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Abstract A group G of permutations of a set Q2 is primitive if it acts transitively on
2, and the only G-invariant equivalence relations on €2 are the trivial and universal
relations.

A digraph I' is primitive if its automorphism group acts primitively on its vertex
set, and is infinite if its vertex set is infinite. It has connectivity one if it is connected
and there exists a vertex « of I', such that the induced digraph I' \ {«} is not connected.
If I has connectivity one, a lobe of T is a connected subgraph that is maximal subject
to the condition that it does not have connectivity one. Primitive graphs (and thus
digraphs) with connectivity one are necessarily infinite.

The primitive graphs with connectivity one have been fully classified by Jung and
Watkins: the lobes of such graphs are primitive, pairwise-isomorphic and have at
least three vertices. When one considers the general case of a primitive digraph with
connectivity one, however, this result no longer holds. In this paper we investigate
the structure of these digraphs, and obtain a complete characterisation.

Keywords Primitive - Graph - Digraph - Permutation - Group - Orbital graph -
Orbital digraph - Block-cut-vertex tree

1 Preliminaries

Throughout this note, a graph I will be a pair (VT, ET"), where VT is the set of
vertices of I', and ET the set of edges. The set ET" consists of unordered pairs of
distinct elements of VI.

A digraph T" is a pair (VI', AT"), where ATl is the set of arcs of I'. Each arc
is an ordered pair of distinct elements of VI'. All paths in a digraph will be undi-
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rected, unless otherwise stated. A directed cycle in T" is a path apo; ..., such that
(an, 00) € AT and (o, i +1) € AT for all integers i satisfying 0 <i < n.

All graphs and digraphs will be free of loops and multiple edges. They are said to
be infinite if their vertex sets are infinite.

The distance between two connected vertices o and § in a graph or digraph I' will
be denoted by dr(«, B).

Groups, and in particular groups of automorphisms, will play a leading role in
many of the arguments presented herein. Throughout this work, G will be a group
of permutations of a set €2, where 2 will usually be the vertex set of some infinite
digraph.

If « € Q and g € G, we denote the image of « under g by «8. Following this
notation, all permutations will act on the right. The orbit of o under the action of G
will be denoted by €.

If @ € Q, we denote the stabiliser of « in G by G, and if ¥ C Q we denote the
setwise and pointwise stabilisers of ¥ in G by Gz} and G (5 respectively.

A transitive group G is primitive on 2 if the only G-congruences admitted by €2
are the trivial and universal equivalence relations; otherwise G is said to be imprimi-
tive. It is said to act regularly on 2 if G, = 1 for each o € Q.

A subset A of Q is called a block if for all g € G we have either A8 = A or
A8 N A =@. A block is called trivial if |A]| = 1, and proper if A # Q. Since the
existence of a non-trivial proper block permits the construction of a non-trivial and
non-universal G-congruence on €2, the group G is primitive if and only if € does not
contain a non-trivial proper block.

The following is well known, and is often a very useful test for primitivity.

Theorem 1.1 [1, Theorem 4.7] If G is a transitive group of permutations on 2, and
|2| > 1, then G is primitive on 2 if and only if, for every o € Q, the stabiliser G, is
a maximal subgroup of G.

A graph or digraph T" is primitive if its automorphism group Aut " acts primitively
on the set VI', and is automorphism-regular if AutI" acts regularly on VT.

A primitive graph or digraph I with at least one edge or arc is always connected.
Indeed, the connected components of I" form a set of AutI"-congruence classes.

The connectivity of an infinite connected graph or digraph I' is the smallest pos-
sible size of a subset W of VI for which the induced graph I \ W is disconnected.
A lobe of T" is a connected subgraph that is maximal subject to the condition it has
connectivity strictly greater than one. If I' has connectivity one, then the vertices «
for which I' \ {«} is disconnected are called the cut vertices of T".

2 Local structure

Consider the following construction. Let V; be the set of cut vertices of a connected
graph I, and let V, be a set in bijective correspondence with the set of lobes of I'.
We let T be a bipartite graph whose parts are V| and V,. Two vertices o € V7 and

x € V, are adjacent in T if and only if « is contained in the lobe of I" corresponding
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to x. In fact, this construction yields a tree, which is called the block-cut-vertex tree
of I. Note that if I" has connectivity one and block-cut-vertex tree T, then any group
G acting on I has a natural action on 7.

It is perhaps helpful to the reader at this point to describe a graph that is typical of
those in which we are interested. Let P5 denote the Petersen Graph. To each vertex
o in Ps we adjoin another two copies of Ps in such a way that « is contained in
three distinct copies of Ps that intersect only in o. We continue this process for each
additional vertex whenever a new Ps is adjoined. In this way we obtain an infinite
graph with connectivity one, whose lobes are isomorphic to Ps. The block-cut-vertex
tree of this graph is a biregular tree, in which one set of the natural bipartition has
valency 3, and the other valency 10. As we shall see, this graph is primitive.

Let I' be a primitive digraph with connectivity one whose lobes have at least three
vertices, and suppose G is a vertex- and arc-transitive group of automorphisms of I".
Since I is vertex-transitive with connectivity one, every vertex is a cut vertex. Fix
some lobe A of I', and let H be the subgroup of the automorphism group Aut A
induced by the setwise stabiliser Gy of VA in G. Let T be the block-cut-vertex
tree of I', and let x be the vertex of T that corresponds to the lobe A. Our aim in this
section is to show H is primitive but not regular.

If x; and x, are distinct vertices of the tree T, we use C(T \ {x1}, x2) to denote
the connected component of 7 \ {x;} that contains the vertex x.

Lemma 2.1 If G acts primitively on the vertices of I', then H acts primitively on the
vertices of \.

Proof If H acts transitively but not primitively on V A, then there exists a non-
trivial proper block A € V A. For any two distinct vertices «, § € A, the digraph
(VA, (a, ﬂ)H ) is not connected, since it does not contain a path from « to any vertex
in VA\A.

If H does not act transitively on V A, then one may choose distinct vertices
a, B,y € VA such that B € o but y ¢ o, Again the digraph (VA, (o, B)) is
not connected, as there is no path from « to y. Thus, if H is not transitive on V A, or
if H is transitive but not primitive on V' A, then there exist distinct vertices o, 8 € VA
such that the digraph A’ := (V A, (o, ﬁ)H ) is not connected.

Suppose this is the case, and choose distinct vertices «, 8 € VA such that A’ is
not connected. We will show this assumption implies the digraph I := (VT, (a, §)%)
cannot be connected, and is therefore not primitive; whence G cannot be primitive.

Recall that T is the block-cut-vertex tree of I' and x is the vertex of T corre-
sponding to the lobe A. Let {A;};c; be the set of connected components of A’ and
let

Ci=|JCT\{x).9)nvr.
SeEA;

Suppose 8; € C; and §; € C;, with i # j. We claim §; and §; are not adjacent in I"".
Indeed, since the distance d7 (a, B) between « and B in T is equal to 2, if §; and §;
are to be adjacent in the arc-transitive digraph I/, it must be the case that
dr(8;,8;)= 2. If either §; or §; is not adjacent to x in T then dr(5;, ;) > 2, so they
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cannot be adjacent in I'". On the other hand, if §; and § ;j are adjacent to x in 7', then
they both lie in VA = V A’, and therefore §; € A; and § j € Aj. In this case, if they
are adjacent in I'’ then there exists g € G such that either (;, ;) or (§;,8;) is equal
to (e, B)8. Such an automorphism must fix V A setwise, and therefore lies in G,).
Thus, there exists an element 47 € H such that either (§;,5;) or (8;, ;) is equal to
(a, ,B)h, meaning that §; and §; are adjacent in A’; however, this contradicts the fact
that &; and §; are in distinct components of A’. Hence, §; and §; are not adjacent
inI.

Hence, there can be no path in ' between a vertex in C; and a vertex in C; when-
ever i # j, and so the digraph I’ is not connected. Whence, I’ cannot be primitive,
and G cannot act primitively on VI. U

Fix distinct vertices o, 8 € VI and recall that o and § are also vertices of the
block-cut-vertex tree 7.

A geodesic between two vertices is a shortest path between them. In a tree, there is
a unique geodesic between any two vertices. Let [«, 8] be the T-geodesic between
o and B, and let («, B)7 be the T-geodesic [, B]r excluding both o and 8. This
notation extends obviously to [«, )7 and («, B]7.

Since « and B are vertices of both I" and T, the distance dr («, B) is even, so we
may choose a vertex y € («, 8)r that is distinct from « and B.

Lemma 2.2 If g € G, doesnotfixye VT ,and § ¢ C(T \ {y}, @), then §% ¢ C(T \
{y}, B).

Proof 1t 6 ¢ C(T \ {y},a) and 88 € C(T \ {y}, B) then 8,88 ¢ C(T \ {y}, @), so we
must have g € G y. O

Lemma 2.3 If g € G, does not fix the vertex y and § ¢ C(T \ {y}, o) then
dr(y,8%) >dr(y,é).

Proof 1f§ ¢ C(T \{y}, @) then y € [, §]7. Thus dr (8, 8%) =dr (8, y)+dr(y, y8) +
dr(y8,88)and dr (8, 88) =dr (8, y)+dr(y, 8%). Therefore dr (y, 88) = dr (8, 88)+
dr (v, y%). Now dr(y%,8%) = dr(y,9), and dr(y,y%) > 1. Whence dr(y, %) >
dr(y,9). O

Henceforth, if H is a subgroup of G, then we will write H < G; if we wish to
exclude the possibility of H = G we will instead write H < G.

Lemma 2.4 Let g1,...,8, € Gy and hy, ..., h, € Gg, and suppose Gy y = Gg.y.
If there exists y € VT such that Go,y < G, then, for some m < n, there exist
8hr--18m € G \Gyand gy € Gy \ G, U{1} together with h', ..., h!, | € Gg\Gy
and h), € Gg \ Gy U {1} such that

J/g{h/l "'g),)lh;ﬂ — yglhlmgnhn .

Proof The proof of this lemma will be an inductive argument. Suppose there exists
vy € VT such that G4y, < G,.
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Let n = 1. When considering i1 € Gg we have two cases: either 11 € Gy or h; €
Gg\Gy. If hy € Gy then hy € Ggy = Gg,y, 50 g1h1 € Gy. In this case, redefine
g1 :=g1h and set h/1 := 1. Alternatively, if ;1 € Gg \ G then set h/1 := h1. Having
found a suitable &/, we will now construct g from the (possibly redefined) element
81 € Go. We again have two cases: either g1 € G, or g1 € Go \ Gy. If g1 € G,
then g1 € Gq,y and so g1 € G, . In this case we can choose g := 1. Otherwise, if
g1 € Gq \ Gy, then choose g} := g1. In choosing g and /) in this way we ensure
that

yglhl — yg/lh/l’
so the hypothesis holds when n = 1.

Let k be a positive integer, and suppose the hypothesis is true for all integers n < k.
Fix g1,...,8k+1 € Gg and hy, ..., hiy1 € Gg, and set

/o hi... h
y = 7/81 1o 8k+1Mk+1

We will use induction to construct elements g5, ..., g, € Go \ G, and g| € G4 \
G, U ({1} together with i, ..., h, € Gg\ Gyand h, € Gg\ G, U {1} such that

yg/lh/l“'gllllhi/‘ll = y/’

where m is some integer less than or equal to k + 1.

We begin by considering hi41 € Gg. There are two cases: either i1 € G, or
hiy1 € Gg \ Gy. If hyy1 € Gy then g1 € Ggy = Ga,y, SO ky1hiy1 € Gy. In
this case, redefine gyt := gk+1hr+1 and set 4’ := 1. If, on the other hand, hz4| €
Gg\ Gy, thenset h' :=hyyy.

If we now consider the (possibly redefined) element gyt € G4, there are again
two cases: either gr11 € Gy, or gx41 € Go \ Gy. If gry1 € Gy then gry1 € Go,y =
Gg,y, 50 higiy1h' € Gg. In this case, let h” := hygr1h'; then

y' = yglhl---gkh”’
so we can apply the induction hypothesis to y§ thi--8h” and we are done. If, on the
other hand, gx+1 € G¢ \ G, then set g’ := gi41, and observe
y = yglhl..-gkhkg’h’_

By the induction hypothesis, for some / < k there exist g/, ..., g/ € G4 \ G, and
8] € Go \ Gy U {1} together with ,...,h;_, € Gg\ Gy and hj € Gg \ G, U {1}
such that

yglh1~~~gkhk — yg’lh’l...gl’h}'

At this final stage in the proof, we again face two possibilities: either 4) = 1 or
h; € Gg \ Gy. In the first instance define g” := g/hjg’, so y' = L EUSER
Since g” = g/¢’ € Gy and ' € Gg and | < k, we may apply the induction hypothesis.
On the other hand, if ; € Gg \ Gy, then set g/, | :=g" € G4 \ Gy and hj | :=

h' € Gg\ Gy U{l}, and observe y' = y &gl Now I < k, so defining m to be
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[ 4+ 1 we have m < k + 1. Thus in both cases the hypothesis holds. It is therefore true
forn=k+1. d

We are now in a position to present the main result of this section which describes
necessary conditions for a vertex-transitive subgroup of the automorphism group of
an infinite primitive digraph with connectivity one to be imprimitive.

Theorem 2.5 Let G be a vertex-transitive group of automorphisms of a connectivity-
one digraph I" whose lobes have at least three vertices, and let T be the block-cut-
vertex tree of I'. If there exist distinct vertices o, B € VI such that, for some vertex
x € (a, B>

Ga,x = Gﬁ,xy

then G does not act primitively on VI .

Proof Suppose G acts primitively on VI and there exist distinct vertices o, 8 € VI
and x € (o, B)7 such that Gy = Gg . We will begin by showing the group
(Gu, Gg) generated by G, and Gg is not equal to G; then we shall show it is not
equal to Go. Whence, Gy < (Gy, Gg) < G which, by applying Theorem 1.1, will
contradict the assumption that G is primitive.

Without loss of generality, suppose dr(x, ) < dr(x, B8). If the orbit g (Gu.Gp)
contains o, then there exist elements g1, ..., g, € Gy and hy, ..., h, € Gg such that
o = p&h-gnhn By T emma 2.4, we can find m < n and 85+ &n € Go \ Gy and

g i?}a \ Gy U ({1} together with i, ...,k _, € Gg\ G, and h;, € Gg \ G, U {1}
such that

o = B8 gl

Suppose these automorphisms are chosen so that m is minimal.

Now either g} € G4 \ G, or g} = 1.1If g| =1 then ,Bgi = B and therefore ,Bgllhll =
B. Thus ﬂgéhé"'&,ﬂh;ﬂ = a, contradicting the minimality of m. So we must have g} €
Gy \ Gy. Since g ¢ C(T \ {x},®), we may apply Lemma 2.2 and Lemma 2.3 to
obtain dr (x, B81) > dr(x, B) and B81 ¢ C(T \ {x}, B).

We now observe A # 1. Indeed, if 4} =1 thenm =1 and o = ,381 ;since g] € Gq
this is clearly not possible.

Thus, h/1 € Gg \ Gy and ,Bgi ¢ C(T \ {x}, B), and we can again deduce from
Lemma 2.2 and Lemma 2.3 that dr (x, 881"1) > dr (x, B81) > dr(x, B), and B&1"1 ¢
C(T \ {x}, ®). L

We may continue to apply Lemmas 2.2 and 2.3 to obtain g&1"1-8n ¢ C (T \ {x}, B)
and dr (x, B&1"1-8m) > dr (x, B). Now either i, € G\ G, or b,y = 1.1f hl, = 1 then
a = B&M-8n and so dr (x, @) = dr (x, B"1+8n) > dr(x, B). I k), € G\ G, then,
by Lemma 2.3, dy (x, B&1"1-8n"n) > dr(x, B); that is, dr (x, a) > dr(x, B). Thus,
in both cases dr (x, o) > dr(x, 8). This contradicts our assumption that dr (x, o) <
dr(x, B). Hence o ¢ ﬂ<G“’Gﬁ>, and so (G4, Gg) cannot act transitively on the set
VT'. This ensures that (Gy, Gg) # G.

By Theorem 1.1, we must therefore have (G, Gg) = G. Thus, the set of vertices
Fix(Gy) fixed by G, contains both « and . This set is a block of imprimitivity. Thus,
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every vertex in VI" must be fixed by G, and so G, = (1). However, G, is a maximal
subgroup of G, so G, = (1) implies that G is a finite cyclic group of prime order.
This, however, is impossible, as G acts transitively on the infinite set VI'.

Hence (Gy, Gg) # Gy, and (G4, Gg) # G, which contradicts our assumption that
G is primitive. d

Theorem 2.6 Let G be a vertex-transitive group of automorphisms of a connectivity-
one digraph I" whose lobes have at least three vertices. If G acts primitively on VI'
and A is some lobe of T then Gy is primitive and not regular on V A.

Proof Suppose G acts primitively on VI, and A is a lobe of I". By Lemma 2.1,
G} acts primitively on V A. Suppose this action is regular. If T is the block-cut-
vertex tree of I' then there exists a vertex x € VT corresponding to the lobe A.
Choose distinct vertices o and 8 in VA, and observe Gq,y = Gg,(a) < Gpg and
Gg.x = Gg,(a) < Gg; furthermore, x € (o, B)7. This, however, is impossible, as it
implies G is imprimitive by Theorem 2.5. 0

3 Global structure

In this section we shall employ Theorem 2.6 to give a complete characterisation of
the primitive connectivity-one digraphs.

Lemma 3.1 Suppose I is a vertex-transitive digraph with connectivity one, whose
lobes are vertex-transitive, have at least three vertices and are pairwise isomorphic.

If y is a vertex in some lobe A of I and o € VT is y or lies in a component of
"'\ {y} distinct from the component containing V A\ {y }, then the subgroup of Aut A
induced by the action of (AutT")y (s} on A is (Aut A),, and the group induced by the
action of (AutT')(ay on A is Aut A.

Proof Let T denote the block-cut-vertex tree of I', and let A be a lobe of I'. Choose
y € VA and let C’ be a component of " \ {y} distinct from that which contains
V A\ {y}. Let C be the subgraph of T" induced by C’ U {y}, and suppose « is any
vertex in C.

We begin by asserting that if A| and A, are lobes of I, and | and o are vertices
in A1 and A» respectively, then there exists an isomorphism p : A; — A5 such that
ozf = ay. Indeed, by assumption there exists an isomorphism p’ : A| — Aj. Define

0/1 = af /. Since the lobe Aj is vertex-transitive, there exists an automorphism t of
Ao such, that a;r =ay. Let p := p't. Then p : A| — Ay is an isomorphism, with
oz'lo :otfr =otir =w.

Let x be the vertex of T that corresponds to A. For k > 0, define 'y to be the
subgraph of I" induced by the set {£ € VI | dr(x,&) <2k + 1}, and Cy :=C N Ik.
Note that I'p = A. We will show any automorphism oy : ['y — 'y which fixes Cy
admits an extension oy41 : ['k4+1 — k41 which fixes C41.

Fix k > 0 and let oy : I’y — I’y be an automorphism that fixes Cj pointwise; in
particular, og € (AutA),,. Let {a;};cs be the set of vertices in VI \ VI'y_1 (where
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VI'_1 := ). Each vertex «; belongs to a unique lobe A; of I'k, and, if k > 1, the
lobe A; possesses precisely one vertex in I'y_;. Since I' is vertex transitive, any two
vertices lie in the same number of lobes of I', so let {A; ;}jes be the set of lobes of I'
that contain o; and are distinct from A;. Each lobe A; ; is wholly contained in 'y
and has exactly one vertex in 'y, namely ;. If i € I, set oc; = a;’k and A; = Afk.
Then A} = A for some i’ € I. For all j € J there exists an isomorphism p; ; :
Ajj — Ay j such that ozfi"f = alf. Thus, we may define a mapping oy 41 : Tk41 —
Fk+1 with

B iffeVIy;
B =14 if B e C;
BPii if BeVA;j\C.

This is clearly a well-defined automorphism of 'y 1.

Hence if og € (AutA),, then we may extend it to an automorphism o of I' that
fixes C pointwise, and therefore fixes a. Since each automorphism in (Aut A), may
be extended in this way, the subgroup of Aut A induced by (AutI")q (A} must contain
(Aut A), . Clearly no automorphism of I' may fix o and A setwise whilst not also
fixing y, so these two groups must in fact be equal.

We now adjust the above argument to show that the group induced by the action
of (AutI){a) on A is Aut A. Fix k > 0 and consider an automorphism oy : I'y — 't
that fixes V A setwise; in particular, og € (Aut A).

Using the above notation, we may define a map ok : I't41 — [g41 with

B% it e VIy;
Brii if B e VA; ;.

Bk =

This is a well-defined automorphism of I'y4;. Thus we may extend any automor-
phism ¢ € (AutA) to an automorphism o of I that fixes A setwise. Whence the
group induced by the action of (AutI'){s) on A is Aut A. g

The primitive graphs with connectivity one have the following complete charac-
terisation.

Theorem 3.2 [3, Theorem 4.2] IfT is a vertex-transitive graph with connectivity one,
then it is primitive if and only if the lobes of T are primitive, pairwise isomorphic and
each has at least three vertices.

Jung and Watkins’ result, while impressive, cannot be applied to primitive di-
graphs without some modification. Indeed, consider the following counterexample.
Let " be the connectivity-one primitive graph whose lobes are undirected 3-cycles,
in with each vertex lies in precisely two lobes. It is of course possible to verify this
graph is primitive using Theorem 3.2.

We assign to each vertex in I the label 1, 2 or 3 in such a way that no two vertices
in a common lobe of I" share the same label. Whence, each lobe of I" has a vertex
labelled 1, a vertex labelled 2 and a vertex labelled 3.
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For each lobe in I we replace its edge set with a set of three arcs, from the vertex
labelled i to the vertex labelled (i + 1) mod 3, for i = 1, 2, 3. In this way we obtain a
vertex-transitive connected digraph I'” whose vertex set is VI. Furthermore, the lobes
of this digraph are primitive, pairwise isomorphic, and have at least three vertices.
However, the set of vertices labelled 1 is a non-trivial proper block of the group
AutI", so this group cannot act primitively on the digraph I''.

The approach taken by Jung and Watkins in their proof of Theorem 3.2 is broadly
similar to the argument presented thus far. They first prove that any automorphism of
alobe A of a vertex-transitive graph I' with connectivity one may be extended to an
automorphism of I'. It is then shown that if the lobes of I" are vertex primitive, have
at least three vertices, and are pairwise isomorphic, then I' is primitive. It is here that
their proof fails to apply to digraphs; by citing Theorem 1 of [2] they claim the lobes
of I' cannot be automorphism-regular. While this is indeed true of graphs, it is not
true of digraphs, as our previous example illustrates.

Imrich’s result states that the automorphism group of a graph with more than two
vertices cannot be regular and primitive. It relies on two results, Lemmas 2 and 3 of
[2]. Lemma 2 is the well-known result that a regular primitive group of permutations
must be cyclic; Lemma 3 states that any transitive abelian automorphism group of a
non-trivial graph is the direct product of two cyclic groups of order 2. Any primitive
and regular automorphism group of a graph must therefore equal this direct product;
Imrich shows that no such graph exists, and correctly deduces that automorphism-
regular primitive graphs are not possible. It is in the proof of the latter lemma that
Imrich’s result ceases to be applicable to digraphs: his argument requires the exis-
tence of a specific graph automorphism . On inspection it transpires that ¥ is not
a digraph automorphism, since it reverses the direction of edges. Thus Theorem 1 of
[2] is not applicable to digraphs, which in turn causes Jung and Watkins’ result to fail.

Although their result does not extend immediately to digraphs, a complete char-
acterisation is still possible.

Theorem 3.3 If T is a vertex-transitive digraph with connectivity one, then it is prim-
itive if and only if the lobes of I" are primitive but not automorphism-regular, pairwise
isomorphic and each has at least three vertices.

Proof Let I' be a vertex-transitive digraph with connectivity one. Suppose the lobes
of I' are primitive but not automorphism-regular, pairwise isomorphic and each has
at least three vertices. Let ~ be an AutI'-congruence on VI such that there exist
distinct vertices «, 8 € VI' with o & 8. We will show this relation must be universal,
and thus that I" is a primitive digraph.

Let T be the block-cut-vertex tree of I', let y € VT be the vertex in the geodesic
[a, B17 such that d7 (B, y) =2, and let A be the lobe of I" containing 8 and y.

By Lemma 3.1 the group (AutI'){s) acts primitively and not regularly on the
lobe A. Thus there exits an automorphism 4 € (AutI'), (o} which does not fix 8.
By restricting the action of % to the vertices of A, we see that there must be an
element in Aut A, which does not fix 8. By Lemma 3.1, the subgroup of AutA
induced by (AutI)y (4} is equal to (Aut A),,, so there must therefore exist an element
g € (AutI')q,y () that does not fix 8.
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Thus, 8 and S8 are distinct vertices in A. Now «a ~ 8, so a ~ 88, and therefore
B~ B8. Since (AutI")(4) is primitive on V A and = induces a non-trivial (AutI"){}-
congruence on V A, this relation must be universal in A. By assumption, AutI" acts
transitively on the lobes of T, so if two vertices lie in the same lobe then they must lie
in the same congruence class. Thus, if y is any vertex of I', and axja1x2...x,y is
the geodesic in T between « and y, then « and o1 lie in a common lobe, so o & «1.
Similarly, 1 & ap and ap & @3, SO0 @ = oy and o = 3. Continuing in this way we
eventually obtain o & y. Hence, this congruence relation is universal on VI .

Conversely, suppose the group AutI" acts primitively on VI'. Since I is a primi-
tive digraph with connectivity one, we can obtain an graph I'” with vertex set VI and
edge set {{«, B} | (o, B) € AT'}. Two vertices are adjacent in I" if and only if they are
adjacentin I''. As AutT is primitive on VI and AutI" < AutI", it follows that Aut "/
must be primitive on VI, and hence I' is a primitive graph. Since I" has connectivity
one, the same is true of I/, so we may apply Theorem 3.2 to deduce the lobes of T/
are primitive, pairwise isomorphic and each has at least three vertices. Now, given
a lobe A of ', there is a lobe A’ of I'” such that VA = V A’. Therefore, the lobes
of I" have at least three vertices, and are primitive but not automorphism-regular by
Theorem 2.6.

It remains to show they are pairwise isomorphic. Fix some lobe A of I' and an
arc (o, ) € AA. Let I'1 be the digraph (VT («, B)AUT) . As AutT is primitive, this
digraph is a connected subgraph of I'. Thus, every lobe of I must contain an arc in
AT'y. Furthermore, if A is a lobe of I', then any automorphism of I mapping the arc
(e, B) to an arc in A must map A to A. Since I'; is arc-transitive, the lobes of I' must
be pairwise isomorphic. 0

It is now a simple exercise to classify those vertex-transitive digraphs with connec-
tivity one which are counterexamples to the application of Jung and Watkins’ result to
digraphs without modification. Any such counterexample must be one of two types:
digraphs that satisfy the conditions of Jung and Watkins’ theorem, but are neverthe-
less imprimitive; and digraphs that are primitive, but fail to satisfy Jung and Watkins’
characterisation.

Since the conditions given in Theorem 3.3 under which one may be certain a
vertex-transitive digraph with connectivity one is primitive include the corresponding
conditions given in Jung and Watkins’ theorem, no primitive digraph with connectiv-
ity one is of the latter type. Thus, any counterexample must be imprimitive, yet still
satisfy the conditions of Jung and Watkins result. We begin with a lemma.

Lemma 3.4 For each prime p, a digraph A on p vertices is a directed cycle if and
only if its automorphism group is the cyclic group C, of order p.

Proof Suppose p is prime and A is a digraph on p vertices. If A is a directed cycle
then clearly its automorphism group is C,.

Conversely, suppose A has automorphism group C,. Without loss of generality,
we may label the vertices of A as integers 0, 1, ..., p — 1 such that (0, 1) is an arc in
A and C, is generated by the permutation p with

i”=i+1 mod p.
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Since C), is transitive on V A, for some set J C {1, ..., p — 1} we may write
AA = U(o, .
jelJ

Note that 1 € J. Let o be a permutation of V A fixing the vertex 0 and fixing J
setwise. Choose (a, b) € AA and observe (a, b) = (0, j)pk for some j € J and some
integer k. Now (a,b)pfk‘r = (0, j)° = (0, j') for some j' € J, and (0, j') € AA.
Thus o lies in Aut A and, if J contains at least two elements, is not in C,,. Whence,
J ={1} and A is a directed cycle. O

Recall that any counterexample to the unmodified extension of Jung and Watkins’
result to digraphs must be imprimitive, yet still satisfy the conditions of their theorem.
By Theorem 3.3, all such digraphs must have automorphism-regular primitive lobes
which are pairwise isomorphic, with each possessing at least three vertices. Let I be
such a digraph.

If A isalobe of I', then Theorem 1.1 tells us that Aut A is cyclic of prime order p.
Since this group is transitive, it implies that A must have precisely p vertices. Thus
A is a p-vertex digraph whose automorphism group is the cyclic group C, of order
p, and is necessarily a directed cycle by Lemma 3.4.

Conversely, we note that for any odd prime p, a vertex-transitive digraph with
connectivity one whose lobes have p vertices and automorphism group C,, satisfies
the primitivity conditions given by Jung and Watkins for graphs.

Thus the counterexamples to the unmodified extension of Jung and Watkins’ result
are precisely those digraphs whose lobes have an odd prime p number of vertices,
and are directed cycles. This is summarised in our concluding theorem. Here the
undirected graph associated with the digraph I' is the graph with vertex set VI" and
edge set {{a, B} | (o, B) € AT or (B, @) € AT'}.

Theorem 3.5 If I' is a vertex-transitive imprimitive digraph with connectivity one,
then its associated (undirected) graph is primitive if and only if the lobes of I are
pairwise isomorphic directed p-cycles, for some odd prime p.
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