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Abstract Let A = K[x, ..., x,] be a polynomial ring over a field K and M a mono-
mial ideal of A. The quotient ring R = A/M is said to be Macaulay-Lex if every
Hilbert function of a homogeneous ideal of R is attained by a lex ideal. In this pa-
per, we introduce some new Macaulay-Lex rings and study the Betti numbers of lex
ideals of those rings. In particular, we prove a refinement of the Frankl-Fiiredi—Kalai
Theorem which characterizes the face vectors of colored complexes. Additionally,
we disprove a conjecture of Mermin and Peeva that lex-plus-M ideals have maximal
Betti numbers when A/M is Macaulay-Lex.

Keywords Lex ideals - Graded Betti numbers - Hilbert functions - Colored
simplicial complexes

1 Introduction

The Hilbert function is an important invariant of homogeneous ideals of a polyno-
mial ring A = K[x1,...,x,] over a field K, studied in commutative algebra, alge-
braic geometry and combinatorics. One of the central results in the study of Hilbert
functions is Macaulay’s Theorem [14], which characterizes the Hilbert functions of
homogeneous ideals of A in terms of lex ideals. In the 1990’s, a remarkable extension
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of Macaulay’s Theorem was proved by Bigatti [2], Hulett [12] and Pardue [23]. They
proved that lex ideals have the greatest graded Betti numbers among all homogeneous
ideals having the same Hilbert function. In this paper, we introduce a class of mono-
mial ideals M such that Macaulay’s Theorem holds for the quotient ring A/M, and
study the graded Betti numbers of lex ideals of those rings.

Let M be a monomial ideal of A and set R = A/M. Recall that the Hilbert func-
tion Hilb(N)(—) : Z — Z of a finitely generated graded R-module N is the function
defined by

Hilb(N)(d) = dimg Ny,

where Ny is the homogeneous component of degree d of N. A set W of monomials
of R is said to be a lex-segment if, for all monomials u, v € R of the same degree,
u € W and v >jex u imply v € W, where > is the degree lexicographic order. We
say that a monomial ideal 7 of R is a lex ideal if the set of monomials in 7 is a lex-
segment. The ring R is said to be Macaulay-Lex if, for any homogeneous ideal J of
R, there exists a lex ideal of R having the same Hilbert function as J.

By Macaulay’s Theorem [14], the polynomial ring A itself is Macaulay-Lex.
A famous class of Macaulay-Lex rings is the Clements—Lindstrom rings [4] R =
A/(x{", ... xy"), where 1 <a; <--- < a, are integers or co. The notion of
Macaulay-Lex rings was introduced in [17], and basic properties of Macaulay-Lex
rings were established in [17, 18]. A fundamental problem about Macaulay-Lex rings
is the following.

Problem 1.1 (Mermin—Peeva) Find classes of monomial ideals M of A such that
A/M is Macaulay-Lex.

A homogeneous ideal I of A is said to be homogeneous-plus-M (resp. lex-plus-M)
if there exists a homogeneous (resp. lex) ideal J such that I = J + M. Clearly, A/M
is Macaulay-Lex if and only if, for any homogeneous-plus-M ideal I, there exists
a lex-plus-M ideal having the same Hilbert function as /. Inspired by the Bigatti-
Hulett-Pardue Theorem as well as Evans’ Lex-plus-powers Conjecture [7], Mermin
and Peeva made the following conjecture in [18].

Conjecture 1.2 (Mermin—Peeva) Suppose that R = A/M is Macaulay-Lex.

(1) Every lex ideal L of R has the greatest graded Betti numbers among all homoge-
neous ideals of R having the same Hilbert function as L.

(2) Every lex-plus-M ideal L of A has the greatest graded Betti numbers among all
homogeneous-plus-M ideals of A having the same Hilbert function as L.

Note that (1) considers infinite free resolutions, while (2) considers finite free
resolutions. Conjecture 1.2 has been well studied for Clements—Lindstrom rings
R=A/ (xf1 ,...,xym). In this special case, Conjecture 1.2(2) was proved in a series
of papers [16, 19, 20], and Conjecture 1.2(1) was proved in [22] when the character-
istic of K is 0. On the other hand, little is known for other Macaulay-Lex rings. In
this paper we consider the following rings.
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Definition 1.3 Let V = U;:l V; be a set of variables with V; = {x; 1, ..., xj,,,j},
where ny > ny > --- > n,. Denote by S = K[V] the polynomial ring over K with the
set of variables V. We will work with the lexicographic order >j.x on § induced by
the ordering of the variables defined by xy ¢ > xy ¢ if € > €' or £ = ¢’ and k < k’. Let
0= Z;'=1 (Xj15.-0s xj,nj)2 C S. We call the ring R = S/Q an r-colored squarefree
ring of type (ny, ..., n;).

We say that a quotient ring R = A/M admits ideals with maximal Betti numbers
over A if, whenever H is the Hilbert function of some homogeneous-plus-M ideal
of A, there exists a homogeneous-plus-M ideal L with Hilbert function H such that
Bi,j(L) = B j(I) for all i, j and for all homogeneous-plus-M ideals I with Hilbert
function H, where B; ;j(J) are the graded Betti numbers of an ideal J of A. Thus
Conjecture 1.2(2) states that Macaulay-Lex rings admit ideals with maximal Betti
numbers. The main results of this paper are the following.

e Colored squarefree rings are Macaulay-Lex.

e An r-colored squarefree ring of type (n1, ..., n,) does not admit ideals with max-
imal Betti numbers over S if r =2 and np >4 orif r > 3 and n, > 3.

e A computation of the graded Betti numbers of Borel ideals over R.

In particular, the second result disproves Conjecture 1.2(2).

The first result is inspired by the Frankl-Fiiredi—Kalai Theorem [8], which char-
acterizes face vectors of colored simplicial complexes. Indeed, if ny = - -- = n, then
the result is equivalent to the Frankl-Fiiredi—Kalai Theorem (see Remark 2.12 for
details). Our proof is different from the original proof of the Frankl-Fiiredi—Kalai
Theorem, but similar to another proof of the theorem given by London [13]. Frankl-
Fiiredi—Kalai used a combinatorial technique called shifting, while our proof is based
on compression, a technique which was introduced by Macaulay [14] and used effi-
ciently by Clements—Lindstrom [4].

This paper is organized as follows: In Section 2, we show that colored squarefree
rings are Macaulay-Lex. In Section 3, we study the graded Betti numbers of lex-
plus-Q ideals and disprove Conjecture 1.2(2). In Section 4, we study the graded Betti
numbers of Borel ideals of 7-colored squarefree rings. In Section 5, we discuss some
related problems.

2 The Macaulay-Lex property

In studying Problem 1.1 and Conjecture 1.2, it is enough to consider monomial ideals
since the initial ideal of a homogeneous-plus-M ideal [ is a monomial ideal which
contains M and which has the same Hilbert function as I (see e.g., [6, Chap. 15]).
Thus, throughout this paper, we assume that all the ideals are monomial ideals. The
main result of this section is the following.

Theorem 2.1 Let R be an r-colored squarefree ring. For any monomial ideal I of R,
there exists a unique lex ideal L of R having the same Hilbert function as I .
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In the rest of this section, R = §/Q stands for an r-colored squarefree ring as de-
fined in Definition 1.3. For a subset A C [r] ={1,2,...,r}, write A=[r]\ A, V4 =

UjeaVi> SA=KIVal, Q4= ca(xj1s -, Xjn))* C Sa and Ry = S4/Qa.
For any set W of monomials of R, we write W, for the set of monomials in W of
degree d.

Definition 2.2 Let W be a set of monomials of R and A C [r]. Then we may decom-
pose W as the disjoint union

w= |+ rw;,
feR L

where f ranges over the monomials in R ; and each Wy is a set of monomials in R 4.
We say that W is A-compressed if all the W are lex-segments of R 4. Moreover, we
say that W is compressed if W is A-compressed for all A C [r] with |A] =r — 1,
where |.A| is the cardinality of A. Let L s = #),.((L r)a be the lex-segment set of
monomials in R 4 such that [(W¢)q| = |(L f)al for all d. The set of monomials X =
l+ ¢ fLy is called the A-compression of W.

Let I be a monomial ideal of R and M the set of monomials in /. The A-
compression of [ is the K -vector space spanned by the .A-compression of M.

Notation 2.3 Let W be a set of monomials in R;. Define
Shad(W)={ym e Ry+1:ye€V, me W}

Write Lex(W) C R, for the lex-segment set of monomials with |W| = |Lex(W))|.
For any monomial m € R, let first(m) (resp. last(m)) be the greatest (resp. small-
est) variable which divides m. Let

color(m) = {j € [r]: there exists y € V; such that y divides m}.
The following facts are straightforward (see, e.g., [17]).

Lemma 2.4 If W C R is a lex-segment set of monomials of the same degree then
Shad(W) is also a lex-segment.

Corollary 2.5 Theorem 2.1 holds if and only if, for any set W C R of monomials of
the same degree, one has |Shad(W)| > |Shad(Lex(W))|.

We will prove Theorem 2.1 by using Corollary 2.5 and induction on r.
Lemma 2.6 Theorem 2.1 holds if r <2.
Proof The statement is obvious if r = 1. Suppose r = 2. Note that R = Ry R1 D R».
Then, by Corollary 2.5, it is enough to show that, for any set W C R; of monomials,

one has |Shad(W)| > |Shad(Lex(W))]|.
Let ar = |W N V| for k =1, 2. A routine computation implies

[Shad(W)| =n1az +n2a1 —ajax = —(n1 — ay)(n2 — az) +nns.
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Then |Shad(W)| is smallest when the difference between (n; — ay) and (ny — ap) is
minimized. Hence |Shad(W)| > |Shad(Lex(W))| by the definition of >1cx. O

Definition 2.7 Let W = {u1,...,u;} and W = {u}, ..., u;} be sets of monomials of
R with u1 >jex - -+ >lex Uy and u] >1ex - -+ >1ex u;. We say that W is lex-greater than
W' if there exists 1 < j <t such that uy = u) fork < j and u; >1ex u/]

Lemma 2.8 Suppose that Theorem 2.1 holds for all (r — 1)-colored squarefree rings.
Let AC [rlwith |A|=r — 1.

(i) For any monomial ideal I of R, the A-compression of I is an ideal of R.
(ii) Let W C Ry be a set of monomials and W' the A-compression of W. Then W' is
lex-greater than or equal to W and |Shad(W)| > |Shad(W")|.

Proof () Let M =P ¢ My be the set of monomials in /, where f € R j is a mono-
mial and My C Ry. Let L =6 ¢ fLy be the A-compression of M. Note that the
vector space spanned by M ¢ is a monomial ideal of R 4. By the assumption, the vec-
tor space spanned by L ; is an ideal of R 4. Hence, what we must prove is that, for
any fu € f Ly and for any variable y € V 1, one has yfu € L or yfu =0.

Suppose yf # 0. Since [ is an ideal, Wy C W, . Hence Ly C Lyy. This implies
ueLysand yfueyfLys CL.

(ii) It is clear that W’ is lex-greater than or equal to W. Let I be the monomial
ideal generated by W and J the .A-compression of /. Then |Shad(W)| = dimg 741
and |Shad(W’)| < dimg Jy11 = dimg I;11 by (i). Hence the statement follows. [

Lemma 2.9 Ler W C Ry be a compressed set of monomials. Let u € W and v € Ry.
If v >1ex u and if u and v are divisible by some variable y then v € W.

v

Proof Let A= [r]\ color(y). Since W is A-compressed and % € W,, we have 5 €
Wy,ie,veW. O

For any monomial m € R, write

grow(m) = |{y € Vir\colorom) : ¥ < last(m)}].

Note that if W C Ry is a lex-segment, then |Shad(W)| = Zmew grow(m). This
definition is inspired by work of Bigatti [2], who used the analogous formula in a
polynomial ring to study Borel ideals.

Lemma 2.10 Let m and m' be monomials of degree d with last(m) = xs; and
last(m’) = xg . If t < t' then grow(m) < grow(m’).

Proof We may assume t’ =t + 1. For any j € color(m) one has

{yeViiy<xi =t (1

Indeed, if ‘{y eViiy= xl,t}’ <t—1thenn; <t—1. However, since j € color(m),
some x; ¢ is greater than x;,. This means n; > £ > ¢, a contradiction. Then (1) im-
plies grow(m’) > |{y eV:iy< xl,,}| — dt > grow(m). O
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Lemma 2.11 Suppose r > 3. Let W C Ry be a compressed set of monomials which
is not a lex-segment. There exists a set W' C Ry of monomials such that |W| = |W'|,
|Shad(W)| > |Shad(W’)|, and W' is lex-greater than W .

Proof If r > 3 then any compressed subset W C R; is a lex-segment. Suppose d > 2.
Let g € Ry be the lex-greatest monomial which is not in W and b the lex-smallest
monomial in W. Set W = W U {g} and W' = (W \ {b}) U {g}. Then, by the choice of
g and b, a straightforward computation implies

|Shad(W)| < |Shad(W)| 4 grow(g) and |Shad(W)| > |Shad(W')| + grow(b).
Hence, to prove the statement, it is enough to show
grow(g) < grow(b). 2)

The statement is obvious if d = r. Hence we may assume 2 < d < r. Let u be
the lex-greatest monomial in W such that u <jex g. Set y; = first(u), yo = first(g)
and z = last(b). Clearly, yg > y; since g >|ex 4. Moreover, since W is compressed,
Lemma 2.9 implies

Yo = 1.

[Case 1]: Suppose color(yg) # color(z). Since u >1ex b, we have yy > y; >
first(b). Let f be the lex-smallest monomial of degree d which is divisible by ypz.
Since yg > first(b), f >1ex b. Since f and b are divisible by z, Lemma 2.9 implies
f € W. Also, since f >jex u and since u is the lex-greatest monomial in W with
U <lex &, We have f > g.

Let w = ﬁrst(i). Since f is the lex-smallest monomial of degree d which is
divisible by yoz, if w # z then f is the lex-smallest monomial of degree d which
is divisible by yo. However, this cannot happen since f >j.x g and g is divisible
by yo. Hence z = w. Write g = yowq - - - wg—1, where yp > wq > - -+ > wg_1. Since
ﬁrst(%) =z, y—]; >lex %, and % is the lex-smallest monomial of degree d — 1 which
is divisible by z, we have z > wy > --- > wg_1. Let z =xp 4 and wy_| = x;,;. Note
thatt < ¢ since z > wy_1.If t < g then, by Lemma 2.10, we have grow(g) < grow(b)
as desired. If t = g then, for each k, wi = x¢, 4 for some p < £; <s. Hence, by (1),

grow(b) > |{y € Viri\color(yg) Y < xp.,q}‘ —(d—1gq
> |{y € V[r]\color(yo) Yy < xx,t}| +d-1)—(d- Dg
= [{y € Virh\eolor(yo) : ¥ < Xs.r}] = (d — D(g — 1) = grow(g).

[Case 2]: Suppose color(yg) = color(z) = {c}. Fix a € [r] \ color(d). Note that
{a} # color(yp). Let f = yo f’ be the lex-smallest monomial of degree d such that
f is divisible by yp and a ¢ color(f). Since yy > y1, f >lex 4 >lex b. Then, since
fib € Ry\ja) and W is compressed, we have f € W. In particular, f >jx g by

the choice of u. Hence f’ cannot be the lex-smallest monomial of degree d — 1
in Rypp\fc}-
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Let m be the lex-smallest monomial of degree d in Ry, \(¢}. Since f” is lex-smallest
in (R[r\{a,c})d—1 but is not lex-smallest in (Rp\(c})a—1, m is divisible by x, 1 and

fl= X’a"—l Then f;o <tex ' tex [y - Since m is lex-smallest in (Rp\(c))d

Xr1, ifc#r,
last(g) = last(m) = {x“l L ife f ;
r—1,1, =Tr.

In both cases, we have grow(g) =0 < grow(b). O
Now we are in position to prove Theorem 2.1.

Proof of Theorem 2.1 We use induction on . We may assume r > 3 by Lemma 2.6.
Suppose that the statement holds for all (r — 1)-colored squarefree rings.

Let W be a set of monomials of degree d. By Corollary 2.5, it is enough to
show that |Shad(W)| > |Shad(Lex(W))|. By Lemmas 2.8 and 2.11, if W is not
a lex-segment then there exists W' C Ry such that |W'| = |W|, |[Shad(W')| <
|Shad(W)| and W’ is lex-greater than W. Arguing inductively, we have |Shad(W)| >
|[Shad(Lex(W))|. 0

Remark 2.12 Here we note the relation between Theorem 2.1 and face vectors of
colored simplicial complexes. A simplicial complex A on [n] ={1,2,...,n} is a
collection of subsets of [n] such that, if F € A and G C F, then G € A. A simplicial
complex A is said to be r-colored if there exists a partition of [n], [n] =CU---UC,,
such that for every F € A and every 1 <i <r, |C; N F| < 1. In particular, if r =
max{|F|: F € A} then A is called completely balanced.

Let Hi={ke[n]:k=i (modr)}fori=1,2,...,r and let C be the collection of
subsets F' C [n] satisfying | F N H;| < 1 foralli. Let >y be the reverse lexicographic
order induced by 1 >y -+ >y n. An r-colored rev-lex complex I' C C is an r-
colored simplicial complex such that, for any faces F € I' and G € C with |F| =
|G|, if G >y F then G € I'. Considering the partition [#n] = H; U --- U H,., we see
that r-colored rev-lex complexes are r-colored. While many r-colored complexes are
not defined by the special partition above, Frankl, Fiiredi and Kalai [8] proved that
they all share a face vector with an r-colored rev-lex complex. In particular, since
r-colored rev-lex complexes are uniquely determined by their face vectors, this result
characterizes the possible face vectors of colored complexes in terms of colored rev-
lex complexes (a numerical characterization was also given in [8]). This result of
Frankl, Fiiredi and Kalai can be recovered from Theorem 2.1.

Suppose that A is an r-colored simplicial complex on [r]. Then there exists a
monomial ideal I of an r-colored squarefree ring R of type (n, ..., n) such that the
set of monomials of R which are not in I can be identified with A. (Since R has nr
variables, the ideal / will contain at least (nr — n) variables corresponding to vertices
which do not appear in A.) Theorem 2.1 shows that there exists a lex ideal L of R
having the same Hilbert function as /. The r-colored rev-lex complex having the
same face vector as A corresponds to the set of monomials of R which are not in L.

Actually, Theorem 2.1 refines this result. Theorem 2.1 characterizes the face vec-
tors of colored simplicial complexes on [r] with a fixed partition [n] = C; U---UC,.
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For example, our result gives the complete description of face vectors of 2-colored
complexes on {1, 2, 3, 4, 5, 6} with the specific partition {1, 2, 3,4} U {5, 6}, while the
Frankl-Fiiredi—Kalai theorem does not guarantee this.

3 Betti numbers of lex-plus- Q ideals

In this section, we show that most colored squarefree rings do not admit ideals with
maximal Betti numbers over S. As before, let R = S/Q be an r-colored square-
free ring of type (n1,...,n,) as defined in Definition 1.3. For a finitely gener-
ated graded S-module M, the integers B; (M) = dimg Tor; (M, K); and B;(M) =
dimg Tor; (M, K) are called the graded Betti numbers of M and the total Betti num-
bers of M respectively. A monomial ideal I of S is said to be strongly color-stable
if ux;jy € I implies ux; ¢ € I for all k < £ and for all j € [r]. The next fact easily
follows from [1, Theorem 5.4] or [15, Theorem 5.9].

Lemma 3.1 Let I be a homogeneous-plus-Q ideal. There exists a strongly color-
stable ideal J with J O Q and Hilb(J) = Hilb(I) such that B;;j(J) > B;;(I) for all i
and j.

The above lemma shows that, to study Conjecture 1.2(2) for colored squarefree
rings, it is enough to consider strongly color-stable ideals.

3.1 2-colored squarefree rings

We first consider 2-colored squarefree rings. Let ny > ny >4, § = K[x1,...,x,,,
y],...,ynz] and Q:(x]a ~-,xn1)2+(y1, ""yn2)2'

Proposition 3.2 A 2-colored squarefree ring R = S/Q of type (n1,n») with ny > 4
does not admit ideals with maximal Betti numbers over S.

We first give an example.

Example 3.3 Let A=K|[x1,...,X4,¥1,...,yal and P = (x1, . ..,)C4)2 + (y1, ...,y4)2.
Let
L = (x4,x3, y4, x2y3,x1y3) + P,
I = (x4,x3, y4, X2y3, X2y2) + P
and
J = (x4,x3,x2) + P.

Then L is lex-plus-P and any strongly color-stable ideal B with B O P and
Hilb(B) = Hilb(L) is isomorphic to L, I, or J. The following are Betti diagrams
of these ideals computed by the computer algebra system Macaulay 2 [9]:
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betti(res(S/L)) total: 1 14 65 156 224 202 113 36 5
1. . 11 53 107 118 78 32 81
2: . . 9 48 106 124 81 28 4

betti(res(S/I)) = total: 1 14 66 159 225 196 104 31 4
0:1 3 3 1 . . ..
1: . 11 53 108 120 77 27 4 .
2: . . 10 50 105 119 77 27 4

betti(res(S/J)) = total: 1 14 64 150 209 182 98 30 4
0: 1 3 3 1 . e
1: . 11 53 106 113 68 22 3
2: . . 8 43 96 114 76 27 4

None of these ideals has maximal graded Betti numbers. Hence, by Lemma 3.1, the
ring A/ P does not admit ideals with maximal Betti numbers.

Proof of Proposition 3.2 'We use the ideals given in Example 3.3. Let L’ be the ideal
of § defined by

Ll=LS+(x57"'7xn17y57"'7ynz)'

Define I’ and J' in the same way as L’. Then L’ is lex-plus-Q, and every strongly
color-stable ideal B with B O Q and Hilb(B) = Hilb(L') is isomorphic to L', I’,
or J'. Recall that, if M is a homogeneous ideal of S and f is a non-zero divisor
of S/M, then the tensor product of the minimal free resolutions of S/M and S/(f)
is a minimal free resolution of S/(M + (f)). By using this fact together with the
computations given in Example 3.3, it follows that

i) > Bi(L") > pi1(J)
and

:3111+n271(L/) > /3n1+n271(1/) = ﬁn]‘i’nz*l(‘l/)'

Then, by Lemma 3.1, the ring S/ Q does not admit ideals with maximal Betti numbers
over S. g

Remark 3.4 While we used a computer system for the computations of Betti dia-
grams of L, I, and J, one can compute those Betti numbers by using Lemma 3.7 and
Hochster’s formula.

3.2 General construction

In the rest of this section, R = §/Q is an r-colored squarefree ring of type
(n1,...,n,) withr >3 and n, > 3. The goal is to show the following.

Theorem 3.5 With the same notation as above, R does not admit ideals with maximal
Betti numbers over S.
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First, we give a formula to compute the graded Betti numbers of a strongly color-
stable ideal / with / D Q using simplicial complexes. Let V; = {x;o} U V;, V =
U= Vj and § = K[V]. Let

O=(IxjuxjeeS:k#0 j=1,2,...,r}).

For any strongly color-stable ideal I = I’ + Q of S, where I’ is generated by mono-
mials not in Q, define

I=I'S+ 0.
Thus the ideal  is obtained from I = I’ + Q by replacing Q by 0.

2 2 .2 2
Example 3.6 Let I = (x12x22,X12X2,1) + (xl)l,xl,lxl,z,xl’z,xz’l,xz,lxz,z,xz‘z).
Then

I = (x1,2x2,2,X1,2%2,1) + (X1,0X1,1, X1,0X1,2, X1,1X1,2, X2,0X2,1, X2,0X2,2, X2,1X2,2).

Actually, the map I — [isa special case of the colored squarefree operation
introduced in [1]. Thus, by [21, Theorem 0.1], we obtain

Lemma 3.7 Let I be a strongly color-stable ideal of S with I D Q. Then I and I
have the same graded Betti numbers.

Since [ is a squarefree monomial ideal, we can compute its graded Betti num-
bers using Hochster’s formula. We recall Hochster’s formula. Let J be a squarefree
monomial ideal of S, and let A(J) be its Stanley-Reisner complex,

A(J)={u € S\ J :uis a squarefree monomial}.

(We identify squarefree monomials of S with subsets of V and regard A(J) as a
simplicial complex on the vertex set V.) Hochster’s formula [11] says

Bii(J)= Z dimg I:Ij_i_z(A(J)WQK),
WcV, [W|=j

where A(J)w = A(J) N K[W] and where H;(A; K) is the i-th reduced homology
group of a simplicial complex A over a field K.

A simplicial complex A on the vertex set V is said to be colored shifted if
uxjy € A implies ux;¢ € A for any j € [r] and for any 0 < £ < k such that x; ,
does not divide u. The top Betti numbers of colored shifted complexes can be com-
puted as follows (see [1, Theorem 5.7] and [21, Proposition 4.2]).

Lemma 3.8 (Babson—Novik) If A is a colored shifted simplicial complex on V then

dimg H,_1(A; K) = |{u € A :degu =r, u is not divisible by any oij,o}|.
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Let I be a strongly color-stable ideal of S. Define

'(I)={ueS\I: uisasquarefree monomial with degu =r}.

Lemma 3.9 If I is a strongly color-stable ideal of S with I D Q, then

Br—12:(I) = Z <l_[ ik> .

X1,y X2,in Xy er'(I) \k=l1

Proof Note that I'(1) is the set of monomials u in A(l) of degree r which are not
divisible by any of the x; o. Since I is strongly color-stable, the simplicial complex

A(I) is colored shifted. Note also that, for any W C V, A(I)w is colored shifted
on W. Hence, for any W C V with |W| = 2r, Lemma 3.8 implies

1, if [WNV;|=2forall j and A(I)w contains all
dimg H,—1 (A(Dw; K) = monomials of the form xj ;, -+ - x,.;, € K[W],

0, otherwise.
(Observe that, if W N V; = {x;«, x; ¢} with k <, then x; ; plays the role of x; ¢ in

Lemma 3.8.)
By Hochster’s formula,

Brorar(= > dimg H_1(A(Dw: K)
WCV, |W|=2r
r r 5
= HW: U{x/vl’.i’x/'*q/} CV:pj<gqj, ij,q‘,- € A(I)H
j=1 j=1

- ¥ (1)

X1,q; X2,qp " Xr.qr el'(I) \k=1

The last equality follows since [ is strongly color-stable. Then the statement follows
from Lemma 3.7. 0

We need the following fact.

Lemma 3.10 Let a; > --- > a; and by > --- > b; be two sequences of integers. If
ar+---+ar>byp+---+bs forallk thenay---a; > by --- by.

Proof We induct on ¢. If t = 1 then there is nothing to prove. Suppose ¢t > 1. If
ay > bp then the statement immediately follows by induction. Suppose a; < b;. Note
thatay +---+a; > by + - - - + b; by the assumption. Let p > 2 be the greatest integer
such that a, = ap. We claim thatay +--- +a; > by +---+ b, for2<k < p.

Suppose to the contrary that ax + - -- +a; = by + - - - + b; for some k, 2 < k < p.
Since ay+1 + -+ +ar > by + - - - + b;, we have

ay=---=aq by <---<by.

t k—1 t t g
Then }; ra;=3"sa;+ 3 ;_yaj <) ;_,bj, acontradiction.
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Thus, the sequence (a1 +1,a2,...,ap-1,ap — 1,ap41, ..., a;) also satisfies the
assumption of the lemma, and, since a1 > a,,

aiap 1_[ aj | =z (ar+lap—1) 1_[ aj

J#Lp Jj#Lp

By repeating this procedure, we may assume a; = b;. The statement follows by in-
duction. O

Proof of Theorem 3.5 Let
O =X1,0, X2,y Xr—2,n, -
[Case 1]: Suppose n,_1 = n,. To simplify, set n = n,_; =n,. Let
I = (axr—1,n,0xr—1n—1) + QO
and

L= (ler—l,n’ OXrp,y axr—l,n—lxr,n—l) + Q.

Note that / and L are strongly color-stable ideals having the same Hilbert function.
First, we show that the graded Betti numbers of / and L are incomparable.
Clearly, Bo(I) < Bo(L). It is enough to show that 8,1 2,(I) > B,—1,2-(L). Since

T(D)\T(L) = {@XppXr_10:€=1,2,...,n—2}

and
CIDN\TU) ={ax—1p—1xr0:€=1,2,...,n =2},

it follows from Lemma 3.9 that

ﬂr—],Zr(I) - .Br—l,Zr (L)

o E )

X1,iy X2,ip X EC(D\T(L) k=1 X1,iy X2,ip = Xriy EC D\ (1) k=1
r—2
= ]_[n,- n—m—1DY1 424+ ®n—-2)>0.
j=1

Since L is lex-plus-Q, any monomial ideal J D Q with Hilb(J) = Hilb(L) satis-
fies Bo(J) < Bo(L). Thus, to complete the proof, it is enough to show that, if J is any
homogeneous-plus-Q ideal which has the same Hilbert function as L and satisfies
Bo(J) = Bo(L), then B, 2, (J) < Br—1,27(L).

We may assume that J is strongly color-stable. Since J has the same Hilbert func-
tion as L, J contains two monomials 1 and u; of degree »r — 1 which are notin Q. Let
{ck} = [r]\ color(ug). Then [Shad({u1, u2})| > n¢ +n¢ — 1. Since J has a generator
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of degree r and has the same Hilbert function as L, |Shad({u1, #>})| must be equal to
2n — 1. It follows that n,, =n¢, =n, and c¢| # c2. Thus (u1, uz) + Q is isomorphic
to (@xy—1,, 00X ) + Q. Hence we may assume u) = ax,—1,, and uy = ax, .

Let v be a generator of J of degree r. Then I'(J) \T'(L) = {ax,—1,n—1X,n—1} and
(L) \ T'(J) = {v}. Also, since J # L is strongly color-stable, v is a monomial of
the form v = xk,,,k_l(]_[j#k xj,nj) for some 1 <k <r — 2. Then, by Lemma 3.9, we
have

Bt @) =B (D= [ ni | {ouw—Dn? —mn -1} =0
j#k,r—1,r

as desired.
[Case 2]: Suppose n,_1 > n,. Let

I= Ol(xrfl,n,-,l see s Xr—1,n,425 xr,nr) +0
and

L= Of(xr—l,nr,1 s o Xr—1,n, 425 Xr—1,n,+1, xr—l,nrxr,n,) + Q.

Then I and L are strongly color-stable ideals having the same Hilbert function.
First, we show that the graded Betti numbers of / and those of L are incomparable.
Clearly, Bo(I) < Bo(L). On the other hand, in the same way as in [Case 1], we have
IBr—l,Zr ) > ,Br—l,Zr (L) since

CIH\TL) = {axr—l,n,+lxr,(f L=12,...,n — 1}
and
O\ ={ax,nxr—10:£=12,...,n, —1}.

Since L is lex-plus-Q, to complete the proof, it is enough to show that, for any
strongly color-stable ideal J D Q having the same Hilbert function as L, if o(J) =
Bo(L) then Br—1 2, (J) < Br—1,2-(L).

Lett =n,_1; —n,. Then J has generators uy, ..., u; of degree r — 1 which are not
in Q. First, we claim that color(uy) = [r — 1] for all k.
Let {ck} =[] \ color(uy). Suppose c; = --- =c¢; =r and ¢ # r for k > s. Then

[Shad({uy, ..., u: )| = sny + (e — )+ (e, —s =D+ -+ (ne, —t +1).

However, since J has a generator of degree r and has the same Hilbert function as L,
|Shad({u1, ..., u;})| must be equal to tn,. Since no, — (k—1)>n,_1 —t+1>n,
fork=s+1,...,1t,it follows that s = ¢ and color(u;) = [r — 1] for all k.

Let v =1xy j, - - x,,j, be the generator of J with degv = r. Write

Uk =X1,ipg Xr—Lir—1 k-
Since J is strongly color-stable, we may assume that

ikt ik =ni+o+n_ — (k=1 fork=1,2....t  (3)
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and
itttz 4+ 40—t 4)
Also, since J is strongly color-stable, we have
Jr=n;.
Now, by Lemma 3.9, we have

Br—1,2r(L) — Br—1,2-(J)

:[ Z kl...kr:|_|: Z kl"'kr:|
X1ky - Xr ke €T(L) X1ky Xk €T ()

t
= [Zil,k SR/SERTCE +m)} + 1 Jrmine

k=1

t
- |:an 2o —k+ DA+ - +nr):| —ny---np2My_1 — n,.
k=1

By (3), the sequences (i1 k,...,ir—1k) and (ny,...,n.—2,n,—1 — k 4+ 1) satisfy
the conditions of Lemma 3.10, and, by (4), so do (ji,..., jr-—1) and (n1,...,n,—3,
nr—1 — t). Then the desired inequality B,_12,(L) > Br—12-(J) follows from
Lemma 3.10. Il

Example 3.11 Let A = K[x1,X2, X3, Y1, Y2, V3. 21,22, 23] and Q = (x1, x2, x3)> +
1 2. ¥3)* + (21, 22, 23)%. Let

L = (x3y3, X323, X3Y222) + Q

and

I = (x3y3,x3y2) + Q.

Then, L is the lex-plus- Q ideal having the same Hilbert function as /. The following
are betti diagrams of these ideals computed by Macaulay 2.

betti(res(S/L)) = total: 1 21 142 490 1004 1305 1090 566 166 21
0: 1 . . . . .
1: 20 37 24 7 1 . . .
2: . 1 105 343 460 321 122 24 2 .
3 123 537 983 968 542 164 21
betti(res(S/I)) = total: 1 20 141 493 1016 1324 1105 572 167 21
0: 1 . . . . .
1: 20 36 24 7 1 . . .
2: 105 343 463 330 132 29 3.
3: 126 546 993 973 543 164 21
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4 Betti numbers of Borel ideals over a colored squarefree ring

In the previous section, we saw that most colored squarefree rings do not satisfy
Conjecture 1.2(2). On the other hand, we are not sure whether Conjecture 1.2(1) fails
for those rings. Indeed, the ideals used in the proof of Theorem 3.5 do not give a
counterexample to Conjecture 1.2(1). The purpose of this section is to give a way to
compute the graded Betti numbers of lex ideals of a colored squarefree ring, which
will be the fist step in studying Conjecture 1.2(1) for colored squarefree rings.

Let R = S/Q be an r-colored squarefree ring as defined in Definition 1.3. For a
finitely generated graded R-module M, let ,Bilfj (M) and /Sl.R (M) be the graded Betti
numbers of M and the total Betti numbers of M over R respectively. A homogeneous
ideal I of R has a linear resolution if there exists an integer d such that ﬂfi 4 =0
foralliif j #d.

Lemma 4.1 Let A = K[x1,...,x,], P = ()cl,...,xn)2 and B = A/P. Then the
ideal I = (x1,...,xp) of B has a linear resolution and ﬂiB(l) = pn' foralli.

Proof 1t is clear that the first syzygy module of the ideal (x1) of B is (x1,...,x,)-
Since I = (x1) P (x2) Py ---Pp(xp), the first syzygy module of I is isomor-
phic to (x1,...,x.)@g---@Bpx1,...,x,) C BP. Then I has a linear resolution
and i1 (1) = ng; (1) for all i > 0. 0

For a subset W C V, write Iy for the ideal of R generated by W.

Lemma 4.2 Let W CV and p; = |W N V;|. Then lw has a linear resolution and

pRawy= > @) | ] i | foraili.

i Ay =i ix#0

Proof Let I be the ideal of Ry = K[Vil/(xx 15 .-, xk,nk)2 generated by W N Vi.
Let Fi4) be the minimal free resolution of R/ Ik over Ryyy. Since

R =R} ®k Rp) ®k -+ ®k Ry

and

R/Iw = (Ryy/Iin) ®k (Ry/Iy) ®k -+ @k (Riry/Iiry)

by the Kiinneth tensor formula, F{1} ® - - - ® x F{} is the minimal free resolution of
R/Iw over R. This fact and Lemma 4.1 prove the desired formula. U

Definition 4.3 For monomials u = y; -- -y, and v = z; - - - z; of R of the same degree,
where y; > --- > y; and z1 > --- > z; are variables, write u > p v if y; > z; for all k.
A monomial ideal I of R is said to be Borel if, for all monomials u, v € R, u € I and
v>puimpliesvel.
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Note that lex ideals are Borel. For all monomials u,v € R, write u > v if
degu < degv or degu = degv and u > v. Let G(/) be the set of minimal mono-
mial generators of a monomial ideal I C R.

Lemma 4.4 Let I C R be a Borel ideal with G(I) = {uy, ..., u;}, where uy > --- >
u;. Then, fork=1,2,...,t,

((ul, e, Ug—1) uk) = ({y € V 1y > last(uy) or color(y) C color(uk)}),
where (U1, ...,ug—1) =0ifk=1.

Proof Since I is Borel, it is clear that the left-hand side contains the right-hand side.
We show that the right-hand side contains the left-hand side.

Let fuy € (uy,...,u;—1) be a monomial and d = deguy. If fuy = 0O then there
exists amonomial y € V, with a € color(uy) such that y divides f. Suppose fuy # 0.
Write fuyp = y1---ys, where y; > --- > y; are variables. Since (uq,...,ur—1) is

Borel, there exists an integer 1 <6 < d such that y;---ys € G(I). Letu, =y ---ys.
Then last(u)) > last(uy) and u, does not divide uy. Hence there exists y, which
divides u,, but does not divide uy. This y, must divide f, and y, > last(uy). O

For any monomial m € R, let
W(m)={y € V:y <last(m) and color(y) ¢ color(m)}
and
Tm)=V\W(m)={yeV:y>last(m) or color(y) C color(m)}.

Proposition 4.5 Let I C R be Borel. Then

ﬁfl._i_j(l) = Z BR(R/Irwy)  foralli, ;.

ueG(l), deg(u)=j

Proof The proof is the same as that of [10, Lemma 1.5]. Let G(I) = {uy, ..., us}
with uy > --- > u,. We use induction on ¢. If t = 1 then the first syzygy module of
I'=(u1)is (0:uy) = It ), and therefore the statement follows from Lemma 4.2.

Suppose ¢ > 1. Let J = (uy,...,u;—1) and d = degu,. Note that J is also Borel.
Consider the short exact sequence

Xty

0— R/(J :u)(—d) — R/J — R/I — 0. 5)
By Lemma 4.4, (J : u;) = I7(,). Let G be the minimal free resolution of R/J
over R and F the minimal free resolution of R/(J : u;)(—d) = R/Ir,)(—d). One
has G; = @ ey R(=j)P5RID By induction, max{ : BR(R/)#0) <i+d—1.
On the other hand, by Lemma 4.2 F; = R(—d — i)# ®/I7w) Hence, R/I is mini-

mally resolved by the mapping cone arising from the map R/(J : u;)(—d) N R/J.
The statement follows. O
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Corollary 4.6 The graded Betti numbers of Borel ideals of R do not depend on the
characteristic of the base field K .

Remark 4.7 The key idea in the proof of Proposition 4.5 is that the colon ideal
((u1,...,urg—1) : ux) has a I-linear resolution. This property also holds for Borel
ideals in the quotient ring S/M, whenever M is an ideal generated by monomials of
degree 2. Thus, the Betti numbers of Borel ideals of such rings can be computed in
the same way as in the proof of Proposition 4.5.

One might think that the graded Betti numbers of a Borel ideal I = (uq, ..., u;)
depend on the shape of T (u ;). We will show that they only depend on grow(u ;) =
[W(u;)|. For an integer 0 < a <| U;=d+1 Vil, let W(a, d) be the set of lex-smallest
variables in U;’:d+1 Vi with |[W(a,d)|=a.SetT(a,d)=V \ W(a,d).

Lemma 4.8 Let m € R be a monomial of degree d with grow(m) = a. Then a <
| U;:dﬂ Vil and It (n) has the same graded Betti numbers as It q,4).

Proof For any subset W C V, let R[W] = K[W]/(Q N K[W]) = R/Iy\w. By
Lemma 4.2, we must prove that there exists a subset W such that R[W] has the
same Hilbert function as R[W(m)] and W is a set of lex-smallest variables in
U;‘:d-i-l Vi.

For a subset W C V, let ¢;(W) =W NV fori=1,2,...,r and ¢(W) =
(c1(W), ..., cr(W)). Note that the Hilbert function of R[W] only depends on the
vector ¢(W). Let ¢, = |W(m) N V;| fori =1,2,...,r and e = (e, ...,e,). Let
last(m) = x5, and ¢ = max{j : n; > t}. Then, by (1) (in the proof of Lemma 2.10),
the vector e can be written in the form

e=(er,...,eq, Ngyl,-..,Ny)
and each ¢ is either 0, t — 1 or ¢ for k = 1,2, ..., . Consider the vector of the
form
e=(,...,,)=(0,...,0,t =1,...,0 = 1,¢,...,t,ng41,...,0/)

which is obtained by a permutation of entries of e. Let W= Ul xij1<j<el.

Then c(W) = €. By the construction of €, it follows that R[W] and R[W(m)] have

the same Hilbert function. Also, by the formula of &, it is clear that W is a set of

lex-smallest variables in U;: a1 Vi O
By Proposition 4.5 and Lemma 4.8, we get

Theorem 4.9 Let [ = (uy,...,u;) be a Borel ideal of R with grow(uy) = ay. Then

BR (D)= > BrR/Irw.y)  foralli,j.

ureG(I), degup=j
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Example 4.10 Let I, L and R = §/Q be as in Example 3.11. Let I = (X33, X3)2)
and L = (x3y3, X323, x3y222) be ideals of R. Since L is lex-plus-Q, L is lex. Also
W(x3y3) = {z1, 22, 23}, W(x323) = {y1, y2} and W (x3y222) = @. Hence, by Proposi-
tion 4.5,

ﬁilfiﬂ(z) = BR(R/(x1, %2, X3, y1, ¥2, ¥3)) + BR(R/(x1, %2, X3, ¥3, 21, 22, 23))

=G+ D3+ {(i + 13 + (i er 1)3i—1}

and

- i+2\
ﬁ,»’?,-H(L)=ﬂiR(R/<x1,x2,x3,yl,yz,yg,a,zz,zs))=( 5 )3’.

Note that the ideal I has a linear resolution and ,Bﬁ +2(i )=2(i + 1)3 forall ;.

1
s

5 Concluding remarks and open problems
5.1 Betti numbers of lex ideals

As we show in Section 3, Conjecture 1.2(2) is false. However Conjecture 1.2(1) is
still open even for colored squarefree rings.

Problem 5.1 Do lex ideals of a colored squarefree ring R have the greatest graded
Betti numbers among all homogeneous ideals of R having the same Hilbert function?

While we give a combinatorial way to compute the graded Betti numbers of Borel
ideals of colored squarefree rings, we do not know whether lex ideals have the great-
est graded Betti numbers among all Borel ideals having the same Hilbert function.
The only known case is

Proposition 5.2 Lex ideals of a 2-colored squarefree ring R have the greatest graded
Betti numbers among all homogeneous ideals of R having the same Hilbert function.

Proof Let I = (uy,...,us,v1,..., ) beamonomial ideal of R with degu; = 1 and
degvy =2.Then I = (uy,...,us) ®r (v1) Br - - ®g (v¢). Then, by Lemma 4.2,

t
BE (D = Z BE () =tBF(R/m) foralli,

j=1

where m is the maximal ideal of R, and ﬂfiﬂ (IH)y=0if j #1,2.
Let L = (uj,...,uj,v],..., vl’,) be the lex ideal of R having the same Hilbert

Uy,
function as I, where degu; = 1 and degv, = 2. Since L is lex, t' > t. Hence

B _,(L) =1 BR(R/m) = BR (1) forall i. Since I and L have the same Hilbert
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function, we have Z[(—l)iﬂfj(l) = Zi(—niﬂi’fj(L) for all j. Since ,Bfiﬂ.(l) =
B (L) =0if j # 1,2, it follows that
B (L) =B, (L)y=BF (D) —BF (D).

Thus we have ,Bl.ﬁH(L) > ﬁfiﬂ(l) for all i as desired. U

5.2 Betti numbers of Stanley—Reisner ideals

One may ask the following question which is similar to Problem 5.1: Does there al-
ways exist an r-colored complex whose Stanley—Reisner ideal has the greatest graded
Betti numbers among all r-colored complexes for a fixed face vector?

Unfortunately, the answer is no. Indeed, 2-colored complexes are bipartite graphs,
and if we consider bipartite graphs with 10 edges and 7 vertices (there are only 4 such
bipartite graphs up to a permutation of the vertices), then computer computations
show that none of them have the greatest graded Betti numbers.

5.3 h-vectors of balanced Cohen—Macaulay complexes
A further generalization of Theorem 2.1 is the next problem.

Problem 5.3 Let S=K[V]and Q = Z;=1(xj,l7 e, xj,nj)“/, where ay, ..., a, are
positive integers. Characterize the Hilbert functions of homogeneous ideals of S/ Q.

Unfortunately, the above ring S/ Q is generally not Macaulay-Lex with respect to
any order of the variables. However, Problem 5.3 would be interesting since it yields
the complete description of h-vectors of balanced Cohen—Macaulay complexes (see
[3,24]).

Acknowledgements We would like to thank Ryota Okazaki for useful discussions regarding Section 4.
The results and examples presented in this paper have been inspired by computations performed by the
computer algebra system CoCoA [5] and Macaulay 2 [9].
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