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Abstract We generalize Benkart-Frenkel-Kang-Lee’s adjoint crystals and describe
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1 Introduction

Let U ′
q(g) be a quantized affine algebra without the degree operator. Let g0 be the

underlying simple Lie algebra of finite type contained in the affine Lie algebra g and
Uq(g0) the corresponding subalgebra of U ′

q(g). Let i be a node of the Dynkin diagram
of g0 and l a nonnegative integer. We denote by Wi,l the Kirillov-Reshetikhin module
for i and l, which is a finite-dimensional irreducible module over U ′

q(g). They are
important objects from the viewpoint of the crystal base theory as it is conjectured
that all Kirillov-Reshetikhin modules have crystal bases.

We assume that g is not of type A
(2)
2n for simplicity. We denote by V (λ) the finite-

dimensional irreducible module with highest weight λ over Uq(g0) and B(λ) its crys-
tal base. In [1], Benkart, Frenkel, Kang and Lee study a U ′

q(g)-module V with the
following properties.

• V decomposes as V (θ) ⊕ V (0) as a Uq(g0)-module.
• V has a crystal base.
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Here θ is given by

θ =

⎧
⎪⎨

⎪⎩

�1 + �n if g is of type A
(1)
n ,

2�1 if g is of type C
(1)
n ,

�i0 otherwise,

where �i denotes the i-th fundamental weight of g0 and i0 denotes the node of the
Dynkin diagram of g which is joined to the special node 0. If g is an untwisted affine
algebra, then θ is the highest root of g0. Otherwise, namely if g is a twisted affine
algebra, then θ is the highest short root of g0. The structure of the crystal base of V is
determined by defining the action of the affine Kashiwara operator f̃0 on B(θ)⊕B(0)

correctly for all quantized affine algebras in a uniform manner. We call them adjoint
crystals here.

As a natural generalization of [1], we consider a family of U ′
q(g)-modules

{Vl}l∈Z≥0 which has the following properties.

• Vl decomposes as
⊕l

k=0 V (kθ) as a Uq(g0)-module.
• Vl has a crystal base.

In fact, Vl is given as follows:

Vl =

⎧
⎪⎨

⎪⎩

W 1,l ⊗ Wn,l if g is of type A
(1)
n ,

W 1,2l if g is of type C
(1)
n ,

W i0,l otherwise.

The decomposition of Vl as a Uq(g0)-module follows from results of [2] for untwisted
cases and [3] for twisted cases. Moreover we can easily see that Vl satisfies the suffi-
cient condition for the existence of a crystal base stated in [8, Proposition 3.4.5]. We
denote by Bl the crystal base of Vl . Remark that the crystal Bl has been studied for
some cases. For example, the case of type C

(1)
n appears in [7], D

(1)
n in [14], D

(2)
n+1 in

[8], G
(1)
2 in [16] and D

(3)
4 in [10]. Inspired by [1], we expect that (i) the crystal graph

of Bl−1 is a full subgraph of that of Bl and (ii) there exists a simple rule for extending
the action of f̃0 on Bl−1 to that on Bl . We consider in the present paper the case of
A

(1)
n , C

(1)
n and D

(2)
n+1 to show that the above expectations (i) and (ii) are true in these

cases.
Let us explain results of this paper for type A

(1)
n . Similar assertions also hold for

type C
(1)
n and D

(2)
n+1. By the decomposition of Bl as a Uq(g0)-crystal, we regard

B(kθ) as a subset of Bl . We define n + 1 maps �1, . . . ,�n+1 from Bl−1 to Bl in
Subsection 3.3. Our results are summarized as follows.

Theorem 1.1

(i) The crystal graph of Bl−1 is regarded as a full subgraph of that of Bl via �1.
(ii) For j = 2, . . . , n+ 1, the map �j and the Kashiwara operator f̃0 commute with

each other.
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(iii) We have

n+1⋃

j=2

Im�j =
l⊔

k=0

{b ∈ B(kθ) ⊂ Bl | wtb ∈ wtB((k − 1)θ)}

and the space Bl \ ⋃n+1
j=2 Im�j is weight multiplicity free.

(iv) Let b ∈ Bl \ ⋃n+1
j=2 Im�j . Then f̃0b = 0 if wtb + θ /∈ wtB(lθ), and f̃0b = b′ if

wtb+θ ∈ wtB(lθ) where b′ is the unique element of Bl \⋃n+1
j=2 Im�j satisfying

wtb′ = wtb + θ .

2 Preliminaries

2.1 Quantized universal enveloping algebras and crystal bases

We shall review on quantized universal enveloping algebras and the crystal base the-
ory based on [9]. We also refer [4].

Suppose that the following data are given:

P : a free Z-module,
I : an index set,
� = {αi | i ∈ I } ⊂ P ,
�∨ = {hi | i ∈ I } ⊂ P ∨ = HomZ(P,Z),
( · , · ): a Q-valued symmetric bilinear form on P .

These data are supposed to satisfy the following conditions:

(αi, αi) > 0 for any i ∈ I ,
(αi, αj ) ≤ 0 for any i, j ∈ I with i 
= j ,

〈hi, λ〉 = 2(αi, λ)

(αi, αi)
for any i ∈ I and λ ∈ P .

We do not assume � and �∨ to be linearly independent sets in general. Note that
(〈hi,αj 〉)i,j∈I is a symmetrizable generalized Cartan matrix. Let g be the associated
Kac-Moody Lie algebra.

Let γ be the minimal positive integer such that (αi, αi)/2 ∈ γ −1
Z for any i ∈ I .

Let q be an indeterminate over Q and put qs = q1/γ . We use the notation:

qi = q(αi ,αi )/2, [k]i = qk
i − q−k

i

qi − q−1
i

, [k]i ! =
k∏

r=1

[r]i .

Definition 2.1 The quantized universal enveloping algebra Uq(g) associated with
(P,P ∨,�,�∨) is the unital associative algebra over the rational fraction field Q(qs)

generated by ei and fi for i ∈ I and qh for h ∈ γ −1P ∨ with the following defining
relations:

(i) q0 = 1, qhqh′ = qh+h′
for h,h′ ∈ γ −1P ∨,
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(ii) qheiq
−h = q〈h,αi 〉ei for i ∈ I and h ∈ γ −1P ∨,

(iii) qhfiq
−h = q−〈h,αi 〉fi for i ∈ I and h ∈ γ −1P ∨,

(iv) [ei, fj ] = δij

ti − ti
−1

qi − qi
−1

for i, j ∈ I ,

(v)

1−〈hi ,αj 〉
∑

k=0

(−1)kei
(k)ej ei

(1−〈hi ,αj 〉−k) = 0 for i, j ∈ I with i 
= j ,

(vi)

1−〈hi ,αj 〉
∑

k=0

(−1)kfi
(k)fjfi

(1−〈hi ,αj 〉−k) = 0 for i, j ∈ I with i 
= j .

Here ti = q((αi ,αi )/2)hi , e
(k)
i = ek

i

[k]i ! and f
(k)
i = f k

i

[k]i ! .

We call P , P ∨, αi and hi the weight lattice, the coweight lattice, a simple root and
a simple coroot, respectively. We denote by P + the set of dominant weights, that is,
P + = {λ ∈ P | 〈hi, λ〉 ≥ 0 for any i ∈ I }. We define the root lattice Q and its positive
part Q+ by Q = ∑

i∈I Zαi and Q+ = ∑
i∈I Z≥0αi . For λ,μ ∈ P , we say λ ≥ μ if

λ − μ ∈ Q+.
Let M be an integrable Uq(g)-module and M = ⊕

λ∈P Mλ its weight space de-
composition. According to the representation theory of Uq(sl2), Mλ decomposes as

Mλ =
⊕

n≥0

f
(n)
i (Ker ei ∩ Mλ+nαi

)

for each i. We define endomorphisms ẽi and f̃i of M by

ẽi (f
(n)
i u) = f

(n−1)
i u

and

f̃i (f
(n)
i u) = f

(n+1)
i u

for u ∈ Ker ei ∩ Mλ+nαi
. They are called Kashiwara operators or modified root oper-

ators.
Let A be the subring of Q(qs) that consists of rational fractions without a pole at

qs = 0.

Definition 2.2 A pair (L,B) is called a crystal base of an integrable Uq(g)-module
M if it satisfies the following conditions:

(i) L is a free A-submodule of M such that L ⊗A Q(qs) � M ,
(ii) B is a Q-basis of L/qsL,

(iii) ẽiL ⊂ L and f̃iL ⊂ L for any i ∈ I , hence ẽi and f̃i act on L/qsL,
(iv) ẽiB ⊂ B � {0} and f̃iB ⊂ B � {0} for any i ∈ I ,
(v) L = ⊕

λ Lλ where Lλ = L ∩ Mλ,
(vi) B = ⊔

λ Bλ where Bλ = B ∩ (Lλ/qsLλ),
(vii) for b, b′ ∈ B , b′ = f̃ib if and only if b = ẽib

′.
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We often regard B as a crystal base rather than (L,B). For a crystal base B , we
define a colored oriented graph called the crystal graph as follows. The vertices of
the graph are elements of B . For b, b′ ∈ B , draw an arrow labeled by i from b to b′ if
b′ = f̃ib.

Let wt : B → P be the map such that wtb = λ for b ∈ Bλ. For b ∈ B and i ∈ I ,
we set

εi(b) = max{n | ẽn
i b 
= 0} and ϕi(b) = max{n | f̃ n

i b 
= 0}.
Let M1 and M2 be integrable Uq(g)-modules with crystal bases (L1,B1) and

(L2,B2). We denote by B1 ⊕ B2 a direct sum B1 � B2. Then (L1 ⊕A L2,B1 ⊕ B2)

gives a crystal base of M1 ⊕ M2. We denote by B1 ⊗ B2 a direct product B1 × B2,
which is a Q-basis of L1/qsL1 ⊗Q L2/qsL2 � (L1 ⊗A L2)/qs(L1 ⊗A L2). Then
(L1 ⊗A L2,B1 ⊗ B2) is a crystal base of M1 ⊗ M2. Kashiwara operators act by

ẽi (b1 ⊗ b2) =
{

(ẽib1) ⊗ b2 if ϕi(b1) ≥ εi(b2),

b1 ⊗ (ẽib2) if ϕi(b1) < εi(b2),

f̃i(b1 ⊗ b2) =
{

(f̃ib1) ⊗ b2 if ϕi(b1) > εi(b2),

b1 ⊗ (f̃ib2) if ϕi(b1) ≤ εi(b2).

The notion of crystals is a combinatorial generalization of crystal bases. We shall
not review the theory of abstract crystals here since all crystals appearing in this
article come from crystal bases. It can be found in [4, Section 4.5].

A bijection between two crystal bases is called an isomorphism of crystals if it
commutes with Kashiwara operators and preserves weights.

2.2 Quantized affine algebras

Now we shall turn to affine situations. See [6, Chapter 6–8] for a reference on affine
Lie algebras. Let g be an affine Lie algebra with a Cartan matrix indexed by I . We
assume that g is not of type A

(2)
2n for simplicity. Let δ be the generator of imaginary

roots, c the canonical central element and d the degree operator. Choose 0 ∈ I such
that δ − α0 ∈ ∑

i∈I,i 
=0 Zαi and set I0 = I \ {0}. Let g0 be the underlying simple
Lie algebra of finite type. Let �i be the fundamental weight for i ∈ I and define the
weight lattice P by

P =
⊕

i∈I

Z�i ⊕ Zδ.

We normalize the symmetric invariant bilinear form on P so that (δ, λ) = 〈c,λ〉 for
any λ ∈ P . Set Pcl = P/Zδ and denote by the same letter the image of �i for each i.
Then we have

Pcl =
⊕

i∈I

Z�i.

We define the level-zero fundamental weight �i for i ∈ I0, which is an element of
Pcl, by �i = �i − 〈c,�i〉�0. We set P0 = Pcl/Z�0 and denote by the same letter
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the image of �i for each i. Then we have

P0 =
⊕

i∈I0

Z�i.

We identify P0 with the weight lattice of g0 and �i its i-th fundamental weight.
Then quantized algebras Uq(g), U ′

q(g) and Uq(g0) are defined associated with weight
lattices P , Pcl and P0. Note that simple roots in Pcl are linearly dependent while they
are linearly independent in P and P0. However we use the same letters for simple
roots in Pcl and P0. For the coweight lattices, we have

P ∨
0 =

⊕

i∈I0

Zhi ⊂ P ∨
cl =

⊕

i∈I

Zhi ⊂ P ∨ =
⊕

i∈I

Zhi ⊕ Zd.

Hence U ′
q(g) is the subalgebra of Uq(g) generated by ei and fi for i ∈ I and qh for

h ∈ γ −1P ∨
cl and Uq(g0) is the subalgebra of U ′

q(g) generated by ei and fi for i ∈ I0

and qh for h ∈ γ −1P ∨
0 . When we need to clarify in which weight lattice we work,

write a Uq(g0)-crystal, a Uq(g0)-weight, etc.
Since the definition of Kirillov-Reshetikhin modules is not used in this paper,

we omit it and refer [13, Section 3]. They are finite-dimensional irreducible U ′
q(g)-

modules. We denote by Wi,l the Kirillov-Reshetikhin module for i ∈ I0 and a non-
negative integer l. For the quantized affine algebras of nonexceptional types, it is
proved in [8] and [13] that any Kirillov-Reshetikhin module has a crystal base. They
are called Kirillov-Reshetikhin crystals and denoted by Bi,l .

2.3 Some lemmas on weights

Assume that g0 is either of type An, Cn or Bn in this subsection. For λ ∈ P +
0 , we

denote by B(λ) the crystal base of the finite-dimensional irreducible Uq(g0)-module
with highest weight λ. If g0 is of type An or Cn, we denote by θ the highest root of
g0. If g0 is of type Bn, denote by θ the highest short root of g0. We shall prove some
lemmas on weights of B(kθ).

It is well known that

wtB(λ) = W0 · {ν ∈ P +
0 | ν ≤ λ}

for any λ ∈ P +
0 . Here W0 is the Weyl group of g0. (See e.g. [5, 21.3 Proposition].)

Hence the following lemma is immediate.

Lemma 2.1 Let k and k′ be nonnegative integers with k′ ≤ k. Then wtB(kθ) contains
wtB(k′θ).

We use the following standard realization for the finite root systems of type An,
Cn and Bn. In the case of type An, simple roots and fundamental weights are defined
by

αi = εi − εi+1 for i ∈ I0,
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�i =
i∑

j=1

εj for i ∈ I0.

Here we define the element εj ∈ P0 for j = 1, . . . , n + 1 by

〈hi, εj 〉 =

⎧
⎪⎨

⎪⎩

1 if j = i,

−1 if j = i + 1,

0 otherwise.

Note that
∑n+1

j=1 εj = 0. The highest root θ is given by

θ = α1 + · · · + αn = ε1 − εn+1 = �1 + �n.

In the case of type Cn,

αi = εi − εi+1 for i = 1, . . . , n − 1,

αn = 2εn,

�i =
i∑

j=1

εj for i ∈ I0,

where εj ∈ P0 for j = 1, . . . , n is defined by

〈hi, εj 〉 =

⎧
⎪⎨

⎪⎩

1 if j = i,

−1 if j = i + 1,

0 otherwise.

The highest root θ is given by

θ = 2α1 + · · · + 2αn−1 + αn = 2ε1 = 2�1.

In the case of type Bn,

αi = εi − εi+1 for i = 1, . . . , n − 1,

αn = εn,

�i =
i∑

j=1

εj for i = 1, . . . , n − 1,

�n = 1

2

n∑

j=1

εj ,



498 J Algebr Comb (2009) 30: 491–514

where εj ∈ P0 for j = 1, . . . , n is defined by

〈hi, εj 〉 =

⎧
⎪⎨

⎪⎩

1 if j = i,

−1 if j = i + 1,

0 otherwise

for i = 1, . . . , n − 1 and

〈hn, εj 〉 =
{

2 if j = n,

0 otherwise.

The highest short root θ is given by

θ = α1 + · · · + αn = ε1 = �1.

Let μ ∈ P0. We denote by mj(μ) the coefficient of εj in μ. For type An, we
normalize them so that

∑n+1
j=1 mj(μ) = 0. Set

|μ| =
∑

1≤j≤n+1,mj (μ)>0

mj(μ)

if g0 is of type An, and

|μ| =
n∑

j=1

|mj(μ)|

if g0 is of type Cn or Bn.

Lemma 2.2 Let k be a nonnegative integer. Then we have

wtB(kθ) = {μ ∈ P0 | |μ| ≤ k}
if g0 is of type An or Bn, and

wtB(kθ) = {μ ∈ P0 | |μ| = 2s,0 ≤ s ≤ k}
if g0 is of type Cn.

Proof We prove the case of type An. Recall the Weyl group W0 is isomorphic to
the symmetric group Sn+1. For μ ∈ P0, the coefficient of αi in μ is given by∑i

j=1 mj(μ). Therefore μ ∈ wtB(kθ) if and only if there exists an element τ of
W0 satisfying

mτ(1)(μ) ≥ mτ(2)(μ) ≥ · · · ≥ mτ(n+1)(μ)

and

k ≥
i∑

j=1

mτ(j)(μ)
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for i = 1, . . . , n. Since

|μ| = max{
i∑

j=1

mτ(j)(μ) | 1 ≤ i ≤ n},

μ ∈ wtB(kθ) if and only if |μ| ≤ k.
We prove the case of type Cn. The Weyl group W0 is isomorphic to the semidirect

product Sn � (Z/2Z)n. The coefficient of αi in μ is given by
∑i

j=1 mj(μ) for i 
= n

and (
∑n

j=1 mj(μ))/2 for i = n. Assume that μ is dominant, that is,

m1(μ) ≥ m2(μ) ≥ · · · ≥ mn(μ) ≥ 0.

Then μ ∈ wtB(kθ) if and only if

2k ≥
i∑

j=1

mj(μ)

for i = 1, . . . , n − 1 and

k − 1

2

n∑

j=1

mj(μ) ∈ Z≥0.

This condition is equivalent to

2k −
n∑

j=1

mj(μ) ∈ 2Z≥0.

For general μ, μ is W0-conjugate to a dominant weight with the above condition if
and only if μ satisfies

2k −
n∑

j=1

|mj(μ)| ∈ 2Z≥0.

We prove the case of type Bn. The Weyl group W0 is same as the case of type Cn.
The coefficient of αi in μ is given by

∑i
j=1 mj(μ). Assume that μ is dominant, that

is,

m1(μ) ≥ m2(μ) ≥ · · · ≥ mn(μ) ≥ 0.

Then μ ∈ wtB(kθ) if and only if

k ≥
i∑

j=1

mj(μ)

for i = 1, . . . , n. This condition is equivalent to

k ≥
n∑

j=1

mj(μ).
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For general μ, μ is W0-conjugate to a dominant weight with the above condition if
and only if μ satisfies

k ≥
n∑

j=1

|mj(μ)|.

�

Let μ ∈ wtB(kθ) \ wtB((k − 1)θ). Now we investigate the behavior of μ+ θ . Let
g0 be of type An. There are the following four cases:

(a) m1(μ) ≥ 0 and mn+1(μ) ≤ 0,
(b) m1(μ) ≥ 0 and mn+1(μ) > 0,
(c) m1(μ) < 0 and mn+1(μ) ≤ 0,
(d) m1(μ) < 0 and mn+1(μ) > 0.

Lemma 2.3 Let g0 be of type An and assume μ ∈ wtB(kθ) \ wtB((k − 1)θ). Then
we have

(i) μ + θ ∈ wtB((k + 1)θ) \ wtB(kθ) if and only if μ satisfies (a).
(ii) μ + θ ∈ wtB(kθ) \ wtB((k − 1)θ) if and only if μ satisfies (b) or (c).

(iii) μ + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ) if and only if μ satisfies (d).

Proof Since θ = ε1 − εn+1, we have m1(μ + θ) = m1(μ) + 1, mn+1(μ + θ) =
mn+1(μ) − 1 and mj(μ + θ) = mj(μ) for j 
= 1, n + 1.

If (a) is satisfied, then

|μ + θ | = |μ| + 1

= k + 1.

This implies μ + θ ∈ wtB((k + 1)θ) \ wtB(kθ) by Lemma 2.2.
If (b) is satisfied, then

|μ + θ | = |μ| + 1 − 1

= |μ|
= k.

This implies μ + θ ∈ wtB(kθ) \ wtB((k − 1)θ).
If (c) is satisfied, then

|μ + θ | = |μ|
= k.

This implies μ + θ ∈ wtB(kθ) \ wtB((k − 1)θ).
If (d) is satisfied, then

|μ + θ | = |μ| − 1
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= k − 1.

This implies μ + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ). �

Similar results for type Cn and Bn are verified as follows.

Lemma 2.4 Let g0 be of type Cn and assume μ ∈ wtB(kθ) \ wtB((k − 1)θ). Then
we have

(i) μ + θ ∈ wtB((k + 1)θ) \ wtB(kθ) if and only if m1(μ) ≥ 0.
(ii) μ + θ ∈ wtB(kθ) \ wtB((k − 1)θ) if and only if m1(μ) = −1.

(iii) μ + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ) if and only if m1(μ) ≤ −2.

Proof The assumption μ ∈ wtB(kθ)\wtB((k−1)θ) implies |μ| = 2k by Lemma 2.2.
Since θ = 2ε1, we have

|μ + θ | = |m1(μ) + 2| +
n∑

j=2

|mj(μ)|

= |m1(μ) + 2| − |m1(μ)| + |μ|
= |m1(μ) + 2| − |m1(μ)| + 2k.

Then

|μ + θ | = 2(k + 1) if and only if m1(μ) ≥ 0,
|μ + θ | = 2k if and only if m1(μ) = −1,
|μ + θ | = 2(k − 1) if and only if m1(μ) ≤ −2.

This completes the proof. �

Lemma 2.5 Let g0 be of type Bn and assume μ ∈ wtB(kθ) \ wtB((k − 1)θ). Then
we have

(i) μ + θ ∈ wtB((k + 1)θ) \ wtB(kθ) if and only if m1(μ) ≥ 0.
(ii) μ + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ) if and only if m1(μ) < 0.

Proof By Lemma 2.2, |μ| = k. Since θ = ε1, we have

|μ + θ | = |m1(μ) + 1| +
n∑

j=2

|mj(μ)|

= |m1(μ) + 1| − |m1(μ)| + |μ|
= |m1(μ) + 1| − |m1(μ)| + k.

Then

|μ + θ | = k + 1 if and only if m1(μ) ≥ 0,
|μ + θ | = k − 1 if and only if m1(μ) < 0.

This completes the proof. �
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3 The case of type A
(1)
n

We assume that g is the affine Lie algebra of type A
(1)
n in this section.

3.1 The crystal structure of B(λ)

We recall the structure of the Uq(g0)-crystal B(λ) following [11]. We identify the
set of dominant weights P +

0 with the set of Young diagrams with depth at most n as
follows. For the Young diagram corresponding to a partition (λ1, . . . , λn), associate
λ = ∑n

i=1(λi − λi+1)�i ∈ P +
0 where λn+1 = 0. We regard the crystal B(�1) as the

set consisting of letters 1, . . . , n + 1 with the following crystal structure:

wt(j) = εj ,

ẽi(i + 1) = i, ẽi (j) = 0 for j 
= i + 1,

f̃i(i) = i + 1, f̃i (j) = 0 for j 
= i.

Let λ ∈ P +
0 . As a set, B(λ) is identified with the set of semistandard tableaux of shape

λ with entries 1, . . . , n+1. For b ∈ B(λ), Jw(b) denotes the Japanese reading word of
b, that is, the word obtained by reading entries of b from the top to the bottom in each
column, from the right-most column to the left. If Jw(b) = b1 · · ·bN then we regard
b as b1 ⊗ · · · ⊗ bN , an element of B(�1)

⊗N . Then Kashiwara operators act on b by
the tensor product rule. More explicitly, one can calculate ẽib and f̃ib as follows. Fix
i ∈ I . Eliminate every letter which is neither i nor i + 1 from Jw(b). If the resulting
word has adjacent pairs i · (i + 1), cancel out them, and repeat the procedure until we
obtain the word (i + 1)r · is for some r, s. Conclude that ẽib = 0 if r = 0 and f̃ib = 0
if s = 0. Otherwise, we determine bj and bk such that

ẽi (b1 ⊗ · · · ⊗ bN) = b1 ⊗ · · · ⊗ (ẽibj ) ⊗ · · · ⊗ bN

and

f̃i (b1 ⊗ · · · ⊗ bN) = b1 ⊗ · · · ⊗ (f̃ibk) ⊗ · · · ⊗ bN

as bj corresponds to the right-most i + 1 and bk the left-most i in the word. When
we deal with a tensor product B(λ) ⊗ B(μ) for λ,μ ∈ P +

0 , define Jw(b1 ⊗ b2) =
Jw(b1) Jw(b2) for b1 ∈ B(λ) and b2 ∈ B(μ). Then one can calculate the actions of
Kashiwara operators in the same way.

3.2 Kirillov-Reshetikhin crystals for type A

We recall the crystal structure of Bi,l following [15]. Since Wi,l is isomorphic to
V (l�i) as a Uq(g0)-module, Bi,l is isomorphic to B(l�i) as a Uq(g0)-crystal. For
the description of the actions of ẽ0 and f̃0, we use the promotion operator σ . The
operator σ is a bijection from Bi,l to Bi,l which satisfy

σ ẽj = ẽj+1σ
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and

σ f̃j = f̃j+1σ

for each j modulo n + 1. This map corresponds to the automorphism of the Dynkin
diagram of type A

(1)
n which takes j to j + 1 modulo n + 1. Using σ , we obtain

ẽ0 = σ−1ẽ1σ

and

f̃0 = σ−1f̃1σ.

We shall describe the action of σ explicitly only for B1,l and Bn,l , and omit the
general definition. See [15, 3.3] for details.

For b ∈ B1,l , we denote the number of entries j appearing in the tableau b by
xj (b). The map which takes b ∈ B1,l to (xj (b))j=1,...,n+1 ∈ (Z≥0)

n+1 is injective.
The action of the promotion operator is given by

x1(σ (b)) = xn+1(b)

and

xj (σ (b)) = xj−1(b)

for j = 2, . . . , n + 1. Hence the actions of Kashiwara operators are described as fol-
lows:

xj (ẽ0b) = xj (b) − δj1 + δj n+1,

xj (f̃0b) = xj (b) + δj1 − δj n+1,

xj (ẽib) = xj (b) − δj i+1 + δji for i ∈ I0,

xj (f̃ib) = xj (b) + δj i+1 − δji for i ∈ I0.

Here we define b = 0 if xj (b) < 0 for some j . Immediately we have

ε0(b) = x1(b),

ϕ0(b) = xn+1(b),

εi(b) = xi+1(b) for i ∈ I0,

ϕi(b) = xi(b) for i ∈ I0.

For j = 1, . . . , n + 1, we denote by Cj the semistandard tableau consisting of
one column with depth n which has no entry j . Each column in a semistandard
tableau of shape (ln) is Cj for some j . These columns are arranged as, from left
to right, some (possibly 0) Cn+1’s, some Cn’s, . . . , and some C1’s. For b ∈ Bn,l , we
denote the number of columns Cj in b by yj (b). The map which takes b ∈ Bn,l to
(yj (b))j=1,...,n+1 ∈ (Z≥0)

n+1 is injective. The action of the promotion operator is
given by

y1(σ (b)) = yn+1(b)
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and

yj (σ (b)) = yj−1(b)

for j = 2, . . . , n + 1. Hence the actions of Kashiwara operators are described as fol-
lows:

yj (ẽ0b) = yj (b) − δj n+1 + δj1,

yj (f̃0b) = yj (b) + δj n+1 − δj1,

yj (ẽib) = yj (b) − δji + δj i+1 for i ∈ I0,

yj (f̃ib) = yj (b) + δji − δj i+1 for i ∈ I0.

Here we define b = 0 if yj (b) < 0 for some j . Immediately we have

ε0(b) = yn+1(b),

ϕ0(b) = y1(b),

εi(b) = yi(b) for i ∈ I0,

ϕi(b) = yi+1(b) for i ∈ I0.

3.3 The crystal structure of Bl

For a fixed nonnegative integer l, we set Bl = B1,l ⊗ Bn,l . We shall describe
the decomposition of the tensor product B(l�1) ⊗ B(l�n). Let b1 be a semistan-
dard tableau of shape (k) and b2 that of shape (kn), and assume x1(b1) = 0 or
y1(b2) = 0. We define b1 · b2 as the semistandard tableau of shape (2k, kn−1) such
that Jw(b1 ·b2) = Jw(b1) Jw(b2). Define a map α : B(l�1)⊗B(l�n) → ⊕l

k=0 B(kθ)

by α(b1 ⊗ b2) = b̃1 · b̃2 ∈ B(kθ) where k = l − min{x1(b1), y1(b2)}, b̃1 is the semi-
standard tableau of shape (k) which is obtained by removing min{x1(b1), y1(b2)}
1’s from b1, and b̃2 is the semistandard tableau of shape (kn) obtained by removing
min{x1(b1), y1(b2)} C1’s from b2. Then we have the following lemma.

Lemma 3.1 The map α is an isomorphism of Uq(g0)-crystals between B(l�1) ⊗
B(l�n) and

⊕l
k=0 B(kθ).

Proof It is obvious that α is bijective and preserves weights. Suppose α(b1 ⊗ b2) =
b̃1 · b̃2 ∈ B(kθ). Then we have Jw(b1 ⊗ b2) = Jw(b̃1) · 1l−k · (2 · 3 · · · (n + 1))l−k ·
Jw(b̃2). Since the element 1 ⊗ 2 ⊗ · · · ⊗ (n + 1) is annihilated by all ẽi and f̃i for
i ∈ I0, α commutes with Kashiwara operators. �

We write b ∈ B(kθ) ⊂ Bl for b ∈ Bl , if α(b) ∈ B(kθ). Here Bl is identified with
B(l�1) ⊗ B(l�n) as a set.

For j = 1, . . . , n + 1, we define an injective map �j : Bl−1 → Bl as follows. For
b1 ⊗ b2 ∈ Bl , set �j(b1 ⊗ b2) = b′

1 ⊗ b′
2, where b′

1 is the semistandard tableau of
shape (l) which is obtained by adding an entry j to b1, and b′

2 is the semistandard
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tableau of shape (ln) obtained by adding a column Cj to b2. These maps preserve
Uq(g0)-weights by definition.

Proposition 3.1

(i) For k = 0, . . . , l − 1, �1(B(kθ)) ⊂ B(kθ).
(ii) For i ∈ I0, the map �1 and the Kashiwara operator f̃i commute with each other.

(iii) Let b ∈ Bl−1 and assume f̃0b 
= 0. Then �1(f̃0b) = f̃0�1(b).
(iv) Let b ∈ Bl−1 and assume f̃0b = 0. Then ϕ0(�1(b)) = 1 and f̃0�1(b) ∈ B(lθ) ⊂

Bl .

Proof Let b1 ⊗ b2 ∈ Bl−1 and suppose �1(b1 ⊗ b2) = b′
1 ⊗ b′

2. We have x1(b
′
1) =

x1(b1) + 1 and y1(b
′
2) = y1(b2) + 1 by the definition of �1. This implies (i).

Since Jw(b′
1 ⊗ b′

2) = Jw(b1) · 1 · 2 · · · (n + 1) · Jw(b2), (ii) is immediate.
We prove (iii). By the definition of �1, we have

ϕ0(b
′
1) = xn+1(b

′
1) = xn+1(b1) = ϕ0(b1)

and

ε0(b
′
2) = yn+1(b

′
2) = yn+1(b2) = ε0(b2).

There are the following two cases:

f̃0(b1 ⊗ b2) =
{

(f̃0b1) ⊗ b2 if ϕ0(b1) > ε0(b2),

b1 ⊗ (f̃0b2) if ϕ0(b1) ≤ ε0(b2).

First we assume f̃0(b1 ⊗ b2) = (f̃0b1) ⊗ b2. Then f̃0(b
′
1 ⊗ b′

2) = (f̃0b
′
1) ⊗ b′

2 since
ϕ0(b

′
1) = ϕ0(b1) and ε0(b

′
2) = ε0(b2). Recalling the action of f̃0, the tableau f̃0b1

(resp. f̃0b
′
1) is obtained from b1 (resp. b′

1) by removing an entry n + 1 and adding an
entry 1. We have

�1(f̃0(b1 ⊗ b2)) = �1((f̃0b1) ⊗ b2)

= (f̃0b1)
′ ⊗ b′

2

where (f̃0b1)
′ is the tableau obtained from f̃0b1 by adding an entry 1. Hence the

assertion is true since (f̃0b1)
′ coincides with f̃0b

′
1: the semistandard tableau of shape

(l) which is obtained from b1 by removing one entry n + 1 and adding two 1’s. Next
we assume f̃0(b1 ⊗b2) = b1 ⊗ (f̃0b2). Similarly, we have f̃0(b

′
1 ⊗b′

2) = b′
1 ⊗ (f̃0b

′
2).

In this case, we have

�1(f̃0(b1 ⊗ b2)) = �1(b1 ⊗ (f̃0b2))

= b′
1 ⊗ (f̃0b2)

′

where (f̃0b2)
′, unless f̃0b2 = 0, is obtained from b2 by removing one column C1,

adding one Cn+1, and adding one C1 in this order. It coincides with f̃0b
′
2 whenever

b2 has at least one column C1. Thus (iii) is proved.
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To prove (iv), suppose b = b1 ⊗ b2 ∈ Bl−1 and f̃0b = 0. We have ϕ0(b2) = 0
and ϕ0(b1) ≤ ε0(b2) by the tensor product rule. Then f̃0(b

′
1 ⊗ b′

2) = b′
1 ⊗ (f̃0b

′
2) and

f̃0b
′
2 
= 0 since b′

2 has exactly one column C1. As f̃0b
′
2 has no more C1, b′

1 ⊗ (f̃0b
′
2) ∈

B(lθ) ⊂ Bl and f̃ 2
0 (b′

1 ⊗ b′
2) = 0. �

By Proposition 3.1, the crystal graph of Bl−1 can be naturally regarded as a full
subgraph of that of Bl .

Proposition 3.2 Let j = 2, . . . , n + 1.

(i) For k = 0, . . . , l − 1, �j(B(kθ)) ⊂ B((k + 1)θ).
(ii) Let i ∈ I0 and b ∈ Bl−1. If f̃ib 
= 0, then �j(f̃ib) = f̃i�j (b).

(iii) The map �j and the Kashiwara operator f̃0 commute with each other.

Proof For b ∈ Bl−1, we suppose b = b1 ⊗ b2 and �j(b) = b′
1 ⊗ b′

2. Then (i) follows
from x1(b

′
1) = x1(b1) and y1(b

′
2) = y1(b2).

Recalling ϕi(b1) = xi(b1), εi(b2) = yi(b2) etc., we have

ϕi(b
′
1) = ϕi(b1) + δij for i ∈ I0,

εi(b
′
2) = εi(b2) + δij for i ∈ I0,

ϕ0(b
′
1) = ϕ0(b1) + δj n+1,

ε0(b
′
2) = ε0(b2) + δj n+1.

Then (ii) and the case f̃0b 
= 0 of (iii) are obtained from the above formulas by argu-
ments similar to that in the proof of Proposition 3.1 (iii). In the case f̃0b = 0, we have
f̃0(b

′
1 ⊗ b′

2) = b′
1 ⊗ (f̃0b

′
2) = 0 since ϕ0(b

′
2) = y1(b

′
2) = y1(b2) = ϕ0(b2) = 0. �

Hence the action of f̃0 on the set
⋃n+1

j=2 Im�j ⊂ Bl is completely determined if
we know that on Bl−1.

Remark 3.1 For Proposition 3.1 and 3.2, the similar statements hold when we replace
f̃i by ẽi for i ∈ I and ϕ0 by ε0. We can prove them in a similar way.

From now on, we study the action of f̃0 on Bl \ ⋃n+1
j=2 Im�j . Let μ ∈ P0. In

Subsection 2.3, we defined mj(μ) as the coefficient of εj in μ with
∑n+1

j=1 mj(μ) = 0.
The number of entries j in a semistandard tableau of shape kθ and weight μ is equal
to mj(μ) + k. Put

mj(μ, k) = mj(μ) + k

and

J (μ) = {j | mj(μ) > 0}.
Then we can rewrite Lemma 2.2 as follows.
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Lemma 3.2 Let k be a nonnegative integer. For μ ∈ P0, μ ∈ wtB(kθ) \ wtB((k −
1)θ) if and only if

∑
j∈J (μ) mj (μ, k) = k|J (μ)| + k.

Proposition 3.3 We have

n+1⋃

j=2

�j(B((k − 1)θ)) = {b ∈ B(kθ) | wtb ∈ wtB((k − 1)θ)}.

Proof Proposition 3.2 (i) implies that the right-hand side contains the left. Suppose
b does not belong to the left-hand side and α(b) = b̃1 · b̃2 ∈ B(kθ). Put μ = wtb.
Let J be the set of the letters appearing in b̃1. Then b̃2 has no column Cj if
j ∈ J . This means the number of entries j in b̃2 is equal to k if j ∈ J . Therefore
J (μ) = J and

∑
j∈J mj (μ, k) = k|J | + k. We obtain μ ∈ wtB(kθ) \ wtB((k − 1)θ)

by Lemma 3.2. �

Although the following fact seems to be known, we give a proof.

Lemma 3.3 Let k be a nonnegative integer. The multiplicity of every element of
wtB(kθ) \ wtB((k − 1)θ) in B(kθ) is one.

Proof Suppose b = b1 · b2 ∈ B(kθ) where b1 ∈ B(k�1) and b2 ∈ B(k�n), and μ =
wtb ∈ wtB(kθ)\wtB((k−1)θ). By Lemma 3.2, the number of boxes of b filled with
elements of J (μ) is equal to k|J (μ)| + k. Therefore b1 should have only elements
of J (μ) with its entries and the number of entries j in b2 should be equal to k for
j ∈ J (μ). When the weight of b is given, the numbering of b is uniquely determined
by that of b1. Hence b is uniquely determined by its weight. �

The following proposition immediately follows from Proposition 3.3 and Lem-
ma 3.3.

Proposition 3.4 The restriction wt |
Bl\⋃n+1

j=2 Im�j
is injective.

Let b ∈ B(kθ) ⊂ Bl and b /∈ ⋃n+1
j=2 Im�j . By Lemma 2.3, exactly one of the fol-

lowing occurs:

• wtb + θ ∈ wtB((k + 1)θ) \ wtB(kθ).
• wtb + θ ∈ wtB(kθ) \ wtB((k − 1)θ).
• wtb + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ).

Theorem 3.1 Let b ∈ B(kθ) ⊂ Bl and assume b /∈ ⋃n+1
j=2 Im�j .

(i) We have f̃0b = 0 if and only if k = l and wtb + θ /∈ wtB(lθ).
(ii) If wtb + θ ∈ wtB((k + 1)θ) \ wtB(kθ), then f̃0b ∈ B((k + 1)θ) ⊂ Bl .

(iii) If wtb + θ ∈ wtB(kθ) \ wtB((k − 1)θ), then f̃0b ∈ B(kθ) ⊂ Bl .
(iv) If wtb + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ), then f̃0b ∈ B((k − 1)θ) ⊂ Bl .

Moreover, the element f̃0b is uniquely determined by its weight in each case.
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Proof We prove (i). Since α0 + θ = 0 in the weight lattice Pcl, f̃0 raises Uq(g0)-
weights by θ . Hence the sufficiency is obvious. Suppose b = b1 ⊗ b2. If f̃0b = 0,
we have ϕ0(b2) = 0 and ϕ0(b1) ≤ ε0(b2) by the tensor product rule. Since y1(b2) =
ϕ0(b2) = 0, we have k = l. The number of entries 1 in b is

x1(b1) + (l − y1(b2)) = l + x1(b1)

≥ l

and the number of entries n + 1 is

xn+1(b1) + (l − yn+1(b2)) = l + (ϕ0(b1) − ε0(b2))

≤ l.

Hence we have m1(wtb) ≥ 0 and mn+1(wtb) ≤ 0. By Lemma 2.3 (i), we obtain
wtb + θ /∈ wtB(lθ).

By (i), wtb + θ ∈ wtB(lθ) implies f̃0b 
= 0. Then we see f̃0b ∈ Bl \ ⋃n+1
j=2 Im�j

by Proposition 3.2 (iii) and Remark 3.1. By Proposition 3.4, f̃0b is uniquely deter-
mined by its weight wtb + θ . This proves the remaining assertions. �

4 The case of C
(1)
n

Assume that g is of type C
(1)
n in this section. The crystal structure of Bl = B1,2l is

given in [7]. We recall explicit formulas on the actions of Kashiwara operators in
[12]. As sets,

B(kθ) = {(x1, . . . , xn, x̄n, . . . , x̄1) ∈ (Z≥0)
2n |

n∑

j=1

(xj + x̄j ) = 2k}

and

Bl =
l⊔

k=0

B(kθ).

For b = (x1, . . . , x̄1) ∈ Bl , the Uq(g0)-weight of b and the actions of Kashiwara op-
erators are given as follows:

wtb =
n∑

j=1

(xj − x̄j )εj ,

ẽ0b =

⎧
⎪⎨

⎪⎩

(x1 − 2, x2, . . . , x̄2, x̄1) if x1 ≥ x̄1 + 2,

(x1 − 1, x2, . . . , x̄2, x̄1 + 1) if x1 = x̄1 + 1,

(x1, x2, . . . , x̄2, x̄1 + 2) if x1 ≤ x̄1,
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ẽib =
{

(x1, . . . , xi + 1, xi+1 − 1, . . . , x̄1) if xi+1 > x̄i+1,

(x1, . . . , x̄i+1 + 1, x̄i − 1, . . . , x̄1) if xi+1 ≤ x̄i+1,

ẽnb = (x1, . . . , xn + 1, x̄n − 1, . . . , x̄1),

f̃0b =

⎧
⎪⎨

⎪⎩

(x1 + 2, x2, . . . , x̄2, x̄1) if x1 ≥ x̄1,

(x1 + 1, x2, . . . , x̄2, x̄1 − 1) if x1 = x̄1 − 1,

(x1, x2, . . . , x̄2, x̄1 − 2) if x1 ≤ x̄1 − 2,

f̃ib =
{

(x1, . . . , xi − 1, xi+1 + 1, . . . , x̄1) if xi+1 ≥ x̄i+1,

(x1, . . . , x̄i+1 − 1, x̄i + 1, . . . , x̄1) if xi+1 < x̄i+1,

f̃nb = (x1, . . . , xn − 1, x̄n + 1, . . . , x̄1).

In each case, if the right-hand side does not belong to the set Bl , regard it as zero. It is
obvious that the crystal graph of Bl−1 is a full subgraph of that of Bl from the above
formulas. For b ∈ B(kθ) ⊂ Bl , we have

ε0(b) = (l − k) + max{0, x1 − x̄1},
ϕ0(b) = (l − k) + max{0, x̄1 − x1},
εi(b) = x̄i + max{0, xi+1 − x̄i+1},
ϕi(b) = xi + max{0, x̄i+1 − xi+1},
εn(b) = x̄n,

ϕn(b) = xn.

For j = 1, . . . , n, we define a map �j : Bl−1 → Bl by

�j(x1, . . . , x̄1) = (. . . , xj + 1, . . . , x̄j + 1, . . . ).

Proposition 4.1 Let j = 1, . . . , n.

(i) For k = 0, . . . , l − 1, �j(B(kθ)) ⊂ B((k + 1)θ).
(ii) Let i ∈ I0 and b ∈ Bl−1. If f̃ib 
= 0, then �j(f̃ib) = f̃i�j (b).

(iii) The map �j and the Kashiwara operator f̃0 commute with each other.

Proof The assertion of (i) is obvious from the definition of �j .
Suppose b = (x1, . . . , x̄1) and �j(b) = (y1, . . . , ȳ1). Then yi − ȳi = xi − x̄i for

i = 1, . . . , n. Hence (ii) and the case f̃0b 
= 0 of (iii) are immediate from the formulas
on the actions of Kashiwara operators. If f̃0b = 0, then b ∈ B((l − 1)θ) ⊂ Bl−1 and
x1 ≥ x̄1 by the formula on ϕ0. Hence �j(b) ∈ B(lθ) and f̃0�j(b) = 0. �

Proposition 4.2 We have

n⋃

j=1

�j(B((k − 1)θ)) = {b ∈ B(kθ) | wtb ∈ wtB((k − 1)θ)}.
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Proof Let b = (x1, . . . , x̄1) ∈ B(kθ). By Lemma 2.2, wtb ∈ wtB(kθ) \ wtB((k −
1)θ) if and only if xj = 0 or x̄j = 0 for each j = 1, . . . , n. This condition is equivalent
to that b does not belong to the left-hand side. �

Lemma 4.1 Let k be a nonnegative integer. The multiplicity of every element of
wtB(kθ) \ wtB((k − 1)θ) in B(kθ) is one.

Proof Let b = (x1, . . . , x̄1) ∈ B(kθ) and μ = wtb ∈ wtB(kθ) \ wtB((k − 1)θ). Set

J+ = {j | mj(μ) > 0},

J− = {j | mj(μ) < 0}.
Then we have

xj =
{

mj(μ) if j ∈ J+,

0 if j /∈ J+,

x̄j =
{

−mj(μ) if j ∈ J−,

0 if j /∈ J−

by Proposition 4.2. This means that b is uniquely determined by its weight. �

Theorem 4.1 Let b ∈ B(kθ) ⊂ Bl and assume b /∈ ⋃n
j=1 Im�j .

(i) We have f̃0b = 0 if and only if k = l and wtb + θ /∈ wtB(lθ).
(ii) If wtb + θ ∈ wtB((k + 1)θ) \ wtB(kθ), then f̃0b ∈ B((k + 1)θ) ⊂ Bl .

(iii) If wtb + θ ∈ wtB(kθ) \ wtB((k − 1)θ), then f̃0b ∈ B(kθ) ⊂ Bl .
(iv) If wtb + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ), then f̃0b ∈ B((k − 1)θ) ⊂ Bl .

Moreover, the element f̃0b is uniquely determined by its weight in each case.

Proof Suppose b = (x1, . . . , x̄1). Then m1(wtb) = x1 − x̄1. Hence the assertions are
immediate from the formula on the action of f̃0, Lemma 2.4 and Lemma 4.1. �

5 The case of D
(2)
n+1

Assume that g is of type D
(2)
n+1 in this section. Thus g0 is of type Bn. The crystal

structure of Bl = B1,l is given in [8]. Explicit formulas are available in [12] and we
follow it. As sets,

B(kθ) = {(x1, . . . , xn, x0, x̄n, . . . , x̄1) ∈ (Z≥0)
2n+1 |

x0 = 0 or 1,

n∑

j=1

(xj + x̄j ) + x0 = k}
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and

Bl =
l⊔

k=0

B(kθ).

For b = (x1, . . . , x̄1) ∈ Bl , the Uq(g0)-weight of b and the actions of Kashiwara op-
erators are given as follows:

wtb =
n∑

j=1

(xj − x̄j )εj ,

ẽ0b =
{

(x1 − 1, x2, . . . , x̄2, x̄1) if x1 > x̄1,

(x1, x2, . . . , x̄2, x̄1 + 1) if x1 ≤ x̄1,

ẽib =
{

(x1, . . . , xi + 1, xi+1 − 1, . . . , x̄1) if xi+1 > x̄i+1,

(x1, . . . , x̄i+1 + 1, x̄i − 1, . . . , x̄1) if xi+1 ≤ x̄i+1,

ẽnb =
{

(x1, . . . , xn, x0 + 1, x̄n − 1, . . . , x̄1) if x0 = 0,

(x1, . . . , xn + 1, x0 − 1, x̄n, . . . , x̄1) if x0 = 1,

f̃0b =
{

(x1 + 1, x2, . . . , x̄2, x̄1) if x1 ≥ x̄1,

(x1, x2, . . . , x̄2, x̄1 − 1) if x1 < x̄1,

f̃ib =
{

(x1, . . . , xi − 1, xi+1 + 1, . . . , x̄1) if xi+1 ≥ x̄i+1,

(x1, . . . , x̄i+1 − 1, x̄i + 1, . . . , x̄1) if xi+1 < x̄i+1,

f̃nb =
{

(x1, . . . , xn − 1, x0 + 1, x̄n, . . . , x̄1) if x0 = 0,

(x1, . . . , xn, x0 − 1, x̄n + 1, . . . , x̄1) if x0 = 1.

In each case, if the right-hand side does not belong to Bl , regard it as zero. The crystal
graph of Bl−1 is a full subgraph of that of Bl . For b ∈ B(kθ) ⊂ Bl , we have

ε0(b) = (l − k) + 2 max{0, x1 − x̄1},
ϕ0(b) = (l − k) + 2 max{0, x̄1 − x1},
εi(b) = x̄i + max{0, xi+1 − x̄i+1},
ϕi(b) = xi + max{0, x̄i+1 − xi+1},
εn(b) = 2x̄n + x0,

ϕn(b) = 2xn + x0.

We define maps �j : Bl−2 → Bl for j = 1, . . . , n − 1 and �n : Bl−1 → Bl by

�j(x1, . . . , x̄1) = (. . . , xj + 1, . . . , x̄j + 1, . . . ) for j = 1, . . . , n − 1,
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�n(x1, . . . , x̄1) =
{

(x1, . . . , xn, x0 + 1, x̄n, . . . , x̄1) if x0 = 0,

(x1, . . . , xn + 1, x0 − 1, x̄n + 1, . . . , x̄1) if x0 = 1.

Proposition 5.1

(i) Let j = 1, . . . , n − 1. Then �j(B(kθ)) ⊂ B((k + 2)θ) for k = 0, . . . , l − 2.
(ii) For k = 0, . . . , l − 1, �n(B(kθ)) ⊂ B((k + 1)θ).

(iii) Let j = 1, . . . , n − 1 (resp. j = n) and i ∈ I0. If we take b ∈ Bl−2 (resp. b ∈
Bl−1) with f̃ib 
= 0, then �j(f̃ib) = f̃i�j (b).

(iv) For j = 1, . . . , n, the map �j and the Kashiwara operator f̃0 commute with
each other.

Proof The assertions of (i) and (ii) are obvious.
The assertions of (iii) and (iv) are immediate except for the commutativity of �n

and f̃n. We show that �n(f̃nb) = f̃n�n(b) when f̃nb 
= 0. Let b = (x1, . . . , x̄1). First
we assume x0 = 0. Then

�n(f̃nb) = �n(x1, . . . , xn − 1, x0 + 1, x̄n, . . . , x̄1)

= (x1, . . . , xn, x0, x̄n + 1, . . . , x̄1).

On the other hand,

f̃n�n(b) = f̃n(x1, . . . , xn, x0 + 1, x̄n, . . . , x̄1)

= (x1, . . . , xn, x0, x̄n + 1, . . . , x̄1).

Hence the assertion is true. Next assume x0 = 1. Then we obtain

�n(f̃nb) = �n(x1, . . . , xn, x0 − 1, x̄n + 1, . . . , x̄1)

= (x1, . . . , xn, x0, x̄n + 1, . . . , x̄1)

and

f̃n�n(b) = f̃n(x1, . . . , xn + 1, x0 − 1, x̄n + 1, . . . , x̄1)

= (x1, . . . , xn, x0, x̄n + 1, . . . , x̄1).

�

Proposition 5.2 We have
⎛

⎝
n−1⋃

j=1

�j(B((k − 2)θ))

⎞

⎠∪�n(B((k − 1)θ))

= {b ∈ B(kθ) | wtb ∈ wtB((k − 1)θ)}.
Proof Let b = (x1, . . . , x̄1) ∈ B(kθ). By Lemma 2.2, wtb ∈ wtB(kθ) \ wtB((k −
1)θ) if and only if x0 = 0 and (xj = 0 or x̄j = 0) for each j = 1, . . . , n. This condi-
tion is equivalent to that b does not belong to the left-hand side. �
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Lemma 5.1 Let k be a nonnegative integer. The multiplicity of every element of
wtB(kθ) \ wtB((k − 1)θ) in B(kθ) is one.

Proof Let b = (x1, . . . , x̄1) ∈ B(kθ) and μ = wtb ∈ wtB(kθ) \wtB((k − 1)θ). If we
set

J+ = {j | mj(μ) > 0},

J− = {j | mj(μ) < 0},
then

xj =
{

mj(μ) if j ∈ J+,

0 if j /∈ J+,

x̄j =
{

−mj(μ) if j ∈ J−,

0 if j /∈ J−,

x0 = 0.

Hence b is uniquely determined by its weight. �

Theorem 5.1 Let b ∈ B(kθ) ⊂ Bl and assume b /∈ ⋃n
j=1 Im�j .

(i) We have f̃0b = 0 if and only if k = l and wtb + θ /∈ wtB(lθ).
(ii) If wtb + θ ∈ wtB((k + 1)θ) \ wtB(kθ), then f̃0b ∈ B((k + 1)θ) ⊂ Bl .

(iii) If wtb + θ ∈ wtB((k − 1)θ) \ wtB((k − 2)θ), then f̃0b ∈ B((k − 1)θ) ⊂ Bl .

Moreover, the element f̃0b is uniquely determined by its weight in each case.

Proof The assertions are immediate from the formula on the action of f̃0, Lemma 2.5
and Lemma 5.1. �

Acknowledgements The author would like to thank his advisor Yoshihisa Saito for his guidance and
valuable comments. He also would like to thank Masato Okado for answering the author’s questions about
Kirillov-Reshetikhin crystals, and Noriyuki Abe for providing a computer program for drawing crystal
graphs.

References

1. Benkart, G., Frenkel, I., Kang, S.-J., Lee, H.: Level 1 perfect crystals and path realizations of basic
representations at q = 0. Int. Math. Res. Not., 10312 (2006)

2. Chari, V.: On the fermionic formula and the Kirillov-Reshetikhin conjecture. Int. Math. Res. Not. 12,
629–654 (2001)

3. Hernandez, D.: Kirillov-Reshetikhin conjecture: the general case. arXiv:0704.2838
4. Hong, J., Kang, S.-J.: Introduction to Quantum Groups and Crystal Bases. Graduate Studies in Math-

ematics, vol. 42. American Mathematical Society, Providence (2002)
5. Humphreys, J.E.: Introduction to Lie Algebras and Representation Theory. Graduate Texts in Mathe-

matics, vol. 9. Springer, New York (1978); second printing, revised
6. Kac, V.G.: Infinite-Dimensional Lie Algebras, 3rd edn. Cambridge University Press, Cambridge

(1990)

http://arxiv.org/abs/arXiv:0704.2838


514 J Algebr Comb (2009) 30: 491–514

7. Kang, S.-J., Kashiwara, M., Misra, K.C.: Crystal bases of Verma modules for quantum affine Lie
algebras. Compos. Math. 92(3), 299–325 (1994)

8. Kang, S.-J., Kashiwara, M., Misra, K.C., Miwa, T., Nakashima, T., Nakayashiki, A.: Perfect crystals
of quantum affine Lie algebras. Duke Math. J. 68(3), 499–607 (1992)

9. Kashiwara, M.: On crystal bases of the Q-analogue of universal enveloping algebras. Duke Math. J.
63(2), 465–516 (1991)

10. Kashiwara, M., Misra, K.C., Okado, M., Yamada, D.: Perfect crystals for Uq(D
(3)
4 ). J. Algebra

317(1), 392–423 (2007)
11. Kashiwara, M., Nakashima, T.: Crystal graphs for representations of the q-analogue of classical Lie

algebras. J. Algebra 165(2), 295–345 (1994)
12. Okado, M.: X = M conjecture, Combinatorial aspect of integrable systems. MSJ Mem., Math. Soc.

Jpn., Tokyo 17, 43–73 (2007)
13. Okado, M., Schilling, A.: Existence of Kirillov-Reshetikhin crystals for nonexceptional types. Repre-

sent. Theory 12, 186–207 (2008)

14. Schilling, A., Sternberg, P.: Finite-dimensional crystals B2,s for quantum affine algebras of type D
(1)
n .

J. Algebr. Comb. 23(4), 317–354 (2006)
15. Shimozono, M.: Affine type A crystal structure on tensor products of rectangles, Demazure characters,

and nilpotent varieties. J. Algebr. Comb. 15(2), 151–187 (2002)

16. Yamane, S.: Perfect crystals of Uq(G
(1)
2 ). J. Algebra 210(2), 440–486 (1998)


	A generalization of adjoint crystals for the quantized affine algebras of type An(1), Cn(1) and Dn+1(2)
	Abstract
	Introduction
	Preliminaries
	Quantized universal enveloping algebras and crystal bases
	Quantized affine algebras
	Some lemmas on weights

	The case of type A n (1)
	The crystal structure of B(lambda)
	Kirillov-Reshetikhin crystals for type A
	The crystal structure of Bl

	The case of C n (1)
	The case of D n+1 (2)
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


