1) RDS in

K x K relative to 0 x K. For each non-principal character x of K x K, it is principal
on exactly one of the above K -subspaces. Suppose y is non-principal on {0} x K,

and is defined by x (u’, V') = é,’,r(”“/””/), Y(u',v") € K. Then v # 0, and
uy2_u? (2
X(Roy =Y glrtwtu®) - N2 ORI gy g ), (.1
xekK xekK

Theorem 9 Suppose p is a Mersenne prime. Let H =F, xF,, N ={0} xF, < H,
E =T )1 be regarded as subgroups of G = H x E in the natural way. Take any
bijection t : F;‘H_l — I, and define

Hy, ={(z,t(@)z):z€Fp} CH

foreacha € IF“;H. Also define

Ho:={(z,2%) :z€Fp).
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Then

R = Z Hyzqa

acE

isa(p(p+1),p,p(p+1), p+1)RDS in G relative to N, where
1
20=0, 24 = (o, 7@ — ;7(@)?) € H,
with xq € F, for each a € F;H

Proof By definition, we need to show

RRY =3 (S HoH ) zaz )b = p(p+ D)+ (p+ 1D(G = N).
beE acE

Because the elements of E are linearly independent over Z[H], by comparing the
terms involving each b € E, we need to check the following group ring equations.

(1) Yoer HoHS Y = p(p+ 1)+ (p+ 1)(H — N).

This is true since H, = Hé_l), H,H, = pH, fora e E*, and ), .z« H, = p +
H—-N, HOH(fl) = p + H — N as we have exhibited above.

(2) > 4er Ha +b zaza+b_(p+1)H for each b € E*.

Since H,H, = H for distinct elements a,a’ € E*, we see that this is equivalent to
the following equation

HoHyz;' + HyH Vzp =2H 4.2)

for each b € E*. We check this by showing that both sides have the same character
value under the action of each character of H.

Fix an element b € E*. Let x be a character of H. The case x is principal is
trivial, so we assume that x is non-principal, and suppose y is defined by x (u’, v') =
gg"”r“v/, Y(u',v") € H, with (u, v) # 0. The case v =0 is easy. We have x (Hp) =
>, er, §p° =0 because u 70, so both sides are equal to 0.

Now suppose v # 0. If x is principal on H,, a € E*, then

X(Hg)= ) gltvr@x = p,

xelF,

so we must have u 4+ t(a)v = 0. When b # a, we have x (Hp) = 0, so both sides of
(4.2) are again both 0. When b = a, we have

_ﬁ _r(u)zv
x (Ho) = SE(v)s, * = SL(v)g, *
from (4.1). We compute

x(HoHaz;") = x(Ho)x (Ha) x (z; 1)
r(a)zu

= pSt(), *

2
—(uxg v (@)xg—v )

= pl(v)S,
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and similarly, X(Hl,Hé_l)za) = pl(—v)S. Since p = —1 mod 4, we have £(—1) =

—1. Therefore, )((H()Haza_1 + HaH(g_l)za) = 0= x(2H). This proves (4.2) and
hence the whole theorem. O

Remark When p =7, we have 7= —1 mod 2, and the above construction are in
accordance with our conclusion in Theorem 7.

This construction allows the following slight variation. Let p, H, N be as in The-
orem 9 and E be a multiplicative group of order p + 1, and the semidirect product
G := H x E is defined by

(u,v)’ =e Yu,v)e = (a(e)u,v), V(u,v) € H,e € E

for some homomorphisma : E +—> IF;‘,. Suppose we can find a bijection 7 : E\{lg} >
F,, such that

t(e)a(e)) #t(c'e) Ve, e € E\ {1} ee # 11 (C1)
e =1(e)ale™"), Ve # 1. (C2)
Now define
H,:={(z.1(e)2) :2€Fy}. Ve# g, Hy:={(z.2%):z€F,).

Then the set
R:=Y"Heze
ecE
isa(p(p+1),p, p(p+1), p+1)RDS in G relative to N, where

1
21 =0,z = (e, T(€)X, — Z’(e_l)z) €H,

with x, € IF, for each e # 1. The proof is essentially the same as that of the above
theorem. The equations to check are the following:

(1) Yger HaHS V= p(p+ 1) + (p+ D(H — N).
Q)Y cr HeHe(;e )Ze2;5 =(p+1H, Ve # 1.
The analogy of (4.2) is
HH 972, + H H 97,01 =2H. 4.3)

‘We observe that condition (C1) is to make sure that He(,i) #+ H, whene, ¢, ee # 1g,

and condition (C2) is to make sure that He(e) = H,-1 when e # 1, and the choice of
Ze is to make (4.3) hold.

Theorem 10 Let p, H, N be as in Theorem 9. Let E be a finite group of order
p + 1 such that E» := {e € E : ¢* = 1} is a normal subgroup of index 2 in E and
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exp(E) = 4. Take the homomorphism a : E — {x1} C IF; with ker(a) = E,. The
semidirect product G :== H x E, defined by

(u,v) =e (u,v)e = (a(e)u,v), V(u,v) e H,e € E,
contains a (p(p+ 1)), p, p(p+ 1), p+ 1) RDS relative to N.

This follows from the lemma below.

Lemma 11 There are exactly two types of groups E such that there is a bijection
t: E\{lg} > F, and a homomorphism a : E — IF*;, satisfying the conditions (C1),
(C2):

(1) E is elementary Abelian.
2) Ey:={e€E: er = 1} is a normal subgroup of index 2 in E, and exp(E) = 4.
Obviously, E, is elementary Abelian in this case.

Proof Let E be a group of order p+ 1. Suppose there is abijection 7 : E\{1g} — F,
and a homomorphisma : E +— F; satisfying the two conditions (C1), (C2). Because
(p+1,p—1)=2,froma(e)’! =a(ePT")=1anda(e)?~' =1, we have a(e)® = 1
foreach e € E, so Im(a) < {£1}, and correspondingly ker(a) has size pTH or p+1.

(1) First, we assume |ker(a)| = p + 1. Then ker(a) = E, and we must have
(e =1(e), Ve € E, e # 1 by (C2). It follows that e ! = ¢ for any e € E, which
means E = E, := {e € E : > = 1} and hence is elementary Abelian. In this case, just
take a to be the trivial homomorphism and 7 any bijection from E \ {1g} to F,.

(2) Second, we assume |ker(a)| = pTH. Then ker(a) is a subgroup of index 2
in E. We first show that ker(a) = E». If e € ker(a), e # 1g, then t(e) = t(e™))
by (C2) and we must have e = e ! ie., e € Er. Hence ker(a) is a subgroup of E»
which is either ker(a) or E. If e € E3, e # 1, then t(e) = t(e)a(e) by (C2), so
either t(e) =0 or a(e) =1, i.e., e € ker(a). Therefore at most one element of E;
is not contained in ker(a) since 7 is a bijection. It follows that ker(a) = E; since

pTH > 1, and hence E is a subgroup of index 2 which has got to be normal in E.

For any e € E, we have a(e?) = a(e)* =1, so €2 € ker(a),and hence exp(E)|4.
Because E # E,, we must have exp(E) =4, and if e € E \ E», then o(e) = 4.

In this case, leta : E — {£1} C IF; be defined by: a(e) =1 if e € E> and a(e) =
—1 otherwise. This is a well defined homomorphism, and maps all elements of order
4 to —1 and all elements of order 2 to 1. It is easily checked that the condition (C2)
becomes

1(€’) = —1(e), Ye with o(e) =4, (4.4)
and condition (C1) becomes
T(ee) # —1(e), 4.5)

for any pair of (¢/, €) witho(¢/) =4, e # 1g, e'e # 1.
Suppose (4.4) holds, and we show that (4.5) always holds. When e has order 4,
from (4.4), we have that (4.5) is equivalent to

t(e'e) £1(e™"), Ve witho(e') =4, e'e # 1k, (4.6)
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that is, e’e # e~ ! which is always true since otherwise ¢’ = e~ has order 2, contra-
dicting o(e’) = 4. When e has order 2, we have ¢’e is not in E; and hence has order
4 when o(e’) = 4, and from (4.4), we have that (4.5) is equivalent to

t((€e) ) £ 1(e), Ve witho(e)) =4, 4.7

that is, e’e # e~ ! which is always true since otherwise ¢’ = e 2=1, again contra-
dicting o(e’) = 4. Therefore, (4.5) always holds provided (4.4) holds.

Therefore, the two conditions (C1), (C2) reduce to (4.4). It is clear that such bijec-
tion exists. This completes the proof of the lemma. g

Example 1 Take E = (@ :a*=1).Then G = (x,a:x3=a*=1,x*=x"1) x (y:
V=1, N=(y)<G.Take t: E\ {1} > F3 by t(a) = 1, T(a?) =0, (®) = 2.
Then we see that the two conditions are satisfied, and we thus geta (12, 3, 12,4) RDS
in G relative to N. This is the only case that our parameter family overlaps with the
three parameter families mentioned at the beginning of this section.

Example 2 Let p + 1 =22"*1 with m > 1. It is easy to see that E = Z4 X ngfl is
of type (2) in Lemma 11. Now we exhibit some non-Abelian groups E of type (2).
We fix an integer i between 1 and m. Let H = Z%m,

. 11 10
Aj; =dlag<<0 1>,~~ , (O 1)) e GL(2m, Z,),

with the first i blocks being <(1) i) , and the remaining blocks being ((1) (1)> . We regard

H as a vector space over Zy with GL(2m, Z,) acting on the right. Now for a given
vo € H which is not in the image of A; + I,,, define the following group

Gi=(a, H:a’=vp€ H,v* =a 'va =vA;, Yv e H),

where we regard H as a multiplicative subgroup of G;. It is easy to see that G; is
of type (2) with G2 :={g € G; : g?=1}=H.We compute the size of the center
Z(G;) which turns out to be different for different i, so each G;, 1 <i < m, are not
isomorphic.

First we show Z(G;) < H. If hoa € Z(G;) for some hg € H, then o thhoa =
hoaa~Lh, ie., (hhy)® = hhg for all h € H. In the vector form, (h + ho)A; = h + ho
for all h € H, leading to the contradiction A; = I»,,. Because G; = H U Ha, we see
that Z(G;) < H.

Next we show that | Z(G;)| = 22"~ . For any h € H tobe in Z(G;), it is necessary
and sufficient to have h% = o~ ha = ha~'a = h, that is, h(A; + Im) = 0. We thus
have Z(G;) = ker (A; + Ip;,). It follows that dimz, Z(G;) = 2m — rank(A; + Ip;,) =
2m —1i.
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