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Abstract We consider products of two Macdonald polynomials of type A, indexed
by dominant weights which are respectively a multiple of the first fundamental weight
and a weight having zero component on the kth fundamental weight. We give the
explicit decomposition of any Macdonald polynomial of type A in terms of this basis.

Keywords Macdonald polynomials - Pieri formula - Multidimensional matrix
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1 Introduction

In the 1980s, Macdonald [6-8] introduced a class of orthogonal polynomials which
are Laurent polynomials in several variables and generalize the Weyl characters of
compact simple Lie groups. In the simplest situation, given a root system R, these
polynomials are elements of the group algebra of the weight lattice of R, indexed by
the dominant weights and depending on two parameters (q, t).

When R is of type A,, these Macdonald polynomials are in bijective cor-
respondence with the symmetric functions P,(q,t) indexed by partitions, in-
troduced by Macdonald some years before [4, 5]. In fact, they correspond to
Pi(q, t)(x1, ..., xpt1), for a partition A = (A1, ..., A,) of length n, with the n + 1
variables (x, ..., x,+1) linked by the condition xp - - - x,,41 = 1.

M. Lassalle ()

Centre National de la Recherche Scientifique, Institut Gaspard-Monge,
Université de Marne-la-Vallée, 77454 Marne-la-Vallée Cedex, France
e-mail: lassalle @univ-mlv.fr

url: http://igm.univ-mlv.fr/~lassalle

M.J. Schlosser

Fakultit fiir Mathematik, Universitdt Wien, Nordbergstrafle 15, 1090 Vienna, Austria
e-mail: michael.schlosser @univie.ac.at

url: http://www.mat.univie.ac.at/~schlosse

@ Springer


mailto:lassalle@univ-mlv.fr
http://igm.univ-mlv.fr/~lassalle
mailto:michael.schlosser@univie.ac.at
http://www.mat.univie.ac.at/~schlosse

114 J Algebr Comb (2010) 32: 113-131

The purpose of this article is to extend the result of [3], given for the symmetric
functions P; (g, t), to the framework of the root system A,,.

More precisely, in [3, Theorem 4.1] we obtained a recurrence formula giving the
symmetric function P, .., (g, ) as a sum

.....

7)()\l vvvvv An) = Z Ce]s---ven—lp()\l"l‘al ----- )Ln—1+9n—1)7))¥n_|0| (11)

with 0] = Zl”;f 0; and N the set of nonnegative integers. This formula was ob-
tained by inverting the “Pieri formula,” which conversely expresses the product
Po,oin) Pa, as asum

Pltrin )P = D €010y POt 401 b0t S 6]
feNn-1

Both expansions are identities between symmetric functions, valid for any number of
variables.

These identities may also be written in terms of Macdonald polynomials of
type A,. For this purpose, let {w;, | <i < n} be the n fundamental weights of the
root system A,. Let P, denote the Macdonald polynomial associated with the domi-

nant weight A = Z?:l Aiw;. The recurrence formula (1.1), written for n 4 1 variables

(x1,..., xn+1) linked by X1 Xpgl = 1, ylelds
Py = Z Coy.....60—1 Pory—16Dor Ppe (1.2)
feNn—1

with yu = Z?;lz(k,- +6; —0iy1)w; + (Ap—1 + Ay + 0,—1)w,—1. This alternative for-
mulation is obvious and does not bring anything new.

However the method of [3], when applied in the A, root system framework, allows
us to get a much stronger result. Indeed, let k be a fixed integer with 1 <k <n. In
this paper we shall write the Macdonald polynomial Pj in terms of products P, Py
with 0 =Y"7_| niw; and pgx = 0. There are n such recurrence formulas, (1.2) being
the particular case k = n of the latter.

This paper is organized as follows. In Sect. 2 we introduce our notation for the root
system A, and recall general facts about the corresponding Macdonald polynomi-
als. Their Pieri formula, which involves a specific infinite-multidimensional matrix,
is studied in Sect. 3, starting from the one given by Macdonald for the symmetric
functions Py (g, t) [5, p. 340]. In Sect. 4 we invert the Pieri matrix by applying a
particular multidimensional matrix inverse, given separately in the Appendix. This
matrix inverse is equivalent to one previously obtained in [3, Sect. 2] by using opera-
tor methods. As a result of inverting the Pieri formula, we obtain recurrence formulas
for A, Macdonald polynomials. Finally, in Sect. 5 we detail the examples of the A»
and Aj cases and compare them to earlier results.
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2 Macdonald polynomials of type A

The standard references for Macdonald polynomials associated with root systems
are [6-8].

Let us consider the space R"*! endowed with the usual scalar product and the
quotient space V = R"+1/R(l, ..., 1), where R(1,..., 1) is the subspace spanned
by the vector (1,...,1). Let €1, ..., &,+1 denote the images in V of the coordinate
vectors of R"*!, linked by Z?;’]l g =0.

The root system of type A, is formed by the vectors {¢; — ¢, i # j}. The positive
roots are {¢; — ¢, i < j}, and the simple roots are &; — &; 41 for 1 <i <n. The Weyl
group is the symmetric group W = S,,11 acting by permutation of the coordinates.

The weight lattice P is formed by integral linear combinations of the fundamental
weights {w;, 1 <i <n}definedby w; =¢1+---+¢;.Letw; =0fori =0,n+1. We
denote by P the set of dominant weights A = > ", A;w;, which are nonnegative
integral linear combinations of the fundamental weights.

There is the following correspondence between dominant weights and partitions.
Given a dominant weight, if we write it as

n n+1
A= Z)w‘wi = le?i,
i=1 i=1
the sequence u = (i1, ..., Uy+1) 1S a partition with length <n + 1. We have

n
Al =i —pit1 and @ = g +Z)»j~
j=i

Thus p is defined up to p,+1, and two partitions u, v correspond to the same weight
Ardfandonlyif w1 —vy =--+ = p41 — Vp41. We denote by Cy, the family of partitions
thus defined.

Let A denote the group algebra over R of the free Abelian group P. For each
A € P, let ¢* denote the corresponding element of A, subject to the multiplication
rule e*e#* = ¢t The set {¢*, A € P} forms an R-basis of A.

The Weyl group W = S, acts on P and on A. Let WA denote the orbit of A € P
and AV the subspace of W-invariants in A. There are two important bases of A%,
both indexed by dominant weights. The first one is given by the orbit-sums

m) = E e,
HeWA

The second one is provided by the Weyl characters

=81 Z det(w)e? A+
weW

with p=Y"7_(n —i + 1)g and § =Y, _yy det(w)e®®). The Macdonald polyno-
mials {P;, > € PT} form another basis defined as the eigenvectors of a specific self-
adjoint operator (which we do not describe here).
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For 1 <i <n 4+ 1, define x; = ¢, so that the variables x; are linked by
X1 - -Xp41 = 1. Then § is the Vandermonde determinant []; _ j (x; — xj). There is
a correspondence between A" and the symmetric polynomials restricted to n + 1
variables x = (x1, ..., X,+1) linked by the previous condition.

In terms of bases this correspondence may be described as follows. Let A be
any dominant weight, and let xi---x,4+1 = 1. All monomial symmetric functions
my (X1, ..., X,41) with u € C, are equal, and their common value is the orbit-
sum m; . Similarly, the Weyl character yx; is the common value of the Schur func-
tions s, (x1, ..., Xy41), 4 € Cy, whereas the Macdonald polynomial Py is the com-
mon value of the symmetric polynomials P, (q, t)(x1, ..., xX,4+1) With u € C and
Pu(g,t) the symmetric function studied in Chap. 6 of [5].

Given a positive integer r and a dominant weight A, the “Pieri formula” expands
the product

Prw1 Py, ZZCpPA+p
P

in terms of Macdonald polynomials, where the range of p and the values of the coef-
ficients c,, are to be determined.
Let Q denote the root lattice spanned by the simple roots. For any vector 7, define

() =C(m)NT+ Q)

with C(7) the convex hull of the Weyl group orbit of 7. Since the orbit of w; = &7 is
the set {¢; = w; — w;j—1,1 <i <n+ 1}, itis clear that ¥ (rw) is formed by vectors

n+1 n

Y O — o)=Y (0 — i)
i=1 i=1

with 6 = (01,...,60,41) € N"l and |0] = Y "4 6, = .

By general results [8, (5.3.8), p. 104], it is known that the sum on the right-
hand side of the Pieri formula is restricted to vectors p such that p € X (rw;) and
A+ p € P*. In the next section we shall give a direct proof of this result and make
the value of the coefficient c,, explicit.

3 Pieri formula

Let 0 < g < 1. For any integer r, the classical g-shifted factorial (u; g), is defined by
w: Qoo =[[(1—ug?),  @iq)r= @)oo/ (uq": ).
jz0

Let u = (uy, ..., uy) be m indeterminates, and 6 = (0y, ..., 6,,) € N". For clar-
ity of display, throughout this paper, any time such a pair (u, 8) is given, we shall
implicitly assume m auxiliary variables v = (v1, ..., vy) to be defined by v; = qgiu,u

Macdonald polynomials of type A, satisfy the following Pieri formula.
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Theorem 3.1 Let A = Z?:l Miw; be a dominant weight, and r € N. Forany 1 <i <
n + 1, define

u; = q2?=i )‘jt_i

and for @ e N'+1,

n+1
; (t:q)s; (tvi/vj;qle; (qui/tvj; qe;
de(ul,...,un+1;r)=(q Q)rl_[ 400, 1_[ i/vii9)e; (qui/tviig L.
G 2 @ De; oy (@Vilvii ey Wilviiq)s,
We have
Pro Pr. = Z do(uy, ..., ups1;7)Payp
OGN"'H
|0|=r

with p =1 (0; — i1 1)w;.

Proof In a first step, we write the Pieri formula for arbitrary P, (q,t) with u =
(m1, - .., up) being a partition having length < n. We start from [5, p. 340, (6.24)(1)]
and [5, p. 342, Example 2(a)]. Replacing g, by (¢; ¢)-/(q; ) P(r), we have

PiyPu=D_ ¢c/uPe.
KDp

where the skew-diagram « — u is a horizontal r-strip, i.e., has at most one node in
each column. The Pieri coefficient ¢,/ is given by

5 9)r I F(giT itI =ty f(ghi il

@ q) = F(ghiTHiti=ty f(ghi ivipi=t)

I<i<j=l(x)

Wy (g4I
—Kj+1 ,j—i)

i
1=izj=ie0 Vern—nin @

with f'(u) = (tu; q)oo/ (qu; )oo and wy(u) = (tu; q)s/(qu; q)s.
Since k¥ — w is a horizontal strip, the length /() of k is at most equal to n + 1, so
we can write k = (1 + 01, ..., Uy + 0y, 6,41) with |0| =r. Then

t; P o i _
fq.f])fr o= 1 wolg) [T (w7

1<i<j=<l(x) I<i<j<l(k)+1

n+1

B l—[ (75 9)e, l—[ (tvi/vjiqle; (qui/tvj;q)e;
i @9 (qui/vji @e; Wi/vjiqe;

S 1<i<j<n+l

where for 1 <i <n+1,wesetu; =¢"it~ and v; = ¢"it~" = q%u;.
In a second step we translate this result in terms of A, Macdonald polynomi-
als. Given the dominant weight A, we choose u = (u1, ..., Un+1) to be the unique
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element of C, such that u,4+; =0, i.e., with length < n. For 1 <i <n, we have
Wi = Z?:i Aj. As for the partition « (with length < n + 1), it belongs to C, with
0= poy(kk — kpr)or = Y g (A + Ok — k1) Hence the statement. O

Remark On the right-hand side of the Pieri formula, the condition A + p € Pt is

necessarily satisfied as soon as dg(uy, ..., un+1;7) # 0. Using the correspondence
between dominant weights and partitions, this may be verified on the Pieri formula
PoyPu= > uc/uPic-

ke=(1+01,-0s b+, 0p41)

We only have to show that ¢/, necessarily vanishes when the multiinteger « is
not a partition. But then there is an index i such that k; < k;11, so that the factor
(qui/tviy1; qe,,, in @iy Writes out as

(1 _ q1+/ti—l€i+1) .. (1 _ qlh—l"iJrl).

Due to «; < ki1, this product would be # 0 only if u; < @;41, which is impossible
since  is a partition.

From now on, we fix some integer 1 < k < n. Substituting r — |0| for 6, the Pieri
formula may be written in the more explicit form

Pro, P = Z do(ui, ..., uny1;7)Payp
0=(61,....6k1,0,0k11,....00 1 1) eN"
ol<r

with

p= O =6 )i+ 0101+ (r — 10]) @k — 0k—1) = Oh 1%

1<i<n
i£k—1,k
and
+1
5 (@ Dr G Dr—ip) T Do,
do(uy, ..., upy1;7) = : = 1_[ !

& Dr (G5 @) r—o)
j=1

J#k

1—[ (tvi/vjs q)e; (qui/tvj;q)e;
(qui/vjiqle; (Wi/vj;q)e,

(g 9)e;

X

I<i<j<n+l
i#k
k-1
(tvi/ve; @)r—10) (qui/tve; q)r—)
x l_[ )

(qui/vi: @)r—io) Wi/vk; q)r—jo|

i=1

Here u;,v; (1 <i <n+1) are as in Theorem 3.1, except vy = q”w'uk. The sum is
restricted to || <r since 1/(g; g)s =0 for s <O0.
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In a second step, we concentrate on the situation Ay = 0. Then each term on the
right-hand side vanishes unless ;41 = 0. Indeed, if Ay = 0, one has uy = fu;4+1 and
Vi1 = q9k+1 uig41.Hence, fori = k and j = k+ 1, the factor (qu; /tv;; q)gl. evaluates
as

. (=041 _
(que/toest: Doy = (@ "54),, | = 8001.0-
Therefore, if Ay = 0, the Pieri formula can be written as
Pra)1 P
= Z d(v‘(ul,~~~,Mk71,uk,uk+2,~~-,un+1§k,r)P)»+p
0=(01,..0%—1,0,0,6k12,....0041)N""!
10]<r
with
p= > (0 =)o+ O 1o+ (r = 10]) (@ — 1) — Okp2mp11
1<i<n
i#k—1,k,k+1
and
dg(ul» coes Uk—1s Uks U425+« s Up+15 k? I")

1
ICE G- 'ﬁ (t; 9)s, Bl (tvi/vj: @)e; (qui/tvj; q)e;
(G O e O/ D L (qui/vjiqle; Wi/vj;q)e;
i=1 1<i<j<n+1 ’

i#k,k+1 ik, k41
j#k k41

k-1 1
l—[ (tvi /v Dr—jo) (qui /1 Or—j] T (tve/vjs @e; (qui/t*vjs o,

(qui/vis @)r—jg) (Ui /vr; @)r—jo (qui/vjsq)e; (uk/tvj; q)e;

i=1 j=k+2

Here the notation is the same as before, including vy = q”'muk. For j >k + 2, we
have used

(tvk/vjiq@le; (qui/tvj;qle; (tvk+1/vj;qle; (qui+1/1vj; q)e;
(qui/vjsqle; (uk/vjiqle; (qui+1/vjsqle; (Uuk+1/vj;q)e;

_u/vjs ey (qui/tvjs @e;
(que/vjs@e; (ui/tvjsqle;

which is a direct consequence of vy = ux41 = uy/t.

In a third step, we perform some relabeling in order to remove the two 0’s ap-
pearing in 6. For that purpose, for n indeterminates (ug, u1,...,u,—1) and 6 =
©1,...,0,—1) e N*1 we define

De(u07ula'-'aun71;k7r)

n—1

o) 12105 Qo) l_[
(qtuo; @)

;o (@ s e,

=(q/1) (@96 (q"tui; q)e,
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y 1—[ (tvi/vj; qle; (qui/tvj; qle;
(qui/vjiqle; Wi/vj;q)e;

1<i<j<n-—1

XH (wi/uo; q)e; (qui/tuo; Q)o,—r+i0) Wi/tuo; q)o,—r+|
(qui/tuo; @)o; (i /uo; @)o—r+i0) (qui/t>u0; q)o,—r+6|

i=1

n—1

y l—[ (tui/uo; q)g;

o (qui/uoi q)e;

Lemma [f we write
q_’t_z, i=0,
w; =939 "ui/tug, 1<i<k-1,
q iy /tug, k<i<n-—1,
we have
Do (wo, wy, ..., Wy—1;k, 1)

=d©;,...001,0.0,00,.00_ 1) W15 ooy U1, Uk, Uk2, -+« Ung15 K, T).

Proof Merely by substitution, and using vx = ¢” ~1?lu;, we only have to prove
@D T @ g Qo (tPuj/ug: q)o;

@'/ 2, @O s @e; (gtuj/uk @,

(q/n)"

k—1 —
(q\e\ r+llfii/tuk;q)9i ([u[/uk;q)ei
(qW\—’ui/uk; Qe;  (qui/ug; q)e;

i=1

k-1
1—[ (qui/ug; @)o;—r+10) Wi/ug; q)o;—r+0|

@ui/ui; @)o;—r+i0 (qui/tur; q)o;—r+9|

i=1

. . k=1 r—10l,,, . =101,
(@ 9r G r—p) (tvi/q" " uk; @)r—jo) (qui/tq"™""'ur; q)r—o)
e (@3 @) (qui/a™ g @)r—jo) wi/q"lur; @)rjo)

Mg /v e, (quic/ 1Pz,
(@ 1 g /s @)e;  (ur/tvj; @)e;

j=k+2
We have obviously

@i ftug; @)o, (i fur; Qo—rvio)  (qui/tq" " lur: q)r o)
(@1 ui fus @6, (qui/tur; Qo—rvi0)  Wi/q"Plugs q)r—jo)

Using the identities

(ag™™;q)n  (q/a; Qn n
= b s
Ga i @b
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@ n B;n—i _ (q""/a: @)

- bk,
G @ s @ b

we get

(tui fur; @o; (qui/u Qoi—rvio) _ (q' P/ tuis ¢)r—jo) tJay
(qui/uk; q)o; (tui/ui; q)o;,—r+6| (q=%ur/uis q)r—o)
_i/q" g q) )
(qui/q"Purs q)r—jo)

Similarly, we obtain

16]—r+1

(t/q)" (q uj/tui; @)e; _ (tq""ui/vj ),
@i @o, (@7 /v q)e;
(q/n% (CPuj g @), _ (que/ ;3 9)s,
(qtuj/ui; q)o, (ur/tvjs @le; -

Finally, we have proved the following Pieri formula.

Theorem 3.2 Let . =) |, Ajw; be a dominant weight, and r € N. Assume iy =0
for some fixed 1 <k <n. Define

g "2, i=0,

_ k=1, .
wi= g TRm kil <<k 1,

i+1 ) .
P R R e R T I}

We have
P}’a)l P)u= Z D@(MO,Ml,...,I/lnfl;k,r)P)Ver
6=(01,...,0,_1)eN""1
|0l=<r
with
k—2

p = (0 — O D)wi + 101 + (r — 10]) (0x — wx—1) — Okogr
i=1

n
+ Y Bi2—6i ;.

i=k+2
Remark For k = 1,2 (resp. k =n, n — 1), the first (resp. the last) sum in the above

expression of p must be understood as zero. This convention will be kept in the next
sections.
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4 A recurrence formula

Given two multiintegers 8 = (B1,...,By,—1) and « = (kq,...,ky—1) € 71 we
write B >k for B; > k; (1 <i <n — 1). We say that an infinite (n — 1)-dimensional
matrix F = (fgc)g cezn—1 18 lower-triangular if fge =0 unless g > . When all
Jiex # 0, there exists a unique lower-triangular matrix G = (gcy ),y ezn-1 such that

Z T8y =0py

B=k>y

for all B,y € Z"~!, where § gy 1s the usual Kronecker symbol. We refer to F' and G
as mutually inverse.

Such a pair of infinite multidimensional inverse matrices is given in the Appendix,
as a corollary of [3, Theorem 2.7] (and, in fact, equivalent to the latter). This result is
essential for our purpose.

Given n indeterminates (ug,uy,...,un—1), 0 = (01,...,0,_1) € N*~1 and
k,r e Nwith 1 <k <n, we define

C@l,...,9n71 (u()’ I/l], ] ul’l—];ka r)

o) (2103 o) 1—[ (q/1;9)e; (quis q)e,
(qtuo; @ior ;5 (@3 q)e; (qtui; q)o,
1—[ (qui/tvjs q)e; (tui/vj; q)e,
(qui/vjiqle; Wi/vj;q)e;

X

I<i<j<n-—1

k—1 —1
<] (ui/tuo; o, (qtuo/ui; q)r (tuo/ui; q)r 1 (tui/uo; q)e,

1 (qui/Puo; @)g; (Puo/ui; @)r (quofuiz @)r [y (qui/uo; @)y,

X ! det I = 1= 1:[ L=
AW) 1<ij<n—1| ! 1—v,‘ v — tug

s=1

with A(v) the Vandermonde determinant [[,_;_ j <n—1(vi —v;). Here is our main
result.

Theorem 4.1 Let . =Y || hiw; be a dominant weight. Assume L =0 for some
fixed 1 <k <n. For any positive integer r < Ap_1, the weight

A =+ r(wr — wp—1) =A+reg
is dominant. Define

q_’t_2 i =0,
k— l
g itk micl <<k -1,

P e N S P |
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We have
P = Z Co(uo, ut, ..., un—1;k, 1) Pe_10)yw; Patp
0=(01,....,0,_1)eN""1
|0|<r
with

k—2 n
p= (0 — iy D)o + 101 — on1 + Y Gi — i)y
i=1 i=k+2

Remark The weight A + p has no component on wg. Further, similarly as in
Theorem 3.1 (see the remark following the proof of that theorem), the condition
A+ p € PT is necessarily satisfied in Theorem 4.2 as soon as Cy(ug, U1, ..., Un_1;
k,r) # 0. We omit the details which involve a tedious case-by-case analysis.

Proof We make use of the multidimensional matrix inverse given in the Appendix.
Let B=(Bl,.... Buet1)sk = (K1, . kn-1), ¥ = V1, .., Yu_1) € Z"~ . If we define

e = Cor—ctvenr—sn (0" Tw0, ¢ uy gk e — k),

_ + 1+ .
8y = Dir—yrsenr—ynt (@ w0, @ uy o g ke — |y ),

by this result, the infinite lower-triangular multidimensional matrices (fg) B.cezn—1
and (g,(,,),(,y <zn—1 are mutually inverse.

Now let us replace A; in Theorem 3.2 by A; + ¥ — yiq1 for 1 <i <k —2, A1
by Ak—1+ Vk—1, Ak+1 bY 2kt1 — Vks Ai bY A +yi—2 —yi—1 fork+2 <i <n,and r
by r — |y|. Then ug is replaced by ¢'"!ug, and u; by ¢"it1lu; for 1 <i <n—1.1In
explicit terms, we are considering the identity

Po—iyhor Paty

= > Dy(q"uo, g 7wy, o g W ke = 1Y) Pagyap
0=(01.....0p—1)eN""!
l6|<r
with
q_’t_2, i=0,
k=1, . ,
U = q_r+2.i=i )L/z‘k_l_l, 1<i<k-1,
i+1 .
q TR ki3 <i<p—1,
and

k=2

p = 0 — O )i + 101 + (r — 10]) (0x — wx—1) — Ok
i=1

n
+ ) 02— 6D,

i=k+2
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k=2 n
V= Z(Vi — Vit DWi + Vi—10k—1 — Vk@k+1 + Z (Vi—2 = Vi-1)wi.
i=1 i=k+2

After substituting the summation indices 6; + k; —y; for 1 <i <n — 1, we obtain
exactly

Z 8y Yk = Wy (V GZn_l)

kezn-1
with
Y = Pryi, wy = Po—jy o, Priy

and

k=2
F=> (i —Kis)o; +ke10k—1 + (r = Ikl (@ — o-1) — ko
i=1

n
+ Z (Ki—2 — Ki—Dw;.

i=k+2
This immediately yields the inverse relation
Z fBeWwp = Y (K € Zn_l).
ﬁEZ"—l

We conclude by setting x; =0 forall 1 <i <n —1. O

Finally, by the substitutions r — Ay and Ax_; — Ax—1 + Ak, we obtain the follow-
ing very remarkable expansion.

Theorem 4.2 Let . =) i, Ajw; be a dominant weight, and k € N fixed with 1 <
k <n. Define
q_)‘kt_z, i=0,
u; = qzﬁ;})‘jtk_i_l, I1<i<k-1,
g iRk << 1,

and =, — A (g — wp—1) =, — Ag . We have

P, = Z Co(uo, ut, ..., un—1;k, M) Py —10) 01 Prutp
0=(01,....0,_1)eN""1
[O1<Ar
with
k=2 n
p=Y (6 — 00 + 010k — Oan1 + Y Gz — 6.
i=1 i=k+2
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Remark Observe that the weights ¢ and u + p have no component on wy.

The special case k = n is worth writing out explicitly.

Corollary Let A =7, Ajw; be a dominant weight. Define ug = g 172 and u; =
n—1 .
g2i=i Mpn=i=l (1 <i<n—1). We have
P, = Z Co(uo, ut, ..., un—1;1, A) Po,— 16D Pu
0=(01,....0,_1)eN""1
1O]=An

with u = Z?:_lz()»i +0i — 0 D0 + A1+ Ay + 0 Dwn—1.

The reader may check that this is exactly Theorem 4.1 of [3] (with n+— n — 1),
written for xp - - - x,41 = 1, up to the normalization Q; = b, P, with

j—1 ..
(qi= Ml = gy, (tui/ujs )z,

=+ . wi/ui; q)y,’
1<i<j<n (g T2 Mt B9 1sisjsn (qui/uj; 4),;

where we set u,, = 1/t.

5 Examples

In this section we write out the formulas in Theorem 4.2 explicitly for n =2, 3.
5.1 The root system A»

For k =2, we have ug = q_“/tz, Uy = q)‘l, and

o (Pu0s @)o (q/t:q)e (quizq)e  (u1/tuo; )
(qruosq)e (q;q@)e (qtur; q)e (qui/t>uo; q)g

, (aruo/uri @)r (tuo/ur; q)r <1 L )

Co(up,u1;2,r)=gq

(tPuo/ui; q)r (quo/ui; q)r 1 —v v —tug

After some simplifications, we obtain

2
Prioy+rpm = Z C(S )()L)P()Q—G)wl PGy +in+0)w;
0eN
with
(2) _ .
Cp” (M) = Co(ug, u1;2,12)

0@ g (1/1:9)0 (M1 q)e
g% o (g;9)0 gt
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g™ @gro (g q), 1— M1t

(@ @re (12qM5 @), 1—ght0

This result may be compared with the Jing—J6zefiak classical result [1], more
precisely, with its restriction to three variables (x1, x3, x3) subject to xjxpx3 = 1.
Namely, given a partition (11, 2), the Macdonald symmetric function P, 4,)(q, 1)
is given by

Pur i) = Y Col)Plur—6)Pus +6)
6eN

with
(tg™ =2t ) (@P2 0T ) (1M 2 ) e
Pgh=r2q),,  (1g"=0 q)g (@M=t q) uyq0
o (1/t:q)g (@M1 —12F: g)p 1 — gr1—rat20
(g5 9o (lqM17M2+1;q)g 1 —qlil—li2+9 :

Our formula is equivalent to the main result of [1] by the correspondence A; = 1 —
U2, Ao =y between dominant weights and partitions, recalled in Sect. 2.
For k = 1, we have ug = ¢~ /1%, u; =g~ *7*2/¢3, and

Co(n) =

o (Pu0; Qo (@/t: 9o (quis @o (tui/uo: q)e
(qtuo; q)o (q;5q)e (qtur; q)e (qui/uo; q)e

1—rtv v —ug
x(l—————— ).
1—v; vy —tu;

After some simplifications, we obtain

Co(up,u1;1,r)=gq

1
Py 4w = Z Cé )(K)P(A. —0)w1 Pra—6)wn
6eN

with
V() = Coluo, ur; 1, 11)

o W/tge @ 1/ge (@ 1ge PgM T2 1/g)e
O (@@e (g1 ge (g2 1/ q)e (12gR1 T2 1 g)e
1— t3q)”1+)‘2_29
X Bghtae

We thus recover exactly the result of Perelomov, Ragoucy, and Zaugg [9, Theo-
rem 1(a)].

5.2 The root system A3

For k =1, 2, 3, our formulas in Theorem 4.2 write respectively as

(M)
Puortisortizos = O, Cli )P0y =iz jyor Pog—ian+Gs+i— s
(i,j)eN?
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2
> Ci(j)()‘)P()nz—i—j)wl Pt tidor+Gia—jes
(i,j)eN?

3
> Ci(j)()‘)P(M*i*j)wl POy ti— por+Oa+as+jan-
(i,j)eN?

In order to make these expansions explicit, we need to evaluate the determinant of
the 2 by 2 matrix A given by

l—tvk Vg — U1 Vi —Up
Akl—_Ufl l—tl !
1 —v v —tuy v —tun

with v; = qiul, 5 =qju2.

More precisely, we need to compute the quotient of this determinant by the Van-
dermonde determinant v; — vy = qi Uy — qf uy. There is no evidence that this quotient
may be written in canonical form. Inspired by the explicit result of [2, Theorem 1]
(see below), we write this quotient of determinants as

detA (t —1)?
q'ur —qlua (=gt —q7)
1— 2i 1— 2j 1— i 1 — J
% CI.MI 6].“2 14! 'q .q
1—q'uy 1—q'us 1 —q'uy/tusr 1 —qluy/tuy
l—¢' 1-¢/ 1=¢'/t 1=g//1
l—qiull—qjuzl—qiul/tugl—qjuz/tul ’

—(q'ur +q’u2)

The above identity (which is not trivial) may be easily verified by using any formal
calculus software.
Next, for (i, j) € N2, we define

Vij(ug, ui, uz)

_ i Cuoi @iy A/t19)i (uiiq)i (1/1:9);
(qtuo; @)i+j (q;q)i (qtui;q)i (q;q);

w2q); (@' ur/tuz; q); (g™ urfua; q);

(qruzsq)j (g9 ur/uz;q); (q=Jui/uz;q);
1— 2i 1— 2j 1_1' 1_/
% q-ui q—uz 1~|—t_l : q 'CI
1—u; 1—up 1 —qtur/tur 1 —qlus/tu;

l—q¢' 1—¢q/ 1-4'/t 1—q//t
l—ui 1l —up 1l —qiuy/tup 1 —qluy/tuy )

— (qiu1 +qju2)
It is readily verified that we have

Cij(uo, ur,uz; 1,r) — (tuy/uo; q)i (tuz/uo; q);
Vij(uo, ui, uz) (qui/uo; q)i (qua/uo;q);’
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CijQuo, ur,u2;2,r) — (ui/tuo; q)i (qtuo/ui; q)r (tuo/ui; q)r (tuz/uo;q);

Vij(uo,ur,uz)  (qui/t2uo; q)i (t2uo/ur; q)r (quo/ui; q)r (quajuo;q);’
Cij(uo,ur,u2;3,r)  (u1/tuo; q)i (qtuo/ui; q)r (tuo/ui; q)r
Vij(uo, uy, uz) (qui/t?uo; )i (t2uo/ur; q)r (quo/ur; q)r

(w2/tug; q)j (qtuo/uz; q)r (tuo/uz; q)r
(qua/t?ug; q)j (t2uo/uz; q)r (quo/uz; q),

Now, by Theorem 4.2 the respective recurrence coefficients are determined to be
CP0) = Cij(q /1%, g2, g7 1),
CP) =Cij(g72 /% g™ g7 2. 0),
C0) = Cij(a7 /1%, 4" 721,973, 03).

The cases k = 1,2 are new. For k = 3, we recover the first author’s earlier re-
sult in [2, Theorem 1], more precisely, the restriction of this result to four vari-
ables (x1, x2, x3, x4) subject to x1xpx3x4 = 1. Namely, given a partition (@1, 12, i43)
and u = gH'7H2, v = g#27H3, the Macdonald symmetric function P, u,,u3)(q, 1) is
given by

Pz = D Cij (W Plus—i )y Plurtiuat)
(i,j)eN?
with
i /6@ ) (uvig)i i) (7 Pusq); (qus @)
;)i (q:q); (qt?uv;q)i (qtviq); (g Itu; q); (qtusq);
o B Dm—pati=j G Dpotj G Dus—i-j (4 Dm—p
(@5 Dpi—pa+i—j @ Dpog+j (@5 D ps—i—j TG —ps

Cij(n) =t

Doy @ D @U@ ot j (@U@ pr—pas
(O Dua—ps (6 Duy @I 005 q) ot j 059 pp—pis

(qt*uv; Qs (qtv;q)ps, 1 — q*tuv 1 —q%¥v
(Buvs @)y (Pv;q)p, 1—tuv  1—v

l—gi 1—g 4 g i—gi
x(1+u 1 1 (t—v(q’tu+q’) 1 1 ))

1—qiul—qgit?u 1 —q¥tuv 1 —g2v

The reader may check our formula is indeed equivalent to [2, Theorem 1] by using
the correspondence A1 = 1 — (2, A2 = 2 — U3, A3 = 3 between dominant weights
and partitions.

6 Final remark

The Macdonald polynomial Py, A =Y, A;w;, is in bijective correspondence with
the symmetric function P, (xy, ..., Xy41) With © = (11, ..., Ln), 4i = Z'}-zi Aj,
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subject to the condition xi ---x,41 = 1. Therefore the n recurrence relations that
we have obtained for P; may be expressed in terms of P, (x1, ..., X441), subject to
Xy xpp1 =1

One may wonder whether this restriction can be removed. Equivalently, given
some fixed integer 1 < k < n, is it possible to expand the symmetric function P,
in terms of products PP, for partitions p = (p1, ..., p,) satisfying pr = px41?

Such a development has been obtained in [3] for k = n, in which case p, = py41 =
0. However, this method cannot be used for other values of k.

Actually, the Pieri expansion of PP, involves symmetric functions P, with
o — p ahorizontal r-strip. Hence some of these partitions o have length /(o) =n+1.
The only exception occurs for kK = n since in that case p, = 0 entails /(o) <n.

Therefore, except for k = n, the Pieri multiplication does not conserve the space
generated by {P,, [(k) <n}, and it is not possible to define a Pieri matrix to invert.

This difficulty does not arise in the A, framework. Then the Pieri matrix can be
defined, because the condition x; - - - x,,+-1 = 1 and the property [5, (4.17), p. 325]

Poronen) @1 oo Xnp ) = (1 X0t D Ploy —0pi1sens0m—0s1,0) (XL ooy Xt 1)
allow us to deal with partitions of length n + 1.

Acknowledgements We thank the anonymous referees for helpful comments. The second author was
partly supported by FWF Austrian Science Fund grants P17563-N13 and S9607.

Appendix: A multidimensional matrix inverse

The following result (equivalent to one previously given in [3]) is crucial to obtain
the recursion formula in Sect. 4.

Lemma Let t,ug,uq,...,u, be indeterminates, and r,k e N with 1 <k <n + 1.
Define

B1-t 0 Dip1 @110: Dt 77 @/1 Dpi—xi @i )i

(qtuo: @)ip) (Pu0: Dyl ) @ Dpi— (@i q)p -

S =¢q

k

—1
" l—[ (wi/tuo; @) (qui/tuo; @)
(qui/t*uo; @)p; (Wi/uo; @)x;

i=1

k=1
i JU0; Qcl—r+i QUi [ 12105 @) | —r-4r;
<1

(qui/tuo; @) |—r+e; Ui /1005 @) | —r+k;

i=1

n

y 1—[ (tui/uo; q)p; (qui/uo; @)
(qui/uo; q)p; (tui/uo; @)

i=k

I @PPit i ftu s @) p,—ic; (@ Pitui/uj:q)p; 1
@P Pt i @) (@ Piuifujiq)p—; qPiui —qPiug

1<i<j<n
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i (1= gP ¥y Lo (qPiui — q*suy)
det Bi J 1— t/ 1
X del |:(‘I uj ) ( (1- qﬂ,+\fc|u ) 1_[ (qﬁiui — g%stuy)

1<i,j<n

and

oo — (g)'“'y (1%u0; Dyl (@110 Diyl 71 & Dii—ys @iz )
KV t (qtuo; @) uos Dyl 57 @ Dy (@7 tuiz @)y,

k—1

<] (i /uo; @), (qui/t*uo; q)y,
1 (qui/tuo; @) (wi/tuo; q)y,

k—1
H(qui/tuo;q)\ldflhlﬁci (Ui /1105 @) \ic|—r+;

(u; [uo; Q)|K|7r+xi (qui/tzuo; Q)\K\frJrK,-

i=1

ﬁ (tui/uo; @)w; (qui/uo; q)y,
_p (qui/uo; @ (tui/uo; q)y,

l—[ (@ T T tui s @cj—y; (@i ftu @)y,
1<i<j<n (in_KjJrlMi/Mj; q)Kj—]/j (q)/i_/(jui/uj; q)Kj—]/j

Then the infinite lower-triangular n-dimensional matrices (fgi)gcezr and
(8icy )k,yezn are mutually inverse.

Proof Given two nonzero sequences (&) and (¢¢) and a pair of matrices (fg)
and (g, ) which are mutually inverse, it is easily checked (using the trivial relation

g—iélgy = dp, ) that the matrices (fg&5/¢) and (g«y & /&) are mutually inverse.
We choose

[kl 2. . . n .
(a2 Cuoi @ (ui/tuo; q)y; (tui/uo; )
S = <f> (qtuo; Qx| ;_ H (qui/t?uo; @)y, 11:[,( (qui/uo; q)x;

l—[ (qui/uj;q)l(,'—l(_/ (ui/uj;q)K;—Kj
(tMl/I/t/, q)K,'—Kj (qul/tuj7 6])/{,-—:(_/- '

I<i<j<n

el (2, . .
_ g (t uo; q)|l(| (M[/u(), q)K,'
b= <f> (qtuo; Q| ;_ H (qui/tuo; q);

k-1
1—[ (qui/tuo; ) c|—r+x; (Ui /1105 @) jc|—r+;
(i J10s Dl —rti; (qUi /12105 @) jic|—r 1

i=1

ﬁ (tu,-/uo;q),(l. 1—[ (qui/“j§‘1)/qf:<_,~ (ui/ujQCI)K,-ij
(qui/uo; ;| _ (tuifujs @);—; (qUi/tujs q)e—«;

<i<j<n

’

i=k
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together with the pair of mutually inverse matrices (fg,) and (g.,) as defined in
[3, Theorem 2.7].

Several elementary manipulations of g-shifted factorials eventually lead to the
result in the desired form. To give a sample (concentrating only on the products over
[1i<i<j<n of g-shifted factorials), we use the simplification

(@™ i Jtu s @) p—i; (@< Pituifuj; q)pi—,

@ i fu g @) g @TPiui fugiq) g
5 (qui/ujs@)p—p; Wifuj;q)p—p; (Cui/uj;q@—; (qui/tuj;q)e—«;
(tui/uj;q)p—p; (qui/tuj;q)p—p; (qui/uj; @—c; Wi/uj; q)i—x

_qui/tug @)p—ic; Wifujsq—p; (qui/uj; @)p—p; i/} @i
(qui/ujs @)gi—c; @ui/uj;qQ)—p; (qui/tuj;q)p—p; Wi/uj;q)—«,

@GPPI ity @) (@ Pt Ju s @)
@P Pt i fuj: @) (@ Piuifujiq)p

in the computation of fg, in the lemma. U
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