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Abstract The notion of m-regular system on the Hermitian variety H(n, q2) was
introduced by B. Segre (Ann. Math. Pura Appl. 70:1–201, 1965). Here, three infinite
families of hemisystems on H(5, q2), q odd, are constructed.
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1 Introduction and basics

In [11], regular systems of H(n, q2) were introduced. A regular system of order m of
H(n, q2) is a set R of generators of H(n, q2) with the property that every point lies
on exactly m generators of R, 0 < m < α, where α denotes the number of generators
of H(n, q2) passing through a point of H(n, q2). A regular system having the same
order as its complement (in the set of all generators) is said to be a hemisystem.
A regular system of H(n, q2) of order m has size tm, where t is the ovoid number of
H(n, q2), so that t = qe + 1, where e = n if n is odd, and e = n + 1 if n is even.

In [11], Segre proved that, if n = 3 and q is odd, a regular system of order m

must be a hemisystem on H(3, q2), and hence m = (q + 1)/2. He also constructed
a hemisystem on H(3,9) admitting the linear group PSL(3,4). See also [6] for an
alternative construction. Thus, the study of regular systems allowed Segre to demon-
strate that the singular points of a Hermitian surface H(3, q2) cannot be partitioned
by totally singular lines: it has no spread.
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In [1], the nonexistence of regular systems of H(3, q2) for q even was estab-
lished. A simple proof that a regular system of H(3, q2) is a hemisystem (and so
q is odd) was given by Thas in [13], by showing that the concurrency graph of
the lines of a regular system on H(3, q2) of order m is a strongly regular graph
srg(v, k,λ,μ), with v = (q3 + 1)(q + 1) − m, k = (q2 + 1)(q − m), λ = q − m − 1
and μ = q2 + 1 − m(q + 1), and by applying the fact that in an srg(v, k,λ,μ),
(v − k −1)μ = k(k −λ−1). Even more general was the work of Cameron-Goethals-
Seidel [3], who defined a hemisystem of a generalized quadrangle of order (s, s2), s

odd, to be a set of points meeting every line in (s + 1)/2 points and showed that the
collinearity graph of such a set is strongly regular. Finally, in [14], the conjecture that
there are no hemisystems on H(3, q2) for q > 3 was made. In [5], counterexamples
to this conjecture are constructed on H(3, q2), for all odd prime powers q , admit-
ting P�−(4, q), and giving Segre’s example for q = 3. All of this is motivated by
the study of partial quadrangles introduced by Cameron [2], as each hemisystem of
H(3, q2) gives rise to a partial quadrangle.

In this paper we construct three infinite families of hemisystems on the Her-
mitian variety H(5, q2), q odd, admitting the orthogonal groups P�ε

6(q), ε = ±,
and P�5(q), respectively. We also present a technique of obtaining regular systems
of H(n, q2) starting from a regular system in higher dimensions with certain special
properties.

With the aid of a computer we also found regular systems of H(5, q2) for some
low values of q that are not hemisystems. This proves that there does not exist in
higher dimensions an analogue of the result that a regular system of H(3, q2) is a
hemisystem.

2 Orthogonal polarities commuting with a unitary polarity

The notion of commuting polarities was introduced by J. Tits in 1955 [15]. Ten years
later, B. Segre in his outstanding paper [11], completely devoted to the geometry
of Hermitian varieties, developed the theory of polarities commuting with a non-
degenerate unitary polarity defined on a finite projective space giving rise to one of
the most beautiful and deeper “chapters” of finite geometries.

In this Section we describe the geometry arising from commuting orthogonal and
unitary polarities.

For the reader’s convenience, some facts about the Hermitian variety H(5, q2) are
summarized below.

In PG(5, q2) a non-singular Hermitian variety is defined to be the set of all ab-
solute points of a non-degenerate unitary polarity, and is denoted by H(5, q2).

A Hermitian variety H ∼= H(5, q2) has the following properties, for which
[11], [8], are excellent sources.

1. The number of points on H is (q5 + 1)(q4 + q2 + 1).
2. Generators of H are planes and there are (q + 1)(q3 + 1)(q5 + 1) of them.
3. Through every point P of H there pass exactly (q + 1)(q3 + 1) generators.

From now on, we assume that q is a power of an odd prime.
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Let B be an orthogonal polarity commuting with the Hermitian polarity U asso-
ciated with H(5, q2). Set V = B U = U B. Then V is a non-linear collineation and
from [11], the fixed points of V on H(5, q2) form a non-degenerate quadric Q. In
particular, Q = H(5, q2) ∩ �0, where �0 is a suitable subgeometry of � isomorphic
to PG(5, q).

Hence, the projective orthogonal group PGOε
6 (q), ε = ±, associated with V is

seen to be a subgroup of the projective unitary group PGU6(q
2) associated with U .

In terms of forms, let us assume that (V ,g) is a 6-dimensional unitary space
over F = GF(q2). Let K be the subfield of index two of F . Choose a basis
B = {v1, v2, v3, v4, v5, v6} of V such that g(vi, vj ) ∈ K for all i, j and let W de-
note the K-span of B . It turns out that the restriction ḡ of g to W is a non-degenerate
symmetric bilinear form. If B is an orthonormal basis, then the discriminant of ḡ is
a square. By replacing v1 by ωv1, where ω is a generator of GF(q2)∗, the discrimi-
nant of ḡ is a non-square. Therefore, we obtain embeddings Oε

6 < GU6(q
2) for both

ε = + and ε = −. It follows that PGO±
6 (q) is a subgroup of PGU6(q

2).
Now, let H = H(5, q2) be the Hermitian surface of PG(5, q2), q odd, with equa-

tion X
q+1
0 +X

q+1
1 +· · ·+X

q+1
4 +X

q+1
5 = 0, where X0,X1,X2,X3, X4,X5 are homo-

geneous coordinates in PG(5, q2). Let {Qa | a ∈ GF(q2) \ {0}, aq+1 = 1} denote a
family of q + 1 quadrics of PG(5, q2), where Qa has equation aX2

0 + X2
1 + X2

2 +
X2

3 + X2
4 + X2

5 = 0. Straightforward computations show that each of these quadrics
is hyperbolic and any two of them intersect in the parabolic quadric P , given by the
equation X2

1 + X2
2 + X2

3 + X2
4 + X2

5 = 0, lying in the hyperplane π̄ with equation
X0 = 0. Let π denote the Baer hyperplane of π̄ whose normalized point coordinates
lie in the subfield GF(q), and let P = P̄ ∩ π denote the associated subquadric of
P̄ in π . Furthermore, let U = H ∩ π̄ ∼= H(4, q2) be the Hermitian variety, given by
equation X

q+1
1 +X

q+1
2 +X

q+1
3 +X

q+1
4 +X

q+1
5 = 0, that one obtains by intersecting

the Hermitian variety H with the hyperplane π̄ .
From [11, p. 146] each quadric Qa is permutable with H. In particular,

(q + 1)/2 of them, say Qa1 , . . . ,Qa(q+1)/2 , are such that H ∩ Qai
is an elliptic

quadric Ei embedded in a Baer subgeometry Bi
∼= PG(5, q) of PG(5, q2), for

i = 1,2, . . . , (q + 1)/2 and with a
(q+1)/2
i = −1. Also, from [11, Section 75]

Qai
∩ H = Bi ∩ H = Ei for each i. The remaining (q + 1)/2 quadrics, say

Qb1 , . . . ,Qb(q+1)/2 , are such that H ∩ Qbi
is a hyperbolic quadric Ii embedded

in a Baer subgeometry Si
∼= PG(5, q) of PG(5, q2), for i = 1,2, . . . , (q + 1)/2

and with b
(q+1)/2
i = 1. Notice that all Baer subgeometries Bi and Si , where i ∈

{1, . . . , (q+1)/2}, share the Baer hyperplane π containing the Baer parabolic quadric
P and the point T = π̄ U = (1,0,0,0,0,0).

Assume that Q = H ∩ �0 is elliptic and let G1 denote the stabilizer of
Q in PSU6(q

2). From [4, Proposition 2.2] G1 = PGO+
6 (q2) ∩ PSU6(q

2) =
PSO−

6 (q) · 2.
First of all we give some information on the orbits of G1 on singular points of H.

To this aim, we will need the following result due to M. Sved [12].

Lemma 2.1 Let �0 be a Baer subgeometry of the projective space PG(5, q2). For a
hyperplane H of PG(5, q2), H ∩ �0 is either a hyperplane of �0 or a solid of �0.



440 J Algebr Comb (2009) 29: 437–445

Next, we prove the following proposition.

Proposition 2.2 The group G1 has four orbits on singular points of H.

Proof It is sufficient to show that G1 has three orbits on points of H \ Q. An orbit,
say I , consists of points lying on GF(q2)-extended lines of Q. Let P be a point of
H \ Q ∪ I . From Lemma 2.1, P ⊥ ∩ �, where � � PG(5, q), is not a PG(4, q), as
P 	∈ �, thus it is a PG(3, q), say W . It turns out that W cannot be tangent to Q, as
W extends to a tangent solid W̄ to H, and W̄ ⊥ is also tangent to H, and W̄ ∩ Q =
W̄ ⊥ ∩ Q, so no point of H \ Q ∪ I has its polar hyperplane containing W . Two orbits
of G correspond to the two cases W is of −-type or of +-type. By Witt’s theorem, the
isometry group of Q is transitive both on 3-dimensional −-sections and +-sections of
Q, and these isometries extend to H via the embedding O−

6 (q) ≤ U6(q
2). Hence, it is

sufficient to show that the stabilizer of a 3-dimensional section W ∩ H in PSO−
6 (q) is

transitive on points P of H \ Q ∪ I polar to W ∩ H, in both cases. If W is of +-type,
then W̄ ⊥ ∩ W is an external line to Q, and |W̄ ⊥ ∩ H| = q + 1. Here, the ¯notation
denotes the extension of the line W ⊥ to a line over GF(q2). The cyclic group of order
q +1, Cq+1 ≤ PSO−

6 (q)W , is faithful on W ⊥, so faithful on W̄ ⊥. But PSU6(q
2)W̄ ⊥

acts on W̄ ⊥ ∩ H as PSL2(q) on PG(1, q); hence Cq+1 is regular on W̄ ⊥ ∩ H. If
W ∩ Q is of −-type, then W̄ ⊥ ∩ Q is secant to Q and |W̄ ∩ H| = |W̄ ⊥ ∩ H| = q + 1.
The cyclic group of order q − 1, Cq−1 ≤ PSO−

6 (q)W , is faithful on W ⊥, so faithful
on W̄ ⊥. Again PSU6(q

2)W̄ ⊥ acts on W̄ ⊥ ∩ H as PSL2(q) on PG(1, q). Hence Cq−1

is regular on (W̄ ⊥ ∩ H) \ Q.
The G1-orbits have sizes: (q + 1)(q3 + 1), (q2 + 1)(q3 + 1)(q2 − q),

q4(q3 + 1)(q2 − 1)/2, q4(q3 + 1)(q2 + 1)/2: they are points on Q, points on
GF(q2)-extended lines of Q but not on Q, points on generators of H meeting Q
at a line and complement of these in H. �

Proposition 2.3 G1 has three orbits on planes of H.

Proof First of all we observe that no generator of H can be disjoint from Q. Indeed
an easy counting argument shows that a generator of H either meets Q at a line or
at a point or it is disjoint from Q and meets I at a non-degenerate conic. The three
orbits have size (q +1)(q3 +1)(q3 +1), (q +1)(q3 +1)(q4 −q) and (q +1)(q3 +1)

(q5 − q4 − q2 + q), respectively. �

Assume now that Q = H ∩ �0 is hyperbolic. Let G2 denote the stabilizer of
Q in PSU6(q

2). From [4, Proposition 2.2], it turns out that G2 = PGO+
6 (q2) ∩

PSU6(q
2) = PSO+

6 (q) · 2.

Proposition 2.4 The group G2 has four orbits on singular points of H.

Proof It is sufficient to show that G2 has three orbits on singular points of H \ Q.
An orbit, say I , consists of points lying on GF(q2)-extended planes of Q. Let P

be a point of H \ Q ∪ I . From Lemma 2.1, P ⊥ ∩ �, where � � PG(5, q), is not a
PG(4, q), as P 	∈ �, thus it is a PG(3, q), say W . It turns out that W cannot be tangent
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to Q, as W extends to a tangent solid W̄ to H, and W̄ ⊥ is also tangent to H, and
W̄ ∩ Q = W̄ ⊥ ∩ Q, so no point of H \ Q ∪ I has its polar hyperplane containing W .
Two orbits of G2 correspond to the two cases W is of −-type or of +-type. By Witt’s
theorem, the isometry group of Q is transitive both on 3-dimensional −-sections
and +-sections of Q, and these isometries extend to H via the embedding O+

6 (q) ≤
U6(q

2). Hence, it is sufficient to show that the stabilizer of a 3-dimensional section
W ∩ H in PSO+

6 (q) is transitive on points P of H \ Q ∪ I polar to W ∩ H, in both
cases. If W is of +-type, then W̄ ⊥ ∩ W is a secant line to Q, and |W̄ ⊥ ∩ H| = q − 1.
Here, the ¯ notation denotes the extension of the line W ⊥ to a line over GF(q2).
The cyclic group of order q − 1, Cq−1 ≤ PSO+

6 (q)W , is faithful on W ⊥, so faithful
on W̄ ⊥. But PSU6(q

2)W̄ ⊥ acts on W̄ ⊥ ∩ H as PSL2(q) on PG(1, q); hence Cq−1

is regular on W̄ ⊥ ∩ H. If W ∩ Q is of −-type, then W̄ ⊥ ∩ Q is external to Q and
|W̄ ∩ H| = |W̄ ⊥ ∩ H| = q +1. The cyclic group of order q +1, Cq+1 ≤ PSO+

6 (q)W ,
is faithful on W ⊥, so faithful on W̄ ⊥. Again PSU6(q

2)W̄ ⊥ acts on W̄ ⊥ ∩ H as
PSL2(q) on PG(1, q). Hence Cq+1 is regular on (W̄ ⊥ ∩ H) \ Q.

The G2-orbits are points on Q, points on GF(q2)-extended planes of Q but not
on Q, points on H corresponding to elliptic 3-dimensional sections of Q and points
on H corresponding to hyperbolic 3-dimensional sections of Q. �

Proposition 2.5 G2 has four orbits on planes of H.

Proof First of all we observe that no generator of H can be disjoint from Q. Indeed
an easy counting argument shows that a generator of H either arises from a plane of
Q or meets Q at a line or at a point or it is disjoint from Q and meets I at a non-
degenerate conic. The three orbits have size 2(q + 1)(q2 + 1), (q4 − 1)(q2 + q +
1),q8 + 2q7 + q6 − 4q5 − 10q4 − 14q3 − 13q2 − 8q − 3 and q9 − 2q7 − q6 + 4q5 +
10q4 + 13q3 + 12q2 + 8q + 3, respectively. �

3 A class of hemisystems on H for all odd prime powers q , admitting P�−
6 (q)

In this section we provide a construction of a class of hemisystems of H, q odd,
admitting the group P�−

6 (q).

Theorem 3.1 There exists a hemisystem H1 of H admitting P�−
6 (q), for all odd

prime powers q . The full stabilizer of H1 has index 4 in the normalizer of P�−
6 (q) in

P	U6(q
2), so, in fact, there are 2 such hemisystems, up to equivalence.

Proof As we have seen, the embedding of P�−
6 (q) in PSU6(q

2), q odd, may
be realized by extending a non-degenerate bilinear form f of Witt index 2 on a
6-dimensional vector space over GF(q) (with corresponding quadratic form Q) to a
non-degenerate Hermitian form g on a 6-dimensional vector space over GF(q2),
with the same Gram matrix. By Proposition 2.2, the group G1 has four orbits
on totally isotropic points of H. Under the action of the subgroup P�−

6 (q) ≤ G

the three G1-plane-orbits given in Proposition 2.3 split into six orbits, two of size
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(q3 + 1)(q2 + 1)(q + 1)/2, say O1 and O2, two of size (q4 − q2)(q + 1)(q3 + 1)/2,
say O3 and O4, and two of size (q + 1)(q3 + 1)(q5 − q4 − q2 + 2)/2, say O5 and
O6. The block-tactical decomposition matrix for this orbit decomposition is

⎡
⎢⎢⎢⎣

q + 1 q + 1 1 1 0 0
q2 − q q2 − q 0 0 q2 + 1 q2 + 1

0 0 q4+q2

2
q4+q2

2
q4−q2

2
q4−q2

2

q4 q4 q4+q2

2
q4+q2

2
q4+q2

2
q4+q2

2

⎤
⎥⎥⎥⎦ ,

and hence the point-tactical decomposition matrix is

⎡
⎢⎢⎢⎢⎣

q3+q2+q+1
2

q3+q2+q+1
2

q4−q2

2
q4−q2

2 0 0
q+1

2
q+1

2 0 0 q4+q3

2
q4+q3

2

0 0 q3+q2+q+1
2

q3+q2+q+1
2

q4−q2

2
q4−q2

2

q + 1 q + 1 (q2−1)(q+1)
2

(q2−1)(q+1)
2

q4−q2

2
q4−q2

2

⎤
⎥⎥⎥⎥⎦

.

It follows that amalgamation of the first, third and fifth orbit yields a P�−
6 (q)-

invariant hemisystem. In fact, we see 23 = 8 hemisystems admitting this copy of
P�−

6 (q). Take one, H1, of these 8 hemisystems and consider H1,H
c
1 . The stabilizer

S of {H1,H
c
1 } in PSU6(q

2) contains G1 but not PSU6(q
2). By [4, Theorem 3.14],

G1 is a maximal subgroup of PSU6(q
2). So S = G1. Hence G1 is a normal subgroup

of the stabilizer T of {H1,H
c
1 } in P	U6(q

2). It follows that P�−
6 (q) is normal in T ,

and so in the stabilizer of H1 in P	U6(q
2). By [10, Proposition 2.8.2], the normalizer

of P�−
6 (q) in P	U6(q

2) has 2 orbits of length 4 on the eight hemisystems. �

4 A class of hemisystems on H for all odd prime powers q , admitting P�+
6 (q)

Theorem 4.1 There exists a hemisystem H2 of H admitting P�+
6 (q), for all odd

prime powers q .The full stabilizer of H2 has index 4 in the normalizer of P�+
6 (q) in

P	U6(q
2), so, in fact, there are 4 such hemisystems, up to equivalence.

Proof By Proposition 2.2, the group G2 has four orbits on totally isotropic points
of H. Under the action of the subgroup P�+

6 (q) ≤ G2 the four G2-plane-orbits given
in Proposition 2.3 split into eight orbits, two of size (q3 +q2 +q +1) (extended Latin
and Greek planes), say O1 and O2, two of size (q2 + 1)(q2 + q + 1)(q2 − 1)/2, say
O3 and O4, two of size (q2 + 1)(q2 + q + 1)(q4 + q3 − 2q2 − 5q − 3, say O5 and
O6, and two of size (q9 − 2q7 − q6 + 4q5 + 10q4 + 13q3 + 12q2 + 8q + 3)/2. The
block-tactical decomposition matrix for this orbit decomposition is

⎡
⎢⎢⎢⎣

q2 + q + 1 q2 + q + 1 q + 1 q + 1 1 1 0 0
q4 − q q4 − q q2 − q q2 − q 2q2 2q2 q2 + 1 q2 + 1

0 0 0 0 q4−q2

2
q4−q2

2
q4−q2

2
q4−q2

2

0 0 q4 q4 q4−q2

2
q4−q2

2
q4+q2

2
q4+q2

2

⎤
⎥⎥⎥⎦ ,
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and hence the point-tactical decomposition matrix is
⎡
⎢⎢⎢⎢⎣

q + 1 q + 1 (q2−1)(q+1)
2

(q2−1)(q+1)
2

q4−q2

2
q4−q2

2 0 0

1 1 1 1 q4+q3+q−1
2

q4+q3+q−3
2

q4+q3+q−3
2

q4+q3+q−3
2

0 0 0 0 q3+q2+q+1
2

q3+q2+q+1
2

q4−q2

2
q4−q2

2

0 0 q + 1 q + 1 (q2−1)(q+1)
2

(q2−1)(q+1)
2

q4−q2

2
q4−q2

2

⎤
⎥⎥⎥⎥⎦

.

It follows that amalgamation of the first, third and fifth and seventh orbit yields a
P�+

6 (q)-invariant hemisystem. Indeed, we see 24 = 16 hemisystems admitting this
copy of P�+

6 (q). Take one, H2, of these 16 hemisystems and consider H2,H
c
2 . The

stabilizer S of {H2,H
c
2 } in PSU(6, q2) contains G2 but not PSU6(q

2). By [4, The-
orem 3.14], G2 is a maximal subgroup of PSU6(q

2). So S = G2. Hence G2 is a nor-
mal subgroup of the stabilizer T of {H1,H

c
1 } in P	U6(q

2). It follows that P�−
6 (q)

is normal in T , and so in the stabilizer of H1 in P	U6(q
2). By [10, Proposition

2.7.4], the normalizer of P�−
6 (q) in P	U6(q

2) has 4 orbits of length 4 on the six-
teen hemisystems. �

5 A class of hemisystems on H for all odd prime powers q , admitting P�5(q)

In this section we provide a construction of a class of hemisystems of H, q odd,
admitting the group P�5(q).

Theorem 5.1 There exists a hemisystem H3 of H admitting P�5(q), for all odd
prime powers q , with full stabilizer of H3 in P	U6(q

2) normalizing P�5(q).

Proof Start from the P�+
6 (q)-hemisystem of H. In the geometric setting of Sec-

tion 2, let P be a parabolic section of Q. Let J = P�5(q) be the group of P . We
have seen that J fixes (q + 1)/2 hyperbolic quadrics of PG(5, q2) all commuting
with H such that their intersections with H are Baer hyperbolic quadrics. Under the
action of J the orbit O3 splits into a certain number of orbits (q − 1)/2 of which
have size q3 + q2 + q + 1 (Greek planes on commuting hyperbolic quadrics). Simi-
larly, the orbit O4 splits into a certain number of orbits (q − 1)/2 of which have size
q3 + q2 + q + 1 (Latin planes on commuting hyperbolic quadrics).

It turns out that if we replace a J -orbit in O3 of size q3 + q2 + q + 1 with the
corresponding J -orbit of size q3 + q2 + q + 1 in O4 (here by corresponding orbits
we mean that they cover the same set of points), and leave fixed the other orbits in
the P�+

6 (q)-invariant hemisystem constructed above, we get again a hemisystem on
H and the new hemisystem is J -invariant. Each copy of P�5(q) in P	U6(q

2) is a
subgroup of q+1

2 subgroups isomorphic to P�+
6 (q) and q+1

2 subgroups isomorphic
to P�−

6 (q). This is clear from a geometric point of view. From an algebraic point
of view, note that the pointwise stabilizer of the quadric Q(4, q) in P	U6(q

2) is di-
hedral of order 2(q + 1) and contains Baer involutions of both plus and minus type.
Each of these q+1

2 supergroups isomorphic to P�+
6 (q) has 16 invariant hemisys-

tems, each of which gives 2
q−1

2 hemisystems invariant under this copy of P�5(q),
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at most q+1
2 .16 of which could admit P�+

6 (q) and at most q+1
2 .8 of which could ad-

mit P�−
6 (q). Hence there exists one, H3, that admits neither P�+

6 (q), nor P�−
6 (q).

By the results on the maximal subgroups of P	U6(q
2) of [9], it follows that the full

stabilizer of H3 in P	U6(q
2) normalizes P�5(q). �

6 Derivation

In this Section we provide a derivation technique to obtain regular systems of Her-
mitian varieties starting from a regular system in higher dimension. Assume that
n = 2s + 1. A regular system of order m R of H(n, q2) is said to be of index of
regularity s′ at a point P of H(n, q2), if every subspace of H(n, q2) of dimension s′
on P lies on a fixed number of generators of R. It is easy to prove that if R has index
of regularity s′ > 0 at P then it has indices of regularity 0,1, . . . , s′ − 1 at P .

Proposition 6.1 Any regular system R of H(n, q2), n = 2s + 1 ≥ 5, of index 0 <

s′ < s at P gives rise to a regular system S of H(n − 2, q2) of index s′ − 1.

Proof Let P ⊥ denote the tangent hyperplane to H(n, q2) at P . Choose � to be any
(n − 2)-subspace of P ⊥ not on P such that � ∩ H(n, q2) is nonsingular. Then, the
set of (s − 1)-subspaces cut out by members of R on � is a regular system S of
H(n − 2, q2) of index s′ − 1. �

We now show that both P�ε
6(q)-hemisystems of H constructed above induce

hemisystems of H(3, q2).
Let R be one of the aforementioned hemisystems of H. Let P be a point of H

in the orbit corresponding to elliptic sections of Q. Then, from [5], StabP�ε
6(q)(P )

contains the group H = PSL2(q
2) � P�−

4 (q). The group H has two orbits on the
set RP of generators on P , say R1 and R2 of size (q2 + 1)(q + 1)/2 and (q3 − q)

(q + 1)/2, respectively. The group H has three orbits on subgenerators (lines) on P ,
say S1, S2 and S3, of size q2 + 1, q2(q2 + 1)(q + 1)/2, q2(q2 + 1)(q − 1)/2, respec-
tively. If we call points the subgenerators on P and blocks the members of R then we
get the following block-tactical decomposition matrix for this orbit decomposition

⎡
⎣

0 1
(q2 + 1)/2 0
(q2 + 1)/2 q2

⎤
⎦ ,

and hence the point tactical decomposition is
⎡
⎣

0 (q + 1)/2
(q + 1)/2 0
(q + 1)/4 (q + 1)/4

⎤
⎦ .

It follows that R is also regular of index 1 at P and hence it induces a hemisystem
on any solid of P ⊥ not on P . The induced hemisystem is the hemisystem found in
[5] admitting the group P�−

4 (q).
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Remark 6.2 With the aid of MAGMA [7] we also found a number of regular systems
of H for small values of q:

• a 10-regular system of H(5,4) admitting the almost simple group M22.2 (it is
related to the 2-dimensional dual hyperoval and to a 11-tight set of H(5,4));

• a 12-regular system of H(5,4) admitting a group of order 110;
• a 6-regular system of H(5,4) admitting a group of order 55;
• a 32-regular system of H(5,9), admitting a soluble group of order 23.5.61.

As a consequence we can say that there is no analogue of the result that a regular
system of H(3, q2) is a hemisystem for higher dimensions.

We would like to mention that we also found a hemisystem of the Hermitian va-
riety H(4,9) admitting a metacyclic group of order 5.61 (the normalizer of a Singer
cyclic group of PGU5(9)).

References

1. Bruen, A.A., Hirschfeld, J.W.P.: Applications of line geometry over finite fields, II. The Hermitian
surface. Geom. Dedicata 7(3), 333–353 (1978)

2. Cameron, P.J.: Partial quadrangles. Quart. J. Math. Oxford Ser. 26(2), 61–73 (1975)
3. Cameron, P.J., Goethals, J.M., Seidel, J.J.: Strongly regular graphs having strongly regular subcon-

stituents. J. Algebra 55(2), 257–280 (1978)
4. Cossidente, A., King, O.H.: Maximal orthogonal subgroups of finite unitary groups. J. Group Theory

7, 447–462 (2004)
5. Cossidente, A., Penttila, T.: Hemisystems on the Hermitian surface. J. London Math. Soc. (2) 72(3),

731–741 (2005)
6. Cossidente, A., Penttila, T.: Segre’s hemisystem and McLaughlin’s graph. J. Comb. Theory Ser. A

115(4), 686–692 (2008)
7. Cannon, J., Playoust, C.: An introduction to MAGMA. University of Sidney, Sidney, Australia (1993)
8. Hirschfeld, J.W.P., Thas, J.A.: General Galois Geometries. Clarendon Press, Oxford (1991)
9. Kleidman, P.B.: The subgroup structure of some finite simple groups. Ph.D. Thesis, University of

Cambridge (1987)
10. Kleidman, P., Liebeck, M.: The Subgroup Structure of the Finite Classical Groups. Cambridge Uni-

versity Press, Cambridge (1990)
11. Segre, B.: Forme e geometrie Hermitiane con particolare riguardo al caso finito. Ann. Mat. Pura Appl.

70, 1–201 (1965)
12. Sved, M.: Baer subspaces in the n-dimensional projective space. In: Combinatorial mathematics X,

Adelaide, 1982. Lecture Notes in Math., vol. 1036, pp. 375–391. Springer, Berlin (1983)
13. Thas, J.A.: Ovoids and spreads of finite classical polar spaces. Geom. Dedicata 10(1–4), 135–143

(1981)
14. Thas, J.A.: Projective geometry over a finite field. In: Buekenhout, F. (ed.) Handbook of Incidence

Geometry, pp. 295–347. North-Holland, Amsterdam (1995)
15. Tits, J.: Sur certain classes d’espaces homogées de groupes de Lie. Académie royale de Belgique,

Classes des sciences, Mémoires, Coll in -8 - Tome XXIX


	On m-regular systems on H(5,q2)
	Abstract
	Introduction and basics
	Orthogonal polarities commuting with a unitary polarity
	A class of hemisystems on H for all odd prime powers q, admitting POmega6-(q)
	A class of hemisystems on H for all odd prime powers q, admitting POmega6+(q)
	A class of hemisystems on H for all odd prime powers q, admitting POmega5(q)
	Derivation
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


